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Empirical data : Images
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Empirical data : Signals

., i, M MJ
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Empirical data : Signals

., i, M MJ

= describing/analyzing/modeling ?
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Empirical data : Signals

., i, M MJ

= describing/analyzing/modeling ?
= irregularity ? variability ?
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Scaling ? Covariance under dilatation

time (s) time (s)
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Scaling ? Covariance under dilatation

tithe (s) time (s)
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Scaling ? Covariance under dilatation

tithe (s) time (s)
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scaling ? Covariance under aggregation
30 A=07Tms

398 time (s) 402
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30scaling ? Covariance under aggregation

A=0.1ms
st bl b
398 time (s) 402

40 A=02ms
396 time (s) 404
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398 time (s) 402
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. scalmg ? Covariance under aggregatlon

A=0.1ms
- bbbl
398 time (s) 402
40 A=02ms
0
396 time (s) 404

392 time (s) 408
A=0.8ms

284 tima () 41R
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Scaling ? Power-law spectrum.

Power Spectrum

Trafic (LAN) Ethernet ——— Densite Spectrale de Puissance

4 85— T
2 Integral Scale 1 2 o
T 8
£
= — i S
=0 & slope -5/3 2l
% !
= Kolmogdrov 4
82 T =3
= scale s |
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Scaling : Intuitive definition
- Definition : no characteristic scale !

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 8/139



Scaling Wavelet Transform  Self-similarity and wavelets ~ Multifractal Wavelet Leaders Applications/Conclusions
0000008000000000 0000000000000 000000 00000000000000000000
00000 0000000 000000000000

00000000 000000000 00000000
000000000000 000000000000 000

Scaling : Intuitive definition
- Definition : no characteristic scale !
- Equivalently : all scales are equally characteristic !

00000
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Scaling : Intuitive definition
- Definition : no characteristic scale !

- Equivalently : all scales are equally characteristic !
- Manifestation : cannot distinguish the whole from the part.
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Scaling : Intuitive definition

Definition : no characteristic scale !
Equivalently : all scales are equally characteristic !
Manifestation : cannot distinguish the whole from the part.

) \
Lk \}j’%

Modeling :
rather than characteristic scale indentification,
seek for mechanisms relating scales.

D) 9] |5ar] |22 |8 |8
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Scaling and power laws

X(t/a) = g(1/a)X(t),
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Scaling and power laws

X(t/a) g(1/a)X(t),
X(at) = g(a)X(t)
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Scaling and power laws

X(t/a) g(1/a)X(1),
X(at) = g(a)X(t)
X(at) = X(a)X(1)
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Scaling and power laws

X(t/a) = g(1/a)X(1),
X(at) = g(a)X(t)
X(at) = X(a)X(1)

X(ti-) = X(t)- X(t2)
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Scaling and power laws
X(t/a) = g(1/a)X(t),

X(at) g(a)X(t)
X(at) = X(a)X(1)

X(t 1) = X(t)-X(b)
1D=|t-b[77 = |t |7

1D = | X(t) = |t|-
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Scaling and power laws
X(t/a) = g(1/a)X(t),

X(at) g(a)X(t)
X(at) = X(a)X(1)

X(t 1) = X(t)-X(b)
1D=|t-b[77 = |t |7

1D = | X(t) = |t|-

\Scaling = Power Law\
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. Outline
Scaling

Modeling (Model 1), Analysis and Applications
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1/f-process (Model 1)
- 2nd order stationary 1/f-process
My(v) = Clv[7, 7> 0, v < v S v, 0> 1

VYm
Power Spectrum

0.02 0.09 037 146 586 2344 9375
Frequency in Hz

Data MEG, Courtesy, Ph. Ciuciu, Neurospin, France
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Scale Invariance Analysis Tool 1 : Spectrum Analysis

- Spectrum Estimation
(time windowed) Periodogram or Welch estimator
|Yi.7(v)[? spectral estimate in t € [t — T/2,t + T/2]
Fy(v) =X | Vir(v)?
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Scale Invariance Analysis Tool 1 : Spectrum Analysis

- Spectrum Estimation

(time windowed) Periodogram or Welch estimator
|Yi.7(v)[? spectral estimate in t € [t — T/2,t + T/2]
Fy(v) = Yt (v)P

- 1/f-spectrum :
% 2k 1Y r(W)P = Cly|™
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Scale Invariance Analysis Tool 1 : Spectrum Analysis

- Spectrum Estimation

(time windowed) Periodogram or Welch estimator
|Yi.7(v)[? spectral estimate in t € [t — T/2,t + T/2]
Fy(v) = Yt (v)P

- 1/f-spectrum :
% 2k 1Y r(W)P = Cly|™

- Estimation :

5 109 & Y | Vi ()2 versus log |v/|
involve 4 in analysis, detection, classification
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Scaling in applications ?

Turbulence de Jet, RA 0580 Trafic (WAN) Internet

12
@ 600
€ 8
[}
192}
1%
L 4
> 500
temps (s temps (s)
1 2 3 4 5 2100 2200 2300 2400
Turbulence de Jet, R 1580 )
Trafic (LAN) Ethernet
0.04
0000
0.02
5000
0 0
roz fnr:i\nl: (‘:—\ ° 0 2 4empsHs) 8 10
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Scaling in applications ?
- hydrodynamic turbulence,
- statistical physics (long range interactions),
- astrophysics and cosmology (universe structure),
- geophysics (failures, earthquake),
- hydrology (nivology),
- physiology, biology, body rhythms (heart, gait),
- brain activity (fMRI),
- genomic,
- internet,
- geography (population repartition),
- artificial vision (intelligence),
- financial market,

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 14 /139
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Outline

Wavelet Transform
Multiresolution Analysis
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Scaling analysis : Aggregation
Average within box of size a

Tx(a,t) = 55 [ X(u)du

1t | ]
1/a: ro
0 = o
a T0
_17 : 8
time (s) ‘

1 0 1
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Scaling analysis : Increments
Difference over step lag of size a

Tx(a, t) = X(t+ aTy) — X(t)

1 |
1/a: 0
0 —— —
a T0
_1, :
time (s)

-1 0 1
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Scaling analysis : multiresolution analysis

o X(t) = Tx(a, t) = (fa1|X), far(u)= 1Efo(“T”)

increment Aggregation
DIFFERENCE AVERAGE
X(t+aTy) — X(1) 2 [ X(u)du
1 i 1 i
1a J(O vaT,
0 E 0 Jdoo
a T0 ‘ a T0
-1 : -1 :
time (s) time (s)
-1 0 1 -1 0 1
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Scaling analysis : multiresolution analysis

o X(t) = Tx(a, t) = (fa1|X), far(u)= 1Efo(“T”)

increment Aggregation ?
DIFFERENCE AVERAGE ?
1 H—aTO
X(t+ aTy) — X(t) a—Toft X(u)du ?
1 ! 1 !
1/3T0 1/a: ro
0 R 0 e
aTO aTO
-1 _ -1 :
time (s) time (s)
-1 0 1 -1 0 1 ?
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Multiresolution analysis

o X(t) = Tx(a,t) = (fa4|X), far(u)= 1Efo(‘%l’)

increment aggregation wavelet

difference average diff. of average
1 i 1 i 1

Va J(O vaT,
0 : 0 : 0

”’a’TO” ””a\’TO”
-1 -1 -1
time (s) time (s) time (s)
-1 0 1 -1 0 1 -1 0 1
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Continuous Wavelet Transform

- Fourier Transform : X(t) = X(v) = (X, e,).
Fourier Basis : e, (t) = exp(:27vt)
Interpretation : ever lasting pure tone
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Continuous Wavelet Transform
- Fourier Transform : X(t) = X(v) = (X, e,).
Fourier Basis : e, (t) = exp(:27vt)
Interpretation : ever lasting pure tone

- Continuous Wavelet Transform : Tx(a, t) = (X, ¥a)
Mother-wavelet : /dzo(u)du =0,

1
o AN
-1
time (s)
-1 0 1

Wavelet-basis : 1 ¢(u) = rio(451)
Interpretation : Joint time and frequency energy content
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Continuous wavelet transform

X(1) = T(a,t) = (3v (%51) 1X)

a

Interpretation : Joint time and frequency energy content
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Continuous wavelet transform

X(1) = Tu(a ) = (3¢ (451 1X)

X(t) )

Interpretation : Joint time and frequency energy content
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Outline

Wavelet Transform

Discrete Wavelet Transform
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Discrete Wavelet Transform
Redundancy (reproducing kernel transform)

SCALE

"‘,."ﬂ

TIME TIME
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Discrete Wavelet Transform
- Redundancy (reproducing kernel transform)

SCALE

E"‘,."u

- Critical sampling : (j, k) < (a= 2/, t = k2/) ‘
dx(j,k) = Tx(a=2/,t = k2)) ; jx(u) =27¢o(27u — k)
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Discrete Wavelet Transform
- Redundancy (reproducing kernel transform)

ALE SCALE

T LA Er (1) RESNEEE

- Critical sampling : (j, k) < (a= 2/, t = k2/) ‘
dx(j,k) = Tx(a=2/,t = k2)) ; jx(u) =27¢o(27u — k)

- Multiresolution analysis

Shift invariant nested spaces (Meyer, Mallat Daubechies)
Critical sampling and frames )
Orthonormal basis

Fast pyramidal recursive algorithm DEE - }

approximation

[ A prse-het 1 décimation

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 25/ 139
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Wavelet and scaling : Dilation operator

- Dilation (change of scale) operator : I%\%(é)

Temps

o
"
IS
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Wavelet and scaling : Vanishing moments
- Number of vanishing moments :

Ny > 1, [ thapo()dt =0, k=0,1,...,Ny —1.

Daubechies 2

| | :
-

- Fourier transform :
(W (v)| ~yj0 Clv|M "

8 Spiine Cubigue Daubechies 6

temps.

Freq
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Multiresolution analysis
o X(t)— Tx(a,t) = <fa,t’X>, fa,t(U) = %fo(%—l‘)

increment aggregation wavelet

difference average diff. of average
1 i 1 i 1

Va J(O vaT,
0 1 0 1 0

””a’TO” ””a’TO”
-1 -1 -1
time (s) time (s) time (s)
-1 0 1 -1 0 -1 0 1
Ny
Number of

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina,
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Spectrum Analysis versus Wavelet Analysis
Wavelet Analy3|s E|Tx(a,k)|? = [Tx(v)|V(av)Pdv

e 1/f—process : 7- > 1= | Tx(a, k)[? ~ Cqa’ ™"

o 1/f—process : [y(v) = > |V 7(v|? =~ Clv| 7

o Vo/a and q= 2 Compare Wavelets (Red) vs Spectrum (Black)
-75¢ : ‘ ‘ ‘ : : :
-80f
-85}

002 0.09 037 146 586 2344 93.75
Frequency in Hz

Data FMRI, Courtesy, Ph. Ciuciu, Neurospin, France
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Scale invariance, wavelet and multiresolution

Signal, Image : X(t) — wavelet coefficients : Tx(a, t),

Scaling :
| Tx(a, k)| covariant w.r.t. a change of the analysis scale a

=Power Laws :| - 3702 | |Tx(a, k)|9 ~ Cqa(®

Range of scales : a € [am, au], am/am > 1,
Statistical orders : g € [Qm, qu], gm < 0 < qu,

Scaling exponents : ((q) : = estimation,
= detection, identification, classification.
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Outline

Self-similarity and wavelets
Self-similarity and long range dependence (Model 2)
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From 1/f processes to ...

- Definition : 2nd order stationary 1/f-process
M) = G0, 7> 0, v < v < v, 245> 1

Vm
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From 1/f processes to ...

- Definition : 2nd order stationary 1/f-process
M) = G0, 7> 0, v < v < v, 245> 1

Vm

- vy — +oo = fractal sample path
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From 1/f processes to ...

- Definition : 2nd order stationary 1/f-process
M) = G0, 7> 0, v < v < v, 245> 1

Vm

- vy — +oo = fractal sample path

- vm — 0 := Long Range dependence, self-similarity

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 32/139



Scaling  Wavelet Transform  Self-similarity and wavelets ~ Multifractal

Wavelet Leaders Applications/Conclusions
0000000000000000 00®0000000000 000000 00000000000000000000
00000 0000000 000000000000 00000000 000000000 00000000
00000

000000000000 000000000000 000

Long Range Dependence

- Definitions : Y 2nd stationary process with
Spectrum : Ty(v) = ¢flv| 77,0 <y < 1,v = 0.
Covariance :
ex(T) =EY(t)Y(t+7)=c/|7|7?,0< B < 1,7 = 400
withy =1 — g and ¢; = 2(27) sin((1 — v)7/2)c, .
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Long Range Dependence

- Definitions : Y 2nd stationary process with

Spectrum : Ty(v) = ¢flv| 77,0 <y < 1,v = 0.
Covariance :

ex(m) =EY(Q)Y(t+7)=c|7]77,0 < B < 1,7 = +o0
withy =1 — g and ¢; = 2(27) sin((1 — v)7/2)c, .

