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Abstract. Let (Mm, g) be a closed Riemannian manifold (m ≥ 2) of
positive scalar curvature and (Nn, h) any closed manifold. We study the
asymptotic behaviour of the second Yamabe constant and the second
N−Yamabe constant of (M × N, g + th) as t goes to +∞. We obtain

that limt→+∞ Y 2(M ×N, [g+ th]) = 2
2

m+n Y (M ×Rn, [g+ge]). If n ≥ 2,
we show the existence of nodal solutions of the Yamabe equation on
(M × N, g + th) (provided t large enough). When sg is constant, we

prove that limt→+∞ Y 2
N (M × N, g + th) = 2

2
m+n YRn(M × Rn, g + ge).

Also we study the second Yamabe invariant and the second N−Yamabe
invariant.
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1. Introduction

Let (W k, G) be a closed Riemannian manifold of dimension k ≥ 3 with scalar
curvature sG. The Yamabe functional J : C∞(W )− {0} −→ R is defined by

J(u) :=

∫
W
ak|∇u|2G + sGu

2dvG

‖u‖2pk
.

where ak := 4(k − 1)/(k − 2) and pk := 2k/(k − 2).
The infimum of the Yamabe functional over the set of smooth functions of W ,

excluding the zero function, is a conformal invariant and it is called the Yamabe
constant of W in the conformal class of G (which we are going to denote by [G]):

Y (W, [G]) = inf
u∈C∞(W )−{0}

J(u).

Recall that the conformal Laplacian operator of (W,G) is

LG := ak∆G + sG,
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where ∆G is the negative Laplacian, i.e., ∆geu = −
∑n
i=1

∂2u
∂x2

i
in the Euclidean

space (Rn, ge).
The celebrated Yamabe problem states that in any conformal class of a closed

Riemannian manifold (of dimension at least 3) there exists a Riemmannian metric
with constant scalar curvature. This was proved in a serie of articles by Yamabe
[26], Trudinger [25], Aubin [5], and Schoen [22]. Actually, they proved that the
Yamabe constant is attained by a smooth positive function umin. It can be seen
that a function ucp is a critic point of the Yamabe functional if and only if it solves
the so called Yamabe equation

(1) LG(ucp) = λ|ucp|pk−2ucp

for λ = J(ucp)/‖ucp‖pk−2pk
. Recall that if G̃ belongs to [G], then

LG(u) = sG̃u
pk−1

where u is the positive smooth function that satisfies G̃ = upk−2G. Therefore,
Gumin := upk−2min G must be a metric of constant scalar curvature.

The solution of the Yamabe problem provides a positive smooth solution of the
Yamabe equation. Actually, as we pointed out, there is a one to one relationship
between the Riemannian metrics with constant scalar curvature in [G] and positive
solutions of the Yamabe equation.

Nevertheless, in order to understand the set of solutions of the Yamabe equation,
it seems important to study the nodal solutions, i.e., a changing sign solution of
(1). In the last years several authors addressed the question about the existence
and multiplicity of nodal solutions of the Yamabe equation: Hebey and Vaugon
[11], Holcman [12], Jourdain [13], Djadli and Jourdain [8], Ammann and Humbert
[2], Petean [18], El Sayed [9] among others.

Let

λ1(LG) < λ2(LG) ≤ λ3(LG) ≤ · · · ↗ +∞
be the sequence of eigenvalues of LG, where each eigenvalue appears repeated ac-
cording to its multiplicity. It is well known that it is an increasing sequence that
tends to infinity.

When Y (W, [G]) ≥ 0, it is not difficult to see that

Y (W, [G]) = inf
G̃∈[G]

λ1(LG̃)vol(W, G̃)
2
k ,

where vol(W, G̃) is the volume of (W, G̃).
In [2], Ammann and Humbert introduced the lth Yamabe constant. This con-

stant is defined by

Y l(W, [G]) := inf
G̃∈[G]

λl(LG̃)vol(W, G̃)
2
k .

Like the Yamabe constant, the lth Yamabe constant is a conformal invariant.
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They showed that the second Yamabe constant of a connected Riemannian man-
ifold with nonnegative Yamabe constant is never achieved by a Riemannian metric.
Nevertheless, if we enlarge the conformal class, allowing generalized metrics (i.e.,
metrics of the form upk−2G with u ∈ Lpk(W ), u ≥ 0, and u does not vanish identi-
cally), under some assumptions on (W,G), the second Yamabe constant is achieved
([2], Corollary 1.7). Moreover, if Y 2(W,G) > 0, they proved that if a generalized

metric G̃ realizes the second Yamabe constant, then it is of the form |w|pk−2G with
w ∈ C3,α(W ) a nodal solution of the Yamabe equation. If Y 2(W,G) = 0 and is
attained, then any eigenfunction corresponding to the second eigenvalue of LG is a
nodal solution.

Therefore, if we known that the second Yamabe constant is achieved, we have a
nodal solution of the Yamabe equation. However, this is not the general situation.
There exist some Riemannian manifolds for which the second Yamabe constant is
not achieved, even by a generalized metric. For instance, (Sk, gk0 ) where gk0 is the
round metric of curvature 1 (cf. [2], Proposition 5.3).

Let (M, g) and (N,h) be closed Riemannian manifolds and consider the Riemann-
ian product (M×N, g+h). We define the N -Yamabe constant as the infimum of the
Yamabe functional over the set of smooth functions, excluding the zero function,
that depend only on N :

YN (M ×N, g + h) := inf
u∈C∞(N)−{0}

J(u).

Clearly, Y (M × N, g + h) ≤ YN (M × N, g + h). The N−Yamabe constant is
not a conformal invariant, but it is scale invariant. It was firstly introduced by
Akutagawa, Florit, and Petean in [1], where they studied, among other things, its
behaviour on Riemannian products of the form (M ×N, g + th) with t > 0.

Actually, the infimum of J over C∞(N)− {0} is a minimum, and it is achieved
by a positive smooth function.

When the scalar curvature of the product is constant, the critical points of the
Yamabe functional restricted to C∞(N) − {0}, satisfy the Yamabe equation, and
thereby, also satisfy the subcritical Yamabe equation (recall that pm+n < pn).
Hence, if YN (M×N, g+h) = J(u), then the metric G = upm+n−2(g+h) ∈ [g+h] has
constant scalar curvature. When sg+h ≤ 0, the Yamabe constant of (M ×N, g+h)
is nonpositive, and in this situation, there is essentially only one metric of constant
scalar curvature, the metric g + h. Therefore, this case it is not interesting.

It seems important to consider the N−Yamabe constant because in some cases
the minimizer (or some minimizers) of the Yamabe functional depends only on one
of the variables of the product. For instance, it was proved by Kobayashi in [15] and
Schoen in [23] that the minimizer of the Yamabe functional on (Sn × S1, gn0 + tg10)
depends only on S1. Also, this might be the case for (Sn×Hm, gn0 + tgh) (for small
values of t), where (Hm, gh) is the m−dimensional Hyperbolic space of curvature
−1. These Riemannian products are interesting, because their Yamabe constants
appear in the surgery formula for the Yamabe invariant (see the definition below)
proved by Ammann, Dahl, and Humbert in [3].

