FINITE ELEMENT APPROXIMATIONS IN A NON-LIPSCHITZ DOMAIN:
PART II

GABRIEL ACOSTA AND MARIA G. ARMENTANO

ABSTRACT. In [2] the finite element method was applied to a non-homogeneous Neumann prob-
lem on a cuspidal domain Q C R?, and quasi-optimal order error estimates in the energy norm
were obtained for certain graded meshes. In this paper, we study the error in the L? norm
obtaining similar results by using graded meshes of the type considered in [2]. Since many
classical results in the theory Sobolev spaces do not apply to the domain under consideration,
our estimates require a particular duality treatment working on appropriate weighted spaces.

On the other hand, since the discrete domain Q verifies Q C Qp, in [2] the source term of
the Poisson problem was taken equal to 0 outside 2 in the variational discrete formulation. In
this article we also consider the case in which this condition does not hold and obtain more
general estimates, which can be useful in different problems, for instance in the study of the
effect of numerical integration, or in eigenvalue approximations.

1. INTRODUCTION

The finite element method has been widely studied in several contexts involving different kinds
of differential equations, however, the domains under consideration are in general polygons or
smooth domains. In the recent paper [2], the piecewise linear finite element method was applied
to a non-homogeneous Poisson problem in a domain with an external cusp. Despite its simplicity,
this problem provides an interesting starting point for the finite element analysis of more general
equations in non-Lipschitz domains. This kind of problems have interesting applications in fluid
mechanics. For instance, the motion of rigid bodies immersed in a fluid can lead to the presence
of cusps as a result of collisions between bodies or between a body and the boundary [18, 22].

An interesting feature related with problems in this kind of domains is that even regular
solutions may require some type of mesh adaptivity. Indeed, as it was proved in [1], the solution
of the proposed problem belongs to H? and, despite of this fact, uniform meshes show a poor
convergence rate. The reason for this behavior is related with the fact that, in this context,
classical extension theorems do not apply [20, 23]. A solution for this drawback was also given
in [2] and (quasi) optimal convergence order error in the energy norm was recovered by using
appropriate mesh adaptivity. Let us notice that, for problems in polygonal domains with so-
lutions having corner like singularities, the use of graded meshes has been widely studied (see
[8, 11, 12, 15] and the references therein) and optimal or quasi-optimal convergence rates for
numerical approximations are usually obtained by using arguments based on weighted Sobolev
spaces.

In this paper we continue the analysis of the finite element method for the same problem
considered in [2], focusing on L? convergence results. These estimates require a particular
treatment, making it necessary to take into account the regularity of the extended functions
outside the non-Lipschitz domain under consideration. We introduce two different kinds of
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auxiliary problems: one in the original domain €2, and the other in the discrete domain €2;,. The
first one leads us to standard estimates of the error in €2, and the second one to estimates of the
error between a certain extension of the original solution and the discrete solution in €. The
latter case is more general than the former, however, it is also much more technical and relies
on certain extra assumptions. In both cases quasi-optimal order of convergence with respect to
the number of nodes is obtained by using appropriate graded meshes of the type considered in
[2]. We present some numerical examples supporting this analytical result, and in particular we
show that uniform meshes lead to poor L? convergence order (similar conclusions for the H'
norm were obtained in [2]) .

Let ©Q C R? be defined by:

Q={(z,y):0<x<1,0<y <z},
where o > 1. We denote the boundary of Q by I' =I'y UT'9 UT's, where
IM={0<2<1,y=0}, Teo={r=1,0<y<1} and I's={0<z <1,y =2}
(see Figure 1).

FiGURE 1. Cuspidal domain

Our model problem is: find u such that

—Au=f, inQ
gu:g, OI’IF3
v (1.1)
%:O onI'
8V Y 1
u=0, only

where v denotes the outside normal.

We will work along this paper with g = 0. This assumption partially simplifies the treatment
of the error and can be justified by recalling that H? regularity results for (1.1) rely on the
smoothness of g, and its fast decay to zero, i.e., g ~ 0 near the tip of the cusp [1].

