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ABSTRACT. We prove error estimates for the Raviart-Thomas interpolation in weighted L2-
norm for functions in appropriate weighted Sobolev spaces. These results allow us to obtain
a priori error estimates in the fractional order case for mixed approximations of degenerate
elliptic problems.

1. INTRODUCTION

Boundary value problems associated with second order elliptic operators given by Lu =
—div(AVu), where A = A(z) is a symmetric matrix, can be analyzed by variational methods
to prove well posedness and to obtain error estimates for finite element approximations.

A fundamental tool for these analysis are the Sobolev spaces. When the operator is degen-
erate or non-uniformly elliptic the classic Sobolev spaces have to be replaced by weighted
ones. For the theoretical variational analysis the use of weighted Sobolev spaces goes back to
more than fifty years ago (we refer the reader to the classic book [14]). On the other hand,
several papers have used weighted norms to analyze numerical approximations, for example
(1,9, 17, 18] for standard finite element methods and [2, 7] for mixed finite element methods.
We will work with the Muckenhoupt classes A,. For 1 < p < oo, a non-negative function
w € L}, (R™) belongs to A, if it satisfies,

loc
o= (g o) ()
wa, =sup | 7 w —_ w »-1 00,
AT B g 1B /5

where the supremum is taken over all balls B C R".
Given w € A,, L (£2) denotes the Lebesgue space associated with the measure w(x)dz. For
p =2 and k € N we introduce the weighted Sobolev space

HF(Q) = {ve L2(Q): D* € L2(Q),V|a| <k},

which is a Hilbert space with the norm given by
k
ol = D 1vl3 o)
=0
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where

v 257(9) = Z ||D%||%3,(Q)

lal=j

For spaces of vector fields we will use analogous notations but with boldface type letters.
In [7] the classic theory for mixed finite element approximations of second order uniformly
elliptic problems was generalized to treat degenerate elliptic equations provided that the
diffusion coefficient belongs to A,. In this way it is shown in that paper that optimal
order error estimates for the Raviart-Thomas mixed finite element solution follows from
appropriate interpolation error estimates in weighted norms. To recall those results we need
to introduce some notation. Given w € Ay, an n-dimensional simplex K, k € Ny, and a
vector field o € HL (K), let II%.0 € RT(K) be the Raviart-Thomas interpolation (in the
next section we will recall the definitions for k& = 0 which is the case we will work with. For
general k we refer, for example, to [6] for the definitions).
Then, calling hx and px the diameters of K and the biggest ball contained in K respectively,
it is proved in [7], that for an integer m, 0 < m < k, and o € H?"(K), it holds

lo = Wieo|| 2, < CRE 0| s (1.1)

where the constant depends only on the eccentricity hy/px, n, k, and [w]a,.

However, it is well known that the scale of integer order Sobolev spaces is not enough
to measure the smoothness of functions, and consequently, intermediate spaces have to be
considered. For degenerate equations it can happen that a solution of a given problem belongs
to the weighted Sobolev space of order m but not to that of order m + 1. This situation
may be a consequence of the degenerate character of the equation or due to singularities in
the domain or the data. Therefore, the estimates (1.1) are not enough to prove the correct
order error estimates.

Our goal is to extend the error analysis of [7] by proving generalizations of (1.1) for fractional
order weighted spaces that we will introduce in the next section.

In the classical unweighted case a usual way to prove fractional order error estimates is to
use the intermediate spaces obtained by the real method of interpolation between Banach
spaces (see, for example, [3, pag. 660]). It is interesting to observe that no explicit charac-
terization of the real interpolation spaces is needed for that proof. This argument can be
easily generalized to the weighted case, and so fractional order estimates analogous to (1.1)
can be proved for o in an intermediate space between H™(K) and H™*(K) when m > 1.

