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1 Introduction

Let (M,g) be a Riemannian manifold of dimension n > 2. Let 7 : TM — M and
P :O(M) — M be the tangent and the orthonormal bundle over M respectively. In this
paper we deal with certain class of Riemannian metrics on TM. A metric G belongs to this
class if the canonical proyection 7 : (T'M,G) — (M, g) is a Riemannian submersion, the
horizontal distribution induced by the Levi-Civita connection of (M, g) is orthogonal to the
vertical distribution and G is the image by a natural operator of order two of the metric
g. The Sasaki metric and the Cheeger-Gromoll metric are well known examples of these
class of metrics, and there were extensively studied by Kowalski [7], Aso [2], Sekizawa [11],
Musso and Tricerri [9], Gudmundsson and Kappos [4] among others. The notion of natural
tensor on the tangent bundle of a Riemannian manifold as a tensor that is the image by a
natural operator of order two of the base manifold metric, was introduced and characterized
by Kowalski and Sekizawa in [§]. In [3], Calvo and the second author showed that for a
given Riemannian manifold (M, g), any (0,2) tensor field on TM admits a global matrix
representation. Using this one to one relationship, they defined and characterized, without
making use of the theory of differential invariants, what they also called natural tensor. In
the symmetric case this concept coincide with the one defined by Kowalski and Sekizawa.
In [5], the first author gives a new approach of the concept of naturality, introducing the
notion of s-space and A-naturality. This approach avoids jets and natural operators theory
and generalized the one given in [3] and [8].
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In section 2, we introduce natural metrics on TM by means of [3]. For any ¢ € M, let
M, be the tangent space of M at gq. Let ¢ : N := O(M) x IR" — T'M be the projection
defined by

(g u,8) = Zé’uz (1)

where u = (uy,...,uy) is an orthonormal basis for M, and ¢ = (¢},...,¢") € R™. Tt is well
known (see [9]), that for a fixed Riemannian metric G on TM a suitable Riemannian metric
G* on N can be defined such that ¢ : (N,G*) — (T'M, G) is a Riemannian submersion.
Based on this fact and the O’Neill formula, in Section 3, we compute the curvature tensor
of (TM,G), when G is a natural metric. As an application, we get in Section 4 some
relationships between the geometry of TM and the geometry of M. In [1] Abbassi and
Sarih studied some relationships between the geometry of T'M and the geometry of M,
when T'M is endowed with a g — natural metric. For example (Theorem 0.1) states that
if (TM,G) is flat, then (M,g) is flat. Since in this paper we deal with a subclass of
g — natural metrics we get Corollary 4.2 as a converse of this theorem. Throughout, all
geometric objects are assumed to be differentiable, i.e. C°°.

2 Preliminaries.

Let V be the Levi-Civita connection of g and K : TTM — T M be the connection map
induced by V. For any ¢ € M and v € My, let m,, : (T'M), — M, be the differential map
of mat v, and K, : (T'M), — Mj be the restriction of K to (I'M),.

Since the linear map m,, x K, : (T'M), — M, x M, defined by (m,, x K,)(b) =
(4, (b), Ky(b)) is an isomorphism that maps the horizontal subspace (T'M)" = ker K,, onto
M, x {04} and the vertical subspace (T'M)} = kerm,, onto {04} x My, where 0, denotes

the zero vector, we define differentiable mappings e;, e,4; : N = O(M) x R" — TTM for
i=1,...,nand v = 9(q,u,§&) by

ei(Qvuag) = (7T*v X KU)_l(ui7OQ)’
(2)
en+i(Q7u7£) = (ﬂ-*v X Kv)il(OII?ui)'

The action of the orthonormal group O(n) of IR™™ on N is given by the family of maps
R,: N — N, a € O(n), Ra(q,u,&) = (q,u.a,&.a) where uv.a = (Y1 alui, ..., > 0 abu;)