- Scaling : Power-law = No Characteristic Scale,

- Jo7*° ex(r)dr = +oo Sum of Covariance Infinite,
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Long Range Dependence

- Definitions : Y 2nd stationary process with

Spectrum : Ty(v) = ¢flv| 77,0 <y < 1,v = 0.
Covariance :

ex(m) =EY(Q)Y(t+7)=c|7]77,0 < B < 1,7 = +o0
withy =1 — g and ¢; = 2(27) sin((1 — v)7/2)c, .

- Scaling : Power-law = No Characteristic Scale,

- Jo7*° ex(r)dr = +oo Sum of Covariance Infinite,

- Consequences :
Aggregation : Tx(a, t) = 7 [T X(u)d,
= Var Tx(a,t) ~ Ca’~ ', a— +o0

= Time Averages are poor estimates of Ensemble Averages
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Long Range Dependence

- Definitions : Y 2nd stationary process with

Spectrum : Ty(v) = ¢flv| 77,0 <y < 1,v = 0.
Covariance :
ex(m) =EY(Q)Y(t+7)=c|7]77,0 < B < 1,7 = +o0
withy =1 — g and ¢; = 2(27) sin((1 — v)7/2)c, .

- Scaling : Power-law = No Characteristic Scale,

- Jo7*° ex(r)dr = +oo Sum of Covariance Infinite,

- Consequences :
Aggregation : Tx(a, t) = 7 [T X(u)d,
= Var Tx(a,t) ~ Ca’~ ', a— +o0

= Time Averages are poor estimates of Ensemble Averages

- Limitation : 2nd order only !
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Random Walk : additive model

X(t+7)=X(1)+ 0-X(1)
N——
Steps or Increments

Y

t=1
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Random Walk : additive model

X(t+7)=X(1)+ 0-X(1)
N——
Steps or Increments

t=2
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Random Walk : additive model

X(t+7)=X(1)+ 0-X(1)
N——
Steps or Increments

Y

t=3
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Random Walk : additive model

X(t+7)=X(1)+ 0-X(1)
N——
Steps or Increments

Y

t=4
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Random Walk : additive model

X(t+7)=X(1)+ 0-X(1)
N——
Steps or Increments

Y

t=5
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Random Walk : additive model

X(t+7)=X(1)+ 0-X(1)
N——
Steps or Increments

Y

t=6
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Random Walk : additive model

X(t+7)=X(1)+ 0-X(1)
N——
Steps or Increments

Y

. |
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Random Walk : additive model

X(t+7)=X(1)+ 0-X(1)
N——
Steps or Increments

Y
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Random Walk

- Random Walk : X(t +7) = X(t) + - X(1)
——"
Steps or Increments
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Random Walk
- Random Walk : X(t +7) = X(t) + - X(1)
~——

Steps or Increments
- Statistical properties of the steps :
A1 : Stationary,
A2 : Independent,
A3 : Gaussian,
= Ordinary Random Walk, Ordinary Brownian Motion,
= EX(t)? = 2D|t|, Einstein relation,
= EX(1)9 = 2D|t|9/?, g > —1.
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Random Walk
- Random Walk : X(t +7) = X(t) + - X(1)
~——

Steps or Increments
- Statistical properties of the steps :
A1 : Stationary,
A2 : Independent,
A3 : Gaussian,
= Ordinary Random Walk, Ordinary Brownian Motion,
= EX(t)? = 2D|t|, Einstein relation,
= EX(1)9 = 2D|t|9/?, g > —1.

- Anomalies :
= EX(t)2 = 2D|t]",
= EX(1)? = <.
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Random Walk
- Random Walk : X(t +7) = X(t) + - X(1)
~——

Steps or Increments
Statistical properties of the steps :
A1 : Stationary,
A2 : Independent,
A3 : Gaussian,
= Ordinary Random Walk, Ordinary Brownian Motion,
= EX(t)? = 2D|t|, Einstein relation,
= EX(1)9 = 2D|t|9/?, g > —1.

- Anomalies :
= EX(t)2 = 2D|t]",
= EX(1)? = <.

Self Similar Random Walks ?
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Self-Similar process
- Definition : {X(1)}rer "% {a"X(t/a)}ier
Dilation Factor : Va > 0,
Self-Similarity Exponent : H > 0.
- Scaling :
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Self-Similar process and scale invariance

- power laws :
= E[X(1)|9 = E|X(1)[7]t]*"
= non stationary processes
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Self-Similar process and stationary increments

- Stationary increments :
(X(t+7) — X(O) her " 1X(0 +7) — X(0)}rer

- Finite variance : EX(t)? < 400
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Self-Similar process and stationary increments

- Stationary increments :
(X(t+7) — X(O) her " 1X(0 +7) — X(0)}rer

- Finite variance : EX(t)? < 400

= 0< H<1,
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Self-Similar process and stationary increments
- Stationary increments :
fdd
{X(t+7) = X(t)}er = {X(0+7) = X(0)}ter
- Finite variance : EX(t)? < 400
= 0<H<I,

= EX()X(s) = G ([t]P" + |s]2" — |t - s[2H),
= o2 =EX(1)>
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Self-Similar process and correlation

- Stationary increments and finite variance :
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Self-Similar process and correlation

- Stationary increments and finite variance :
= E(X(t+7) = X(D)(X(s+7) = X(8)) ~i1-s5r THGHt—5[2H-2,

T2H
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Self-Similar process and correlation

- Stationary increments and finite variance :
2 —
= E(X(t+7) = X(D)(X(5+7) = X(8)) ~jt-sjr Tam—|t—s[2H2,
= H =1/2no correlation,
= 1> H > 1/2 positive correlation,
= 1/2 > H > 0 negative correlation,

D=1.75 H=0.75 D=1.25

1 7
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Self-Similar, long range dependence and 1/f

- Increment process :
Y. () = X(t+ 1) — X(7),
EY,(1)Y,(s) ~ C,|t — 5?12
ry(U) = Cf‘V|_(2H_1)
= 1>H>1/2=1>2-2H>0
= Long range dependence
= Time averages poorly estimates ensemble averages

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 40/ 139



Scaling  Wavelet Transform  Self-similarity and wavelets ~ Multifractal Wavelet Leaders Applications/Conclusions

0000000000 000000 000000000 @000 000000 000000000000 00000000
00000 0000000 000000000000 00000000 000000000 00000000
00000 000000000000 000000000000 000

Self-Similar, long range dependence and 1/f

- Increment process :
YA (t) = X(t+7) — X(7),
EY,(1)Y,(s) ~ C,|t — 5?12
ry(U) = Cf‘V|_(2H_1)
= 1>H>1/2=1>2-2H>0
= Long range dependence
= Time averages poorly estimates ensemble averages

- Linear Filter :
Y ()= X(t+7)— X(7) = (X *9)(1),
Y(t) =6(t+7)— (1),
Nry(v)=11- exp(127r1/7)|2rx(1/),
Cy(v) ~ [vfPTx(v) v| =0,
= "Tx(v) ~ Cely|~CHD" |y =0
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Self-Similar process and scaling

- Stationary increments and finite variance :

= 0< H<A1,
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Self-Similar process and scaling

- Stationary increments and finite variance :
= 0< H<A1,
= Power Law :

E|X(t + ar) — X(1)|9 = Cgla9”,
for all scales : Va > 0.
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Self Similar Random Walk (Model 2)
- Random Walk : X(t + 7) = X(t) + 3-X(t)
N——

Steps or Increments
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Self Similar Random Walk (Model 2)
- Random Walk : X(t + 7) = X(t) + 3-X(t)
N——

Steps or Increments
- Ordinary :
A1 : Stationary,
A2 : Independence,
A3 : Gaussianity,
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Self Similar Random Walk (Model 2)
- Random Walk : X(t + 7) = X(t) + 3-X(t)
N——

Steps or Increments
- Ordinary :
A1 : Stationary,

A2 : Independence,
A3 : Gaussianity,

- Self-similar :

A1 : Stationary,
A2 : Self-Similarity,

Independence =- Correlation amongst increments :
O<H<I.

Gaussian = Marginal distributions stable under addition
(Gaussian, Stable, Hermite).
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Self Similar Random Walk

- Random Walk : X(t+ 7) = X(t) + 3 X(t)
N——
Steps or Increments

- Self-similar :

A1 : Stationary,
A2 : Self-Similarity,

Gaussian = Fractional Brownian Motion 0 < H < 1 : By(t)
H =1/2 = (Ordinary) Brownian Motion B(t),

Increments = Gy(t) = By(t+ 1) — By(t) Frac. Gauss.
Noise,

H = 1/2 = White Gaussian Noise.
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Outline

Self-similarity and wavelets

Wavelets and self-similar processes

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 44 /139



Scaling  Wavelet Transform  Self-similarity and wavelets ~ Multifractal Wavelet Leaders Applications/Conclusions
0000000000000000 0000000000000 000000 00000000000000000000
00000 0000000 080000000000 00000000 000000000 00000000

00000

000000000000 000000000000 000

Wavelets and self-similar processes

(Flandrin, 89, 92)

- 1. Wavelet and Self Similarity.
- 2. Wavelet and Non Stationarity.

- 3. Wavelet and Long Range Dependence.
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Wavelets and Self-Similarity

- Self-Similarity :
(X(t)} £ {a"X(t/a)} = {dx(0, k)} £ {2 Hdx(j, k)}
- Marginal Distributions :

P(d)=1Pi(9), a=(%)"
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Wavelets and Self-Similarity

- Self-Similarity :

{X(0} 2 {a"X(t/a)} = {dx(0,K)} £ {2 THdx(j. k)}
- Marginal Distributions : )

Pd) = 5P1(9). a=(%)"
- Sketch of Proof :
dx(j, k) I X(u)p(2~u — k)2~ du

[ X(2u)y(u— k)du
21 [ X(u)y(u— k)du
= 2Hdy(0, k).

e |l
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Wavelets and Self-Similarity

Self-Similarity :
(X0} £ {a"X(t/a)} = {dx(0,k)} £ {2/"dx(j, k)}
Marginal Distributions :
P(d)=1Pi(9), a=(%)"
Sketch of Proof :
dX(j? k)

[ X(u)yp(27u— k)2~ du
[ X(2u)y(u— k)du

21 [ X(u)y(u— k)du

= 2Hdy(0, k).

e |l

Key-Point : Dilation Operator 50(u) = 1(4).
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Wavelet and non-Stationarity
(with stationary increments)

- {dx(j, k), k € Z} stationary sequences for each scale
a=2.
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Wavelet and non-Stationarity
(with stationary increments)

- {dx(j, k), k € Z} stationary sequences for each scale
a=2.

- Sketch of Proof :
dx(0,k+ k) = [ X(u)yp(u—k— ko)du
= [ X(u+ ko)y(u— k)du
JIX(u+ ko) — X(ko)lv(u — k)du
JIX(u) = X(0)](u — k)du
fX(u) u—k)du
= dx(0, k).

Il |l
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Wavelet and non-Stationarity
(with stationary increments)

- {dx(j, k), k € Z} stationary sequences for each scale
a=2.

- Sketch of Proof :
dx(0,k+ k) = [ X(u)yp(u—k— ko)du
= [ X(u+ ko)y(u— k)du
JIX(u+ ko) — X(ko)lv(u — k)du

Il |l

JIX(u) = X(0)]¢(u — k)du
= fX(u) u—k)du
= dx(0, k).

- Key-Point : Ny > 1, [4(t)dt =
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Wavelet and long range dependence
- Edx(j, k)dx(j, k') = ?
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Wavelet and long range dependence
- Edx(j, k)dx(j, k') = ?

- Sketch of Proof :
EX(t)X(s) = o?/2 (|t]?" + |s[?H — |t — s[?")

:/ds¢j/’k/(s)/dt|t\2H¢j,k(t)+
S——

0
/dth/”k(t) /dS‘S|2H¢j/,k/(S)+

—_——

0
//dtds\t — 812 k()W 1o (S).-
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Wavelets and Long Range Dependence - Con'’t
Edk(j. K)o/ K) = [ dului® [ dvuuv-+ /2y se(v - uj2).

~~

\IJ.J/’k’k/(u)

/
Edx(j, k)dx(/', k') =
du ||~ CHFD20H /2|20 (2 V)| exp(—127 (2 k — 2/ K')).

t i Y il i i’
[ EFD|@)P(2 V)| o [v]TEIED )N (2 )N
o 2UHN|y 2T,

- Hence, when [2/k — 2/'K'| — 400,
Edy(j, k)dx (/. k') ~ K|2/k — 2/ K/ [2(H=Ne)
- Key-Points :
Dilation Operator and Number of vanishing Moments.
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Wavelets and Long Range Dependence - Con’t
- Hence, when |2k — 2/'K'| — too,
Edx(j, K)dx (/. k') ~ K|2k — 2/ k' |2(H=No)

= {dx(J, k)} are short range dependent
assoonas Ny > H+1/2.