We define the lth N−Yamabe constant as:
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Y lN (M ×N, g + h) := inf
G∈[g+h]N

λNl (LG)vol(M ×N,G)
2

m+n ,

where [g+ h]N is the set of Riemmanian metrics in the conformal class [g+ h] that
can be written as upm+n−2(g + h), with u a positive smooth function that depends
only on N , and λNl (LG) is the lth eigenvalue of LG restricted to functions that
depend only on the variable N .

A generalized metric G = upm+n−2(g + h) is called a generalized N−metric if u
depends only on N .

Petean proved ([18], Theorem 1.1) that the second N−Yamabe constant of a
Riemannian product of closed manifolds with constant and positive scalar curvature
is always attained by a generalized N−metric of the form |w|pm+n−2(g + h) where
w ∈ C3,α(N) is a nodal solution of the Yamabe equation.

The aim of the present article is study the behaviour of the second Yamabe
constant and the second N−Yamabe constant of a Riemannian product (M×N, g+
th) with t > 0. We prove the following results:

Theorem 1.1. Let (Mm, g) be a closed manifold (m ≥ 2) with positive scalar
curvature and let (Nn, h) be a closed manifold. Then,

lim
t→+∞

Y 2(M ×N, [g + th]) = 2
2

m+nY (M × Rn, [g + ge]).

From this theorem, as well as from some results in [1] and [2], we obtain:

Corollary 1.2. Let (Mm, g) as above and let (Nn, h) be a closed Riemannian
manifold (n ≥ 2). For t large enough, Y 2(M×N, [g+th]) is attained by a generalized
metric of the form |v|pm+n−2(g + th), where v is a nodal solution of the Yamabe
equation on (M ×N, g + th). Moreover, v ∈ C3,α(M ×N) and is smooth in M ×
N − {v−1(0)}.

We point out that the nodal solutions provided by the Corollary 1.2, in general,
are not the same solutions provided by ([18], Theorem 1.1), which depend only on
N (see Subsection 3.1 and Remark 3.7).

For the second N−Yamabe constant we obtain the next theorem:

Theorem 1.3. Let (Mm, g) be a closed manifold (m ≥ 2) of positive and constant
scalar curvature and (Nn, h) be any closed manifold. Then,

lim
t→+∞

Y 2
N (M ×N, g + th) = 2

2
m+nYRn(M × Rn, g + ge).

In Subsection 3.3 we will define the second Yamabe constant and the N−second
Yamabe constant for a noncompact manifold. There we prove:

Theorem 1.4. Let (Mm, g) be a closed manifold of positive scalar curvature. Then,

Y 2(M × Rn, g + ge) = 2
2

m+nY (M × Rn, [g + ge]).

If in addition (Mm, g) has constant scalar curvature, then

Y 2
Rn(M × Rn, g + ge) = 2

2
m+nYRn(M × Rn, g + ge).
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The Yamabe invariant of W , which we denote by Y (W ), is the supremum of the
Yamabe constants over the set MW of Riemannian metrics on W :

Y (W ) := sup
G∈MW

Y (W, [G]).

This important differential invariant was introduced by Kobayashi in [15] and
Schoen in [22]. It provides information about the capability of W to admits a
Riemmannian metric of positive scalar curvature. More precisely, the Yamabe in-
variant is positive if and only if the manifold admits a metric of positive scalar
curvature.

Similarly, we define the lth Yamabe invariant of W by

Y l(W ) := sup
G∈MW

Y l(W, [G]).

For a product M ×N , we define the lth N−Yamabe invariant as

Y lN (M ×N) := sup
g∈MY

M , h∈MN

YN (M ×N, g + h),

whereMY
M is the subset of Yamabe metrics ofMM , i.e., metrics that realize the

Yamabe constant. By a result due to Pollack [21] we know that for any Riemannian
manifold of dimension n ≥ 3 with positive Yamabe invariant there exist metrics
with a constant scalar curvature n(n− 1) and arbitrarily large volume. Therefore,
if we take the supremum amongMM instead ofMY

M , Y lN (M×N) would be infinite
(see the variational characterization of the lth N -Yamabe constant in Section 2).

In Section 4, we point out several facts about the second Yamabe invariant and
the second N−Yamabe invariant. Also, taking into account some known bounds
for the Yamabe invariant, we show lower bounds for these invariants.

Note, that frequently in the literature, the Yamabe constant and the Yamabe
invariant are called Yamabe invariant and σ−invariant, respectively. Something
similar happens for the lth Yamabe invariant and for the lth Yamabe constant. In
this article we are not going to use these denominations.

Acknowledgements. The author would like to thank the hospitality of the mem-
bers of SFB 1085 Higher Invariant at the University of Regensburg, where he stayed
during the preparation of this work. He would like to express his gratitude to Bernd
Ammann for very helpful discussions, remarks, and for sharing his expertise. Also,
he would like to thank Bernd Ammann’s research group for their kind hospitality.
Finally, he would like to thank to Jimmy Petean for many valuable conversations
and useful observations.

2. Preliminaries

2.1. Notation.
Let (W k, G) be a Riemannian manifold. Throughout this article we will denote

with C∞≥0(W ) and Lp≥0(W ) the set of nonnegative functions on W , excluding the

zero function, that belong to C∞(W ) and Lp(W ), respectively. We are going to
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denote with C∞>0(W ) the positive functions of C∞≥0(W ). Lp≥0, c(W ) and C∞≥0, c(W )

will be the subset of functions with compact support that belong to Lp≥0(W ) and

C∞≥0(W ), respectively.

Let H be one of these spaces of functions: C∞(W ), C∞c (W ) or H2
1 (W ). We

write Grl(H) for the set of all l−dimensional subspaces of H. If u ∈ H, we denote
with Grlu(H) the elements of Grl(H) that satisfy: If V = span(v1, . . . , vl), then

Ṽ = span(upk−2v1, . . . , u
pk−2vl) belongs to Grl(H).

2.2. Results from the literature.
Here, for the convenience of the reader, we state some important results from

the literature that we are going to use in the next sections.
The following theorem is due to Ammann and Humbert ([2], Theorem 5.4 and

Proposition 5.6):

Theorem 2.1. Let (W k, G) be a closed Riemannian manifold (k ≥ 3) with Y (W, [G]) ≥
0. Then,

2
2
k Y (W, [G]) ≤ Y 2(W, [G]) ≤ [Y (W, [G])

k
2 + Y (Sk)

k
2 ]

2
k .

Moreover, if Y 2(W, [G]) is attained and W is connected, then the left hand side
inequality is strict.

We summarise the main results of [2] (Theorem 1.4, 1.5, and 1.6) in the next
theorem:

Theorem 2.2. Assume the same hypothesis as in the theorem above:

a) Y 2(W, [G]) is attained by a generalized metric if

Y 2(W, [G]) < [Y (W, [G])
k
2 + Y (Sk)

k
2 ]

2
k .