’LlTL

and £.a = (30 alél, ..., >0 aléh). Clearly, ¢ o R, = 1. It follows from (2) that

( p,U€ Zelpau€ forjzl,...,n

and

entj(Ra(p; u,§)) Z€n+1p,u§ . forj=1,...,n



For any (0,2) tensor field 7" on T'M we define the differentiable function 97 : N —
IR2"%2" a5 follows: If (q,u,€&) € N and v = 1(q,u,€), let 9T(q,u, &) be the matrix of the
bilinear form T, : (T'M), x (TM), — IR induced by T on (T'M), with respect to the
basis {e1(q,u, &), ..., ean(q,u,&)}. One sees easily that 9T satisfies the following invariance
property:

IT o R, = (L(a))'.9T.L(a) (3)

where L : O(n) — IR*?" is the map defined by

L(a) = <g 2)

Moreover, there is a one to one correspondence between the (0,2) tensor fields on TM
and differentiable maps 97 satisfying (3).

A tensor field T on T'M will be call natural with respect to g if 9T depends only on
the parameter £, (see [3]). In the sense of [5], the collection A = (N,v,0(n), R, {e;}) is a
s-space over T'M, with base change morphism L; and the natural tensors with respect to g
are the A-natural tensors with respect to T M.
Ay Ag
Ay A
Lemma 3.1 of [3], that T is natural if there exist differentiable functions «;, 5; : [0, +00) —
R (i =1,2,3,4), such that

Ai(p,u, &) = i (|€°*) I dnxn + Bi(|€]*)€" £

where |¢| denotes the norm of ¢ induced by the canonical inner product of IR". In that case
T is said to be a g — natural metric if in addition T is a Riemannian metric.

Writing 97 in the block form 97 = ( ), where A; : N — IR™*"; it follows from

It is easy to check that a (0,2)- tensor field T"on T'M is a g —natural metric if and only if
T isnatural, Ay = Ay, a3(t) > 0, a1(t).asz(t)—a3(t) > 0, ¢3(t) > 0and ¢1(t)p3(t)—¢3(t) > 0
for all t > 0; where ¢;(t) = a;(t) + tB;(t) for i = 1,2, 3.

In this paper we will call G a natural metric on T'M if:

1. G is a Riemannian metric such that 7 : (TM,G) — (M, g) is a Riemannian submer-
sion.

2. For v € TM, the subspaces (T'M)? and (TM)" are orthogonals.

3. G is natural with respect to g.

It follows that G is a natural metric on T'M if

Id 0
gG U, — nxn ) 4
)= (5" o) e+ 8PN < “
where o, : [0,+00) — IR are differentiable functions satisfying «(t) > 0, and «(t) +
t3(t) > 0 for all £ > 0.



Remark 2.1 The Sasaki metric G5 corresponds to the case « = 1, 8 = 0; and the Cheeger-

Gromoll metric G, to the case a(t) = B(t) = %—H

3 Curvature equations.

In this section we compute the curvature tensor of T'M endowed with a natural metric. Since
this computation involves well known objects defined on N, we shall begin to describe them
briefly using the connection map.

3.1 Canonical constructions on N.

Let 6%, wj- be the canonical 1-forms on O(M), which in terms of the connection map are
defined as follows:

0" (g, u)(b) = go (e, (), i) (5)

and

w; (q’ U)(b) = gq (K((Trj)*(q,u) (b))a ul) (6)

where 7; : O(M) — TM is the j projection, i.e. m;(g,u) = u; and 1 <i,j < n.
From now on, let 6, w;'», d¢® be the pull backs of the canonical 1-forms on O(M) and the
usual 1-forms on IR™ by the projections P; : N — O(M) and P : N — IR" respectively.