Let V = {v € HY(Q) : v|r, = 0}. Then, the variational formulation of our model problem
(1.1) is given by: find u € V, such that

a(u,v) = Lv) YveV (1.2)

where a(u,v) = [, Vu- Vv and L(v) = [, fv. It is known that this problems has a unique
solution in H?(f2) and that there exists a constant C such that (see [1, 15, 19])

lull 2y < Cllflln2(0)- (1.3)
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The natural way to approximate the solution of (1.2) is to replace £ by a polygonal domain
Qp, and then use the standard finite element method. We will construct £2;, in such a way that
Q C Qp, and the nodes of I'j,, the boundary of 2, are on I

Let {7;,} be a family of triangulations of €, verifying the maximum angle condition. We can
associate to {73} the finite element space

Vi, ={ve H (Q) : v|r, =0and v|, € P; VT € Tp,}

where P; denotes the space of linear polynomials.
Then, the finite element approximation problem of (1.2) is: find uj, € V},, such that

ah(uh,vh) = Lh(uh) Yop, € Vp, (1.4)

where ap, (u,v) = th Vu-Vovand Ly (v) = th fv. Observe that the discrete problem corresponds
to a boundary problem on €.

Since the solution of problem (1.1) depends on the values of f in Q only, it seems natural to
assume that f vanishes outside Q, in which case we have Ly (v) = [, fv and so (1.4) agrees with
the discrete problem from [2]. In this paper we also consider the case in which this assumption
is dropped and obtain more general error estimates for finite element approximations. This
approach introduces an extra difficulty that was not addressed in [2], however, it provides more
information in different scenarios. Indeed, the contribution of terms like th\Q fvh, with f being
a certain approximation of f defined on 2, can be useful to evaluate the effect of numerical
integration (see, for example, [24]). Moreover, since 2 # Qy,, the standard theory for eigenvalue
approximations [9] does not apply straightforwardly. In fact, the study of convergence for this
problems leads to problems like (1.4) with f not necessarily equal to zero outside Q [17, 24].
On the other hand, the study of the error between a certain extension of the solution u and wy,
analyzed in Section 5, is also of interest in the context of eigenvalue approximations [17, 24].

Let us mention that, even when 2 is not regular enough, certain extension operators can be
constructed. More precisely, the solution of (1.2) can be extended to a function in a weighted
Sobolev space with the weight being a power of the distance to the cuspidal point (see [2, 20]).
In fact, there exists a function u” € H2(R?) such that u”|q = u, and

lu® 2 2y < Cllull 2, (1.5)

where the weighted Sobolev space H?2 is defined, for any domain D C R2, as follows:
H2(D) = {v T Do € LA(D) V4,]6] < 2} (1.6)

with 7 = /22 + 92, and

a=1 ¢
[z = D IIr" 7 Dol 72p)
6<2

This extension result will be useful to bound the approximation error in L?.

The rest of the paper is organized as follows. In Section 2 we present some results involving
the graded meshes that we will use in the remainder of the paper. In Section 3, we obtain
L? error estimates in  when f = 0 outside €. Section 4 is devoted to obtain H' and L?
error estimates when f is not necessarily equal to zero outside ) in the discrete variational
formulation. In Section 5 we introduce and analyze an auxiliary problem on €, which is the
main tool to obtain L? error estimates in €, between uy and a certain extension of u. Finally,
in Section 6, we explain how the graded meshes can be constructed and we present numerical
approximations in which the error behaves according to our analytical results.
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2. GRADED MESHES

We will assume that the family of meshes {7}, } satisfies the same properties as those considered
in [2]. More precisely, we take 1 < a < 3 and define v = (o — 1)/2. Let 7, be a triangulation
of Qy, where €}, is an approximate polygon of Q with all its vertices belonging to I'; and A > 0
be a parameter that goes to 0. If for each T' € 7 we denote by hr its diameter and by Or its
maximum angle, we assume that there exist positive constants o and 0y, < 7, independent of
h, such that

(1) 07 < Oy, VT € Ty, (the mazimum angle condition).
1

(2) hp ~oht=,if (0,0) € T.

(3) hy <o hinfra?, if (0,0) ¢ T

We denote by Fé’h, 1 < j < n, the edges on the boundary of Qh, by Pj_1 = (l’jfl,{l}]o-il) and
Pj = (zj, a:ja) their endpoints with zp = 0 and x, = 1, and by I'} the part on I's with the same
endpoints (see Figure 2). By le we denote the region bounded by Fg and Fé b

o
XX
i )

X-1%0) i

FIGURE 2

In addition to the assumptions (1), (2) and (3) we will need for our error analysis the following
hypothesis on the meshes:

(Ha) For 1 < j < n the region Q?l is strictly contained in only one triangle denoted by 7). We
denote the diameter of T} by h;.