Furthermore, if Y 2(W, [G]) > 0 this generalized metric is of the form
|w|p−2G with w ∈ C3,α(W ) a nodal solution of the Yamabe equation.

b) The inequality in a) is fulfilled by any non locally conformally flat manifold
with Y (W, [G]) > 0 and k ≥ 11 or Y (W, [G]) = 0 and k ≥ 9.

In [1], Akutagawa, Florit, and Petean studied the behaviour of the Yamabe
constant and the N−Yamabe constant on Riemannian products. More precisely,
they proved the following important result ([1], Theorem 1.1):

Theorem 2.3. Let (Mm, g) and (Nn, h) be closed Riemannian manifolds. In ad-
dition, assume that (M, g) is of positive scalar curvature and m ≥ 2. Then,

lim
t→+∞

Y (M ×N, [g + th]) = Y (M × Rn, [g + ge]),

and

lim
t→+∞

YN (M ×N, g + th) = YRn(M × Rn, g + ge).
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If (M, g) is a closed manifold, then (M × Rn, g + ge) is complete, with positive
injective radius and bounded geometry. Hence, the Sobolev embedding theorem
holds (cf. [10], Theorem 3.2). If we assume that the scalar curvature sg is non
negative, then it is not difficult to see that Y (Mm×Rn, g+ ge) > 0 (see Section 2.3
for the definition of the Yamabe constant in the noncompact case). If m,n ≥ 2, it
was proved in ([1], Theorem 1.3) that

(2) 0 < Y (M × Rn, [g + ge]) < Y (Sm+n).

2.3. Yamabe constant on noncompact manifolds.
Note that in the definition of the Yamabe constant the infimum of the Yamabe

functional could be taken as well over C∞>0(W ), C∞c (W )−{0} or H2
1 (W )−{0} and

it does not change. Thus, it seems natural (cf. [24]) to define the Yamabe constant
of a noncompact manifold (W k, G) as

Y (W, [G]) := inf
u∈C∞c (W )−{0}

∫
W
ak|∇u|2G + sGu

2dvG

‖u‖2pk
.

The Yamabe constant, also in the noncomapct setting, is always bounded from
above by the Yamabe constant of (Sn, gn0 ). Since Y (Sk, [gk0 ]) = Y (Sk), we have
that Y (W ) ≤ Y (Sk).

2.4. Variational characterization of the lth Yamabe constant.
It is well known the min-max characterization of the lth eigenvalue of conformal

Laplacian of a closed manifold (W k, G):

λl(LG) = inf
V ∈Grl(C∞(W ))

sup
v∈V−{0}

∫
W
LG(v)vdvG

‖v‖22

= inf
V ∈Grl(H2

1 (W ))
sup

v∈V−{0}

∫
W
ak|∇v|2G + sGv

2dvG

‖v‖22
.

For any Riemannian metric Gu := upk−2G in [G], the conformal Laplacian sat-
isfies the invariance property

LGu
(v) = u1−pkLG(uv).

Since vol(W,Gu) =
∫
W
upkdvG, we get

λl(LGu)vol(W,Gu)
2
k = inf

V ∈Grl(H2
1 (W ))

sup
v∈V−{0}

∫
W
ak|∇v|2G + sGv

2dvG∫
W
upk−2v2dvG

×(

∫
W

upkdvG)
2
k .

Therefore, we have the following characterization of the lth Yamabe constant of
(W,G):
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Y l(W, [G]) = inf
u∈C∞>0(W )

V ∈Grl(H2
1 (W ))

sup
v∈V−{0}

∫
W
ak|∇v|2G + sGv

2dvG∫
W
upk−2v2dvG

(

∫
W

upkdvG)
2
k .

If we enlarge the conformal class of G, allowing generalized metrics, then we
obtain

Y l(W, [G]) = inf
u∈Lpk

≥0
(W )

V ∈Grlu(H
2
1 (W ))

sup
v∈V−{0}

∫
W
ak|∇v|2G + sGv

2dvG∫
W
upk−2v2dvG

(

∫
W

upkdvG)
2
k .

Let (Mm × Nn, g + h) be a Riemannian product of closed manifolds with sg
constant. If we consider generalized N−metrics instead of N−metrics in [g+h], we
have the following variational characterization of the lth N−Yamabe constant:

Y lN (M ×N, g + h) = inf
u∈L

pm+n
≥0

(N)

V ∈Grlu(H
2
1 (N))

sup
v∈V−{0}

∫
N
ak|∇v|2g+h + sg+hv

2dvg+h∫
N
upm+n−2v2dvg+h

×
( ∫

N

upm+ndvg+h
) 2

m+n
(
vol(M, g)

) 2
m+n .

3. Second Yamabe constant and second N−Yamabe constant on
Riemannian products

3.1. Second Yamabe constant.
Let (Mm, g) be a closed manifold (m ≥ 2) of positive scalar curvature, and

(Nn, h) any closed Riemannian manifold. Note that Y (M ×N, [g + th]) is positive
for t large enough. By Theorem 2.1, we get

2
2
k Y (M ×N, [g + th]) ≤ Y 2(M ×N, [g + th]) ≤ [Y (M ×N, [g + th])

k
2 + Y (Sk)

k
2 ]

2
k ,

where k = m + n. Applying Theorem 2.3 to these inequalities, we obtain the
following lemma:

Lemma 3.1. Let (Mm, g) be a closed manifold (m ≥ 2) of positive scalar curvature
and let (Nn, h) be any closed manifold. Then,

2
2

m+nY (M × Rn, [g + ge]) ≤ lim inf
t→+∞

Y 2(M ×N, [g + th])

and

lim sup
t→+∞

Y 2(M ×N, [g + th]) ≤ [Y (M × Rn, [g + ge])
m+n

2 + Y (Sm+n)
m+n

2 ]
2

m+n .
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When (M, g) is (Sm−1, gm−10 ) with m ≥ 3 and (N,h) is (S1, g10) the lemma above
implies that

lim
t→+∞

Y 2(Sm−1 × S1, gm−10 + tg10) = 2
2
mY (Sm).

Here, we used that Y (Sm−1 × R, gm−10 + ge) = Y (Sm). But, by the inequality
(2), this is no longer true for (Sm−1 × Rn, gm−10 + ge) when n ≥ 2.

Proof of Theorem 1.1. From Lemma 3.1 we only have to prove that

lim sup
t→+∞

Y 2(M ×N, [g + th]) ≤ 2
2

m+nY (M × Rn, [g + ge]).

Given ε > 0, let f = fε ∈ C∞≥0, c(M × Rn) such that

J(f) ≤ Y (M × Rn, [g + ge]) + ε.

Assume that the support of f is included in M × BR(0), where BR(0) is the
Euclidean ball centred at 0 with radius R.

For q ∈ N , we denote with exphq the exponential map at q with respect to the

metric h and with Bhδ (0q) the ball of radius δ centred at 0q ∈ TqN .
Let q1 and q2 be two points on N , and consider their normal neighbourhoods

U1 = exphq1(Bhδ (0q1)) and U2 = exphq2(Bhδ (0q2)). We are going to choose δ > 0,
such that U1 and U2 are disjoint sets and for any normal coordinate system x =
(x1, . . . , xn), we have

(1 + ε)−1dvge ≤ dvh ≤ (1 + ε)dvge .