For any z € N let us denote by V, = ker,, and H, :={b€ N, : w;-(z)(b) =0,1<i<
j < n} the vertical and the horizontal subspace of N, respectively. By letting (see [9])

O =de' + ) W (7)
j=1

we get that for any z € N, {91(2),...,92"(2),{w§(2)}} is a basis for N} and V, := {b €
N, :0'(2)(b) =0 for 1 <1< 2n}.

Let Hy,..., Hon, {VL }1<i<m<n be the dual frame of {6',... 6% {w;}} These vector
fields were constructed as follow: If z = (g, u, £), let ¢; be the geodesic that satisfies ¢;(0) = ¢
and ¢;(0) = u;. Let Ei, ..., E be the parallel vector fields along ¢; such that E}(0) = .
If we define v;(t) = (ci(t), Ei(t),..., EL(t),&), then

Hi(z) = 7i(2) (8)

and

Ho(2) = (i) (1 9)

for 1 <4 <n, where i(g,) : IR" — N is the inclusion map given by i(,.(§) = (¢, u, ).

q?u



Let 0, : O(n) — N be the map defined by o,(a) = R,(2) = z.a. Since V, = ker(¢,,) =
(02)%,4(0(n)), where o is the space of skew symmetric matrices of IR™*", let

Vin(2) = (02)x,4 (A7) (10)
where [AL ]l =1, [AL]™ = —1 and [Aﬁn]; = 0 otherwise. Hence,
Ve (Vin(2)) = 0. (11)
An easy check shows that
. (Hi(2)) = ei(2) (12)
and
Ui, (Hn+i(2)) = enti(2). (13)
Let w =731 j<n w;- ® w;, if G'is a Riemannian metric on T'M then
G"=¢"(G)+w (14)

is also a Riemannian metric on N. It follows easily that V, Lg+« H, and 9., : H, —
(T'M)y-) is an isometry, therefore ¢ : (N,G*) — (T'M,G) is a Riemannian submersion.
We shall use this fact to compute the curvature tensor of (7'M, G) when G is a natural
metric.

Remark 3.1 Let X be a vector field on TM, the horizontal lift of X is a vector field X"
on N such that X"(2) € H, and .. (X"(2)) = X(4(2)). If X(4(2)) = 32" z(2)ei(2),
from (11), (12) and (13) it follows that X"(z) = 21221 2 (2)Hy(2).

Proposition 3.2 For 1 < 4,5,l,m < n let Rj;, : N — IR be the maps defined by
Rijim(q,u, &) = g(R(ui, uj)uy, um), where R is the curvature tensor of (M,g). The Lie
bracket on vertical and horizontal vector fields on N satisfies:

a) HZ,H] Zlm 1 Rijim€™ Hn+l+ Zlm 1RZJlmV

b) [Hi, Hny ] = 0.

c) [Hi, VL] = 65 Hy — 0im H;.

) [Hnti, Hnyj] = 0.

) [Hpsis Vil = itHnm — Sim Hg1-

f) [V} L) =60V + 61Vim + Sim Vi1 + 0jm Vi

g) If f: N — IR is a function that depends only on the parameter &, then H;(f)=0
and Vi(f) = &' Hny;(f) — & Hnyi(f).

h) If X and Y are tangent wvector fields on TM and v = (quf)
then [X™, Y""| (g ue) = X1 <icmen Ja(R(m (X (0)), m(Y (v)))u, wm) Vi (g, w, €).

The proof is straightforward and follows by taking local coordinates in M and the induced
one in TM and evaluating the forms 0, 67, w;'- on the fields [H,, H], [H,, V},] and [V}, V)]
for1<r,s<2n,1<l<m<nandl <!l <m <n.