The situation is very different for o in a fractional order space lying between L2 (K) and
H! (K). Indeed, the Raviart-Thomas interpolation IIo cannot even be defined for a general
o € L2(K), and therefore, there are not endpoints to interpolate the inequalities. Conse-
quently one needs to work with appropriate definitions of fractional order norms not relying
on interpolation methods. In the unweighted case the useful norms to prove this kind of
estimates are those of the Sobolev-Slobodeckij spaces, also called fractional Sobolev spaces.
Therefore, to extend the error estimates to weighted norms the first question is what is a
reasonable generalization of the fractional Sobolev spaces. We will introduce a definition
useful for our purposes and motivated by weighted seminorms introduced to prove Poincaré
type inequalities.

The rest of the paper is organized as follows. In Section 2 we introduce the weighted Sobolev
spaces and prove some lemmas that we will use in the rest of the paper. Section 3 deals
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with the error estimates for Raviart-Thomas interpolation. Then, in Section 4, we give
applications to the approximation of degenerate elliptic problems. In section 5 we show
how our results can be extended to smooth domains. We conclude the paper presenting in
Section 6 some numerical results.

2. WEIGHTED FRACTIONAL SPACES AND PRELIMINARY RESULTS

In this section we introduce the weighted fractional Sobolev spaces and prove some useful
results.

A key tool to prove error estimates are Poincaré type inequalities. Several papers introduced
weighted fractional seminorms to prove this kind of estimates (see for example [8, 10, 13, 15]).
The results obtained in those papers are stronger than what we need, and so, we will work
with a simple seminorm for which the Poincaré inequality is very simple to prove.

Given a domain D C R", 1 < p < oo, and w € A, we define, for 0 < s < 1, the seminorm

— p
gy = [ [ B vy
v DJD

ERFIE
and the associated space

WeP(D) = {v € L2 (D): |v|W5,p(D) < oo} ,
which is a Banach space with the norm given by

H/UHIP;V{Z’IJ(D) = ||UH§,{L(D) + |U‘€V{Z’p(D)’

For p = 2 we denote with HZ (D) the space W2(D).
Also we drop the subscript when w(x) = 1, thus recovering the standard notation for the
classical fractional Sobolev spaces W*P(D).
The interpolation error in an n-dimensional polytope 2 will be bounded locally on each
element K. Let {7,} be a family of conforming triangulations of Q. Let h stand for the
mesh-size; namely h = maxger, hx. We assume that the family of triangulations is regular,
i.e., there exists a positive constant ~ such that, for all K € 7, and all h,

he <y,

PK
Throughout the paper, we use C' to denote a generic constant, which can be different at
each occurrence and may depend only on n, w, and ~, unless otherwise specified. Given two
quantities A and B the notation A < B means that A < C'B. We also write A ~ B when
A< Band B < A.
To estimate the interpolation error on each element K € 7, we use a well known trace
theorem, a Poincaré type inequality, and an embedding between a weighted Sobolev space
into an unweighted one. These results are the object of the next three lemmas. We denote
with ¢ any of the n — l-dimensional simplices that form 0K (edges in 2d, faces in 3d,
hyperfaces in general).

Lemma 2.1. Given p € (1,00) and v € W*P(K), if s € (1/p, 1) we have

o]\ " s
uwmms(ﬁa (lollre + Ficlvlwerca)
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Proof. 1t follows from a known trace theorem for Lipschitz domains (see [12, Theorem 1.5.1.2]
applied on a reference element combined with standard scaling arguments. 0

Lemma 2.2. Let w € L] (R™) be any non negative function. Given 0 < s < 1, and
v e H(K), we have

H, (K) (2.1)
where v = \_11(\ J U, and the hidden constant depends only on 7.

_ 1
o) =T = o /K (v(z) — v(y))dy

v =12, x) S hilv

Proof. Observe that

and then,
2
[ ote) = wuads = e [ ([ 0= otiy) ol
]K]//|U —v(y) [Pw(x)dydx
~ 151 [ e o etaiv
thus,
/ lv(x) — o]*w(z)dr < h;;s K%w(w)dydmﬁh%v ?,5](}()

Lemma 2.3. For 0 <e <s<1,1<p<2andw € A,, with ¢ =2/p, we have
H(K) C W =P(K)

and moreover, for v € HE (K),

/ 1/pq’
”UHLI’(K) S HU”L%U(K)(/ ’LU(;E)_‘Z /Qdaj> (2.2)
K

/ 1/pd’
0 /K w(x) " dz) (2.3)

where ¢’ is the dual exponent of ¢ and the hidden constant depends on ¢ and p.