Note that for the metric t2h, we have Bhδ (0qi) = Bt
2h
tδ (0qi). Therefore, if we

consider a normal coordinate system y = (y1, . . . , yn) with respect to the metric
t2h, we get

(1 + ε)−1dvge ≤ dvt2h ≤ (1 + ε)dvge

in Bt
2h
tδ (0qi).

Let t1 such that t1δ > R. For t ≥ t1, we are going to identify Btδ(0) ⊆ Rn with

Ui = expt
2h
qi (Bt

2h
tδ (0qi)). Hence,

M ×BR(0) ⊆M ×Btδ(0) 'M × Ui ⊆M ×N.
Let φi, φ : M ×N −→ R defined by

φi(p, q) :=

{
f(p, q) (p, q) ∈M × Ui,

0 (p, q) 6∈M × Ui.

and

φ := φ1 + φ2.

Clearly, φi ∈ C∞≥0(M × N), φ ∈ L
pm+n

≥0 (M × N), and the subspace V0 :=

span(φ1, φ2) belongs to Gr2φ(M ×N).
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If we choose t2 such that sg+th ≤ (1 + ε)sg for t ≥ t2, then taking t ≥ t3 :=
max(t21, t2), it is not difficult to see that

(3)

∫
M×Ui

am+n|∇φi|2g+th + sg+thφ
2
i dvg+th

≤ (1 + ε)3
∫
M×BR(0)

am+n|∇φi|2g+ge + sgφ
2
i dvg+ge ,

and

(4)

∫
M×BR(0)

φ
pm+n

i dvg+ge ≤ (1 + ε)

∫
M×Ui

φ
pm+n

i dvg+th.

By the variational characterization of the second Yamabe constant we get

Y 2(M ×N, [g + th])

≤ sup
v∈V0−{0}

∫
M×N am+n|∇v|2g+th + sg+thv

2dvg+th∫
M×N φ

pm+n−2v2dvg+th

×
(∫

M×N
φpm+ndvg+th

) 2
m+n

= sup
(α1,α2)∈R2−{0}

∑2
i=1 α

2
i (
∫
M×N am+n|∇φi|2g+th + sg+thφ

2
i dvg+th)∫

M×N α
2
1φ
pm+n

1 + α2
2φ
pm+n

2 dvg+th

×
(∫

M×N
φ
pm+n

1 + φ
pm+n

2 dvg+th

) 2
m+n

= 2
2

m+n sup
(α1,α2)∈R2−{0}

∑2
i=1 α

2
i (
∫
M×N am+n|∇φi|2g+th + sg+thφ

2
i dvg+th)

(α2
1 + α2

2)‖φ1‖2pm+n

In the last equality, we used that ‖φ1‖pm+n = ‖φ2‖pm+n . Applying the inequality
(4), we obtain

Y 2(M ×N, [g + th]) ≤ 2
2

m+n (1 + ε)
2

pm+n

× sup
(α1,α2)∈R2−{0}

∑2
i=1 α

2
i (
∫
M×N am+n|∇φi|2g+th + sg+thφ

2
i dvg+th)

(α2
1 + α2

2)(
∫
M×BR(0)

φ
pm+n

1 dvg+ge)
2

pm+n

.

By inequality (3), for any t ≥ t3, we have

Y 2(M ×N, [g + th]) ≤ (1 + ε)
4(m+n)−2

m+n 2
2

m+n

×

∫
M×BR(0)

am+n|∇f |2g+ge + sgf
2dvg+ge

(
∫
M×BR(0)

fpm+ndvg+ge)
2

pm+n

= (1 + ε)
4(m+n)−2

m+n 2
2

m+n J(f)
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≤ (1 + ε)
4(m+n)−2

m+n 2
2

m+n
(
Y (M × Rn, g + ge) + ε

)
.

Finally, letting ε goes to 0, we obtain that

lim sup
t→∞

Y 2(M ×N, [g + th]) ≤ 2
2

m+nY (M × Rn, [g + ge]),

which finish the proof.
�

Remark 3.2. The same proof can be adapted to prove that

lim sup
t→+∞

Y l(M ×N, [g + th]) ≤ l
2

m+nY (M × Rn, [g + ge]),

for l ≥ 2.

Corollary 3.3. Let (Mm, g) be a closed manifold (m ≥ 2) with positive scalar
curvature and let (Nn, h) be any closed manifold (n ≥ 2). Then, for t large enough,
we have

Y 2(M ×N, [g + th]) < [Y (M ×N, [g + th])
m+n

2 + Y (Sm+n)
m+n

2 ]
2

m+n .

Proof. Since Y (M × Rn, [g + ge]) < Y (Sm+n), it follows that

2
2

m+nY (M × Rn, [g + ge]) < [Y (M × Rn, [g + ge])
m+n

2 + Y (Sm+n)
m+n

2 ]
2

m+n .

On the other hand, we know by Theorem 2.3 that limt→+∞ Y (M×N, [g+ th]) =
Y (M × Rn, [g + ge]). Thereby, provided t large enough, Theorem 1.1 implies the
desired inequality.

�

Now, Corollary 1.2 is an immediate consequence of the corollary above and Theo-
rem 2.2. Hence, for t large enough, we have a changes sign solution v ∈ C3,α(M×N)
of the equation

Lg+thv = λ|v|pm+n−2v.

We can choose v such that λ = Y 2(M ×N, [g + th]).
Note that in general (M ×N, g + th) is not locally conformally (eventually it is

when (M, g) and (N, th) have constant sectional curvature 1 and −1. Therefore,
when m+ n ≥ 11, Corollary 1.2 is a direct consequence of Theorem 2.2.

Actually, as we mentioned in the Introduction, the second N -Yamabe constant of
a product (M×N, g+ th) is attained (when sg or sg+h is constant) by a generalized
N−metric, and this provides a nodal solution of the Yamabe equation on (M ×
N, g + th) that only depends on N , i.e., a nodal solution of

Lg+h(w) = Y 2
N (M ×N, g + h)|w|pm+n−2w.

However, in general, this solution is not the same solution that the one provided
by Corollary 1.2. The reason is that Y 2(M ×N, [g+ th]), generally, will be smaller
than Y 2

N (M ×N, g + th) (see Remark 3.7).
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3.2. Second N−Yamabe constant.
The second N−Yamabe constant is always attained by a generalized metric.

It can be proved, with the same argument used in [18], that the lth N−Yamabe
constant is also attained by a generalized metric.

Lemma 3.4. Let (M, g) and (N,h) be closed Riemannian manifolds such that sg
is constant and YN (M ×N, g + h) ≥ 0. Then,

2
2

m+nYN (M ×N, g + h) ≤ Y 2
N (M ×N, g + h).