3.2 The main result.

From now on, let R and R* be the curvature tensors of (T'M,G) and (N, G*) respectively.
For simplicity we denote by < , > the metrics G and G*. Since ¥ : (N,G*) — (T M, G)
is a Riemannian submersion, by the O’Neill formula (see [10]) we have that

<RX,Y)Z,W >o01 =< R{(XMNYMZ' W' > 41 < [Yh ZM2 (Xt wh >
(15)
— I <[Xh ZMe Y Whe > -3 < [Zh Wh [ X YR >

If YA(2) = 20 o/ (2)Hi(2), Z2"(2) = 1) 2 (2) Hi(2) and W(2) = 322 w!(2) Hi(2),
then the first term of the right side of equality (15) is

2n
<R (XM YyMzhwh > = > ahyi2Fe! < RY(Hy, Hy)Hy, Hy >
ijkl=1

On the other hand, if v = 9(q, u,§), it follows from Proposition 3.2 (part h) that
< [Xh, Yh]v, [Zh, Wh]v >

(qu,€) =

= % Z < R(m(X (0)), me (Y (0)))tup, s > . < R(mu(Z(0)), (W (0)))utyr,us > . (16)

r,s=1

Remark 3.3 In order to compute < R(X (v),Y (v))Z(v), W (v) > it is sufficient to evaluate
the right side of (15) on points of N of the form z = (q,u,t,0,...,0) such that v = (z),
where t = |v|, and where |v| is the norm induced by the metric g.

Let f:[0,4+00) — IR be a differentiable map, from now on, let us denote by f(t) the
derivate of f at t.

Theorem 3.4 Let G be a natural metric on TM. Let o and 3 be the functions that char-
acterizes G. If 1 <i,j,k,l <n and z = (q,u,t,0,...,0) we have that

a) < R*(Hi(z), Hj(2))Hy(2), Hi(2)) >=

Pa(). Y {5 R (D Ruan () + 1 Rara(2) Bagn (2) + 1 Ry (2) it (2)

1 1 1
+ Y {GRun ) Rurs(2) + R () Rigrs(2) + JRitrt () Rikro(2) | + Rijua(2):

1<r<s<n

b) Let €ijkl = 5ilfsjk — (5]'151']{, then



b.1) If no index is equal to one, then
< R*(Hpsi(2), Hs 3 (2)) Ho (=), Hoa(2) >= e F(t2)
where F : [0, +00) — R is defined by

o(1)B(1) — 1(6(1)? — 20(1) (1)
a(t) + 1B(0) ' (17)

b.2) If some index equals one, for example l =1, then

F(t) =

< R*(Hys(2), Huy(2)) Hoi(2), Huer(2) >= eggra H(£2)

where H : [0, +00) — IR is defined by

H(H) = o(0) g (@), — 20(0) (19)

and ¢(t) = alt) + ta(t), Alt) = alt) + (1)
¢) < R*(H(2), Hn;j(2))Hptr(2), Hopi(2) >= 0.
d) < R*(Hnti(2), Hnyj(2))Hi(2), Hi(z) >=

= %(2()((152) + (511 + 5j1)ﬁ(t2)t2)Rijkl(Z) + %(511(ﬂ(t2) — Qd(t2))t2Rkl]‘1(2)

(a(t)*?

+%5j1(20'z(t2) _ ﬂ(t2))t2Rkli1(z) + 1 Z{erjl(Z)eril(Z) — eril(Z)Rrrljl(Z)}.

r=1
e) < R*(Hi(2), Hptj(2))Hi(2), Hppi(2) >=
;a(tZ)Rkuj(ZH(a(i))ZtZ Z erjl(Z)Rrill(Z)+t22(5j1+5l1)d(t2)(Rkil1(Z>_Rkij1(z))-

r=1
f) < R*(Hi(z2), Hj(2)) Hntx(2), Hi(2)) >=

a(t?)t

(< VDR(EY(s), BY(3) ) (5) om0, w1 > — < VpR(E!(5), BL(3)) B (s) o, w1 >},

The proof follows from the Koszul formula and Proposition 3.2 and it involves a lot of
calculation. For more details we refer the reader to [6] pages 132-151.