Proof. Writing
/ o(a)Pda = / o)) V()Y ode
K K

the first estimate follows immediately from the Holder inequality with ¢ and ¢'.
To prove the second estimate, applying the Holder inequality we have,

o(y) —v(@)P 1
|U|Ws e (K :/ T s - dydl‘
T ek fy—a|a Ty —

2 1/ 1/q
< [ ([ bty f ) e
k \Jr |y — x|t |y—x|” erd’

and

vlws—er) S il
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But, it is easy to show that

1 1/q
—d) < Ch?¥

with C' depending on ¢ and p. So,

— 2 1/q
v p e S ChEp/ < |U(y) ,U(I)| dy) dx
| |W P(K) K K K |y _ I|n+28

:Ch‘}?/ ( Mw(x) dy)l/qw(zv)_l/q dr.

‘y _ .ZL"”+2S

Then, using again the Holder inequality we obtain (2.3). O

3. ERROR ESTIMATES FOR THE RAVIART-THOMAS INTERPOLATION

In this section we prove our main result. As we have mentioned in the introduction we are
interested in error estimates for non smooth functions and so we restrict the analysis to the
lowest order Raviart-Thomas space.

Given a simplex K we recall that

RTo(K) =Po(K)" + 2Po(K),

where Py(K') denotes the space of constant functions restricted to K.

For ¢+ = 1,--- ,n+ 1, denote by ¢; the hyperfaces of K, and by m; the corresponding unit
exterior normal vectors.

Then, for a vector field 7 the Raviart-Thomas interpolation IIx7 is defined by the following
degrees of freedom (see for example [6]),

/HKT-’I’LZ'—/T~TLZ-, i=1,---,n+1.
2 12

K3 7

Observe that such Ilx7 exists whenever 7 is such that , fori=1,--- ,n+ 1, 7 - n; is well
defined and belongs to L'(¢;). In view of Lemma 2.1 this is the case if 7 € W*?(K) for
some s € (1/p,1) with p € (1, 00).

We can now state and prove our main result. In the proof we will use the following fact that
can be easily proved. For p > 1 and w € 4,

(ﬁ /K w(x)das) (’—[1(’ /K w(:v)plldx>p—1 < Clu)a, (3.1)

with a constant depending only on n and ~.
Theorem 3.1. Given s > 1/2 and w € Ay, for 7 € H (K) we have
H;, (K) (3.2)

Proof. We use a fundamental property of the A, classes: since w € Aj, there exists g
depending on w, 1 < ¢ < 2s, such that w € A, (see for example the books [11, 19]). Then,
we can write ¢ = 2/p with p € (1,2) and choose € > 0 such that 1/p < s —e.

|7 — g 7l k) S hiklT
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From Lemma 2.3 we know that H? (K) C W*°P(K) and so [1x7 is well defined. Moreoever,
if P; denotes the opposite vertex to ¢;, we have

n+1

HKT—Z /T n; ), (3.3)

where the basis functions are defined as
(z —P)

()= — Y 4
Using Lemma 2.1 for W*==P(K) on each ¢; we have
| [ o] < el <1607 7l
b (3.5)

|1/p" .1
- (la e
~ |K|1/P
where p’ denotes as usual the dual exponent of p.
On the other hand, it follows from (3.4) that ||¢,
together with (3.5) in (3.3) we get

h gz S—&€
mhﬂmms(iiiﬁmwmmwwvmmmﬂ

)Wﬂmmﬂﬁwwww%

, and using this estimate

| K| [K[He
1 s—¢
5 |K|1/p<HTHLP(K) + hK |T‘Ws_5’p(K))‘

Consequently, from (2.2) and (2.3), we obtain

1 o\ 1/pd
Moy S i lie o + Ml o) ([ w7%)