- Key-Points :
Dilation Operator and Number of vanishing Moments.
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Wavelets and Long Range Dependence - Con'’t

H=0.15 H=05 H=0.95

Haar

NI DAL A AN A ﬂ/\J
e

Al aadl VA A R

Daubechies2
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Wavelets and Self-Similar Processes - Summary
- Self-Similarity :

{X(t)} £ {a"'X(t/a)} = {dx(0,k)} £ {2-Hdx(j, k)}

- Non-stationarity (with stationary increments) : .
{dx(J, k), k € Z} stationary sequences for each scale 2/

= E|dx(j, k)|9 = |dx(0,0)|92%", va =2/, g > —1.

- Long range dependence :
{dx(j, k)} Short Range Dependentif N > H+1/2.
|27k — 2/'K'| — +o00, |Covdx(j, kK)dx(f, k')| < D2k — 21"k [2(H=Ne),
Weak correlation amongst wavelet coefficients.

- Interpretations :
X(t) = 2k ax(J; K)oy k(t) + 325k dx U, K)¥j k(D).
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Scaling analysis : Logscale Diagrams
- Principle : '
E|dx(j, k)|? = |dx(0,0)|92/9" = log-log plots

- Estimation : short-range dependence =
Ensemble averages — Time Averages
Eldx(/, K)I7 = 1/m > [dx (U, k)| = S(2, q)

- Logscale Diagrams : .
log, S(2/, q) versus log, 2 = j = qH

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 53/ 139



Scaling  Wavelet Transform  Self-similarity and wavelets ~ Multifractal Wavelet Leaders Applications/Conclusions

0000000000 000000 0000000000000 000000 000000000000 00000000
00000 0000000 000000000080 00000000 000000000 00000000
00000 000000000000 000000000000 000

Wavelets and 1/f-processes
- Spectral Analysis :
Let Y be a 2nd Order stationary process,
Let ¢» have central frequency vy and bandwith Avyg.
E|dy(j, k)I? JTy(W)|W(2v)|dv
27T y (27 yp) within bandwith 2~/ Avyg.

1R

- Let Y be Long Range Dependent :
My(v)=Cly| ™, 0<~y <1, [v] =0,
= Power Law : E|dx(j, k)|> ~ C20=1), j - +oo,

- Decorrelation :
Edx(j. k)dx(j, k')? ~ Clk — K'P=172Ne |k — K'| = 400,
= Short Range Dependence as soon N > /2.
= Logscale Diagram :
log, S(2/,2) versus log, 2/ = j = v
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Wavelets and 1/f-processes

= Power Law : E|dx(j, k)[? ~ C2I0-1) j - +o0,
= Logscale Diagram :

5 6 7 8 9 10
Octave j
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Outline

Self-similarity and wavelets

Estimation and robustness (vanishing moments)
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Linear regression
- Weighted Linear Fits : 4 = >, w;log, S»(2/,2)

. _ Byj—B; — S jk/a a i
W = 6B B) Bk = >_;J"/a; a > 0 arbitrary numbers

Analytical Performances : g = 2
i) Assume : process is Gaussian,
i) Idealisation : wavelet coefficients are exactly independent
Bias :
Elog, S(2/,2) = log, ES(2/,2) + I'(n;/2) — log,(n;/2).

gj

= E4 :’Y"‘ijjgj-
Variance :
Vary = ((2log,(6))(3, wio?)) /.
min. if &; = o? = Var log, $(2/,2) ~ 2/.
Actual Performances : close to MLE.
Conceptual and Practical Simplicity : DWT + Linear Fit
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Scaling versus non stationarity : superimposed trends

- Linear transform :

Y(t) = X(t) + T(t) = dy(j, k) = dx(Jj, k) + dr(j, k)
- If T(t) Polynomial of degree P, then dr = 0 when N, > P,
- If T(t) smooth trend, then the dr decrease as N increases.
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Constancy of Scaling along time
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Outline

Multifractal
Multifractal analysis
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Beyond self-similarity. .. ?

- Self-Similarity :
Power Laws : E|dx(j, k)|9 = C4(2)9"
For all scales : Va = 2/,
For all orders : g > —1,
A single parameter gH.
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Beyond self-similarity. .. ?

- Self-Similarity :
Power Laws : E|dx(j, k)|9 = C4(2)9"
For all scales : Va = 2/,
For all orders : g > —1,
A single parameter gH.

- Beyond :
Power Laws : E|dx(j, k)|7 = Cq(2)¢(@
¢(qg) non linear concave function of g,
For a limited range of scales : a, < a < ay,
For a limited range of orders : gn < 9 < qu,
A collection of scaling parameters ((q).

= Multifractal
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The other end of the spectrum - sample path regularity
- 1/f-processes : I'y(v) ~ Clv|77, |v| —» +o0
= EY(t+71)Y(t) ~o?(1 - C|r|") T = 0,
- Self-similar process :
E[X(t+ ar) — X(t)|9 = Cqla?, a— 0.
= Fractal Sample Path - Hoélder Regularity

H=0.25 D=1.75 H=0.75 D=1.25

temps (s)

= Multifractal analysis
= Multifractal processes
= Multifractal formalism
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Multifractal Analysis
e Local regularity of X(t)atty:0 < a < 1
Compare : [X(t) — X(f)| < C|t — ]~

X(t)
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Multifractal Analysis
e Local regularity of X(t)atty:0 < a < 1
Compare : [X(t) — X(&)| < C|t — |
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Multifractal Analysis
e Local regularity of X(t)atty:0 < a < 1

Compare : [X(t) — X(&)| < C|t — |
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Multifractal Analysis
e Local regularity of X(t)atty:0 < a < 1
Compare : [X(t) — X(&)| < C|t — |

o= 02 04 0.6
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Multifractal Analysis
e Local regularity of X(t)atty:0 < a < 1
Compare : [X(t) — X(&)| < C|t — |
o Hoélder Exponent : h(fy) = sup {a: X € C*(f)}
Extend differentiability to non integer : 0 < h(f) < 1

i IX()—X(to)| _
IIm|t—to|—>0 [t—to|"0) =C

h(t)) = 0.6
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Multifractal Analysis
e Local regularity of X(t)atty:0 < a < 1

Compare : [X(t) — X(&)| < C|t — |

o Hoélder Exponent : h(fy) = sup {a: X € C*(f)}
Extend differentiability to non integer : 0 < h(f) < 1
lim [X()—X(to)| _
[t—to[ =0 "¢y (o) q%(to) — 1 =, smooth, very regular,
h(ty) — 0 =, rough, very irregular

ht,) = 0.6
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Hoélder exponent and Wavelets (Intuition)
- Local singularity :

X(ty) € C"0) h(ty) non (even) Integer , P < h(ty) < P + 1,
_ 1)k
X(t) >t X(fo) + Zl,::1 X(k)(to)% + C|t — t0|h(to)‘
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Hoélder exponent and Wavelets (Intuition)
- Local singularity :

X(ty) € CMo) h(ty) non (even) Integer , P < h(ty) < P +1,
~ P y(k) (4 (t—to) h(to)
X(t) 2oty X(to) + 2ok—q XV (f0) 77~ + Clt — | ™.

- Mother Wavelet with N, < P:

Tx(a, to) ~a-0 a' fR UNM#O(U)CIU'
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Hoélder exponent and Wavelets (Intuition)
- Local singularity :

X(tp) € CM®) h(ty) non (even) Integer , P < h(ty) < P+ 1,
X(1) 51, X(to) + Xy XV (1) (52 + €t — 1]110).

- Mother Wavelet with Ny, < P :

Tx(a,t) ~as0 @% [ uNeapo(u)du.

- Mother Wavelet with Ny, > P + 1 :
Tx(a, ty) ~a0 @ ©C [, |uMpo(u)du

» Hélder and Wavelets (theory)
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Multifractal (or singularity) spectrum
- Data : a collection of singularities
X(t) — X(to)| < CJt — to|"®)

- Fluctuations of local regularity : h(t) ?
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Multifractal (or singularity) spectrum
- Data : a collection of singularities
[X(1) = X(to)| < Clt —to"%)
- Fluctuations of local regularity : h(t) ?
- not interested in h for each (t) !
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Multifractal (or singularity) spectrum
Data : a collection of singularities
[X(1) = X(to)| < Clt —to"%)
Fluctuations of local regularity : h(t) ?
not interested in h for each (t) !
Instead, set E(h) of points t with same h : h(t) = h,
Fractal dimension of E(h),
Actually Hausdorff dimension of E(h),
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Multifractal (or singularity) spectrum

- Data : a collection of singularities

[X(t) — X(to)| < Clt —to|"%)

- Fluctuations of local regularity : h(t) ?

- not interested in h for each (t) !

- Instead, set E(h) of points t with same h : h(t) = h,

- Fractal dimension of E(h),

- Actually Hausdorff dimension of E(h),

- Multifractal spectrum : @EG» 2
D(h) = dimHaussdorf(E(h))' D(n)

0<D(h)<d,
D(h) = —oc if E(h) = {0}, h

0.4 0.8 12

= Global (geometrical) description of the fluctuations of the
local regularity
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Multifractal (or singularity) spectrum

- Data : a collection of singularities

[X(t) — X(to)| < Clt —to|"%)

- Fluctuations of local regularity : h(t) ?

- not interested in h for each (t) !

- Instead, set E(h) of points t with same h : h(t) = h,

- Fractal dimension of E(h),

- Actually Hausdorff dimension of E(h),

- Multifractal spectrum : @EG» 2
D(h) = dimHaussdorf(E(h))' D(n)

0<D(h)<d,
D(h) = —oc if E(h) = {0}, h

0.4 0.8 12

= Global (geometrical) description of the fluctuations of the
local regularity
- How to measure D(h) from a single finite length

observation ?
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Outline

Multifractal

Multifractal processes (Model 3)
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Multifractal processes
- Mono-Fractal :

A single h : Vt, h(t) = h, D(h) = dé(h — H),
Scaling exponents are linear in q : ¢(q) = gH,
Finite variance Self-similar processes,
Fractional Brownian motion.

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 68/ 139



Scaling Wavelet Transform  Self-similarity and wavelets  Multifractal Wavelet Leaders Applications/Conclusions

0000000000 000000 0000000000000 000000 000000000000 00000000
00000 0000000 000000000000 O@000000 000000000 00000000
00000 000000000000 000000000000 000

Multifractal processes

- Mono-Fractal :
A single h : Vt, h(t) = h, D(h) = dé(h — H),
Scaling exponents are linear in q : ¢(q) = gH,
Finite variance Self-similar processes,
Fractional Brownian motion.

- Multi-Fractal :
Many different h,
leaving on fractal subset of RY,
Bell-shaped D(h),
Scaling exponents are concave q : ((q) # gH,
Multiplicative cascades (Mandelbrot)
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Multifractal processes

- Mono-Fractal :
Asingle h : Vt, h(t) = h, D(h) = dé(h — H),
Scaling exponents are linear in q : ¢(q) = gH,
Finite variance Self-similar processes,
Fractional Brownian motion.

