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Why?



Outline

div(A(x)Vu) =0 , A(x)E.€ ~ [€]2w(x)

Unweighted L' inequalities involving “Self-improving functionals”
][ IF — foldx < a(Q)
Q
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Main problem -
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Main problem

(vt o~ fQ‘qwf <) (7, ’VfIPW>;

e For a given p > 1.
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Main problem

@ For a given p > 1.
@ There is a natural choice for a class Ap of weights.
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Main problem

(vt L) - ) <@ <w(1cz)/Q\wypw>;

@ For a given p > 1.
@ There is a natural choice for a class Ap of weights.

@ We try to reach the best possible g = p;,.
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Main problem

(s - oe) = Gty o)

@ For a given p > 1.

@ There is a natural choice for a class Ap of weights.
@ We try to reach the best possible g = p;,.

o Keeping track of the constant C,!
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Unweighted Poincaré in (R", dx)

(1,1) Poincaré inequality

1 1
= foldx < ¢ —/ Vf|d
|Q|/Q| ol 5 Q) g [ 177lax
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Unweighted Poincaré in (R", dx)

(1,1) Poincaré inequality

1 1
| — foldx S UQ)— | |Vf|d
|Q|/Q| oldx < <o)|Q|/Q| dx

(p, p) Poincaré inequality, 2<n 1<p<n.

(e a0y )

Ezequiel Rela Poincaré-Sobolev-RdF



Unweighted Poincaré in (R", dx)

(1,1) Poincaré inequality

1 1
| — foldx S UQ)— | |Vf|d
|Q|/Q| oldx < (Q)|Q|/Q| dx

(p, p) Poincaré inequality, 2<n 1<p<n.

(e a0y )

Higher order Poincaré inequality with polynomials, m € N

fly)— < mg
11 o 101 = matniay < 2 [ 9l ay
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Poincaré - Sobolev

Poincaré-Sobolev inequality

1 .\ 1 ;
[ 1= folrd 560(—/ pr)
(\o|/Q' ol X) @11/, V"
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Poincaré - Sobolev

Poincaré-Sobolev inequality

(b )’ v (o)

. np

‘o*‘ -
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Weights

Equivalently:

Mw(x) < Cw(x) a.e. x € R"
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Hardy-Littlewood maximal function

Mf(x) = sup][ If(y)| dy,
M : [P(wdx) = LP(wdx) <= w e A, l<p<oo
M: [Y(wdx) = Lb®(wdx) <= we A
1
IMllowy S PIWla"s  1<p<oo

1
[IMl[poow) = W],  1<p<oo
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Fractional integrals and Poincaré

The following are equivalent

1) ][QV(X)—foldx,sf(Q)]éyw(x)wx
2) If(x) — fol S h(IVflxQ)(x) = /Rn Wdy

As a consequence of 2),

1£(x) = fol S h(IVFIxQ)(x) S HQ)M(IVF])(x)

1
IF — fallise < AQUMATF e < AQWIS I9F ]2 )
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Fractional integrals and Poincaré

Truncation or weak implies strong lemma:

Lemma

Let g > 0, Lipschitz. Suppose a weak (1, p)-type estimate for the
measures p,v and p > 1:

sup tu({x € R": g(x) > )7 S [ |Ve(x)lav
t>0 R7

Then the strong estimate also holds, namely

lelug < | IVeGldv
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Fractional integrals and Poincaré

Let w € Ap, then

(W(Q)/|f—fQ|P ) < W14,49) (505 5 [ 1ver )

How to deal with higher order Poincaré inequality with
polynomials? No truncation...

e(o)m/ .
f d V7fld
‘Q,/| iy < S [ vl
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Self improving functionals _

Starting point

]{?v foldu<a(Q),  a:Q— (0,00)

Ezequiel Rela Poincaré-Sobolev-RdF



Self improving functionals

Starting point

][ I — foldu < a(Q),  a:Q — (0,00)
Q
Hypothesis on the functional a

> a(PyPw(P) < ||a]Pa(Q)"w(Q)

Pen

ac Dp(w) (1)
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Self improving functionals

Theorem (Franchi-Perez-Wheeden - 1998)
Let w € A and a € Dy(w) for some p > 0. Let f such that

1
@/Q\f—fm < a(Q).

Then

'w(Q)

If = follee>, < Cllafla(Q).