K‘l/p
Then,
1/2
Mt ez a0 < il ( [ )
K
1 1/2 N\ V/pd
<MWA/w)(/wq® (Il s
1/2
< (e [o) (e Lo )™ Ul + il o)
’ K| | K| ( K 2 (K)
Therefore, using (3.1) we conclude that
1/2
1 S [0 (Tl a0 + Pl g o)

To finish the proof we use this estimate and standard argument. Indeed, since Ilx is the
identity on constant vector fields we have

|7 — g7z k) = |7 — 7 — Hg (T — 7)|lL2 (1)

S (T = Tllee k) + Ml TIas, x)

and therefore (3.2) follows by the Poincaré inequality (2.1). O
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4. APPLICATION TO DEGENERATE ELLIPTIC PROBLEMS

Given a bounded Lipschitz domain Q@ C R™ and w € A, we define H}, ,(€2) as the closure

in H.(Q) of C5°(Q). The following weighted Poincaré inequality is well known [16], for
v E H}L}’O(Q),

lollzz < ClIVolz @ (1.1)
where the constant depends only on w and €.
We consider the problem

(4.2)

—div(aVu) = f in Q2
{ u=20 on 0f)

where a = a(x) belongs to the class As,.

Using (4.1) and the classic Lax-Milgram lemma it follows that, for f in (H, ((€2))*, the dual
space of Hy(€2), there exists a unique solution u € H, (() of Problem (4.2).

Introducing o = —aVu € L2_,(Q) and the space

H,-1(div,Q) = {r € L2_,(Q): divT € L2-,(Q)}
(o,u) € L2, (Q) x L%(Q) satisty,

/ala-T—/udivT:(] V7 € Hy-1(div, Q)
Q Q
dive = f

which is the usual formulation for mixed finite element approximations.

Assuming that f € L2_,(Q) the classic analysis for uniform elliptic problems was extended
in [7] to obtain optimal order a priori error estimates for Raviart-Thomas approximations of
degenerate problems as (4.2).

The global approximation spaces, for vector and scalar variable respectively, associated with
a partition 7T, are

S ={r € H,-1(div,Q): T|x € RTo(K), VK € T}, (4.3)
and
Vi={v e L2(Q): v|x € Po(K) VK € Ty} (4.4)
If P, is the orthogonal Ly projection over Vj,, the approximate solution (o, uy) € Sy, X V,,
is defined by
1 .
/ﬂa oL T /Quhdw'r 0 V1 es, (4.5)
dive, = P, f

Although the original continuous problem is well posed for f € (H, ((Q2))* , the definition of
the Raviart-Thomas mixed finite element solution requires more regularity on f. Indeed, P,
cannot be defined for general (H, ((€2))* because V,, ¢ H, (). However, in many cases the
hypothesis f € L2_,(Q2) can be relaxed. Indeed, the Raviart-Thomas mixed approximation
is well defined whenever P, f makes sense, for example when f € L'(Q), which will be the
case in our numerical examples.
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Now, applying the analysis of [7] together with the results of the previous sections we obtain
the following error estimates.

Theorem 4.1. Assume that the right hand side f is such that P, f, and consequently the
mixed approximation, are well defined. Let {7} be a regular family of triangulations of
Q. If the solution of the continuous problem satisfies (o, u) € (H_,(Q), H3(Q?)), for some
1/2 < s<1,and a~! € Ay, then we have

||0' — 0'h||L371(Q) 5 hs|0'|HZ_1(Q) (46)

and

)+ [U

a—

H(Q) } (4.7)

Proof. We have to check that the arguments given for the error estimates in [7] can be applied
under our hypotheses.