- Multi-Fractal :
Many different h,
leaving on fractal subset of RY,
Bell-shaped D(h),
Scaling exponents are concave q : ((q) # gH,
Multiplicative cascades (Mandelbrot)

- Multi-Fractional : is something else !
h(t) is a deterministic function of time,
D(h) =0,
non stationary increments
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1D Examples

1. Fractional Brownian Motion (H-sssi)

FBM, H=0.7 D(h) FBM
h
1 2
2. Multifractal Random Walk (MF)
[MRW ™o, cFf0.8-008] ‘ ) B MRW
los
h
0
0 1 2
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2D Examples
FBM (H-sssi) Multiplicative casc. (MF)

D(h) FBM ’ D(h) CMC-LP

2 2
15 15

1 1
0.5 05

h h
0 0
0 1 2 0 1 2
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Mandelbrot Multiplicative Cascades (Model 3)
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Mandelbrot Multiplicative Cascades (Model 3)

P(W)

i=1
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Mandelbrot Multiplicative Cascades (Model 3)

i=2
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Mandelbrot Multiplicative Cascades (Model 3)

LIl -
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Mandelbrot Multiplicative Cascades (Model 3)
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Mandelbrot Multiplicative Cascades (Model 3)

P(W)

i=10
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Mandelbrot Multiplicative Cascades (Model 3)

- Definition :
Split Dyadic Intervals /; x into two,
I.1.D. positive (mean one) Multipliers W; x
Qu(t) = Ny ka<jcaten s Wik

- Implications :

Cascades, Multiplicative Structure, 5
Power Laws,

E(1/2 [0 xwaw) = gl T
Multiple Exponents ¢; = g — log, EWY, Non Linear in q,
Fine Scales a=2/ — 0, a< L Integral Scale,

No Characteristic Scale of Time beyond an Integral Scale.
Non Stationarity,

Local Holder Exponent,

MultiFractal Sample Paths, MultiFractal Spectrum D(h) .
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Multiplicative Cascades (Model 3)

MANDELBROT’S COMPOUND POISSON INF. DIv.
CASCADE (CMC) CASCADE (CPC) CAscADE (IDC)
,,,,,, . . o 1
| (2,2
=1 P cv
e L W O B
27 r
e t G ‘\t,’
Q(t) =N W, =N W, =exp [dM(t,r),
p(q) = —log, EWY, = —q(1-EW)+1-EWY, = p(q)—qp(1),

A(t) = lim, 0 [} Qr(u)du,
For a Range of gs, E|A(t + arg) — A(t)|9 = ¢4|a9+¥(9),
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MultiFractal Processes (Model 3)
- Density Q(t) = N Wi, E (L[ Qu)d)’ = cza#19),
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MultiFractal Processes (Model 3)
- Density Q/(t) =N W,k E (‘5 ftHaT" Q,(u)du)q = cqa*(9,

- Measure : A(t) = lim,_,o fot Qr(u)du,
EJA(t + ano) — A(t)|9 = cqla| 7419,
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MultiFractal Processes (Model 3)
- Density Q/(t) =N W,k E (‘5 ftHaT" Q,(u)du)q = cqa*(9,

- Measure : A(t) = lim,_,o fot Qr(u)du,
EJA(t + ano) — A(t)|9 = cqla| 799,

- FBM in Multifractal Time : Vi (t) = Bx(A(t)),
E|Vy(t + arg) — Vu(t)|9 = cg|a|9HHe(aH),
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MultiFractal Processes (Model 3)
Density Q(t) =N W« E (‘15 ftt+aro Qr(U)dU)q = cqa*®,
Measure : A(t) = lim,_,o fot Qr(u)du

E|A(t + ar) — A(t)|? = cqlaTH?(9),

FBM in Multifractal Time : Vi (t) = Bu(A(t)),
E| VH(ZL + aTo) — VH(t)’q = Cq|a|qH+ga(qH),

MultiFractal Random Walk : Y (t) f Qr(s)dBy(s)
E|Yh(t + aro) — Yu(t)|9 = cqla| 97+,
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Scaling Wavelet Transform  Self-similarity and wavelets  Multifractal

Wavelet Leaders Applications/Conclusions
000000000000 0000 0000000000000 000000 000000000000 00000000
00000 0000000 000000000000 00000000 000000000
00000

00000000
@®00000000000 000O0OOOOOO0000O

Outline

Multifractal

Multifractal Formalism
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How to measure the multifractal spectrum ?

- How to measure D(h) ?
- from a single finite length observation ?
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How to measure the multifractal spectrum ?
- How to measure D(h) ?

- from a single finite length observation ?
= Intuition : estimate h for each t!
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How to measure the multifractal spectrum ?

- How to measure D(h) ?
- from a single finite length observation ?
= Intuition : estimate h for each t!

- Not interested in measuring h(t) for each t
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How to measure the multifractal spectrum ?

- How to measure D(h) ?
- from a single finite length observation ?
= Intuition : estimate h for each t!

- Not interested in measuring h(t) for each t

- may vary from one sample path to another for stochastic
processes,

- may vary widely between two very close t and t/,
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How to measure the multifractal spectrum ?

- How to measure D(h) ?
- from a single finite length observation ?
= Intuition : estimate h for each t!

- Not interested in measuring h(t) for each t

- may vary from one sample path to another for stochastic
processes,

- may vary widely between two very close t and t/,

- Measuring h(t) for each t makes no sense ! intrinsical
obstruction !
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How to measure the multifractal spectrum ?

- How to measure D(h) ?
- from a single finite length observation ?
= Intuition : estimate h for each t!

- Not interested in measuring h(t) for each t
- may vary from one sample path to another for stochastic
processes,
- may vary widely between two very close t and t/,
- Measuring h(t) for each t makes no sense ! intrinsical
obstruction !
- Actual measure are done on real data with finite
resolution :
= cannotdo |t — | — 0O,
= on any subset, all h are present.
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How to measure the multifractal spectrum ?

- How to measure D(h) ?
- from a single finite length observation ?
= Intuition : estimate h for each t!

- Not interested in measuring h(t) for each t
- may vary from one sample path to another for stochastic
processes,
- may vary widely between two very close t and t/,
- Measuring h(t) for each t makes no sense ! intrinsical
obstruction!
- Actual measure are done on real data with finite
resolution :
= cannotdo |t — | — 0O,
= on any subset, all h are present.
- Solution :
= Multifractal Formalisms.
Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 77 /139
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Multiresolution analysis

o X(t) = Tx(a,t) = (fa4|X), far(u)= éfO(UT_t)

increment aggregation wavelet

difference average diff. of average
1 i 1 i 1

Va J(O vaT,
0 : 0 : 0

”’a’TO” ””a\’TO”
-1 -1 -1
time (s) time (s) time (s)
-1 0 1 -1 0 1 -1 0 1
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Multifractal formalism

- Multiresolution Quantities : Tx(a, t),
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Multifractal formalism
- Multiresolution Quantities : Tx(a, t),
- Structure functions : S(a,q) = nla Sk | Tx(a b)),
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Multifractal formalism
- Multiresolution Quantities : Tx(a, t),
- Structure functions : S(a, q) = - >, | Tx(a, 1)[%,
- Power laws : S(a,q) ~ cq/a|*?, a— 0,
Sn(a,q) ~ a?>,a Phaha,
~ 3, gd-Dh)+ha)
~ 2.0 anQ(CI)

Saddle-point argument : = Legendre transform
¢(q) = mingxo (d + hg — D(h)).
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Multifractal formalism

Multiresolution Quantities : Tx(a, t),
Structure functions : S(a, q) = nla vy Tx(a b)),

Power laws : S(a, ) ~ ¢,4la*@, a— 0,

In S(a,q)
Ina °

Scaling function : ¢(q) = liminf,_
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Multifractal formalism

Multiresolution Quantities : Tx(a, t),
Structure functions : S(a, q) = - 312 [Tx(a )9,
Power laws : S(a, q) ~ ¢4|al*@, a— 0,

In S(a,q)
Ina

Scaling function : {(q) = liminf,_

Legendre transform : ¢(q) — D(h).
D(h) = min g.o(d + gh - ((q))
Multifractal formalism — Scaling analysis :
S(a,q) = Cqa*?,
a—o0,
g>0ANDg<O0.
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Multifractal formalism

Multiresolution Quantities : Tx(a, t),
Structure functions : S(a, q) = - >4 [ Tx(a, )|,
Power laws : S(a, q) ~ ¢4|al*@, a — 0,

In S(a,q)
Ina

Scaling function : {(q) = liminf,_

Legendre transform : ¢(q) — D(h).
D(h) = min g.o(d + gh - ((q))
Multifractal formalism — Scaling analysis :
S(a,q) = Cqa*?,
a—o0,
g>0ANDg<O0.

Analogies :
» Thermodynamic formalism
» Rényi entropies
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Multifractal formalism

Multiresolution Quantities : Tx(a, t),
Structure functions : S(a, q) = - >4 [ Tx(a, )|,
Power laws : S(a, q) ~ ¢4|al*@, a — 0,

In S(a,q)
Ina

Scaling function : {(q) = liminf,_

Legendre transform : ¢(q) — D(h).
D(h) = min g.o(d + gh - ((q))
Multifractal formalism — Scaling analysis :
S(a,q) = Cqa*?,
a—o0,
g>0ANDg<O0.

Analogies :
» Thermodynamic formalism
» Rényi entropies
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Legendre transform
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Linearization effect

D(h) C(q)=c1q+02/2q2+...
d+qh;
dl. — =",
- [ #
?* 4 a
| Vi ar
Y
\
\
gq<0 | g>0
d+qgh;,
I \
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Linearization effect - Multiplicative cascades

- Multifractal spectrum for multiplicative cascades
Moments : E|dx(j, k)| = ¢;2@, q € [q5 , g7 ].
Multipliers : A(q) = functional (g, EW9)),
Legendre : Dy (h) = ming(d + gh — A\(q)).
Multifractal Spectrum

D(h) = Dx(h), if Dx(h) >0,
D(h) = —o0, otherwise ;

- Scaling exponents (Structure functions) :
S(2,q) = (1/n) 3o 1dx(j, k)7 = c429, g € [q;, g/
¢(q) = minp(d + qh — D(h)),

(@) =Xa),q: <qg<q,
¢(q)=d+ahm,q; <q,
¢(@)=d+ahmg<gq,.

- Disentangling a confusion : ¢(q) # A(Q).

= Multifractal # Multiplicative !

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 82/ 139



Scaling Wavelet Transform  Self-similarity and wavelets  Multifractal Wavelet Leaders Applications/Conclusions

0000000000 000000 0000000000000 000000 000000000000 00000000
00000 0000000 000000000000 00000000 000000000 00000000
00000 00000000000 OOOO0OOO0OOO000O

Integral scale

Power Law : S(a, q) = Cqa*(9),

Hélder inequality = S(a, g) convex in g,
In S(a, g) convex in q,

¢(q) concave in q,

(In Cg)”
(QCO
- Scaling with concave ((q), only at fine scales,

- Multifractal theory : a — 0.

= lna<
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Log-cumulants

- Polynomial expansion : @

Applications/Conclusions

Q) = po1 0L = C1q+ GP+ G+ G+

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina,
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Log-cumulants

Polynomial expansionp: o
(@) = Xpz1 Gy = 19+ 30° + 5 + 51"+

C(j, p) : cumulants of In|dx((/,-)] ,
C(j,p) =Cop+ CpIn2
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Log-cumulants

Polynomial expansionp: o
(@) = Xpz1 Gy = 19+ 30° + 5 + 51"+

C(j, p) : cumulants of In|dx((/,-)] ,
C(j,p) =Cop+ CpIn2

2 3 2 4
_ _ 43 _
Cq ) 3(!,‘3 ( h 0201 ) Cy4 +4!C3 /Cg ( h 0201 ) .

D(h) =d+% (=
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Log-cumulants

Polynomial expansion : @
¢(q) = 2p>1 Cpgl Cig+ 39+ 5q° + #qt +

- C(j, p) : cumulants of In [dx((/, )| ,
C(j,p) =cop+cpln2

C2

3 4
. D(h):d+%(”;j1) + 30 (B agpe (hoa )y

- C(Q), D(h) — (C1,02, C3, C4)
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Log-cumulants

Polynomial expansion : @
¢(q) = >p>1 CPZI cig+3q°+59° + gqt +-

- C(j, p) : cumulants of In [dx((/, )| ,
C(j,p) = cop+cpln2

C2

3 2 4
D) =g () o (e g edetie (et
- C(q)’ D(h) - (C1 , G2, C3, C4)
Discrimination :

self-similar : ¢(q) linear , = Vp>2: ¢, =0
multiplicative cascade : ((g) non linear,= 3p>2:¢, #0
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Multifractal formalism
What Multiresolution Quantities : Tx(a, t) ?
Structure functions : S(a, q) = nla Sty I Tx(a, b)),
Power laws : S(a, q) ~ ¢4lal*@, a— 0,
|nIS(a,q)

)

Scaling function : ¢(q) = liminf,_
Legendre transform : ¢((q) — D(h).
D(h) = min gxo(d + gh —((q))

Multifractal formalism — Scaling analysis :
S(a,q) ~ Ca’(?,
a—0,
g>0AND g <0.

ho h
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How well does it work ?

- Usual choices :
increment, aggregation, wavelet
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How well does it work ?

- Usual choices :

increment, aggregation, wavelet
- Unsatisfactory :

g < 0= S(a,q) instable @
¢(g) — D(h) : not valid in general @

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 86/ 139



Scaling Wavelet Transform  Self-similarity and wavelets  Multifractal

Wavelet Leaders Applications/Conclusions
0000000000000000 0000000000000 000000 00000000000000000000
00000 0000000 000000000000 00000000 000000000 00000000
00000

0000000000 0e® OOOOOOOO0OOO000O

How well does it work ?

- Usual choices :

increment, aggregation, wavelet
- Unsatisfactory :
g < 0= S(a,q) instable @
¢(g) — D(h) : not valid in general @
- Tx(a,t) need to be hierarchical (Jaffard, 2004).
oscillations : K; = [t — a,t + 4]
Tx(a,t) = sup ycx X(u) — inf yek, X(U),
hierarchical : if a; < ap, then Tx(ay,t) < Tx(ap, t)
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How well does it work ?