@ Only for the weak norm

@ C depends exponentially on [w]s.
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New D,-type condition

Small families

A family of pairwise disjoint subcubes {Q;} C D(Q) is in
S(L),L>1if

Q|
Z|Qr| < T

| A\

Smallness preserving functionals
a€ SD;(w) for 0 < p <ocoands>1if

> (@) w(@) < llalP (1) A(@Pw()

i

whenever {Q;} € S(L)
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Main Theorem

Theorem (A)
Let w be any weight, p > 1,5 > 1 and a € SD;(w). If

1
— f—fol < ,

then

Co - va’w)‘l’ < Goslala(Q)
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f —fol _
@ aAQ) — 7

Hypothesis:

a € SD5(w)
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About the proof

|f — fq
Xt 1 DS
o Q) <1, aes p(w)

Calderon - Zygmund decomposition

Q= {x €Q: Mg (’fa(_Q’r)dXQ) (x) > L} =@

J

Hypothesis:

|f —fql
o aQ)

dy < L2"
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About the proof

|f — fq
Xt 1 DS
o Q) <1, aes p(w)

Calderon - Zygmund decomposition

Q= {x €Q: Mg (’fa(_Qf)dXQ) (x) > L} =@

J

Hypothesis:

|f —fql
o aQ)

Key step: Go from (-)q to ()q,

dy < L2"
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About the proof

) |f — fgl
Hypothesis: — X <1, ae€ SD:
v L e = 5()

Calderon - Zygmund decomposition

Q= {x €Q: Mg (’fa(_Qf)dXQ) (x) > L} =@

Jj

|f —fql
o aQ)

Key step: Go from (-)q to ()q,

dy < L2"

Triangular inequality is not a good idea

/]f—fQ|dex§2pl /]f—fQj|dex+/ |fQj—fQ|deX
Q; Q; Q;
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About the proof

Calderén - Zygmund decomposition into good and bad parts

. & )\<2”Lf()_f
Q) ~ &t he balx) = 32—y xa)

i

1
P

<W(1Q) /Q |fa(_Qf)Cin de) : < 2”L—|—< w(Q) / Z |bg;|P de)
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About the proof

/\Zij,Pde < Z/ \ij‘P wdx
QL J i Qi

_ 1 a(Qi)Pw(Qi)
a a(Q)”z,.: w(Qi) /Q,-

< Slop L AQP Q)

p

f—fo wdx

a(Qi)

where X is the quantity defined by

1 f—fg
X =
Sé"(w(@/o

a(Q)

P 1/p
de) .
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About the proof

1 If — folP )i ; 1 / )
(o J, o) =2ty [, 3 ol v

n all
X <2"L+ Xm.
Choose L = 2emax{]|a||*,1} to conclude

/
X < 2"2el|al® ((2e)1/5> < 2™l 4|f*
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Consequences |: weighted (p, p) Poincaré

Model example: o, p > 0

1/p n/o
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Consequences |: weighted (p, p) Poincaré

Model example: o, p > 0

1/p n/o

From unweighted (1,1) to weighted (p, p) Poincaré inequalities

][|f—fQ]dx S E(Q)][ |V fdx
Q Q
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Consequences |: weighted (p, p) Poincaré

Model example: o, p > 0

1/p n/o

From unweighted (1,1) to weighted (p, p) Poincaré inequalities

][|f—fQ]dx S E(Q)][ |V fdx
Q Q

< WA (g5 [ 197 dx)‘l’

We have then the starting point:

][Q|f — foldx S a(@Q) € SDy(w)
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Consequences |: weighted (p, p) Poincaré

Corollary (Theorem A - A, case)

Let we A,, p>1,n> 1. Since

a7 L 1= fol < 3,400 (55 L (917w dx)é = 2(Q)

and a € SD;(w) with s = n, ||al| = 1, then
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Consequences |l - A weighted variant of the Keith-Zhong
phenomenom

Theorem (Keith and Zhong, Ann. of Math., 2008)

Let p > 1 and let (X, d, p) be a complete metric measure space
with p Borel and doubling, that admits a (1, p)-Poincaré
inequality. Then there exists ¢ > 0 such that (X, d, ) admits a
(1, g)-Poincaré inequality for every q > p — €, quantitatively.

Ezequiel Rela Poincaré-Sobolev-RdF



Consequences Il - A weighted variant of the Keith-Zhong
phenomenom

Theorem (Keith and Zhong, Ann. of Math., 2008)

Let p > 1 and let (X, d, p) be a complete metric measure space
with p Borel and doubling, that admits a (1, p)-Poincaré
inequality. Then there exists € > 0 such that (X, d, ) admits a
(1, g)-Poincaré inequality for every q > p — €, quantitatively.