Let 11,0 be the global Raviart-Thomas interpolation defined by II,o|x = Ilxo. Since
o € H_,(Q) with s > 1/2, it follows that I, is well defined. On the other hand,

/Qthv:/va Yo € Vi

and so, the key point in the proof of [7, Lemma 2.4, which is the commutativity property
divIl,o = P, f, holds in our case. Consequently we have

Ju = il a0 S B*{Jr

o — UhHLi_l(Q) <|lo - HhUHLj_l(Q) (4.8)

But, applying Theorem 3.1 for w(x) = a!(x) we obtain,

o —HhUHi?_I(Q) = Z o —HKU||i2_1(K) S Z hilo %1271(1()
‘ KeT, ‘ KeT,
S h2s\0'|%1271(9)
which combined with (4.8) gives (4.6).
Analogously we can apply [7, Lemma 2.6] to obtain
[ = unllz@) S llo = onllee_ @ + llu = Paullrz @
Then, (4.7) follows from (4.6) and applying Lemma 2.2. O

5. CURVED DOMAINS

To apply Raviart-Thomas methods in curved domains one possibility is to approximate the
boundary by using isoparametric elements as was done, for example, in [4, 5]. However, since
we are considering homogeneous Dirichlet conditions (i.e., natural conditions for the mixed
formulation), the results obtained in the previous sections can be extended to domains with
smooth boundary using curved triangles. For the sake of simplicity we restrict our analysis
to planar domains. We assume that, 02 can be divided into a finite number of arcs such
that each one has a parametric representation with a C'! function.

Allowing generalized triangles with one curved edge, our domain €2 can be covered exactly
by triangulations 7, such that all triangles without edges on 0f) are standard triangles, while
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those with an edge on 0f) are generalized triangles, i.e., they have two straight edges and
one curved one.
The Raviart-Thomas space can be defined exactly in the same way for a generalized triangle
K , namely,

RTo(K) = Po(K)? + 2Py(K),
and then, the global spaces and the mixed finite element approximation are defined as in
(4.3), (4.4) and (4.5) but using now 7.
Our present goal is to extend the definition of Ilx to elements in ’771 and to generalize the
error estimate given in Theorem 3.1 to this case.
Let us first introduce some notation: given K intersecting 02 we call ¢4, {5 and (5 the two
straight edges and the curved one respectively, and P; the corresponding opposite vertices.
Finally, let /3 be the segment P, P,, and K C K be the triangle having P; as its vertices,
and we call a; the interior angle of K at each vertex P;, 1 = 1,2,3. We also denote by n;,
1 =1,2,3, and n3 the exterior unit vector normals at ¢; and A respectively.
In the next lemma we construct a basis for RTO([N( ) that will allow us to define the Raviart-
Thomas interpolation and to extend the error estimates for generalized triangles. Actually
we will show that the basis functions have an expression similar to that given in (3.4). For
simplicity we explain in details the case K C K, other situations can be treated by similar
arguments.

Lemma 5.1. Define

(x — Py) (z — Q1) (z — @)
i\ L) = ————, r)= ——=—, and ’l/) r)= ——=—1,
where ()1 and ()5 are the points defined by
K\ K
|Q1—P1|:|f2|| VK]

K|
and the angle between P, — () and ng is 7/2 + ay, and

K\ K|
Q2 — | = |€1|W
and the angle between P, — Q3 and ng is /2 + ay (see Figure 1). Then,
g, - ms =1, /wgg-ni:() for i=1,2, (5.1)
3 ¢;
and
Py, -z =0, /wi-nj:@j for i=1,2 and j=1,2 (5.2)
I3 ¢

Proof. That fg Vg, -mi =0, for i = 1,2, follows immediately from the definition of ¢;,. Now,

observe that [ 7 diviy, = 1. and so, the first condition in (5.1) follows by the divergence
theorem.
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P

FiGURE 1. Curved triangle and data for the proof of Lemma 5.1

To prove (5.2) consider, for example, i = 1. Since @); belongs to the straight line containing
(5 it follows that f& Y, - o = 0. On the other hand applying the divergence theorem in