Usual choices :

increment, aggregation, wavelet
Unsatisfactory :

g < 0= S(a,q) instable @

¢(g) — D(h) : not valid in general @
Tx(a, t) need to be hierarchical (Jaffard, 2004).

oscillations : K; = [t — a,t + 4]

Tx(a,t) = sup ycx X(u) — inf yek, X(U),

hierarchical : if a; < ap, then Tx(ay,t) < Tx(ap, t)
Solution (Jaffard et al., 2006) :

increments — oscillations,

wavelet coefficients — wavelet Leaders
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Outline

Wavelet Leaders
Wavelet Leaders
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Wavelet Leaders
- Discrete Wavelet Transform : ) x = [k2/, (k + 1)2))
dx(j, k) = (Fw (525) 1x(1),
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Wavelet Leaders
- Discrete Wavelet Transform : ) x = [k2/, (k + 1)2))
dx(j, k) = (Fw (525) 1x(1),
- Wavelet Leaders : 3\ x = A\jk—1 U Ajk U Ajkt1

Lx(j; k) = supycay,, dx.x|
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2D Wavelet leaders
- 2D Discrete Wavelet Transform : o
Nk = (K12, (k1 +1)2)), [ke2/, (k2 + 1)2)}
d(j, ki, ka), m=1,2,3 (Ly norm).
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2D Wavelet leaders

- 2D Discrete Wavelet Transform: @
Ajki ko = {[k1 2j7 (k1 + 1)2j)7 [k22j7 (k2 + 1)21)}
d¥(j, ki, ka), m=1,2,3 (Ly norm).

- Leaders: @ Nk = |

ny,m={-1,0,1}
Lx(j, k) = SUPm=1,2,3, X824, 4, |d(m) |-

)\j,k1+n1,k2+n2

X\
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Wavelet Leaders and Limitations

- g < 0: Obviously solved : Leaders are large
= MultiFractal Spectrum over its Entire Range,
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Wavelet Leaders and Limitations
- g < 0: Obviously solved : Leaders are large
= MultiFractal Spectrum over its Entire Range,

- Oscillating (Chirp-type) Singularities :
Cusp: 4
IX(t) — X(fo)| ~j1—)—0 [t = to]™ = |Lx(j, K)| ~|2j0 2"
Chirp : [X(t) — X(t9)| ~lt—to]—0 |t — t0|hsin(W) =
ILx(j, K)| ~|2i—50 2"

h=08 = -
5 2
=2 =2
g F 2
E] = 3
=3 2
k=
2 12
t o s 10 s o s [ 1
i i
h=08

chirp

t o
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Multifractal formalism

Multiresolution Quantities : Lx(a, t),
Structure functions :S(a, q) = 7- Y32, |Lx(a, k)|,

In S(a,q)
Ina ~
Legendre transform : ((q) — D(h) = ming.o(d + gh—¢(q).

Scaling function : ¢(q) = liminf,_

Valid (Jaffard et al., 2006) :
forg > 0AND g <0,
for all classes of processes,
on condition that positive Hélder exponents only,
extends to higher dimension d.
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Multifractal formalism

Multiresolution Quantities : Lx(a, t),
Structure functions :S(a, q) = 7- Y32, |Lx(a, k)|,

In S(a,q)
Ina ~
Legendre transform : ((q) — D(h) < ming.o(d + gh—¢(q).

Scaling function : ¢(q) = liminf,_

Valid (Jaffard et al., 2006) :
forg > 0AND g <0,
for all classes of processes,
on condition that positive Hélder exponents only,
extends to higher dimension d.
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Multifractal Formalism
X(t) — dX(aa t) — LX(aa t)
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Multifractal Formalism
X(t) — dX(aa t) — LX(aa t)

S(a7 q) = nla ;(7821 LX(aa k)q
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Multifractal Formalism
X(t) — dX(aa t) — LX(a, t)

S(a,q) = 7. Xk ILx(a, k)| S(a,q) ~ cqa*@, a—0

a=2

log, S(a,q):

Iogza
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Multifractal Formalism
X(t) — dx(a,t) — Lx(a, t)
K » " "
S(a,q) = 7; 2klq |Lx(a k)[7 S(a,q) ~ cqa’@, a—0

log, S(aq): - q=2

¢(q) = liminf, o 2329

Ina

Iogza
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Multifractal Formalism

a, t) — LX

X(1) — dx( (at) D(h) = ming_.o (d + gh—¢(q))

b

S(a,q) = nla 2321 ILx(a, k)9 S(a, q) ~ cqaC(Q), a0
log, S(a.q):  G=2 ¢(a)
0 q
Iogza

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 93 /139



Scaling Wavelet Transform
0000000000000000
00000 0000000

Self-similarity and wavelets
0000000000000
000000000000

00000

X(t) — dy
r

S(a ) = 7. k2 ILx(a K)I9

Applications/Conclusions

Multifractal Wavelet Leaders
000000 00000080000000000 000
00000000 000000000

000000000000 000000000000 000

Multifractal Formalism
D(h) = ming.o (d + gh — ¢(q))

(at) = Lx(at)

ol

Iog2 S(a,q):

Iogza

q=2
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Estimation for multifractal attributes
1. X(t) — dx(j, k) — Lx(j, k)
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Estimation for multifractal attributes
1. X(t) — dx(j, k) — Lx(j, k)

2. Structure functions and log-cumulants :
log, S(j; ) =~ Gq +¢(q) log, 2/

C(j,p) = ¢+ cpln2!
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Estimation for multifractal attributes
1. X(t) — dx(j, k) — Lx(j, k)

2. Structure functions and log-cumulants :

log, S(j, q) ~ Gq +¢(q) log, 2/
C(j,p) = ¢+ cpin2l

3. Weighted linear fits :
(@) =>L, W/"°92 SG,q)
Co = (log; €) —j1 C(/ p)
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Estimation for multifractal attributes
1. X(t) — dx(j, k) — Lx(j, k)

2. Structure functions and log-cumulants :

log, S(j, q) ~ Gq +¢(q) log, 2/
C(j,p) = ¢+ cpin2l

3. Weighted linear fits :
(@) =>L, W/"°92 SG,q)
Co = (log; €) —j1 C(/ p)

4. Multifractal Spectrum :
D(h) = ming0(1 + gh— ¢(q))
Parametric formulation : D(q),

h(q).

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 94 /139



Scaling Wavelet Transform  Self-similarity and wavelets  Multifractal Wavelet Leaders Applications/Conclusions

0000000000 000000 0000000000000 000000 0000000 0e00000000VOO
00000 0000000 000000000000 00000000 000000000 00000000
00000

000000000000 000000000000 000

Multifractal formalism at work : 1D

FBM H=0.7" T T T T T T T 2

Levy motion Ja=143 | T T T T T T

Tie (5)

05

06

oo

FBM.

97 (0.011)

=0 0.002)

04 0.005) | 1-5]

Tevy motion

0.5(5(p)

1
08|
06|

0.4

Tevy motion

02|

o
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Multifractal formalism at work : 1D

00000000

" Tog-Normal Multiplicative Cascade " Tog-Pofsson Multiplicative Cascade 255 M M PG time
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Multifractal formalism at work : 2D
Fractional Brownian motion Multiplicative cascade

00 00
0 ¢(a) 0 &(a)
-10 o) -10 o
fe) (o]
-20 o -20 OO
© 5 4 5 5 49 5
2| () 8? 2| o)
%
1 1 g
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Mgltifractal forma/li/g,m at work : 2D

- e - 10, - e
Tog-Normal Multiplicative Cascade 16g-Poisson Multiplicative Cascade
s p
0r&(p)
-5
] )
10 -10
-5 0 5 -0 -5 0 5 10 -5 0 5 10 15
2f FBM. —&  o=07001 2 LN Cascade H0.7,-0.05,0] 2 LP Cascade ,=107,-0.061,0.011]
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Estimation performance

- Leader based estimates outperform wavelet based ones :
- mostly for ¢y, p > 2 (multifractal properties),

(@) =c19+20°/2 + c3G°/6 + ...

200 200 200
o o o
150 150 150
100 100 100
50 50 50
0 0
0.7 0.75 0.8 0.85-0.2 -0.1 01 -1 -05 0 0.5 1
200 200 200
of &1 &
150 150 150
100 100 100
50 50 50
0 0 0
0.7 0.75 0.8 0.85-0.2 -0.1 0.1 -0.1 -0.05 0 0.05 0.1

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina,

99/139



Scaling Wavelet Transform  Self-similarity and wavelets  Multifractal Wavelet Leaders Applications/Conclusions
0000000000000000 0000000000000 000000 00000000000008000 000
00000 0000000 000000000000 00000000 000000000 00000000

00000 000000000000 000000000000 000

Multifractal formalism at work : Hydrodynamic
Turbulence

- Multifractal attributes estimation,

- from a single finite length observation

Jet turbulence Eulerian velocily signal (ChavdrriaBaudetCiliberto95)
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Multifractal formalism at work : Hydrodynamic
Turbulence

- Multifractal attributes estimation,
- from a single finite length observation

- 15
Stia=2)_ c
0 1
_10 05V N\
j 0 i _
Jet furbulence Eulerian veloolly signal (ChavaiiaBaudelCiTberiods) 0 5 1015 5 10 15
da 1 ﬂ
-5 0 5 0 05
033 c ¢ S
k =0.02 E 0.003
03
0
-0.08
0.27 -0.003
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Multifractal formalism at work : Hydrodynamic
Turbulence

- Multifractal attributes estimation,
- from a single finite length observation

- 15
Stia=2)_ c
0 1
_10 05V N\
j 0 i _
Jet furbulence Eulerian veloolly signal (ChavaiiaBaudelCiTberiods) 0 5 1015 5 10 15
da 1 ﬂ
-5 0 5 0 05
033 c ¢ S
k =0.02 E 0.003
03
0
-0.08
0.27 -0.003
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Hydrodynamic Turbulence

Jet turbulence - Eulerian velocity

00000000

H_ =008

log Seale (samples) log Scale (samples)

T 1234567 8091011121314151617 12 3 4 5 6 7 8 91011121314151617
Jet turbulence Jet turbulence

.288 (0.008)
0.021 (0.002)

0.8
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Multifractal analysis ?

Distributions :

- h(at)=" Ina K q=2

- ps distribution of h(a, t),

- Theory : What does p, look like when a — 0 ?

- Practice : How does p, changes from scale ato scale & ?
Moments :

- EL(j, k)97 = Eexp(qIn L(j, k)) = cqa®(?,
Cumulants or propagator :

- @ < a pa(h) = pa(h) * G, 2 h),

- @ < a,pa(q) = Pa(q) * Gaa(a),

- Gaa(q) =exp(F(q)(Ina—Ind), F(q) = Yyt oy
Large deviations :

- D(h) = —limg_, "2l

Ina

- pa(h) ~a0 exp—D(h)Ina
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Scaling Range Selection

e Multifractal analysis : a — 0
e Application knowledge driven selection :
- Hydrodynamic turbulence (Integral/injection scale :
Geometry - Kolmogorov/Dissipation scale : fluid property)
- Heart rate variability (LF/HF bands)
e Data driven selection :
- (sampled) discrete time data
- noise
- scaling only exists in a given range
= Bootstrap-assisted data-driven automated scaling range
selection
= R. Leonarduzzi’s poster
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Outline

Wavelet Leaders
Wav. Coeff. versus Wav. Leaders
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Leaders and Positive Holder

- Leader MF formalism applies if X has positive uniform
regularity

= from finite data, Leaders can always be practically
computed even if undefined

= uniform regularity needs to be tested a priori
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Leaders and Positive Holder

- Leader MF formalism applies if X has positive uniform
regularity

= from finite data, Leaders can always be practically
computed even if undefined
= uniform regularity needs to be tested a priori
- X has uniform Hoélder regularity
= X has positive H6lder exponent only !
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Leaders and Positive Holder

- Leader MF formalism applies if X has positive uniform
regularity
- X has uniform Hélder regularity
= X has positive Holder exponent only !

- Minimal regularity computed a priori from wav. coefficients
. N Insu m d(m) ',k
hmin = liminfy_,g %(l)\

hmin > 0 = uniform Hdélder regularity.
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Leaders and Positive Holder

- Leader MF formalism applies if X has positive uniform
regularity
- X has uniform Hélder regularity
= X has positive H6lder exponent only !

- Minimal regularity computed a priori from wav. coefficients

. Insup,, Y™ (j,k)|
Amin = liminfy_, o ——"=¢——=

hmin > 0 = uniform Hoélder regularity.

min _

H' =-0.21184

s £ N
Scaling and Multifractal: From Theory to Applications.

