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My Pronunciation

Mi pronunciación en inglés es tan mala, que
cuando pido una cerveza no sé si me van a

traer un oso, una barba, un pájaro o una birra



Muckenhoupt weights

(X,d,µ) metric measure space.

w weight in (X,d,µ) if w ≥ 0 and w ∈ L1
loc.

w ∈ Ap(X,d,µ) (1 < p <∞) if

(∫
B
wdµ)(∫

B
w
−

1
p−1 dµ)

p−1

≤ C (µ(B))p

for every ball B in X.

w ∈ A1(X,d,µ) if

1

µ(B) ∫B
wdµ ≤ C w(x)

for every ball B in X and a.e. x ∈ B.
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Weighted spaces

(X,µ) measure space, 1 ≤ p <∞
Lp(X,µ)
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X

∣f(x)∣p dµ(x))
1/p

<∞
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∣f(x)∣pw(x)dµ(x))
1/p
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Sobolev spaces
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Motivation



Dirichlet boundary value problem
−△ u + u = f on Ω,

u = g in F,

Ω domain in Rn with boundary F .

The behavior of the source f near of F may cause
non-solvability of this problem in classical Sobolev spaces.
weak solution in a weighted Sobolev space?

Adequate weight

Power-type weights: d(x,F )β

Weighted Sobolev spaces with Muckenhoupt weights:
weighted embedding theorems and Poincaré type
inequalities hold

Conditions on F and β such that
d(x,F )β belongs to a Muckenhoupt class
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Aims

(1) Sufficient conditions on a compact set F of (X,d,µ)
Ahlfors, and on β, such that d(x,F )β ∈Ap(X,d,µ).

(2) Sufficient conditions on w(t) and on a subset F of
(X,d,µ) doubling, such that w(d(x,F )) ∈Ap(X,d,µ)
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Doubling and Ahlfors spaces

(X,d,µ) with µ a doubling measure:

0 < µ(B(x,2r)) ≤Aµ(B(x,r)) <∞,

for every x ∈X, r > 0.

(X,d,µ) doubling and
w ∈Ap ⇒ (X,d,wdµ) doubling

(X,d,µ) is an α-Ahlfors space:

µ(B(x,r)) ≈ rα,

for every x ∈X and every 0 < r < diam(X).

(X,d,µ) α-Ahlfors Ô⇒ (X,d,µ) doubling
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s-sets

Definition

A closed subset F of X is an s-set if there exists a Borel
measure ν supported on F such that

ν(B(x, r)) ≈ rs,

for every x ∈ F and every 0 < r < diam(F ).

(F,d,ν) is s-Ahlfors

Remark

(X,d,µ) α-Ahlfors, F an s-set in X with s < α, then µ(F ) = 0.
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Theorem

(X,d,µ) α-Ahlfors
F s-set, 0 ≤ s < α

Then
d(x,F )β(s−α) ∈ Ap(X,d,µ), 1 − p ≤ β < 1

Hugo Aimar, Marilina Carena, Ricardo Durán, and Marisa
Toschi.
Powers of distances to lower dimensional sets as
Muckenhoupt weights.
Acta Math. Hungar., 143(1):119–137, 2014.



Muckenhoupt weights on S

F

(X,d,µ) = (S, ∣ ⋅ ∣,H α), α = log 3

log 2

F boundary of S, 1-set

d(x,F )(1−α)β ∈ Ap(S, ∣ ⋅ ∣,H α), 1 − p ≤ β < 1

Ap(S, ∣ ⋅ ∣,H α) ≠ Ap(R2, ∣ ⋅ ∣, λ)
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Case F = {x0} in [KS08]

Definition (w ∈W0)

∫
r

0

µ(B(x0, t))
tw(t)

dt ≲ µ(B(x0, r))
w(r)

,

for every 0 < r < diam(X).