The argument to prove the lemma is similar to the one used to proved the first
inequality in Theorem 2.1 (for the details see the proof of Proposition 5.6 in [2]).
In this situation we only have to restrict to functions that depend only on the N
variable. For convenience of the reader we briefly sketch the proof:

Proof. For u ∈ Lpm+n(N) and v ∈ H2
1 (N)− {0}, let consider

FN (u, v) =

( ∫
N
am+n|∇v|2h + sg+hv

2dvh
)( ∫

N
upm+ndvh

) 2
m+n vol(M, g)

2
m+n∫

N
upm+n−2v2dvh

The lemma will follows if we prove that for any u ∈ C∞>0(N), with ‖u‖pm+n
= 1,

and any V ∈ Gr2(C∞(N)) we have

(5) sup
v∈V−{0}

FN (u, v) ≥ 2
2

m+nYN (M ×N, g + h).

The operator Lupm+n−2(g+h) restricted to H2
1 (N) has a discrete spectrum

0 < λN1 (Lupm+n−2(g+h)) ≤ λ
N
2 (Lupm+n−2(g+h)) ≤ . . .

Let w1 and w2 be the first two eigenvectors associated with λN1 (Lupm+n−2(g+h))

and λN2 (Lupm+n−2(g+h)), respectively. By the conformal invariance of the conformal

Laplacian operator, v1 = uw1 and v2 = u.w2 satisfy

Lg+h(v1) = λN1 (Lupm+n−2(g+h))u
pm+n−2v1

and

Lg+h(v2) = λN2 (Lupm+n−2(g+h))u
pm+n−2v2.

We can choose w1 and w2 such that∫
N

upm+nv1v2dvh = 0.

Note that we can also choose v1 > 0, then v2 must changes sign.
The supreme (5) in any V ∈ Gr2(C∞(N)) is greater or equal than supv∈V0−{0} FN (u, v)

when V0 := span(v1, v2). Actually, we have that

sup
v∈V0−{0}

FN (u, v) = λN2 (Lupm+n−2(g+h)).

Now, using the Hölder inequality and the definition of the N−Yamabe constant
we get
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2YN (M ×N, g + h) ≤ λN2 (Lupm+n−2(g+h))
[( ∫

{v2≥0}
upm+n−2dvh

) pm+n−2

pm+n

+
(∫
{v2<0}

upm+ndvh

) pm+n−2

pm+n
]
.

Applying again the Hölder inequality, we obtain

(∫
{v2≥0}

upm+ndvh

) pm+n−2

pm+n
+
(∫
{v2<0}

upm+ndvh

) pm+n−2

pm+n ≤ 2
2

pm+n .

Therefore,

2
2

m+nYN (M ×N, g + h) ≤ λN2 (Lupm+n−2(g+h)).

�

Proof of Theorem 1.3. By the positiveness of the scalar curvature of (M, g), there
exists t0 such that for any t ≥ t0

0 < Y (M ×N, [g + th]) ≤ YN (M ×N, g + th).

Hence, by Lemma 3.4 we have

2
2

m+nYN (M ×N, g + h) ≤ Y 2
N (M ×N, g + h).

From Theorem 2.3, we obtain

2
2

m+nYRn(M × Rn, g + ge) ≤ lim inf
t→+∞

Y 2
N (M ×N, g + th).

For any ε > 0, we choose f = fε ∈ C∞≥0,c(Rn) that satisfies

J(f) ≤ YRn(M × Rn, g + ge) + ε,

then, it can be proved by a similar argument to the one used in the proof of
Theorem 1.1 that

lim sup
t→+∞

Y 2
N (M ×N, g + th) ≤ 2

2
m+nYRn(M × Rn, g + ge).

This completes the proof.
�

Remark 3.5. If (Mm, g) is a closed manifold (m ≥ 2) of constant positive scalar
curvature, then Y (M × Rn, [g + ge]) = YRn(M × Rn, g + ge) if and only if

lim
t→+∞

YN (M ×N, g + th) = lim
t→+∞

Y (M ×N, [g + th])

or equivalently

lim
t→+∞

Y 2
N (M ×N, g + th) = lim

t→+∞
Y 2(M ×N, [g + th]),

for any closed Riemannian manifold (N,h).



14 G. HENRY

For m and n positive integers, the αm,n Gagliardo-Nirenberg constant is defined
as

αm,n :=
[

inf
u∈H2

1 (Rn)−{0}

(
∫
Rn |∇u|2dvge)

n
m+n (

∫
Rn u

2dvge)
m

m+n

(
∫
Rn |u|pm+ndvge)

m+n−2
m+n

]−1
.

These constant are positive and can be computed numerically. In [1], they were
computed for some cases (m + n ≤ 9, with n,m ≥ 2). Also it was proved in ([1],
Theorem 1.4) that for any closed Riemmannian manifold (M, g) of positive constant
scalar curvature and with unit volume, it holds

(6) YRn(M × Rn, g + ge) =
Am,ns

m
m+n
g

αm,n
,

where Am,n := (am+n)
n

m+n (m+ n)m−
m

m+nn−
n

m+n .
An immediate consequence of (6) is:

Corollary 3.6. Let (Mm, g) be a closed manifold (m ≥ 2) of constant positive
scalar curvature and (Nn, h) any closed Riemannian manifold. Then,

lim
t→+∞

Y 2
N (M ×N, g + th) =

2
2

m+nAm,ns
m

m+n
g vol(M, g)

2
m+n

αm,n
.

Remark 3.7. If (W,Gs) = (Mm × Nn, s−ng + smh) where (M, g) and (N,h)
are closed manifolds of constant positive scalar curvature and unit volume, then
(W,Gs) has constant positive scalar curvature and unit volume too. Nevertheless,
the scalar curvature of (W,Gs) tends to infinity as s goes to infinity. Therefore, for
s large enough, from (6) we obtain that Y (Sm+n+k) < YRk(W ×Rk, Gs+ ge), hence
Y (W × Rk, [Gs + ge]) < YRk(W × Rk, Gs + ge). This implies that, for any closed
k−dimensional manifold (Z,w) and t sufficiently large, we have

Y (W × Z, [Gs + tw]) < YZ(W × Z,Gs + tw),

and

Y 2(W × Z, [Gs + tw]) < Y 2
Z (W × Z,Gs + tw).

3.3. Second Yamabe and second N−Yamabe constant on noncompact
manifolds.

Throughout this section, (W k, G) will be a complete Riemannian manifold, not
necessary compact, with Y (W, [G]) > 0. We define the lth Yamabe constant of
(W,G) as

Y l(W,G) := inf
u∈Lpk

≥0,c
(W )

V ∈Grlu(C
∞
c (W ))

sup
v∈V−{0}

∫
W
ak|∇v|2G + sGv

2dvG∫
W
upk−2v2dvG

( ∫
W

upkdvG
) 2

k .
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Proposition 3.8. For l ≥ 2, 0 < Y (W,G) = Y 1(W,G) ≤ Y l(W,G).

Proof. To prove that Y (W,G) ≤ Y l(W,G) for l ≥ 1, it is sufficient to show that

(7) Y (W,G) ≤ sup
v∈V−{0}

∫
W
ak|∇v|2G + sGv

2dvG∫
W
upk−2v2dvG

for any u ∈ Lpk≥0,c(W ) with ‖u‖pk = 1 and V ∈ Grlu(C∞c (W )).

If v ∈ V − {0}, by the Hölder inequality, we have that

0 <

∫
W

upk−2v2dvG ≤ (

∫
W

vpkdvG)
2
pk .