K\ K we have

. : |£] K\ K|
Yo, Mz = | Yy -n3+/ divipy, = —=(P1 — Q1) - n3 + ——= (5.3)
A t R\K " 2lK| K|
but,
|£i| (Pl — Ql) ‘N3 = |€i| |P1 — Q1| COS(7T/2 + Ozl>
2|K]| 2|K]|
- ~ (5.4)
_ Al KANK] o [K\ K]
= — (5] sinoy = ——
2|K| K| |K]|
where we have used that sina; = |€22‘|[‘2|. Then, (5.4) combined with (5.3) yields fig Wy, M3 =
0. Finally, that fél Yy, - my = 1 follows by the divergence theorem. O

An immediate consequence of this lemma is the existence of the Raviart-Thomas interpola-

tion on generalized triangles. Indeed, given 7 € HE, (K), for some s > 1/2 and w € Ay, we
define

Hf{”':i:</[7"ni>@/}zi+</gT"ﬁ3>@/’23

and, it follows easily from (5.1) and (5.2), that Iz satisfies the commutative diagram

property also in this case, i.e., if II, is the global projection associated with 7~?L then
divIlyT = Py(divT). Moreover, the error estimates can be proved in this case with the
same arguments used in Theorem 3.1. In fact we have

Theorem 5.2. Given s > 1/2, w € Ay, and K € Ty, for T € Hfu(f?) we have

|7 — T||L3U(1?) S bl H3, (K)
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Proof. The key ingredients in the proof of Theorem 3.1 are the three lemmas given in Section
2 and the bounds for the basis functions. All these results hold also for K.

First, the trace theorem recalled in Lemma 2.1 can be proved by a change of variables to a
reference triangle. Indeed, we can define an invertible transformation F': K — K where K
is a reference element of order one such that the mapping as well as its inverse are of class
Cl, | Jp| ~ h%{, where Jr is the Jacobian of F', and the first derivatives of F' and F~!
O(h) and O(h™') respectively (see [20, Theorem 1}).

On the other hand, Lemmas 2.2 and 2.3 hold for K , indeed we have only used in the proofs
the shape regularity of K but not that it was a simplex.

Finally the bounds for the basis functions used in the case of triangles follows also in this

case from Lemma 5.1 observing that, from the definition of @);, @ = 1,2 we obtain that
1P — Qil S hg. 0

Summing up we conclude that Theorem 4.1 also holds for curved domains.

6. NUMERICAL RESULTS

We finish the paper presenting some numerical approximations for a simple model problem
by the lowest order Raviart-Thomas elements in two dimensions.

We consider problem (4.2) with Q = {x € R?: |z| < 1} and a(z) = |x|*, which belongs to
Ay when a € (—2,2), and choose f such that the exact solution is u(z) = |z|® — 1 for some

8.

The following Lemma will allow us to determine conditions on s such that o € HZ_,(2).

Lemma 6.1. Let  C R” be a bounded convex domain and w(r) = |z|° with § > —n. For
0<s<l,ifs<Z+47y+$andd<2sthen, v; =zt € H(Q), for j=1,---,n

Proof. Observe first that, since 2 +d > —n we have that v; € L2(Q). Therefore, it only
rests to check that |v;|ms () is finite. We divide the proof in two cases.
Case £ < 0:
We decompose the domain of integration 2 x 2 as AU B with
A={(z,y) e A xQ: |z|/2 < |z —y|},and B:=(Qx02)\ A

Further we split the integral over A into two parts:
First, since £ <0, for |y| < |z|, we have |y;|y|*™" — z;|z|*7* < |y|*, and since |z| < 2|z —y|
in A, we obtain

1% Iy!5 ]l N ly[*
] e s [ it

An{lyl<|z[} An{ly[<|=}

SO iy a2
Q > Hyl<l=zl}

but, from the hypotheses we have 26 > —n + 2s — § > —n, and so

=1 _ o |pl6-1)2
[ MR g [ s <
Q

An{lyl<[=[}
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because 2 + 0 — 25 > —n.
On the other hand, for |z| < |y|, we use the fact that in A, |y| < |y — x| + |z| < 3|z — y|,
which implies

|2 = ylyl T s |z [$+°
‘iL‘ _ y‘n+2s |$| dydx ’S |£B _ y|n+25dydx

An{z|<|yl} Anflz|<[y[}

< / g2 / 2P da dy < / 26492 < 0o
Q {lz|<|yl} Q

because 2§ + § — 2s > —n.