~‘ -4
- Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 105/ 139




Scaling Wavelet Transform  Self-similarity and wavelets  Multifractal Wavelet Leaders Applications/Conclusions
0000000B00000000 0000000000000 000000 00000000000000000000
00000 0000000 000000000000 00000000 00000000 00000000

00000

000000000000 000000000000 000

Positive Holder and (fractional) Integration

- What if hpjn < 07?
No Multifractal formalism ?
Issue both for images and signals !
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Positive Holder and (fractional) Integration

- What if hyj, < 07?
- Solution = (fractional) Integration :
(PX)(€) = (1 +[¢[7)72X(€).
if v > Amin, 1" X is uniformly Hoélder function

integrate enough then apply wavelet Leader formalism.
avoid to actually compute fractional integration.
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Positive Holder and (fractional) Integration

- What if hpjp <07
- Solution = (fractional) Integration :
(PX)(&) = (1 + [€2) 72X (¢).
if ¥ > hmin, 17 X is uniformly Hélder function
- Pseudo (fractional) Integration :
compute d{™ (j, k1, k2) directly from X,
AV (j, ki, k) = 29d{™ (j, ki, k2).
Ly ki k) = SUP ycan,, , [ (V)].

MF spectrum from L} (j, k1, k2) is identical to that of (17)\()(5)
vary v with v > Ay, Deduce D(h) = D7 (h —~)

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 106 /139



Scaling Wavelet Transform  Self-similarity and wavelets  Multifractal Wavelet Leaders Applications/Conclusions
000000000000 0000 0000000000000 000000 000000000000 00000000
00000 0000000 000000000000 00000000 00@000000 00000000

00000

000000000000 000000000000 000

Positive Holder and (fractional) Integration
- What if Apjp <072
- Solution = (fractional) Integration :

(PX)(€) = (1 + €[2)/2X(¢).
if v > Amin, 1" X is uniformly Hoélder function
- Pseudo (fractional) Integration :

LUK ko) = SUPm nican,, 10677 (V)]:

MF spectrum from L} (j, k1, k2) is identical to that of (P X)(€)
vary v with v > hpyin, Deduce D(h) = DY(h— )

1
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Open issue

- Pseudo (fractional) Integration...
A7, ki k) = 297 (), ki, ko).
LUK ko) = SUPm ncan,, 10T (V)]-
vary v with v > hpn, Deduce D(h) = DV(h—~)

A

- ... is not always valid : theoretical issue

chirp (or oscillating) singularities
MF spectrum not well defined if both negative h and chirp !
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Wavelet coefficients or Leaders ?
- Wavelet coefficients :

Estimate global attributes : self-similarity, LRD, global
regularity

Compute hmin, Estimate ¢; and ¢(2),
but can hardly see deviation from {(q) = gH.
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Wavelet coefficients or Leaders ?
- Wavelet coefficients :

Estimate global attributes : self-similarity, LRD, global
regularity

Compute hmin, Estimate ¢; and ¢(2),

but can hardly see deviation from ¢(q) = gH.
- Wavelet Leaders :

Estimate multifractal attributes
Estimate ¢,, p > 2
¢(q) (for both positive and negative gs),
can perfectly estimate concave ¢(q),
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Wavelet coefficients or Leaders ?
- Wavelet coefficients :

Estimate global attributes : self-similarity, LRD, global
regularity
Compute hmin, Estimate ¢; and ¢(2),

but can hardly see deviation from ¢(q) = gH.
- Wavelet Leaders :

Estimate multifractal attributes
Estimate ¢,, p > 2
¢(q) (for both positive and negative gs),
can perfectly estimate concave ¢(q),

= Coefficients and Leaders are to be used in a
complementary way !
First, wavelet coef. (hpmin > 0, ¢1)
Second, Wavelet Leaders.
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Wavelet coefficients or Leaders ?

- Wavelet coefficients :
Estimate global attributes : self-similarity, LRD, global
regularity
Compute hmin, Estimate ¢; and ¢(2),
but can hardly see deviation from ¢(q) = gH.
- Wavelet Leaders :
Estimate multifractal attributes
Estimate ¢,, p > 2
¢(q) (for both positive and negative gs),
can perfectly estimate concave ¢(q),
= Coefficients and Leaders are to be used in a
complementary way !
First, wavelet coef. (hpmin > 0, ¢1)
Second, Wavelet Leaders.

= even if not truly interested in multifractal properties, local
regularity and Holder exponent, Leaders are needed to
measure concave ¢(q)
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Wavelet scaling function
n(q) = 7 Xk k(i K)|9; dimp(Set) =2 — (4(1)

1.5
disc
o
c
0.5[=
,(1)=1.09 0
Scale (s) P
4 8 16 32 64 128 256 0.5 1 2 3 4 5
~] Q a o 15
Koch snowflake Koch snowflake
1
=
0.5[=

n (1)=0.83 0
Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 109/ 139



Wavelet scaling function
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Wavelet Leaders

1
dise + polynomial

&
1og, /1)

o.
=103
Scale (5)

H
o)

disc + polynomial

»

2 4 8 16 32 64 1282%

A2 a4 5

Koch snowilake + polynomi;

Tog] S,(19)

o.
W0.15

Seale (5)

H
e

TKoch snowflake + polynomial

2 4 8 16 32 64 128256

2 3 4 5

dise + FBM.

Tog; S(13)

o
=073,
Scale (5)

2 4 8 16 32 64 128256

Snow.

Tlog, S10)

11=0.35
Scale (s)

2 4 8 16 32 64 128

3 los
% B
H 15

2|

T

Scale (s)

2.

2 4 8 16 32 64 128

From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina,

A

2 4 4 5 6 7 &

Applications/Conclusions

111/139



Scaling Wavelet Transform  Self-similarity and wavelets  Multifractal Wavelet Leaders Applications/Conclusions
000000000000 0000 0000000000000 000000 000000000000 00000000
00000 0000000 000000000000 00000000

0O0000000e 00000000
00000

000000000000 000000000000 000

Leader scaling function
e Leader scaling function :
- (@) = & Tk Lx(i, k)
- dimg(GraphX) = max(d,d +1 — (. (1))
- if ¢(2) > d, then X has bounded quadratic variation
e Leader versus wavelet scaling function :

- ifg >0, ¢a(q) > C(q),
- 3q. such that g > g¢, ¢a(q) =

D(h)

h
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Outline

Wavelet Leaders

Bootstrap
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Estimation from a single observation

- Multifractal attributes estimation :

Jet turbulence Eulerian velocily signal (ChavdrriaBaudetCiliberto95)
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Estimation from a single observation

- Multifractal attributes estimation :

sia=2)_|" c,
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j 0 ; -
Jeturbulence"Eulerian veloctly signal (Gl TBETo05] 5 10 15 5 10 15
¢(a) 1 Deh)
15
0
15
0 h
5 0 5 [) 05
0.33 c o <
1 — 2 3
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o
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Estimation from a single observation

- Multifractal attributes estimation :

- 15
S(.a=2)_ C,
0 1
10 LAVERN
i 0 ] -
Jeturbulence"Eulerian veloctly signal (Gl TBETo05] 5 10 15 5 10 15
¢(a) 1 Deh)
15
ol - :
15
q 0 h
5 0 5 [) 05
0.33 c o .
=0.02 6.003
03
o
-0.03
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- Confidence intervals, hypothesis tests, ... ?
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Confidence intervals for multifractal estimates ?
- Issues:

confidence intervals for multifractal attribute estimates ?
from a single observation,

from a finite length observation.

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 115/139



Scaling Wavelet Transform  Self-similarity and wavelets  Multifractal

Wavelet Leaders Applications/Conclusions
000000000000 0000 0000000000000 000000 000000000000 00000000
00000 0000000 000000000000 00000000 000000000 00000000
00000

CO0000000000 0000000000000 0

Confidence intervals for multifractal estimates ?
- Issues :
confidence intervals for multifractal attribute estimates ?
from a single observation,
from a finite length observation.
- State of the art ?
no theoretical results so far,

Gaussian asymptotics perform poorly,
almost totally overlooked issue.

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 115/139



Scaling Wavelet Transform  Self-similarity and wavelets  Multifractal Wavelet Leaders Applications/Conclusions

0000000000000 000 0000000000000 000000 0000000000000 0000000
00000 0000000 000000000000 00000000 000000000 00000000
00000 000000000000 00e000000000000
Confidence intervals for multifractal estimates ?
- Issues:

confidence intervals for multifractal attribute estimates ?
from a single observation,
from a finite length observation.
- State of the art?
no theoretical results so far,
Gaussian asymptotics perform poorly,
almost totally overlooked issue.
- Why ?
multifractal processes : a large class
amongst which, multiplicative cascades,
often with heavy tail marginals,
and intricate (power law type) dependence structures,
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Confidence intervals for multifractal estimates ?
- Issues:

confidence intervals for multifractal attribute estimates ?
from a single observation,
from a finite length observation.
State of the art ?
no theoretical results so far,
Gaussian asymptotics perform poorly,
almost totally overlooked issue.
- Why ?
multifractal processes : a large class
amongst which, multiplicative cascades,
often with heavy tail marginals,
and intricate (power law type) dependence structures,

Our proposition : Non parametric bootstrap
Drawing with replacement procedure
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Bootstrap for Multifractal analysis

» Bootstrap Principle
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Bootstrap for Multifractal analysis

» Bootstrap Principle
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Bootstrap for multifractal analysis

- Multiplicative multifractal Processes :

intricate, power law, dependencies
non stationary,
heavy tails.
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Bootstrap for multifractal analysis

- Multiplicative multifractal Processes :

intricate, power law, dependencies
non stationary,
heavy tails.

= no bootstrap in the time domain
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Bootstrap for multifractal analysis

- Multiplicative multifractal Processes :

intricate, power law, dependencies
non stationary,
heavy tails.

= no bootstrap in the time domain

- Wavelet domain :

decorrelation properties ? as for fBm ?
time-scale residual dependency
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Bootstrap for multifractal analysis

- Multiplicative multifractal Processes :

intricate, power law, dependencies
non stationary,
heavy tails.

= no bootstrap in the time domain

- Wavelet domain :

decorrelation properties ? as for fBm ?
time-scale residual dependency

= Time-scale block bootstrap in the wavelet domain!
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Time-scale block bootstrap

- Time-scale block (1D) :
timescale strip
of time length 2/
through all scales

Bk = {Lx(j,K'): |k—K2'|<1,1<j <jmax}, 1<k<n

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 118/139
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Time-scale block bootstrap
- Fromthe {L(j, k)} :
draw with replacement, B = [ 2] blocks By :
chain them, — {L*((j, k)}

LK) € By
000000606

2! peoeoooo0e
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Time-scale block bootstrap
- Fromthe {L(j, k)} :
draw with replacement, B = [ 2] blocks By :
chain them, — {L*((j, k)}

LK) € By
000000606

2 POOOOOOOPe o o o o o oo
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Time-scale block bootstrap
- Fromthe {L(j, k)} :
draw with replacement, B = [ 2] blocks By :
chain them, — {L*((j, k)}

) LX(Jk)eB |

k(1)

2 POOOOOOOPe o o o o o oo
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Time-scale block bootstrap
- Fromthe {L(j, k)} :
draw with replacement, B = [ 2] blocks By :
chain them, — {L*((j, k)}

) LX(Jk)eB |

k(1)
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Wavelet leaders time-scale blok bootstrap

ESTIMATION BOOTSTRAP RESAMPLES
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Structure Functions

Final Estimates
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lllustration : 1D example
- fBm in multifractal time :

CPM-MF-FBM ' [c,,C,C,]=[0.8,-0.08,0.031]
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lllustration : 1D example
- fBm in multifractal time :

CPM-MF-FBM ' [c,,C,C,]=[0.8,-0.08,0.031]
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lllustration : 1D example

- fBm in multifractal time :

8 ¢(a) 1
4
0
-4 0
h
5 0 5 10 0.5 15
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O.S:é:, -o.oé 005 .-
—+— 04 0 n
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Turbulence

e Estimation and confidence intervals :

Jet turbulenceEulerian velocily signal (ChavdrriaBaudetCiliberto95)
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Turbulence

e Estimation and confidence intervals :

Jet turbulenceEulerian velocily signal (ChavdrriaBaudetCiliberto95)
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Turbulence

e Estimation and confidence intervals :

1.5

-1.5
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lllustration : 2D Example

20 - - -5 - -
log,$(,a): 9=-2, j=[3-6] log,S(j.a): g=2,. j=[3-6]
10
15
5 ! 20 !
2 4 6 2 4 6
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lllustration : 2D Example

20

109,50.0): a=—2. [-[3-6]

-5

109,50:0): =2, |-[3-6]

’ L /
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5 ! 20 !
2 4 6 2 4 6
20 2
¢(a) D(h
10
0
0
h
-10 a -
0 20 40 0 0.5 1 1k
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lllustration : 2D Example
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lllustration : 2D Example

20 25
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Hypothesis tests

- Multifractality tests :

test for a prescribed value of a given multifractal attribute
example 1 :¢; = H > 0.5? Long range dependence ?
example 2 : ¢, = 0 or ¢ # 0 ? test for multifractal ?
(@) =c19+ cq?/2+ ...
¢(q) linear or not ? = practical test for MF
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Hypothesis tests

- Multifractality tests :

test for a prescribed value of a given multifractal attribute
example 1 :¢; = H > 0.5? Long range dependence ?
example 2 : ¢, = 0 or ¢ # 0 ? test for multifractal ?
(@) =c19+ cq?/2+ ...
¢(q) linear or not ? = practical test for MF

- Stationarity-type test :
are the estimated MF attributes constant along time ?
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Open Issues

- Bootstrap procedures validated by numerical simulations.