Theorem (KS08)

w−1 ∈W0 and w
1
p−1 ∈W0 Ô⇒ w(d(x,x0)) ∈ Ap(X,d,µ)
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w ∈W0

∫
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Definition (t-enlargement)

[E]t = ⋃
x∈E

B(x, t)
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Theorem (CIT)

w−1 ∈WF and w
1
p−1 ∈WF Ô⇒ w(d(x,F )) ∈ Ap(X,d,µ)

Corollary (KS08: F = {x0})

w−1 ∈W0 and w
1
p−1 ∈W0 Ô⇒ w(d(x,x0)) ∈ Ap(X,d,µ)

Marilina Carena, Bibiana Iaffei, and Marisa Toschi.
Radial-type Muckenhoupt weights.
Submitted.



Theorem (CIT)

w−1 ∈WF and w
1
p−1 ∈WF Ô⇒ w(d(x,F )) ∈ Ap(X,d,µ)

Corollary (KS08: F = {x0})

w−1 ∈W0 and w
1
p−1 ∈W0 Ô⇒ w(d(x,x0)) ∈ Ap(X,d,µ)

Marilina Carena, Bibiana Iaffei, and Marisa Toschi.
Radial-type Muckenhoupt weights.
Submitted.



w ∈WF - Particular cases

Definition (w ∈WF )

∫
r

0

µ([F ]t ∩B(x, r))
tw(t)

dt ≤ C µ(B(x, r))
w(r)

,

for every 0 < r < diam(X), uniformly in x ∈ F .

(X,d,µ) is g-Ahlfors if
µ(B(x, r)) ≈ g(r)

for x ∈X and 0 < r < diam(X).
F ⊆X is h-set with measure ν if

ν(B(x, r)) ≈ h(r)

for x ∈ F and 0 < r < diam(F ).
Example:

g(r) = rα ↝ classic α-Ahlfors space
h(r) = rs, s < α ↝ F is and s-set
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(X,d,µ) g-Ahlfors and F an h-set

Sufficient condition for w ∈WF

∫
r

0

µ([F ]t ∩B(x, r))
tw(t)

dt

≲ ∫
r

0

1

tw(t)

It,r

∑
i=1

µ(B(xi, t))dt

≲ h(r)∫
r

0

g(t)
tw(t)h(t)

dt

g(t)
w(t)h(t)

∈ Z0

≲���h(r) g(r)
w(r)���h(r)

≲ µ(B(x, r))
w(r)

Definition (f ∈ Z0)

∫
r

0

f(t)
t

dt ≲ f(r), ∀0 < r < diam(X)
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(X,d,µ) g-Ahlfors and F an h-set

Theorem
g(t)

w(t)h(t)
∈ Z0 Ô⇒ w ∈WF

Proposition

If I(h) < i(g), then (g
h
)
δ

∈ Z0, for every δ > 0

I(φ) = inf{α ∶ φ is of upper type α},

φ(λt) ≲ λαφ(t), ∀λ ≥ 1.

i(φ) = sup{α ∶ φ is of lower type α},

φ(λt) ≲ λαφ(t), ∀0 ≤ λ < 1.

If (1 − p) < β < 1, then (g/h)1−β, (g/h)1+
β

p−1 ∈ Z0

w = (h/g)β
g

w−1h

g

w
1
p−1h

w−1, w
1
p−1 ∈WF w(d(x,F )) ∈Ap(X,d,µ)
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Proposition (Particular case)

(X,d,µ) g-Ahlfors (µ(B(x, r)) ≈ g(r))
F ⊆X h-set (ν(B(x, r)) ≈ h(r))

If I(h) < i(g), then (h(d(x,F ))
g(d(x,F ))

)
β

∈ Ap(X,d,µ), for every

(1 − p) < β < 1

f(t) = tγ Ô⇒ I(f) = i(f) = γ

Corollary (ACDT14: g(t) = tα, h(t) = ts)

If s < α, then d(x,F )β(s−α) ∈ Ap(X,d,µ) for every (1 − p) < β < 1.
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Rn with the usual distance and Lebesgue measure

g-Ahlfors with g(t) = tn

h(t) = tse∣ log t∣
γ

, 0 < s < n and 0 < γ < 1/2 given
there exists F which is an h-set
I(h) ≤ s < n = i(g),

d(x,F )β(s−n)eβ∣ log d(x,F )∣
γ

∈ Ap(Rn),

for every (1 − p) < β < 1

Michele Bricchi.
Existence and properties of h-sets.
Georgian Math. J., 9(1):13–32, 2002.
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