1/p
/ |f—fodusr(][ IVfI”du> |
B(x,r) B(x,Ar)

then for some e > 0 and any g € (p — ¢, p],

1/q
/ If—fodMSr(][ IVfI"dM> ,
B(x,r) B(x,Ar)
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A weighted variant of the Keith-Zhong phenomenom

Theorem

W€ Apy, 1 < pg <00, ¢:[l,00)— (0,00) non-decreasing. If the
pair (f,g) satisfies the weighted Poincaré (1, pg) for any w € Ay,

‘;, /Q |F — faldx < o([wla,)AQ) (W(lo) /Q g” wdx)"l‘ﬁ

Then, for any p such that 1 < p < pg the following estimate holds
for any w € Ap:

(575 L1~ faP wdx)‘l’ <At (g5 oo w)’l’j
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A weighted variant of the Keith-Zhong phenomenom

3(0) = e(1a (@) (g [e de)”’”.
a € SDy (w)

Then

1

(W(lQ) /Q - fQ|P°w>”° < ([wla, Q) (Vv(lQ) /Q gmw)"l"

By Rubio de Francia's extrapolation technique,

( /\f—fQ!PW>1 <(p(CppO[W:| )E(Q)( (Q)/g”w>‘1’
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Consequences IlI: weighted (p , p) Poincaré - Sobolev

Unweighted Poincaré-Sobolev

(][Q|f—fo|f’*dx)"l* <1(Q) (ﬁ)\wv’)‘l’,

Again, we start from:
1 1 ;
1= felee < 113,400 (77 [ 1977w )" = (@)

Goal

Obtain that a € SD;. with some control on pj,, s and |al|.
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Consequences |l: weighted (p?,, p) Poincaré - Sobolev

Back to the model example:

2(Q) = Q) (fv((g)))l/p

Modified Poincaré-Sobolev index: p* = p*(q, M), (¢>1,M > 1)

1 1
p*  ngM

T =

1
ngM

weEA,1<qg<p=acSD;(w), s=nM, |a] = [W]Aq

Key property:

(1) =tia
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Consequences |l: weighted (p?,, p) Poincaré - Sobolev

Choosing M =1+ % log[w]a,, we obtain

11 1
p p;, n(q-+log[w]a,)

Theorem (B)
Letl1<p<nandletwe Ay withl <q<p.If

1 1 1/p
@/Qv—fm < 2(Q) = Q) (mu(o)) ,

then

1
*

<ﬁ/@\f_f0|m W> " < ca(Q).
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Consequences Il: weighted (p?,, p) Poincaré

1 1 1

p B E (g + log[w]a,)

Let1<p<nandletwe Ag withl <q<p.

(s o) <0k (45 o)
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Further improvements on p;, - Template

Theorem (C)

Let a be a functional satisfying:
Q ac SDj(w), allspa(w) = 1
@ fFor somer > p, a€ D, (w)

If ]
| |f —fql < a(Q),
01 L 1F ~fal <4(@)

and w € Ap, then

I = Follurioo g, ey HaHDr(W)[W]Ap a(Q).

Only for the weak norm...
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Further improvements on p;, - For the gradient

1= ol < 13, 4@) (505 | 1917w dx); ~ 2(Q)

o a € SDj with [|a]| =1

1
. WEAq,%—%:niqiaG Dpx (w) with ||al| :[W]X;

Let1<p<n weAgwithl <q<p. Then

w) Sz, (o /. rwv’w)‘l’

(@ o~
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The case of A; weights

From Theorem (C): — L =1 (Sobolev!)

<w(10)/Q\f_fQ|p*W> 2 5[w]§1[w]§pe(0) (W(lm/o,w,pwy
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The case of A; weights, again but different

By using a completely different method (details not included)
Theorem (D)

Let w be any weight in R", n > 2. Then if 1 < p < n we have that

Corollary (D)
Let w € A1, n > 2. Then we have that

</o Wﬁ < Wlal(Q) <W(1@)/Q|Vf\"w>p
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The case of A; weights

1
7/7

L
p*

T |-

From Theorem (C):

(50 - fQ‘p*W>P1* S WAL Q) (5 / wiew)

From Theorem (D):

1
P

</Q\f—fQ|P*de>"l* < Wl l(Q) (W(l@/Q|VfI"W>p
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Lower bounds for the case of A; weights

If

(e fr- ) < e (s o)

then 3 > %.
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Lower bounds for the case of A; weights

If

(w0 INE ) < 4@ (55 /. |w|"w)

then 8 > %.