Since Y (W, [G]) > 0, we have that
∫
W
ak|∇v|2G+sGv

2dvG > 0 for any v ∈ V −{0}.
Thereby, we obtain

J(v) =

∫
W
ak|∇v|2G + sGv

2dvG

(
∫
W
vpkdvG)

2
pk

≤
∫
W
ak|∇v|2G + sGv

2dvG∫
W
upk−2v2dvG

.

Now, taking supreme on the right hand side of the last inequality we get (7).
Let ui ∈ C∞≥0, c(W ) be a minimizing sequence of Y (W, [G]). We can assume that

‖ui‖pk = 1. Then,

Y (W, [G]) ≤ Y 1(W,G) ≤ inf
v∈V Gr1ui

(C∞c (W ))

∫
W
ak|∇v|2G + sGv

2dvG∫
W
upk−2i v2dvG

≤
∫
W

ak|∇ui|2G + sGu
2
i dvG = J(ui) −→

i→+∞
Y (W, [G]),

which finish the proof. �

Let (Mm, g) be a closed Riemannian manifold of constant scalar curvature and
let (Nn, h) be a noncompact Riemannian manifold such that Y (M×N, [g+h]) > 0.
Then, we define the lth N−Yamabe constant of (M ×N, g + h) as

Y lN (M ×N, g + h) := inf
u∈L

pm+n
≥0,c

(N)

V ∈Grlu(C
∞
c (N))

sup
v∈V−{0}

∫
N
am+n|∇v|2h + sg+hv

2dvh∫
N
upm+n−2v2dvh

×
( ∫

N

upm+ndvG
) 2

m+n
(
vol(M, g)

) 2
m+n .

Proof of Theorem 1.4. We are going to prove the statement of the theorem for the
second Yamabe constant case. The argument to show the assertion for the second
N−Yamabe constant is similar. We only have to restrict to functions that depend
only on Rn.

First we are going to show that
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Y 2(M × Rn, g + ge) ≤ 2
2

m+nY (M × Rn, [g + ge]).

Let ε > 0 and consider f = fε ∈ C∞≥0, c(M × Rn) such that

J(f) ≤ Y (M × Rn, [g + ge]) + ε.

Assume that the support of f is in M × BR(0). For R̃ > 2R, we can choose q1
and q2 in BR̃(0) such that BR(q1) ∩BR(q2) = ∅ and M ×BR(q1) ∪M ×BR(q2) ⊂
M × BR̃(0). Consider the function u := v1 + v2 where vi(p, q) = f(p, q − qi), and
let V0 := span(v1, v2) ∈ Gr2u(C∞c (M × Rn)). Then,

Y 2(M × Rn, g + ge) ≤ sup
v∈V0−{0}

∫
M×BR̃(0)

am+n|∇v|2g+ge + sgv
2dvg+ge∫

M×BR̃(0)
upm+n−2v2dvg+ge

×
( ∫

M×BR̃(0)

upm+ndvg+ge
) 2

m+n

≤ 2
2

m+n J(f) ≤ 2
2

m+n

(
Y (M × Rn, [g + ge]) + ε

)
.

Letting ε goes to 0, we obtain the desired inequality.
In order to prove the other inequality, let consider F : L

pm+n

≥0,c (M × Rn) ×
Gr2π1

(C∞c (M × Rn)) −→ R (where π1 in the projection in the first variable) de-
fined by

F (u, V ) := sup
v∈V−{0}

∫
M×Rn am+n|∇v|2g+ge + sgv

2dvg+ge∫
M×Rn upm+n−2v2dvg+ge

×(

∫
M×Rn

upm+ndvg+ge)
2

m+n .

Let u ∈ C∞c (M × Rn) with support included in M × BR(0). We claim that for
any V ∈ Gr2u(C∞c (M ×BR(0))),

F (u, V ) ≥ 2
2

m+nY (M × Rn, [g + ge]).

Without loss of generality we can assume that ‖u‖pm+n = 1. Let k be a positive
integer, we define

uk(p, q) :=

{
u(p,q)+ 1

k

‖u(p,q)+ 1
k ‖pm+n

(p, q) ∈M ×BR(0),

0 (p, q) 6∈M ×BR(0).

We are going to proceed in a similar manner to the proof of Lemma 3.4. Let
consider the operator Pi : C∞c (M × Rn) −→ R defined by

Pk(v) := am+nu
2−pm+n

2

k ∆g+ge(u
2−pm+n

2

k v) + sgu
(2−pm+n)
k v.

If λk1 ≤ λk2 are the first two eigenvalues of the Dirichlet problem for Pk on

M ×BR(0), and vk1 and vk2 their respective associated eigenvectors, then u
− pm+n

2

k vk1
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and u
− pm+n

2

k vk2 are eigenvectors of the conformal Laplacian L
u
pm+n−2

k (g+ge)
with

eigenvalues λk1 and λk2 , respectively. We can choose vk1 and vk2 such that for w1 :=

u
2−pm+n

2

k vk1 and w2 := u
2−pm+n

2

k vk2 we have

(8) Lg+ge(w1) = λ1u
pm+n−2
k w1,

(9) Lg+ge(w2) = λ2u
pm+n−2
k w2,

and

(10)

∫
M×Rn

u
pm+n−2
k w1w2dvg+ge = 0.

By the maximum principle, w1 has no zeros in M×BR(0). Hence, we can assume
that w1 > 0 in M × BR(0). Therefore, by equation (10), w2 must changes sign in
M×BR(0). Let, z1 := amax(0, w2) and z2 := bmax(0,−w2). We choose a, b ∈ R>0

such that ∫
M×Rn

u
pm+n−2
k z2l dvg+ge = 1,

for l = 1, 2.
Then, by the Hölder inequality, we have

2 =

∫
M×Rn

u
pm+n−2
k z21dvg+ge +

∫
M×Rn

u
pm+n−2
k z22dvg+ge

≤ (

∫
{w2≥0}

u
pm+n−2
k dvg+ge)

pm+n−2

pm+n (

∫
M×BR(0)

z
pm+n

1 dvg+ge)
2

pm+n

+(

∫
{w2<0}

u
pm+n−2
k dvg+ge)

pm+n−2

pm+n (

∫
M×BR(0)

z
pm+n

2 dvg+ge)
2

pm+n .

By the definition of the Yamabe constant, we obtain

2Y (M ×BR(0), [g + ge]) ≤
[( ∫

{w2≥0}
u
pm+n

k dvg+ge

) pm+n−2

pm+n

×
(∫

M×BR(0)

Lg+ge(z1)z1dvg+ge

)
+
(∫
{w2<0}

u
pm+n

k dvg+ge

) pm+n−2

pm+n
(∫

M×BR(0)

Lg+ge(z2)z2dvg+ge

)]
.

From equations (8) and (9) we get that

2Y (M ×BR(0), [g + ge]) ≤ λi2
[( ∫

{w2≥0}
u
pm+n

k dvg+ge

) pm+n−2

pm+n
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+
(∫
{w2<0}

u
pm+n

k dvg+ge

) pm+n−2

pm+n
]
.