Theorem 3.5 The curvature tensor R evaluated on e;(2), enri(2) satisfies:
a) < R(ei(2), ej(2))ex(2), e1(2) >=

"1 1 1
ta(t?) Z{§Rijrl(z)Rklrl(z) + o Birt (2)Rigr (2) + 3 Rjirt (2) Rir1 (2)} + Rijua(2)-
r=1



b) b.1) If no index is equal to one, then
< Rlenti(2), ensi(D)ensh(2),ensi(2) >= eijpa F(£2). (19)
b.2) If some index equals one, for example | =1, then
< Rlensi(2), ensg(2D)enth(2),ens (2) >= eijun H(E). (20)

¢) < R(ei(2), entj(2))entk(2), enti(z) >= 0.
d) < R(enti(2), entj(2))en(2), ei(z) >=
é(m(tz) + (01 + 5j1)5(t2)t2>Rijkz(2) + %51'1 (ﬂ(tQ) - 2d(t2)>t2Rli‘1(Z)
2 2t2 n

+%6ﬂ (2d(t2) —ﬂ(tQ))t2Rkh—1 (2)+ (a(t4)) ;{ka’l (2)Rri1 (2) — Ryrir (2) Rygj1 (2) }-

e) < R(ei(2), entj(2))er(2), enti(2) >=

(a(tz))2t2 n +2

1 Z Rierj1 (2) Ryinn (2)+ = (8j14+01) & () (Rpirn (2) — Riiji (2))-

1 2
ia(t )dej (Z)+ 2 5

f) < R(ei(2), e(2))ensn(2), er(2)) >=

a(t?)t
2

{< VoR(B}(s), BL() EE(s)|so,ta > — < VpR(E!(5), EL(s)) EF(3)]am, ur >).
Proof. The proof is straightforward and follows form Theorem 3.4 and equality (15). O

The functions F' and H satisfy the following proposition:

Proposition 3.6 Let o, (5 : [0,400) — IR be differentiable functions such that a(t) > 0
and a(t) +tB(t) > 0 for allt > 0. If F is the zero function, then:

i) B(t) = LA 200

ii) a(t)(at) +tB(t) = (t(t) + a(t))*.

iii) a(t) +ta(t) > 0.

i) H(t) =0 for allt > 0.
Proof. Assertion i) follows from equality (17) and ii) is a consequence of i). Equality ii)
shows that «a(t) + ta(t) # 0 for all ¢ > 0, and since «(0) + 0.&(0) = «(0) > 0, then we get

iii). Equality ii) says that a.A = ¢?, and assertion iii) says that ¢ > 0. Therefore, from
equality (18) we get that H = 0. O



Corollary 3.7 Let o, : [0,+00) — IR be differentiable functions such that a(t) > 0,
a(t) +ta(t) > 0 and a(t) +t6(t) > 0 if t > 0. If H is the zero function, then it is also F.

Proof. Since ¢ > 0 and H = 0, the equality (18) implies that In(aA) = In(¢?) + C for some
constant C. In particular 2In(a(0)) = 2In(a(0)) + C, hence C' = 0. Since a.A = ¢%, we
obtain that F' = 0.

0

4 Geometric consequences of curvature equations.

In this section the Riemannian metric G on TM is assumed natural. As throughout all
the paper, G is characterized by the functions « and 3. As in Remark 3.3, if v € TM,
let z = (q,u,t,0,...,0) € N such that ¢)(z) = v and ¢ = |v|]. From Theorem 3.5 and
Proposition 3.6 we get inmediatly

Corollary 4.1 (Theorem 0.1, [1]) If (TM,G) is flat then (M, g) is flat.
Proof. Tt follows from part a) of Theorem 3.5 by setting ¢ = 0. O

Corollary 4.2 Ifdim M > 3, (TM,G) is flat if and only if (M, g) is flat and
t(a(t))? + 2a(t)c(t)
a(t)

Proof. Assume that (T'M,G) is flat. From Theorem 3.5 part b.1) and 1 < i < j < n we
have that

