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Example with complex coefficients (A = e%).
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reconstruction using 30% of transform coefficients




reconstruction using 30% of transform coefficients
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reconstruction using 10% of transform coefficients
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reconstruction using 0.1% of transform coefficients
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Introduction

The Cuntz algebra Oy, is the C*-algebra generated by N
isometries S;, i = 0,..., N — 1 with the properties:

N—1
SiSj=06y1,j=0,...,N=1, > §5 =1 (0.1)
i=0

Orthonormal wavelet bases are constructed from various
choices of quadrature mirror filters (QMF). These filters are in
one-to-one correspondence with certain representations of the
Cuntz algebra.



Introduction

» The proposition shows representations of the Cuntz
algebra are obtained from a choice of a quadrature mirror
filter (QMF) basis (Definition 4).

» We then show how QMF bases can be constructed using
some unitary matrix valued functions (Theorem 7). This
gives us a large variety of representations of the Cuntz
algebras, which we use to construct various orthonormal
bases.

» We present a general criterion for a Cuntz algebra
representation to generate an orthonormal basis.
Specifically when applied to some affine iterated function
systems, we obtain a construction of piecewise exponential
bases on some Cantor fractal measures which extends a
result of Dutkay and Jorgensen. In particular, we obtain
piecewise exponential orthonormal bases on the middle
third Cantor set which is known not to have any
orthonormal bases of exponential functions.



QMF bases and representations of the Cuntz algebra

Definition
A quadrature mirror filter (QMF) for r is a function mg in
L>°(X, p) with the property that

— Z Imo(w)2 =1, (zeX) (0.2)

r(w



QMF bases and representations of the Cuntz
algebra-contd

Theorem
Let my be a QMF for r. Then there exists a Hilbert space H, a

representation = of L>°(X) on H, a unitary operator U on H and
a vector ¢ in H such that



QMF bases and representations of the Cuntz
algebra-contd

1. (Covariance)
Ur(f)U* = n(for), (feL®(X))
2. (Scaling equation)
Up = n(mo)e
3. (Orthogonality)
(e ) = [ fou (F e Lx00)
4. (Density)

span {U "n(f)p: fe L®(X),n>0} =H

(0.6)



QMF bases and representations of the Cuntz
algebra-contd

Definition

The system (H, U, 7, ¢) in Theorem 2 is called the wavelet
representation associated to the QMF my.

To construct a multiresolution, for a wavelet representation, one
needs a QMF basis.

Definition

A QMF basisis a set of NQMF's mg, my, ..., my_4 such that

= Z mi(w)m(w) = &5, (i,j €{0,...,N-1},z € X) (0.7)



QMF bases and representations of the Cuntz

algebra-contd

Next, we show how a QMF basis induces a representation of
the Cuntz algebra.

Proposition
Let (m,-)fi‘o1 be a QMF basis. Define the operators on L?(X, 1)
Si(fy=mjfor, i=0,....,N—1 (0.8)

Then the operators S; are isometries and they form a
representation of the Cuntz algebra Oy, i.e.

N—1
S'Sj=0dj, i,j=0,....,N—1, > S5 =1 (0.9)
i=0

The adjoint of S; is given by the formula

:1N S mi(w)i(w) (0.10)

il var\ — -

Si(H)(2)



QMF bases and representations of the Cuntz
algebra-contd

Proof.
We compute the adjoint: take f, g in L?(X, ). We use the
strong invariance of p.

(5if.9) = [ mgerdu= [ 1 Y mWAWE)du(z)
r(w)=z

Then (0.10) follows. The Cuntz relations in (0.9) are then easily
checked with Proposition. O



QMF bases and representations of the Cuntz
algebra-contd

Every QMF basis generates a multiresolution for the wavelet
representation associated to mg. Since the ideas are simple
and they are the same as in the classical wavelet theory.



QMF bases and representations of the Cuntz
algebra-contd

Proposition
Let (m)N-,! be a QMF basis. Let (H, U, , v) be the wavelet
representation associated fo mg. Define

Vo :=span {n(flp:feL®X)}, Vo=U"V,, ncZ
(0.11)

vi=U"Tn(m)e, i=1,...,N—1 (0.12)

W, := span {=(f)y; : f € L°(X)} (0.13)



QMF bases and representations of the Cuntz
algebra-contd

Then
1. UpezVn=H
2. Vi=Voo Wi @ - Wh_4
3. If Npez Vi = {0} then

PuUWwWe- oWy )=H

neZ



QMF bases and representations of the Cuntz
algebra-contd

If Bis a finite set and R~'B has spectrum A, then the set

{ex : A € A} is a QMF basis, by Proposition. Then, with
Proposition 5, the operators S\f = e,f o r form a representation
of the Cuntz algebra. Such representations were studied in.