Then, applying again the Hölder inequality, we have that

2Y (M ×BR(0), [g + ge]) ≤ λk22
2

pm+n .

Therefore,

2
2

m+nY (M ×BR(0), [g + ge]) ≤ λk2 .
Since λk2 = infV ∈Gr2uk

(C∞c (M×BR(0))) F (uk, V ), we have proved the claim for uk.

Then, letting k goes to infinity we obtain that

F (u, V ) ≥ 2
2

m+nY (M ×BR(0), [g + ge]) ≥ Y (M × Rn, [g + ge])

for any V ∈ Gr2u(C∞c (M ×BR(0))).
Therefore, for any u ∈ C∞c (M ×Rn) and V ∈ Gr2u(C∞c (M ×Rn)), we can choose

R sufficiently large such that u ∈ C∞c (M ×BR(0)) and V ∈ Gr2u(C∞c (M ×BR(0))),
and then we apply the claim.

Thereby, we obtain that

Y 2(M × Rn, g + ge) ≥ 2
2

m+nY (M × Rn, [g + ge]).

�

As a consequence of Theorem 1.4, we can rewrite the statements of Theorem 1.1
and Theorem 1.3 as follows:

Theorem 3.9. Let (Mm, g) be a closed manifold (m ≥ 2) with positive scalar
curvature and let (Nn, h) be any closed manifold. Then,

lim
t→+∞

Y 2(M ×N, [g + th]) = Y 2(M × Rn, g + ge).

If in addition sg is constant, then

lim
t→+∞

Y 2
N (M ×N, g + th) = Y 2

Rn(M × Rn, g + ge).

4. Second Yamabe and second N−Yamabe invariant

Throughout this section W k will be closed manifold of dimension k.
If Y (W, [G]) ≥ 0, then Y (W, [G]) = Y 1(W, [G]). Therefore, we have that Y (W ) =

Y 1(W ) if W admits a metric of constant scalar curvature equal to zero. Recall that
if Y (W ) > 0, then W admits such of these metrics (cf. [14]). By ([2], Proposition
8.1), we know that if Y l(W, [G]) < 0, then Y l(W, [G]) = −∞. Hence, if Y (W ) < 0
or Y (W ) = 0 and the Yamabe invariant is not attained, then the first Yamabe
invariant of W must be −∞.

Note that the infimum of lth Yamabe constant over the space of Riemannian
metrics of W is always −∞. Indeed, for every positive integer l, we can find a
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metric G such that the first l eigenvalues of LG are negative (cf. [9], Proposition
3.2), which implies that Y 1(M, [G]) = · · · = Y l(M, [G]) = −∞.

4.1. Second Yamabe Invariant.

Proposition 4.1. Y 2(W ) > −∞ if and only if Y 2(W ) ≥ 0.

Proof. Suppose that Y 2(W ) < 0. Then, the second Yamabe constant of any metric
G is negative, which implies that Y 2(W, [G]) = −∞. Therefore, Y 2(W ) = −∞,
which is a contradiction. �

Lemma 4.2. Let [G] be a conformal class of W and let G̃ ∈ [G]. Then, λl(LG)
and λl(LG̃) have the same sign.

Proof. Let u ∈ C∞>0(W ) such that G̃ = up−2G. Assume that λl(LG) > 0 and

λl(LG̃) ≤ 0. Let V0 ∈ Grl(H2
1 (W )) that realizes λl(LG̃). Then,

sup
v∈V0−{0}

∫
W
vLG(v)dvG∫

W
upk−2v2dvG

= λl(LG̃) ≤ 0,

which implies that
∫
W
vLg(v)dvG ≤ 0 for any v ∈ V0−{0}. Therefore, we obtain

0 < λl(LG) ≤ sup
v∈V0−{0}

∫
W
vLG(v)dvG∫
W
v2dvG

≤ 0,

which is a contradiction. Hence, λl(LG̃) > 0.
Now, assume that λl(LG) = 0. Is easy to see that λl(LG̃) can not be negative.

If λl(LG̃) > 0, then we are in the same situation as above. Exchanging G by G̃, we
get that λl(LG) > 0, which is again a contradiction. Thus, λl(LG̃) = 0.

�

Lemma 4.3. Y 2(W ) = −∞ if and only if the second eigenvalue of the conformal
Laplacian is negative for all the Riemannian metrics on W .

Proof. If for any metric λ2(LG) < 0, then Y 2(W, [G]) = −∞. Thus, if this is fulfilled
for all the metrics on W , then Y 2(W ) = −∞.

Now assume that Y 2(W ) = −∞. Therefore, for any metric G we have

Y 2(W,G) = inf
h∈[G]

λl(Lh)vol(W,h)
2
k = −∞.

Hence, there exists a metric G̃ in the conformal class [G] with λ2(LG̃) < 0. By
Lemma 4.2, λ2(LG) must be negative. �

Proposition 4.4. If Y 2(W ) = −∞, then Y (W ) ≤ 0.

Proof. Lemma 4.3 implies that λ2(LG) < 0 for any metric G on W . Therefore,
the first eigenvalue of LG is negative, and consequently Y (W, [G]) < 0. Thereby,
Y (W ) ≤ 0. �
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Example 4.5.
a) Let M be a closed manifold with Y (M) < 0. For instance, take M = H3/Γ any

compact quotient of the 3-dimensional Hyperbolic space. Let consider W := M tM ,
the disjoint union of two copies of M . We denote with Mi (i = 1, 2) the copies of
M . If G is any metric on W , let us denote by Gi the restriction of G to Mi. Recall
that the sign of the first eigenvalue of the conformal Laplacian has the same sign
that the Yamabe constant. Thereby,

λ2(LG) = min
(

max
i=1,2

(λ1(LGi
)), λ2(LG1

), λ2(LG2
)
)
< 0

and
Y 2(M tM) = −∞.

b) Let M be a compact quotient of a non abelian nilpotent Lie group. It is known
that Y (M) = 0 but the Yamabe invariant is not attained by any conformal class.
Then, W = M tM satisfies that Y 2(W ) = −∞ and Y (W ) = 0.

Proposition 4.6. If W admits a metric of zero scalar curvature, then Y 2(W ) > 0.

Proof. If Y (W ) > 0, then it is clear that Y 2(W ) > 0. Assume that Y (W ) =
Y (W, [G0]) = 0 for some metric G0. Then, λ1(LG0

) = 0 and λ2(LG0
) > 0. There-

fore, Y 2(W, [G0]) ≥ 0. If Y 2(W, [G0]) > 0, then we have nothing to prove. If
Y 2(W, [G0]) = 0, then by Theorem 2.2 part a) the second Yamabe constant is

achieved by a generalized metric G̃. Therefore λ2(LG̃) = 0, which is a contradic-
tion.

�

Remark 4.7. Let N be a closed manifold obtained by performing surgery on (W,G)
of codimension at least 3. Bär and Dahl proved in ([6], Theorem 3.1) that given
l ∈ and ε > 0 there exists a metric H on N such that |λi(LH) − λi(LG)| < ε for
1 ≤ i ≤ l. Therefore, the positivity of the second Yamabe invariant is preserved
under surgery of codimension at least 3.