Bt) =

< Rlenti(2), ents(2))ensi(2), ents () >= —F(2)
Therefore F' = 0, and the desired equality on 3 follows from Proposition 3.6 part i).
Assuming that (M, g) is flat and §(t) = (t(o'z(t))2 + 2a(t)d(t))/a(t), we only need to
show that B
< R(enti(2), entj(2))enir(2), envi(z) >=0 (21)

for 1 < i,7,k,l < 2n. The other cases also satisfies (21) because R = 0. Equality on
implies that F' = 0, therefore by Proposition 3.6 part iv) we have that H = 0, and equality
(21) is satisfied. O

We get also the following result:
Corollary 4.3 Ifdim M = 2, (TM,G) is flat if and only if (M, g) is flat and H = 0.

Remark 4.4 Let a(t) > 0 be a differentiable function that satisfies ta(t) + a(t) > 0 for all
t > 0 and define B(t) = (t(o'z(t))2 + 2a(t)d(t)/a(t)). If we consider the natural metric G
induced by o and (3, then (T'M,G) is flat if (M, g) is flat.



Remark 4.5 The above Corollaries generalizes the well known fact that (TM,Gy) is flat
if and only if (M,g) if flat (Kowalski [7], Aso [2]). This fact follows from the Corollaries
taking « =1 and 8 = 0.

We will denote by K and K the sectional curvatures of (M, g) and (T M, G) respectively.

Theorem 4.6 Let v € TM and z = (q,u,t,0,...,0) € N such that ¥(z) =v (t = |v]).
We have the following expression for the sectional curvature of (T'M,QG):

a) For1<i,j<n:
R(ei(2),e3(2)) = K () — (%) R, )0

b) b.1) If2<i,j<nandi#j

_ F(t?
R(ensi(2),enss(2)) = Mi)))
b.2) If2<i<n
_ B H(t?)
RlenGhenss B = Simate) + 2o
¢) For1<i,j<n:
_ a(t?)
Rei(2),ens(2)) = 2 (s, vy

In particular K (e;, e,41) = 0if 1 < i < n because v = tuy.

Proof. From equality (4) we get that {ej(z),...,ea,(2)} is an orthogonal basis for (T'M),
such that < e;(2),ej(z) >= &;; if 1 <i,j < n, < ent1(2), ent1(2) >= a(t?) + t26(t*) and
< enti(2),enyi(z) >=a?) if 2 <i<n. Let 1 <4i,j <n,i#j. By setting k= j and
[ =1 in equation a) of Theorem 3.5 we have that

K(ei(2), e(2)) = — < R(ei(2), €;(2))ej(2), €i(2) >= Rijji(z) — %5204@2) > RY(2).
r=1

Since K (uj,uj) = Rijji(2) and v = tuy, we can write

R(ex(2),e5(2)) = K (i, u5) — S(t%)| Rlus, ol

Part b) follows directly from equations b.1) and b.2) of Theorem 3.5.

Since |e;(z)] = 1 and < €;(2), en4j(2) >= 0 for 1 <4, j < n, from Theorem 3.5 equation
e), we see that

PN V(01 ) I~
(61(2),6n+J(2)) 4(0!("U|2)+6j1ﬁ(|7j’2)”[}|2)Z lle(Z) T’Zjl(z)

r=1

10



2
I Z[Q(R(uj,ullv!)uivur) = — IRy, v)uif.
r=1

Corollary 4.7

i) (TM,G) is never a manifold with negative sectional curvature.
ii) If K is constant, then (TM,G) and (M, g) are flat.
i) If K is bounded and lim;_, i ta(t) = +oo, then (M, g) is flat.
i) If c < K < C (possibly c = —co and C = +c), then c < K < C.
Proof. Assertions i), ii) and ii) follow from Theorem 4.6 part ¢). Let ¢ € M and u =
(ut,...,up) be an orthonormal basis for M,. Then, if we consider z = (¢,u,0,...,0) and

v = 04, from Theorem 4.6 part a) we have that K(e;(2),e;(2)) = K(ui,u;) and part iv)
holds. Also ii) follows from Theorem 3.5) part a) taking ¢ = 0.