QMF bases and representations of the Cuntz
algebra-contd

Theorem
Fix (m,-)f\i‘o1 a QMF basis. There is a one-to-one
correspondence between the following two sets:
1. QMF bases (m)!
2. Unitary valued maps A : X — Un(C)

Given a QMF basis (mj)fi _01 the matrix A with entries

1

(1) Aj(2) =y > mi(w)ym(w), (z€X,ij=0,...

r(w)=z

is unitary.

,N—1)



QMF bases and representations of the Cuntz
algebra-contd

Given a unitary-valued map A: X — Un(C), the functions form
a QMF basis

(2) mi(z)=> Aj(r(z))mi(z), (zeX,i=0,...N—1)

These correspondences are inverse to each other.



QMF bases and representations of the Cuntz
algebra-contd

Proof.
The result requires some simple computations

Aj(2)A ZZ > miw)my(z): Y- m(w)my(w')

j=0 j or(w)=z r(w)=z

— % Z mi(w)m,(w') - Z m;(w)m;(w')
J

w,w’

1 -
- N Z mi(w)ml,(W)dw,w = i

w,w!

Note that we used the equality

> m(w)my(w') = Sy
J



QMF bases and representations of the Cuntz
algebra-contd
which follows from the fact that the matrix
1 i=0,...N—
VN [mi(W)]:,.,GO,’_1A(Iz)1
is unitary, which, in turn, is a consequence of the QMF

property. Hence A is unitary.
If Ais unitary, we check the QMF relations:

Y mwymw)

r(w)=z

- %ZZA,-k<r<w»mk<w>ZA,-mr(w»m/(w) -
Wk /
Z Ik(z /l ka

P
= Z Ai(2)Aj(2)61g = 6




QMF bases and representations of the Cuntz
algebra-contd

Hence (m)Y-," is a QMF basis. The fact that the two
correspondences are inverse to each other follows from the
next computation:



Orthonormal bases generated by Cuntz algebras

A general criterion for a family generated by the Cuntz
isometries an orthonormal basis.

Theorem

Let H be a Hilbert space and (S,-),’.i ‘01 be a representation of the
Cuntz algebra Oy. Let £ be an orthonormal set in H and

f: X — H a norm continuous function on a topological space X
with the following properties:



Orthonormal bases generated by Cuntz algebras

1. &€= Uil\i?; Si€.
2. span{f(t) : t e X} =H and ||f(f)||=1,forall t € X.
3. There exist functionsm; : X — C, g; : X — X,
i=0,...,N—1such that
Sif(t) = mi()f(gi(t)), teX. (0.14)

4. There exist ¢y € X such that f(¢p) € span€.

5. The only function h € C(X) with h > 0, h(c) =1,V
ce{xeX:f(x)espanf}, and

N—1
h(t) =) _|mi(O)I?h(gi(t), teX  (0.15)
i=0

are the constant functions.

Then £ is an orthonormal basis for .



Piecewise exponential bases on fractals

We consider affine iterated function systems with no overlap.
Let R be a d x d expansive real matrix, i.e., all the eigenvalues
of R have absolute value strictly greater than 1.Let B c R? a
finite set such that N = | B|. Define the affine iterated function
system

() =R (x+b) (xeR? beB) (0.16)

There exists a unique compact subset X of R? which satisfies
the invariance equation

XB = UpeBTb(XB) (0.17)



Piecewise exponential bases on fractals-cont'd

Xg is called the attractor of the iterated function system (7p)peB-
Moreover Xg is given by

Xg = {Zﬂkbk:bkerorallkz1} (0.18)
k=1

There is a unique probability measure ug on RY satisfying the
invariance equation

/fdMB = /fOde,uB (019)
beB

for all continuous compactly supported functions f on R. We
call g the invariant measure for the iterated function system
(IFS) (7p)pes- 15 is supported on the attractor Xp.



Piecewise exponential bases on fractals-cont'd

We say that the IFS has no overlap if

MB(TD(XB) N T[;(XB)) = (forall b =+ b in B.

Assume that the IFS (7)pcg has no overlap. Define the map
r: XB — XB

r(x) =7, ' (x), if x € 75(Xg) (0.20)

Then r is an N-to-1 onto map and pp is strongly invariant for r.
Note that r=1(x) = {7p(x) : b € B} for ug.a.e. x € Xg.



Piecewise exponential bases on fractals-cont'd

Definition
Let Lin R, |L| = N, R > 1 such that L is a spectrum for the set
lRB. We say that ¢ € R is an extreme cycle pointfor (B, L) if

there exists lp, /1, ..., lp—1 in L such that, if ¢g = ¢,
oty 4ty
c = 00310702 — Lghmcpq — %27;;72 then %17;;71 = ¢,

and |mg(c;j)|=1fori=0,...,p— 1 where

1 .
mp(x) = > e xeR
beB



Orthonormal bases generated by Cuntz
algebras-cont'd

Definition

We denote by L* the set of all finite words with digits in L,
including the empty word. For / € L let S; be given as in (0.8)
where m is replaced by the exponential /.. f w = Lih... I, € L*
then by S, we denote the composition S, S, ... Sj,.