- Why does Bootstrap theoretically work ?

- What are the actual dependence structure of
multiresolution quantities for multifractal processes ?

- How does the number of vanishing moments help ?
Under current investigations !
Preliminary results :

Dependence structure is long range (power-law) slowly
decreasing type !

Vanishing moments help much less : decorrelation but no
independence !

4
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fMRI : Active versus Resting States

- fMRI data - task-related activation of brain regions

+«—Slice order

collaboration P. Ciuciu, CEA/NeuroSpin

time series [active]

[resting]

scale invariance

multifractal spectra

—FRest|
—Act

D(h)

05 1 5 2
Exponent /:
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Texture Classification
Collaboration J. Hui and S. Zuowei, NUS, Singapore
- texture image database :
40 classes x 50 images — size 1280 x 960
rotation, illumination, angle, viewpoint invariance
- accurate, robust, meaningful, efficient classification
, ; . s

d O

probability of correct classification

. 1
by
0.8 ﬁ
0.6
1 p
0.4
0.2
e R P = " = number of training images
U Maryland high-resolutions texture database, 2007 2 5 10 15 20
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Painting

Charlotte2

: Original versus Cop

Charlotte2

o
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q
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_ Scaling : Conclusions

no characteristic scales
all scales are characteristic
inter-scale relations
power laws

- Modeling :
2nd order stationary processes,
Long range dependence,
self-similarity, random walks, addition
multifractality, cascades, multiplication
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_ Scaling : Conclusions

no characteristic scales
all scales are characteristic
inter-scale relations
power laws
- Modeling :
2nd order stationary processes,
Long range dependence,
self-similarity, random walks, addition
multifractality, cascades, multiplication
- Analysis :
aggregation, increments = Multiresolution
wavelet coefficients (N > h, Ny > H)
wavelet Leaders

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 133/139



Scaling Wavelet Transform  Self-similarity and wavelets  Multifractal Wavelet Leaders Applications/Conclusions
000000000000 0000 0000000000000 000000 000000000000 00000000

00000 0000000 000000000000 00000000 000000000 0Oe000000
00000 000000000000 000000000000 000
- Scaling : Conclusions

no characteristic scales
all scales are characteristic
inter-scale relations
power laws
Modeling :
2nd order stationary processes,
Long range dependence,
self-similarity, random walks, addition
multifractality, cascades, multiplication
Analysis :
aggregation, increments = Multiresolution
wavelet coefficients (N > h, Ny > H)
wavelet Leaders
Misc. :
Bootstrap,
1D (signal), 2(images), nD
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More information

- WEB Site :

patrice.abry@ens-lyon.fr
ens-lyon.fr/PHYSIQUE/Signal
perso.ens-lyon.fr/patrice.abry

- References (articles, talks)
- MATLAB Toolboxes (Wavelets, scaling and fractal)
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Scaling and Multifractal:

Multifractal attribute time constancy test

Issue ?
Multifractal Process (MRW)

(1) @
0.5 1
MFA X( ) t
hd hd hd hd
Cp@ L@ Cp(@ Cp@
25" 25 @ 25 @ 2.5 @
oF oF oF o
2.5 -2.4 -2.4 2.4
q q q q
-5 0 5 -5 0 5 -5 0 5 -5 0 5
Scaling Exponents €, _(q)
L (m) ]
statistically consistent ?
-
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Multifractal attribute time constancy test

- Step1 : Split then estimate/bootstrap

Split data into M adjacent non overlapping blocks
M estimations Q(m) — Haun - 9(1) = 9(2) == Q(M)

é 2
I Lo
Z 1 P U
m=1 52 O(m) .
{m
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Multifractal attribute time constancy test

- Step1 : Split then estimate/bootstrap

Split data into M adjacent non overlapping blocks
M estimations Q(m) — Haun - 9(1) = 9(2) == Q(M)

é 2
I Lo
Z 1 P U
m=1 52 O(m) .
{m

- Step2 : Bootstrap then split/estimate
M . " oy
= Em 1 (21 9 = %
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Multifractal attribute time constancy test

- Bootstrap :
. {L;(’)} ke {L;‘:(h')}
ut c‘yt c‘$t
{Lx = {Lx)d | XD m} ALK )}
estir‘?“:ate estir‘1‘1ate est/'itate estimate
A ) * Ak Ax(r) Axx(r,) Ak (r)
Omy  Om” = 0(m| | Om)  Om) —O(m)
\/ L o M
Ty 7, r=1,--,R
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Multifractal attribute time constancy test
- Bootstrap :

{Lx} F+— {L;(’)} —*%{Lj{*(rv')}
ut cyt c$t
{Lxm = Alx) | K mt ALy}

estimate estimate est/'itate estimate
A ) * Ak Ax(r) Axx(r,) Ak (r)
Omy  Om” = 0(m| | Om)  Om) —O(m)
- “(r) © —1... R
0 TH r=1, ’

- Test:

Ty ¢ - quantile (1 — «) of empirical distribution {7;'}
dp =11if Ty > T ; and 0 otherwise
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Multifractal attribute time constancy test
- Numerical simulation : concatenate two MF processes
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Multifractal attribute time constancy test
- Numerical simulation : concatenate two MF processes

- Under H,y (MRW) : Significance level, o« = 0.1
{c¢y, ¢} || {0.75,-0.01} | {0.8,-0.02}
0 Cq ‘ Co Cq ‘ Co
ag’o 0.113 | 0.143 | 0.075 | 0.139
py° || 0.478 | 0.469 | 0.530 | 0.485
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Multifractal attribute time constancy test
- Numerical simulation : concatenate two MF processes

- Under H,y (MRW) : Significance level, o« = 0.1
{c¢y, ¢} || {0.75,-0.01} | {0.8,-0.02}
0 Cq ‘ Co Cq ‘ Co
ag’o 0.113 | 0.143 | 0.075 | 0.139
py° || 0.478 | 0.469 | 0.530 | 0.485

- Under Hy (MRW) : p-values
4t - ‘TC‘,’C‘unde‘r H1(c1) dalo ‘TCZ,YC‘unde‘r H1(c2) B
ISRARRIS SRR
2 : : : B 4 : : : :
-0.1 -0.06 -002 0 -0.1 -0.06 -0.02 0
Cg1) : C(12) C(21) _ C(22)
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Multifractal attribute time constancy test

- Under Hy (MRW) : Power ¢, ¢4
1 T

dc H1(C1): c<11)=0.xx 02=-0 02
0.75F J
c?'=0.80
05¢F .
0.25 ‘dc o ‘
ok . . . . s
-0.1 -0.08 -0.06 -0.04 -0.02 0
M _ @
1 1
1 - T T T T T
d T =9~ Hiley: ¢,=0.75 0(21)=—0.0x
075F % e .
RIS c‘22)=—0.01
05 - = p
' 0 -
0.25}c - - X
b o &
ol T T R : ;
-0.1 -0.08 -0.06 -0.04 -0.02 0
ol - @
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2D Discrete Wavelet Transform

- 2D Orthonormal basis

oo(t) scaling function (father wavelet)
Yo(t) (mother) wavelet
Dyadic sampling ¢;«(t) = —/¢0( ~it — k)
Yik(t) = 27Tyo(277t — k)
base U0, 00Y) = bk (X)ineY)
QZ/(Z% X Y) = Uik (X)) (Y)

',khkz(x’y) = ¢j7k1 (X)wj,kg(y)
[ < J
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2D Discrete Wavelet Transform e

Image : X(-,)
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2D Discrete Wavelet Transform e

ients :

IC

wavelet coeff
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2D Discrete Wavelet Transform e

ients :

IC

wavelet coeff
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2D Discrete Wavelet Transform e

wavelet coefficients :

m=1j=3
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2D Discrete Wavelet Transform e

ients :

IC

wavelet coeff
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2D Discrete Wavelet Transform e

ients :

IC

wavelet coeff
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2D Discrete Wavelet Transform e

ients
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2D Discrete Wavelet Transform e

wavelet coefficients :

{d)((m)(j7'a )}7 m= 172a3
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2D wavelet Leadems
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2D wavelet Leadems
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2D wavelet Leadems

__union of 9 such cubes

ke = {2, (ki +1)2), [k, (ko +1)2)}
BNikike = Umn=i-1,013 Nk +mhotn
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2D wavelet Leadems

supremum over coefficients

\/)\j,k{,kz = {[k2, (ki +1)2), [k, (ko +1)2)}

BNikike = Umn=i-1,013 Niki+mhotn
LX(j7 k1 ) k2) Supm, /\/C3>\j,k1 ko ‘d)((m)()\,”
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2D wavelet Leadems

i

i
‘“%

i

o

i

‘“

i

:ﬁw
i

!

)

"

A

)
i
i
0
3:

A
i
ol
i

i
|

i
.
i

~=
)
=
Al
—~
-
l_l
&
N
- <
SRS
Al X
X g
=3
qA =
=~
o
+ 3
— e
k —
N _
.]7 -
&L
< €
)

< <
< <
a it
<<

™

SUPm, wcan 4, 19X (V)]

147 /139

- Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina,

Scaling and Multifractal: From Theory to Applications.



Log-Cumulants

- For certain classes of processes :
- ELx(j,-)7 = Fq|21"<(q)
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Log-Cumulants

- For certain classes of processes :
- ELx(j,-)7 = Fq|21"<(q)
e 29 characteristic function In Lx(j, -) :
- INEed" b = 35 CLE =InFy+(q)In2
C, : cumulant of order p > 1 de In Lx(j, )
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Log-Cumulants

- For certain classes of processes :
- ELx(j,-)7 = Fq|21"<(q)
e 29 characteristic function In Lx(j, -) :
- INEed" b = 35 CLE =InFy+(q)In2
C, : cumulant of order p > 1 de In Lx(j, )

e=Vp>1: Ch=cl+cpIn2
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Log-Cumulants

- For certain classes of processes :
- ELx(j,)9 = /:q|2/‘<(q)
e 29 characteristic function In Lx(j, -) :
- InEed"bxG) =37 ch ‘;’), InFy+¢(q)In2
C, : cumulant of order p > 1 de In Lx(j, )

¢« = Vp>1: Cj:c°+cpln2/'

- InEed"nLx(i) * S e, Lo,
Z ppl Z pp_

p=1
H/—/ N——
InFq ¢(q)

- () = X5 Cp%?
()
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Uniform Holder regularity

- Uniform Hélder : X is a uniform Hoélder function iff

Je > 0 such that X € C¢(RY),
3C >0 suchthat Vt,s € RY, |X(t)— X(s)| < C|t — s|°.
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Holder exponent and Wavelets (Theory - S. Jaffard)

- Uniform Hoélder : X is a uniform Hoélder function iff

Je > 0 such that X € C¢(RY),
3C >0 suchthat Vt,s € RY, |X(t)— X(s)| < C|t — s|°.
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Holder exponent and Wavelets (Theory - S. Jaffard)

- Uniform Hoélder : X is a uniform Hoélder function iff

Je > 0 such that X € C¢(RY),

3C >0 suchthat Vt,s € RY, |X(t)— X(s)| < C|t — s|°.
- Wavelet Coefficients and uniform Hoélder function :

h> 0, if X is C"(0), then 3C > 0 such that :
vj>0, |dx(j, k)| < C2M0)(1 + 27Tty — k|)"(0).
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Holder exponent and Wavelets (Theory - S. Jaffard)

- Uniform Hoélder : X is a uniform Hoélder function iff
Je > 0 such that X € C¢(RY),
3C >0 suchthat Vt,s € RY, |X(t)— X(s)| < C|t — s|°.
- Wavelet Coefficients and uniform Hélder function :
h> 0, if X is C'®), then 3C > 0 such that :
vj >0, ldx(j, k)| < C2hb) (1 4- |2ty — k|)(b),
- Conversely, if relation above holds and if X is uniform
Hélder,
then 3C > 0 and
3 a polynomial P satisfying deg(P) < a,
such that, in a neighbourhood of f,
[ X(t) = P(t—1o)| < Cl|t — o|*[log(1/[t — tol).
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Limitation 1 : Negative gs
- Wavelet Coefficients = dx(j, k) ~ 0,

0.1

0.05

o

- Structure Functions are numerically instable,
= Decreasing part of D(h) cannot be measured !
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Limitation 2 : Oscillating Singularities

- Cusp Singularity : [X(t) — X(fo)| ~|r—t,|—0 |t — o]
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Limitation 2 : Oscillating Singularities

- Cusp Singularity : [X(t) — X(fo)| ~|r—t,|—0 |t — o]
- Chirp (Oscillating) Singularity :
|X(t) — X(to)| ~|t—t,] 0 [t — td”sin(W)
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Limitation 2 : Oscillating Singularities

- Cusp Singularity : [X(t) — X(fo)| ~|t—t,|—0 |t — fo|
- Chirp (Oscillating) Singularity :
IX(t) = X(to)| ~jt—t5/-0 |t — to]" siN( (=)

- Holder exponent : |dx(/, k)| ~ o0 2" ?

t t
= ente = 0.80 = ente = 0.69
= : = : -
] ]
g g 7
- - e

v
e
o
i i

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 152/ 139



Bootstrap : Principles

- Issues :
Data X = {xq,--- , Xn},
Xi - Px(x), unknown !
0 = 6(X)
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Bootstrap : Principles

- Issues :
Data X = {xq,--- , Xn},
Xi - Px(x), unknown !
0 = 6(X)

Statistical performance of 4 ? pdf of § ?
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Bootstrap : Principles

- Issues :
Data X = {xq,--- , Xn},
Xi - Px(x), unknown !
0 = 6(X)

Statistical performance of 4 ? pdf of § ?