Let us also notice that, for 2 < j < n,

z; < Cxjq

where C' can be taken independent of h. Indeed, from (Ha) we have z; — 2;_1 < C |F§ ,| for
some constant depending only on «. Then, x; — 2;_1 < Chj, and hence, from assumption (3)
we get

a;j S a:j_l <1 + C’ha:]:ll) .
Therefore, we have proved the following useful result
Lemma 2.1. For2 <j <n,
zj—1 <z; < Cxjq

with C depending only on o and o.
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Remark 2.1. We will show in Section 6 that meshes verifying conditions (1),(2),(3) and (Ha),
can indeed be constructed.

We will assume that our family of triangulations satisfies conditions (1), (2) and (3), and
hypothesis (Ha). The following result is obtained in the proof of Lemma 4.1 in [2], we reproduce
it here as a separate result for the sake of completeness.

Lemma 2.2. Let v = O‘T_l, with 1 < a < 3 and choose 0 < B and q¢ > 1 such that
Bq < min{2~v, 1}.

/ x 201 < Op?
Qp\Q

N
—2Bq _ / —20q (2.7)
T T . .
/Qh\Q ; Q)

Let us estimate each term in the right hand side of (2.7). Since
QO CcT={(x,y):0<x<a, Ogygac?_la:},

/ x—QﬁqS/x—Qﬂq'
ol T

1
Hence, using now that hy < o h1-7 and Bq < 1, we obtain
/ —20q < Ch 2(y+1-0q) < Ch27+ =5
T

/ 21 < Op?
T

Then

Proof.

we have

and, therefore,

because Bq < 2.
On the other hand, we have

Z/ﬂ, 200 < N = 200]|

Jj>1 j>1
but, by using the well known error formula for the trapezoidal rule, we obtain

J 3a2 3271
\Q|<C’h]J1 C’hle

where in the case when o > 2 we have used x; < Cx;_1. Therefore, since h; < oh 55]'71 we have

—2p —2Bq+2v—-1;3 2 —2Bq+4y—14,
DY NI DR SRS D S

j>1 j>1 j>1
1
S Ch2 / x—25q+4‘y—1
0

where we have used again that x; < Cz;_;. But the last integral is finite because 8¢ < 2vy. [0
We will also need bounds for the measure of the set € \ Q in terms of the parameter h.

Lemma 2.3. It holds
Q5 \ Q| < Ch%
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Proof. It follows by using similar arguments as those in the proof of Lemma 2.2, or as a Corollary,
taking into account that 1 < 2~2%¢ where 3 and ¢ are as in the previous Lemma. ]

In order to obtain L? error estimates in the polygonal domains €, we will need a careful
estimate for the inner angles of 2. This computation is carried out in the following Lemma.

Lemma 2.4. Let wy, be the mazximum inner angle of Qy,, then

) Ifa<2 wp<r+Cala—1)hi=a
i) If2<a<3, w,<7m+Cala—1)h,

where C' is independent of a and h.

Proof. Assume first j > 2 (the case j = 1 is treated below). If we denote by wy, ; the inner angle

between Fé p and Fg,:zl, we obviously have
o o « (0%
wp,j = T+ arctan <M> — arctan <W> (2.8)
Tjt1 = T Tj = Tj-1
But
x?—i-l _x;l — a7l l‘? _x?—l — a7t
Tj+1 — T - ’

for some ;11 € [zj,2j41] &; € [xj_1,2;], and using the fact that the function arctan(at®™1) is
increasing we get

wh <+ arctan(ax;?:ll) - arctan(oam?:ll).
By the mean value theorem and Lemma 2.1,

ala — 1)3:?‘72

arctan(aaf?:ll) — arctan(ax 2 (j41 —xj—1)
+ oty

IN

Cala — 1)x§‘_2(xj+1 —xj-1)
a—1

< Cho(a— 1)x?‘72:rjT

where in the last inequality we have used condition (3).
Now, if o > 2 the result follows immediately. For the case o < 2 we use that x; > x1 and
that, by condition (2), x1 ~ hia = hﬁ, SO
2(a—2) a=1
arctan(aa:?_[ll) - arctan(a:n?fll) < Cafa—1)h 3= Tt = Cafa— 1)h3-=
obtaining the desired result.
Let us focus now on the case j = 1. In this case (2.8) takes the form

xOé _ o _
wp1 = T + arctan (=2 L) —arctan(z9™!) = 7 + arctan(az$ ') — arctan(z )