Let us now consider the integral over B. In this case we have |z| — |y| < |z — y| < |z|/2 and
consequently |z| < 2|y|. On the other hand |y| < |z — y| + |z| < 3|z|/2. Thus, in B we have
2] = |yl.

Therefore, by the mean value theorem we obtain

gl = gLyl S el e — g

Hence,

Ix]\xF 1—yj!:t/|f P |z~ 5
/ U altyde S [ [ el dyas

§/|x‘2§2+5/ |£L’—y|7n72s+2dydl’
Q {le—yl<|=[/2}
5/ ’$‘2§+6_25d$<00

Q

because 2§ + 0 — 25 > —n.
Case £ > 0:
We decompose the domain of integration as in the case £ < 0. Now we have

[; lef Lyl ¢
] s [ e

An{ly|<|z} Aﬂ{|y|<|1‘\}

|z[*+° 26+6—2
dyd:ﬂﬁ/m “dr < 00
//|y z|>|z|/2} |x— |nt2s Q| |

because 2§ + 9 — 25 > —n.
On the other hand,

|f6g|51?|£ 1—yJIy\g 2o !yl2 5
/] eyt [ ey

An{|z|<|y[} Aﬁ{|$|<|y\}
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and using that in A we have |y| < 3|z — y|, we obtain

P ISt S PSS N
‘.T]|.CE| y]‘y’ | |$|5dydl‘ < |y|2§—n—25|x|§dl,dy
| _ |n+25 ~
T =y Q J{jal<lyl}

An{z|<|yl}

< / 22 dy < oo
[9]

where we have used that § > —n and that 26 +§ — 25 > —n.
Finally, the integral over B can be bounded exactly as in the case £ < 0. U

Next, we show the numerical results obtained, with quasi-uniform meshes, for two different
combinations of o and 3. Observe that o(z) = —fz|z|*"*~2 and f = —B(a + B)]z[*HF2.
Thus, f € L'Y(Q)) whenever o + 8 > 0, and so, the mixed finite element approximation is
well defined in that case.

For each case, we use Lemma 6.1, with £ = a+  — 1 and § = —a to determine the order of
smoothness of the vectorial solution o .

First, we choose a = 3/4 and 8 = 1/4, and second a = 3/2 and § = —1/8. Then we have
o = —1z|z|! for the first example and & = Lz|z|~%/® for the second one.

Since 0 < 0, the hypothesis § < 2s is trivial, and so, it follows from Lemma 6.1 that
o c H_,(Q) for s <5/8 in both examples.

Now we can find the theoretical order of convergence applying Theorem 5.2. In order to
do that we need to check that a~'(z) = |2]° € A, which is known to be equivalent to
—2 < 0 < 2(2s —1) (see for example [11]). Again, since in both examples —2 < § < 0, this
condition holds for any s > 1/2.

TABLE 1. Errors for the first example: o = 3/4 and g = 1/4.

h ||‘7—0'h||L§71(Q)
1.9¢-01 1.5834¢-01
9.5e-02 1.0507e-01
4.7e-02 6.9053e-02
2.3e-02 4.5130e-02

TABLE 2. Errors for the second example: @ = 3/2 and g = —1/8.

h HU—UhHLi_l(Q)
1.9¢-01 5.5075e-02
9.5e-02 3.6015e-02
4.7¢-02 2.3457e-02
2.3e-02 1.5247¢-02

In Tables 1-2 we report, for each example, the numerical errors. Figures 2 and 3 show the
graphics of log(h) vs log(||o — opl[L2_ (q)) for the two mentioned values of v and 3 and the

experimental order of convergence (eoc) with respect to h, obtained by least-squares fitting.
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FIGURE 2. eoc = 0.55 obtained for & = 3/4 and § = 1/4.
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FIGURE 3. coc = 0.59 obtained for o = 3/2 and § = —1/8.
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