Orthonormal bases generated by Cuntz
algebras-cont'd

Definition

We denote by L* the set of all finite words with digits in L,
including the empty word. For / € L let S; be given as in (0.8)
where m is replaced by the exponential /.. f w = Lih... I, € L*
then by S, we denote the composition S, S, ... Sj,.



Orthonormal bases generated by Cuntz
algebras-cont'd

Theorem

LetBCR,0€ B, |B| =N, R>1 and let ug be the invariant
measure associated to the IFS t,(x) = R~'(x + b), b € B.
Assume that the IFS has no overlap and that the set ;B has a
spectrum L Cc R, 0 € L. Then the set

E(L) = {Swe_c¢ : c is an extreme cycle point for (B, L), w € L*}

is an orthonormal basis in L?(ug). Some of the vectors in £(L)
are repeated but we count them only once.



Orthonormal bases generated by Cuntz
algebras-cont'd

Corollary

In the hypothesis of Theorem 8, if in addition B, L C 7 and
R € Z, then there exists a set \ such that {e) : A € A} is an
orthonormal basis for L?(11p).



Orthonormal bases generated by Cuntz
algebras-cont'd

Example

We consider the IFS that generates the middle third Cantor set:
R =3, B={0,2}. The set ${0,2} has spectrum L = {0,3/4}.
We look for the extreme cycle points for (B, L).

We need |mg(—c)| = 1 so [1=€™| — 1, therefore ¢ € 7. Also

¢ has to be a cycle for the IFS go(x) = x/3, g3/a(X) = X+3/4 S0

0<c< 2% —3/8. Thus, the only extreme cycle is {0}. By
Theorem 8 5 ={Sw1:w e {0,3/4}*} is an orthonormal basis
for L?(15). Note also that the numbers €>7(6:/:9) are +1
because 27iB - L C wiZ.




Orthonormal bases generated by Cuntz
algebras-cont'd

Walsh Bases: We will focus on the unit interval, which can be
regarded as the attractor of a simple IFS and we use step
functions for the QMF basis to generate Walsh-type bases for
L?]0,1].

Example

The interval [0, 1] is the attractor of the IFS 7ox = %, 71 x = ¥/,
and the invariant measure is the Lebesgue measure on [0, 1].
The map r defined is rx = 2xmod1. Let my =1,

my = X[0,1/2) — X[1/2,1)- It is easy to see that {my, m} is a QMF
basis. Therefore Sy, S; defined as in Proposition 5 form a
representation of the Cuntz algebra O-.



Orthonormal bases generated by Cuntz
algebras-cont'd

Theorem
LetN € N, N > 2. Let A= [a;] be an N x N unitary matrix
whose first row is constant ﬁ Consider the IFS Tjx = X—,\J;/

x€R,j=0,...,N—1 with the attractor [0, 1] and invariant
measure the Lebesgue measure on [0, 1]. Define

N-1

mi(x) = VN> ajxjn,g+1)m(X)
j=0

Then {m;}! is a QMF basis. Consider the associated
representation of the Cuntz algebra Oy. Then the set
E:={Sw1:we{0,..N—1}*} is an orthonormal basis for
L2[0,1].



Orthonormal bases generated by Cuntz
algebras-cont'd

Proof.

We check the conditions in Theorem 8. Let f(t) = e, t € R.

To check (i) note that Sp1 = 1. (ii) is clear. For (iii) we compute:

4 N
Sier = N Mi(7jx)er(7jx)
Jj=0
N—1
o 27rlt (x+j)/N
- e
N—
g2ritx/N_1_ - 2ritj/N
TN Z
So (iii) is true with my (t) = Z g™ ti/N and gy (t) =

N.
L]



Orthonormal bases generated by Cuntz
algebras-cont'd

(iv) is true with ¢y = 0. For (v) take h € C(R),0 < h <1,
h(c) = 1 for all ¢ € R with e; € span€ ( in particular h(0) = 1),
and

N—1
= > [mk(t)Ph(t/N)
k=0
N—1
t/N)Z ‘Za e 27rltj/N’2
k=0 /=0

= h(t/N) - NHAVH2

where v = (e~2"/N)V' 1. Since Als unitary,

||Av|]2= ||v|[?= N. Then h(t) = h(t/N"). Letting n — oo and
using the continuity of h we obtain that h(t) = 1 for all t € R.
Thus, Theorem 8 implies that £ is an orthonormal basis.
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