Let w be an A1 weight in R", n>2. Thenifl<p<n

1

(5igy L 17~ fawlw) ™ < cwlia (@ (g5 [ 971 )
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Thank you!
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Thank you!
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Some extra stuff
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Higher order Poincaré

Let w be any weight, p > 1, a € SD;(w)

If 1
f P f < Q ,
|Q| /C)| & | 3( )

then

( o |17~ Pofl? d)‘1’<c 2% s]la]*2(Q)
— = wdx nm2 ? s|lal|®a
w(Q) Jo @ -

Corollary

Let 1< p< . andletw € A,
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The model example and SD,';/a

Model example: o, p > 0

1/p n/a

DoaQ)Pw(@) < DoUQ) Z|Q,|* (Q)
<y < (Z\Q;\) n (ZM(Q,-)(P"Q)’)(M)I
< (’f')nZM(Qi)

i
por pa

_ (1) " (QP(Q) = (i) 2(QPw(Q).
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Consequences |l: weighted (p?,, p) Poincaré - Sobolev

i i

* i P
S a@)Fw(@) = > ou(@) <(£(Ql)1>
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Consequences |l: weighted (p?,, p) Poincaré - Sobolev

* i P
S a@)Pw(@) = Y @) (“Q))

i i W(Qi)%
el "
= (Ql)p< 1>
Z W((gi)m
o (1Q[9 7o oo
< []Aq (W(Q)) Z'U’(Q’) | Qi

Holder's inequality plus some magic...
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Consequences |l: weighted (p?,, p) Poincaré - Sobolev

* i P
S a@)Fw(@) = > ou(@) <(€(Ql)1>

i i Qi)%i
s Q)"
= N(QI) P < 1 >
Z W(Cgi)TM
e (1Q) nat o -
< Wi (10g;) " Tu@?ol

Holder's inequality plus some magic...

W15 Q) w(@) (1)

IN
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A; weights, which is better?

For A1 weights, we can define p, as

1 1 1 1 1
P o — =X
pp; n(p+log[w]a,) p P
Compare
1 1

B 1
Con(l+ log[w]a,)

n(p + log[wla,) = n(1 1 log[wla)

Equivalently,
[Wla, < €”7Hwla,

Is this true? Always? Never? Sometimes?
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The case of A; weights

Let w € A;, namely Mw < [w]a,w a.e.

1 )a ;
([ 1 fole o) < ( [ el )
Q wP

ol P
We write v = ((MW)I/) w

w

() = s (@, o)
() e o)
S it (w00 4 (i /Nfrp)
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The case of A; weights

o\ P
Do not forget that v = ((MW)I/) w

w

1

(/Q'f‘wf%')w) < it (w0 4 (g /rw)
< 1@ (g 77 (5 ‘) W>p
< WalQ) <W(Q) /Q !Vflpw);.
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A weighted variant of the Keith-Zhong phenomenom

3(0) = p([w4, (@) gy [e s ) e

a € SD? (w) —> <W(10)/Q If — fo|P de> " <G a(Q).

For any h € LP, the Rubio de Francia’'s operator is

(A)  h<R(h)
(B)  [IR(Mler(w) < 2l Lo(w)
(C)  [R(M]a, < 2([M]lo(w)
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A weighted variant of the Keith-Zhong phenomenom

1 1
( /Q |f—fQ|Pwdx>” _ ( /Q |f—fQ|pR(XQg)_“pR(XQg)apWdX)p
< L.

1/po
| = </ |f — fo|™R(xqg) *F° de>
Q

oS =

= (/Q R(xog)”(%) WdX>'”
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A weighted variant of the Keith-Zhong phenomenom

1 1
( /Q |f—fQ|Pwdx>” _ ( /Q |f—fQ|pR(XQg)_“pR(XQg)apWdX)p
< L.

1/po
1= ([ 1F = ol Rtxoe) " wa
Q
)/

= | Rixaey wax ) 3

po—p

Po

oS |-
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A weighted variant of the Keith-Zhong phenomenom

1 1
( /Q |f—fQ|Pwdx>” _ ( /Q |f—fQ|pR(XQg)_“pR(XQg)apWdX)p
< L.

1/po
1= ([ 1F - folR(xog) 7 wa)
Q
)/

= | Rixaey wax ) 3

po—p

Po

oS |-
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A weighted variant of the Keith-Zhong phenomenom

po—1

[R(XQg)—(Po—P) W]Apo < Cp.po.n [W]/:pj.

1/po

1= ([ 1~ flPROoe) * P wa)
Q

po—1

po—1 1/po
S wlcppon [W]X;1 )UQ) (/Q g R(XQg)f(p‘)*p) de)

AN

po—1 1/po
Aepmnlwlf, Q) ( | &7 wet
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A weighted variant of the Keith-Zhong phenomenom

po—1

[R(xeg) ™" wla, < Copon[Wlf "

1/po

- ( [ 1f = falPRixag) wdx)
Q

po—1

po—1 1/po
S @(Cppon [W];fp_1 )UQ) /Qgpo R(XQg)f(pofp) de>

1/po
/gp de>
Q
i po—P
= </ R(xog)” de> o(%) <2 (/ gP de> o
Q Q

Ezequiel Rela Poincaré-Sobolev-RdF

po—1

S ‘P(Cp,po,n[W],:pj)e(Q)

7 N N

-

<3