O

Corollary 4.8 Let (M,g) be a manifold of constant sectional curvature Ko and TM en-
dowed with a natural metric G, then we have for z = (q,u,t,0,...,0) and ¥(z) = v that

a) K(ei(2),¢j(2)) = Ko — §(Ko)*a(|v[*)(di1 + 0j1)|v]? with i # j.
b) K(ei(2), entj(2)) = G Kolol* (8 + ).
The vertical case K (eni,en+;) is as Theorem 4.6 part b).
From Theorem 4.6 we get the following result

Corollary 4.9 Let G and Go be two natural metrics on TM such that are characterized
by the functions {c; }i—12 and {B;}i=12 respectively. If Ki(u)(V,W) = Kao(u)(V,W) for all
u€eTM and V,\W € (TM), and (M,g) is not flat, then a1 = «as.

Remark 4.10 Let Giexp and G_exp be the natural metrics on TM defined by

gG-‘r exp(Q7 u, 5) = <Id8><n A—&—O(g) > and G- exp (‘L U, §) = (Idgxrz A—O(g) >

where AT (€) = el (Idpypn +€0.€) and A= (€) = e 81 (Idpy s + €1.€). We call Gy exp and
G _ exp the positive and negative exponential metric.

It is known ([11]) that TM endowed with the Cheeger-Gromoll metric is never a manifold
of constant sectional curvature. Theorem 4.6 applied to G exp and G_ oxp shows that these
metrics satisfy the same property.

11



4.1 Ricci tensor and scalar curvature.

Let Ricc and Ricc be the Ricci tensor of (M, g) and (T'M, G) respectively. We will denote
by S and S the scalar curvature of (M, g) and (T M, G).

ThePrem 4.11 For1<i,5 <n and z = (q,u,t,0...,0) we have the following expressions
for Ricc:

a) Rice(ei(2),¢5(2)) = =Y 5™ Ry (2) Rjrua(2) + Rice(ui, uy).

1<ri<n

b) Ricelei(2),enss(2)) = =25 > { < VoR(EL E)) Bl o0, u1 >

1<r<n
— < VpR(E!, ENE! |s—g,u1 > }

c) c.1) If 2 <i <mn, then

_ 2 2 —9
Rico(enss(e)ena(e) = 42 3 B+ O m)
1<r,i<n
! H(t?
Yo v eae
c.2) If2<i,j<n andi#j, then
242
Ricc(enyi(2), entj(2)) = ! a4(t ) Z Ryii1(2) Rrgji(2).
1<ri<n
c.83) If 1 < j <mn, then
_ -1
Rice(enia @) enes () = o ()5

Proof. Let €1(2),...,é,(z) be the orthonormal basis for (7'M ), induced by the orthogonal
basis e1(2),...,ean(2), where ¥(z) =v. For X, Y € (T'M), we have that

2n
Rice(X,Y) =Y < R(X,e(2))a(z),Y >.
=1

Equalities a), b) and c) follow directly from Theorem 3.5 and the fact that
< eni1(2),ent1(2) >= a(t?) + 28(t?) and < eni(2),ensi(z) >= a(t?) if 2 < i < n.
L]

In [1], it is shown in the general g-Riemannian natural case that if (T'M, G) is Einstein
then (M, g) is Einstein. In our situation we have

12



Corollary 4.12 If (TM,G) is Einstein, then (M,g) and (TM,G) are flats.