- Non parametric Bootstrap :
Drawing with replacement procedure
from the same observation X,

— R copies X*(,
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Bootstrap : Principles

- Issues :
Data X = {xq,--- , Xn},
X "5 Py(x), unknown |
0 =06(X)

Statistical performance of 4 ? pdf of § ?

- Non parametric Bootstrap :
Drawing with replacement procedure
from the same observation X,

— R copies X*(,

— R estimates 9* = 0(x*(),
— empirical pdf 9*(’)

— use pdf of §*() as pdf of 4.
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lllustration
Example : x; Hg N(0,1), 6(X) = Var (X)

Sample X
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lllustration
Example : x; Hg N(0,1), 6(X) = Var (X)

0 — Estimation
Sample X a?(X)

cz(x
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Example : x; Hg N(0,1), 6(X) = Var (X)

[llustration

Sample X

1 - Bootstrap Sampling

Bootstrap Sample X'

r=1
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Example : x; Hg N(0,1), 6(X) = Var (X)

[llustration

Sample X

1 - Bootstrap Sampling

Bootstrap Sample X'

r=1
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Example : x; Hg N(0,1), 6(X) = Var (X)

[llustration

Sample X

1 - Bootstrap Sampling

Bootstrap Sample X'

r=1
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1 - Bootstrap Sampling
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[llustration

Sample X

1 - Bootstrap Sampling
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Example : x; Hg N(0,1), 6(X) = Var (X)

[llustration

Sample X

1 - Bootstrap Sampling

Bootstrap Sample X'

r=1
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lllustration
Example : x; Hg N(0,1), 6(X) = Var (X)

2 — Bootstrap Estimation
Sample X o2(X) a>(X)

(X

Bootstrap Sample X' r=1
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lllustration
Example : x; Hg N(0,1), 6(X) = Var (X)

2 — Bootstrap Estimation

Sample X o2(X) a>(X)
o
£
c
S
G
)]
Q
o
=
Q
o
o *
@ a’(X)
I
—
Bootstrap Sample X @ r=2
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lllustration
Example : x; Hg N(0,1), 6(X) = Var (X)

2 — Bootstrap Estimation

Sample X o2(X) a>(X)
o
£
c
S
G
)]
Q
o
=
Q
o
o *
@ a’(X)
I
—
Bootstrap Sample X ¥ r=3
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lllustration
Example : x; Hg N(0,1), 6(X) = Var (X)

2 — Bootstrap Estimation

Sample X o2(X) a>(X)
o
£
c
S
G
)]
Q
o 7
=
Q
o
o *
@ a’(X)
I
—
Bootstrap Sample X' r=4
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lllustration
Example : x; Hg N(0,1), 6(X) = Var (X)

2 — Bootstrap Estimation
Sample X o2(X) a>(X)

(X

1 - Bootstrap Sampling

Bootstrap Sample X r=
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lllustration
Example : x; Hg N(0,1), 6(X) = Var (X)

Sample X a%(X) a*(X")

Bootstrap Sample X' r=999
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lllustration
Example : x; Hg N(0,1), 6(X) = Var (X)

Empirical Bootstrap Distribution
Sample X o2(X) P

*x)

Bootstrap Sample X'
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lllustration
Example : x; "<& N(0,1), 8(X) = Var (X)
Empirical Bootstrap Distribution

Sample X a%(X) P

Ptheo

*x)

Bootstrap Sample X'
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Block Bootstrap

- Dependent data :
X ={xi, -, xn}, with Px(x), unknown!
0 = 0(X), Statistical performance of 6 ?
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Block Bootstrap

- Dependent data :
X ={xi, -, xn}, with Px(x), unknown!
0 = 0(X), Statistical performance of 6 ?

- Block Bootstrap : Drawing with replacement procedure,
Drawing with replacement procedure,
over blocks of data {x;,--- , Xj1/_1}

- Intuition : preserve dependence structure

Scaling and Multifractal: From Theory to Applications. - Patrice Abry - CIMPA SCHOOL 2013 - Mar del Plata, Argentina, 155/ 139



Block Bootstrap

- Dependent data :

)A( ={x1, -, Xn}, with Px(x), unknoyvn!

6 = 6(X), Statistical performance of 6 ?
- Block Bootstrap : Drawing with replacement procedure,

Drawing with replacement procedure,
over bIocks of data {x;,--- , Xj1/_1}

- Intu, =

(R S | O

Echantillon X
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Block Bootstrap
- Dependent data :

)A( ={x1, -, Xn}, with Px(x), unknoyvn!
6 = 6(X), Statistical performance of 6 ?
- Block Bootstrap : Drawing with replacement procedure,
Drawing with replacement procedure,
over blocks of data {x,, L Xie-1}

Echantillon X

Tirage X'

M
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Block Bootstrap
- Dependent data :

)A( ={x1, -, Xn}, with Px(x), unknoyvn!
6 = 6(X), Statistical performance of 6 ?
- Block Bootstrap : Drawing with replacement procedure,
Drawing with replacement procedure,
over blocks of data {x,, L Xie-1}

Echantillon X

Tirage X'
- :;/
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Block Bootstrap
- Dependent data :
)A( ={x1, -, Xn}, with Px(x), unknoyvn!
6 = 6(X), Statistical performance of 6 ?
- Block Bootstrap : Drawing with replacement procedure,
Drawing with replacement procedure,
over blocks of data {x,, L Xie-1}

Echantillon X

Tirage X'
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Block Bootstrap
- Dependent data :
)A( ={x1, -, Xn}, with Px(x), unknoyvn!
6 = 6(X), Statistical performance of 6 ?
- Block Bootstrap : Drawing with replacement procedure,
Drawing with replacement procedure,
over blocks of data {x;,--- , Xj1/_1}

- Intul__ e — = - R [ [ T S
c
2
k=
I
<
G
L

—_—

< 7 7 - \3 4
x YR w“\‘ \
o u‘\,/ | N ‘M‘\‘\/\ W/ \
g “\H/'\AV\J \““ N \H \"\\ / \
= v \\/ V
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Block Bootstrap

- Dependent data :
)A( ={x1, -, Xn}, with Px(x), unknoyvn!
6 = 6(X), Statistical performance of 6 ?
- Block Bootstrap : Drawing with replacement procedure,
Drawing with replacement procedure,
over blocks of data {x;,--- , Xj1/_1}

at - e — = - R [ [ T S
Intu™; = 2 5
§
k=
©
<
(5]
L
=
:’:\ 1 4 ’A‘ 5
< i
[} /\ A JU N
g “‘ /AJ\ ‘/\// \ f
= V)
V
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Block Bootstrap
- Dependent data :
)A( ={x1, -, Xn}, with Px(x), unknoyvn!
6 = 6(X), Statistical performance of 6 ?
- Block Bootstrap : Drawing with replacement procedure,
Drawing with replacement procedure,
over blocks of data {x;,--- , Xj1/_1}

at - e — = - R [ [ T S
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Multifractal Spectrum
o Multifractal Spectre D(h) :

- Irregularity : Fluctuations of regularity h(t)
- Set of points that share same regularity {t;|h(t;) = h}
- Fractal (or Haussdorf) Dimension of each set :

D(h) = dimy{t : h(t) = h}

X(0)
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Multifractal Spectrum
o Multifractal Spectre D(h) :

- Irregularity : Fluctuations of regularity h(t)
- Set of points that share same regularity {t;|h(t;) = h}
- Fractal (or Haussdorf) Dimension of each set :

D(h) = dimy{t : h(t) = h}

h(t) = 0.2
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Multifractal Spectrum
o Multifractal Spectre D(h) :

- Irregularity : Fluctuations of regularity h(f)
- Set of points that share same regularity {f;|h(t;) = h}
- Fractal (or Haussdorf) Dimension of each set :

D(h) = dimy{t: h(t) = h}

h(t) = 0.4

\\ /
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Multifractal Spectrum
o Multifractal Spectre D(h) :

- Irregularity : Fluctuations of regularity h(t)
- Set of points that share same regularity {t;|h(t;) = h}
- Fractal (or Haussdorf) Dimension of each set :

D(h) = dimy{t : h(t) = h}

h(t) = 0.6
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Multifractal Spectrum
o Multifractal Spectre D(h) :

- Irregularity : Fluctuations of regularity h(t)
- Set of points that share same regularity {t;|h(t;) = h}
- Fractal (or Haussdorf) Dimension of each set :

D(h) = dimy{t : h(t) = h}

X(0)
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Dimension of a geometrical set
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Euclidean dimension

Let
a(= 1) be the analysis scale,

N denote the number of covering
boxes with size a,

Then
Lengthis: L=N-a
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Euclidean dimension

Let

a(=1),

a(=1/3),

hence,
N=2.N(=3-N),
L=N-a=L=N-a= Ly,

donc

L(a) does not depend on a nor

on a!

and

L(a) = N(a) - a = Lo,
N(a)=Lg/a=Lg-a |

AR
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Dimension of a geometrical set
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Fractal dimension

o Let
- a, be the analysis scale

N denote the number of covering
boxes with size a,

Then

Lengthis: L=N-a
e Here,

a=1/3,

N =4,
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Fractal dimension

o Let

- a(=1/3),

- a(=1/9),

e Then,

- N=4,

- N=16,

e Hence
-L=N-a#L=N-a!,
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Fractal dimension

o Let

- a(=1/3),
- a(=1/9),
-a=1/27,
e Then,

- N=4,

- N=16,

- N =64,
e donc
-L=N-a#L=N-a#
L=N-al
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Fractal dimension

e One shows :

- a(n) = (1/3)",

- N(n) =4",

e hence

- L(a)=N(a) - a,

- L(a) does depend on a!
e with,

-IN@=a’ @
-La=Ly-a""P,

- D : fractal dimension,
-1<D<2,

- non integer = Frac-.
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Haussdorf Dimension

- Intuition :
Fractal dimension,
Non integer extension of the natural Euclidean dimension,
0<D<d.
Cover a set A with balls of size ¢, Count how many you
need N(e).
Assume a power law behaviour N(e) ~ e~
Define D = lim._,o —log N(¢)/ log e.

- Definition :
Ac RY,
e > 0, R e-covering of A with a countable collection of
bounded sets A;, |Ai| <,
§ € [0,d], M>(A) = infg (3°;|Ail°) , MO (A) = lim._,o M2(A),
Dis such that § > D, M°(A) = 0,5 < D, M’(A) = < .
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Thermodynamic analogy (Parisi-Frisch, 85)
Thermodynamic Multifractal
Zs(U) =Y e 5, S(a,q) = > k| Tx(a k)|
S(a, q) = 3, e9'0917x(ak)

U= (Ex) = dlog Z3/0p3 - [Tx(a,k)| = a™,
- S(a’ Cl) — Zk eqhk log a
- B -q
- Ex = €40V, - hg Iog a,

- S(a’ q) — aC(Q)’

-F=—-InZs - {(q)loga=log S(a, q),
- Entropy : F=U-S/p - Spectrum :
(Legendre transform) D(h) = gh—((q)
(Legendre transform)
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Rényi entropy
Strange attractors and chaotic systems (Kadanoff, 75)
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Rényi entropy
Strange attractors and chaotic systems (Kadanoff, 75)

- Rényi entropy : Z,(a) = >_, Px(a)“,
- Rényi information : /,(a) = log Z,(a)/(1 — «),
- Generalized dimensions : D, = lim,_,0 l,(a)/(—log a),
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Rényi entropy
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- Rényi information : /,(a) = log Z,(a)/(1 — «),
- Generalized dimensions : D, = lim,_,0 l,(a)/(—log a),

= (1-a)D,=limy_glogZ,(a)/loga=((a)!

< to MF Form.
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