4.2. Bounds for the second Yamabe invariant and the second N−Ya-mabe
invariant.

An immediate consequence of the Theorem 2.1 is the following proposition:

Proposition 4.8. If W admits a metric of zero scalar curvature, then

2
2
k Y (W ) ≤ Y 2(W ) ≤ [Y (W )

k
2 + Y (Sk)

k
2 ]

2
k .

If W = Sk, Y 2(Sk) = 2
2
k Y (Sk). From Theorem 2.1, we have that Y 2(Sk, [gk0 ]) =

2
2
k Y (Sk). Hence, the second Yamabe invariant of Sk is achieved by the second

Yamabe constant of the conformal class [gk0 ]. But recall that Y 2(Sk, [gk0 ]) is not
achieved, even by a generalized metric.

Also, it follows from Proposition 4.8 that the second Yamabe invariant of a
k−dimensional manifold is bounded from above by the second Yamabe invariant of
the k−dimensional sphere:

Y 2(W ) ≤ Y 2(Sk).
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Example 4.9. Let G be the Riemannian metric on Sk t Sk whose restriction to
each copy of Sk is gk0 . Then, Y 2(Sk tD Sk, G) = 2

2
k Y (Sk) ( cf. [2], Proposition

5.1). Thus, Y 2(Sk t Sk) = Y 2(Sk).

Example 4.10. Let W = Sk−1 × S1 (k ≥ 3). Using that Y (Sk−1 × S1) = Y (Sk) (

cf. [15] and [23]) it follows from Proposition 4.8 that Y 2(Sk−1 × S1) = 2
2
k Y (Sk).

Example 4.11. It was computed by LeBrun in [16] that Y (CP 2) = 12
√

2π. Then,

24π ≤ Y 2(CP 2) ≤ 4
√

42π.

Bray and Neves proved in [7] that Y (RP 3) = 2−
2
3Y (S3). Therefore, the second

Yamabe invariant of RP 3 is bounded by Y (S3) ≤ Y 2(RP 3) ≤ ( 3
2 )

2
3Y (S3).

Both, are examples where the second Yamabe invariant is positive but strictly
minor than the second Yamabe invariant of the sphere.

Let Mm and Nn be closed manifolds (m,n ≥ 2) with positive Yamabe invariant.
An immediate consequence of Theorem 1.1 is that

Y 2(M ×N) ≥ 2
2

m+n sup
{sg>0,sh>0}

max
(
Y (M × Rn, [g + gne ]), Y (N × Rm, [h+ gme ])

)
.

For Sn × Sn, we get that Y 2(Sn × Sn) ≥ 2
1
nY (Sn × Rn, [gn0 + gne ]). Note that if

Y (M) > 0 and N is any closed manifold, then Y 2(M ×N) > 0.

In the following proposition we use several known lower bounds for the Yamabe
invariant to deduce lower bounds for the second Yamabe invariant of a Riemannian
product.

Proposition 4.12.

i) Let Mm ×Nn with m,n ≥ 3 and Y (M) > 0. Then,

Y 2(M ×N) ≥ 2
2

m+nBm,nY (M)
m

m+nY (Sn)
n

m+n .

where Bm,n = am+n(m+ n)(mam)−
m

m+n (nan)−
n

m+n .
ii) Let M be a 2-dimensional closed manifold. Then,

Y 2(M × S2) ≥ 2c

3
3
4

Y (S4),

where c = (1.047)2.
iii) Let (Mm, g) be a closed manifold with Ricci curvature bounded from below

by (m− 1). Then,

Y 2(M × S1) ≥ 2
2

m+1

( vol(M, g)

vol(Sm, gm0 )

) 2
m+1

Y (Sm+1).

iv) Let M3 and N2 be closed manifolds. Then,

Y 2(M × S2) ≥ 2
2
5 (0.62)Y (S5)

and

Y 2(N × S3) ≥ 2
2
5 (0.75)Y (S5).
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The statements in Proposition 4.12 are immediate consequence of apply Propo-
sition 4.8 to the lower bounds for the Yamabe invariant obtained in [4], [17], [19],
and [20]. In all the cases, in order to obtain the bounds, Theorem 2.3 (first equal-
ity) is used. In [19] and [17], the authors estimated the isoperimetric profile of
S2 × R2 and M × S1 and used them to obtain lower bounds for Y (M × R2) and
Y (M × R) respectively. In [20], the authors compare the isoperimetric profile of
S2 × R3 and S3 × R2 with the one of S5, and used it to obtain a lower bounds of
Y (S2×R3, [g20 + ge]) and Y (S3×R2, [g30 + ge]). In the following, for convenience of
the reader, we state the bounds obtained by Ammann, Dahl, and Humbert, Petean,
and Petean and Ruiz:

i) In [4], Ammann, Dahl, and Humbert proved that the Yamabe invariant of
a Riemannian product Mm×Nn with m,n ≥ 3 and Y (M) ≥ 0 is bounded
from below by

Y (M ×N) ≥ Bm,nY (M)
m

m+nY (Sn)
n

m+n .

ii) In [19], Petean and Ruiz proved that for any 2−dimensional manifold M

Y (M × S2) ≥
√

2c

3
3
4

Y (S4).

iii) It was proved by Petean in [17] that if (Mm, g) is a closed Riemannian
manifold with Ricci(g) ≥ (m− 1)g, then

Y (M × R, [g + ge]) ≥
( vol(M, g)

vol(Sm, gm0 )

) 2
m+1

Y (Sm+1).

iv) In [20], Petean and Ruiz proved that if M is a closed 3−dimensional man-
ifold and if N is a closed 2−dimensional manifold, then Y (M × S2) ≥
0.63Y (S5) and Y (N × S3) ≥ 0.75Y (S5).

Proposition 4.13. Let Mm be a closed manifold with Y (M) > 0 and Nn any
closed manifold. Then,

Y 2
N (M ×N) ≥ 2

2
m+nAm,nY (M)

m
m+n

αm,n
.

Proof. Let g be a Yamabe metric with positive Yamabe constant and unit volume.
Let h be any Riemannian metric on N . From Theorem 1.3 and Corollary 3.6 we
obtain

Y 2
N (M ×N) ≥ lim

t→+∞
Y 2
N (M ×N, g + th)

= 2
2

m+nYRn(M × Rn, g + ge) =
2

2
m+nAm,nY (M, [g])

m
m+n

αm,n
.

The proposition follows taking the supreme over the set of Yamabe metrics on
M with unit volume. �
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Example 4.14. From the proposition above we get that Y 2
S2(S2 × S2) ≥ 84.01080

and Y 3
S3(S3 × S3) ≥ 119.33249. Here, we used the numerical computations of the

Glariardo-Nirenberg constants carried out in [1], i.e, α2,2 = 0.41343 and α3,3 =
0.31257.
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Departamento de Matemática, FCEyN, Universidad de Buenos Aires, Ciudad
Universitaria, Pab. I., C1428EHA, Buenos Aires, Argentina.

E-mail address: ghenry@dm.uba.ar