Proof. Let ¢ be a constant such that Ricc = ¢G. In order to prove that R = 0, it is enough
to show that for any ¢ € M and any orthonormal basis u = {u1, ..., u,} for M, the following
equalities are satisfied

< R(UZ’, ur)ul, up >=0 (22)

for1 <i,r,l <n.Letv e My,v#0andz = (q,u,t,0,...,0) € N such that ¢(z) = tu; = v.
Since G(ei(2),ej(2)) = d;5 if 1 < 4,5 < n, from Theorem 4.11 part a) we have that

Z Riri1 (2) Rjri1(2) + Rice(ui, uyj). (23)

1<r,i<n

Céij = —

Taking t = 0, we get that Ricc(u;,uj) = c¢d;j. Replacing these values for ¢ = j in (23) we
obtain that

Z (< R(ui,ur)ul,ul >)2

1<ri<n

for t > 0 and equality (22) is satisfied. Since Ricc = c.g and R = 0, it follows that Ricc = 0.
Using that (T'M, G) is Ricci flat and R = 0, from Theorem 4.11 parts c.1) and c.3) one gets
that H = FF = 0. From Theorem 3.5 we have that R = 0. O

Remark 4.13 [t is easy to see from Theorem 4.11 that if (M, g) is not flat or if not exists
a constant k such that H(t) = ka(t) and (n — 2)[a(t) + tB(¢)]F(t) = a(t)k[(n —2)a(t) +

(n —1)tB3(t)|, then Ricc is not a A\ — natural tensor (see [5]).

Corollary 4.14 Let v € TM and z = (7(v),u1, ..., Upn,t,0,...,0) € N such that v = uyt.
The scalar curvature of (TM,G) at v is given by

_ o t2 = 2(n —1) 5
S(v) = S(m(v) R ( H{(t%)
v El: T @) () + s02R)
(n=1)n—=2) >
+ (@) F(t%).
Proof Since {€1(2),. .., €2,(2)} is an orthonormal basis for (T'M), and the scalar curvature

= 32" Rice(e ( ),&1(z)), the expression for S follows straightforward from Theorem
4 11

0

Remark 4.15 Corollary 4.14 applied to G exp and G_exp reads:

24 (n=2)(1+ [o])]
(1 +Jv[?)

—vl?

Stexp(v) = S(m(v)) = (n = 1)e
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ol

1 > [R(ui, uj)vf?

ij=1
and of? ,
(n—1)el 9y 642y
_exp(V) = Lt (n-2)(3 - i
S-exp(0) = S(r(0) + T [(n = 2 - )+ T
el )
S S R G gl
ij=1

Proposition 4.16 If (M, g) is a manifold of constant sectional curvature Ky, then

[2 +(n—2)(1+ \U|2)]
(1+v?) }

K —|v
S—i—exp(v) = (n — 1>{K0 (n — 70‘1]‘26‘1}‘2> —e [v|2

and

vl

1+ Jul?

[0 - 23— o) + 6112";’,‘22}}.

K
S-ep(v) = (= D{Ko(n = T2 jef2e ) +
Corollary 4.17 Let (M, g) be a flat manifold, then we have that:

CL) S+exp < 0.

b) If dim M = 2, then S_ qyp > 0.

c¢) If dim > 3, S_exp(v) > 0 if and only if 0 < ‘U‘Q < (n71)+\r{4_(2nfw.

d) If dim > 3, S_ exp(v) = 0 if and only if [v]* = (n71)+\7{4_(;,w.

Proof. 1t follows from Proposition 4.16.
I

Remark 4.18 In [1], it is shown (Theorem 0.3) that if G is a g-natural metric on TM and
(TM,G) has constant scalar curvature, then (M, g) has constant scalar curvature. In our
case, this property follows immediately from Corollary 4.14, taking t = 0. We can see that
if (TM,G) has constant scalar curvature S and F = 0, then (TM,G) is flat. If F =0 by
Proposition 3.6, H = 0, and by Corollary 4.14 it follows that R = 0. Finally, from Theorem
3.5 we get that (TM, G) is flat.
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