o — X1

with 75 € [.%'1,.%2], but
-1 _ L1 )O‘_l _ a1
fLoTe <a1/<a—1> “n
S0
T <z <Oy (2.9)

with C' depending only on . Then

wp1 < 7+ arctan(azy ') — arctan(azd )

and the result follows now as in the case j > 2 using (2.9).
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In Theorem 2.4 from [5, page 63] T. Apel obtained interpolation error estimates for functions in
weighted Sobolev spaces on tetrahedral elements under the maximum angle condition. However,
we were unable to find analogous results for the two dimensional case. The reason for this seems
to be that corner singularities, which lead to the kind of spaces considered in this work, do not
require anisotropic elements in the case of polygonal domains (see, for instance, [15]). In our
case, the external cusp enforces the occurrence of flat elements and, hence, we need to obtain the
required error estimates for functions in H2 in dimension 2 under the maximal angle condition.
In order to do that, we prove the following Poincaré type inequality for functions with zero
average on a side of a triangle.

Lemma 2.5. Let T' be the following “reference” triangle, T = {(z,y) e R2:0 <z <1,0<y <
x}, and w such that HwHB(T) + |]wasHL2(T) < oo for some 0 < s < 1. If [,w =0 where{ is a

side of T, then, there exists a positive constant C, depending only on s and T, such that
||w||L2(T) < CHVWJ?SHL?(T)-
Proof. We observe that for any 0 < s < 1, there exists p > 1 such that
[oll ey < Clloall gz (2.10)

[ er= [ popara,
T T

applying Holder’s inequality with exponent % and its dual exponent ﬁ we obtain (2.10) for any

Indeed, since

p such that p < S% On the other hand, it is easy to see by standard compactness arguments

(see Lemma 2.2 in [3] for the case p = 2) that functions with zero average on one side of T verify
]z < CIVWI ) (2.11)
with C' depending only on p and T. Therefore,
HwHL‘Z(T) < CHwHWl,p(T) < CvaHLP(T) < C"was‘|L2(T)~

Indeed, the first inequality follows by the classical embedding theorem, while the second and
third inequalities are consequences of (2.11) and (2.10) with v = Vw. O

Theorem 2.1. Let T be a triangle with a mazimum interior angle 07, and let v,, be the vertex
corresponding to the minimum interior angle of T. We denote by dy, (z,y) the distance from
(,y) € T to vim. Let v be such that [|v|r2(r) + [[Vvll 2y + 22 522 ||D5Udf,m”L2(T) < oo for
some 0 < s < 1. Then, there exists a positive constant C, depending only on 07, such that

IV (v = T0) |2y < Chy* > (ID%vds, |l 2my, (2.12)
16]=2
lv =Tl pagry < Ch3~* Y 1D%vds, |l2ry- (2.13)
|6]=2

where [lv € Vj, denotes the piecewise linear Lagrange interpolation of v.

Proof. 1t is clear that it is enough to show (2.12) and (2.13) for a triangle obtained from 7" after a
rigid movement. Hence, we can assume that 7" is a triangle with v,,, = (0,0) and with remaining
vertices of the form vo = (h1,0) v = (z1,h2) with hy,he > 0 and hy > /a3 + h3 > ho.
Therefore, the angle 0y at vo = (hq,0) verifies 2 < 7/2 and, since it is not the minimum angle

of T, 65 > “_ZGT, ie,

7T—9T
2

<6y <m/2. (2.14)
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Let us introduce a further linear transformation L given by the matrix

1 T1—h
_ h
A ( o > |

It is clear that L transforms the right triangle T with vertices (0,0), (h1,0), (h1, h2) into T
From (2.14), it is easy to see that % < C for some C' = C(fr) and, as a consequence,
|Al| < C and ||A7!|| < C. Since in both triangles T and Tk the minimum angle is placed at the
origin, the inequalities ||(z,y)| < [|[AY||1L(z,v)|| < [JA||A~Y||(z, )| imply the equivalence
between the distance dy,, (x,y) and the norm of L(z,y). Therefore, changing variables, we have
that it is enough to prove (2.12) and (2.13) for T with h; > hy. On the other hand, in Tg it is
clear that dy,, = ||(z,y)|| ~ « and so in order to show that (2.12) holds it is enough to prove

19
IV (v = T0) | 27y < Chz,” D 1D 0® || L2y (2.15)
|6]=2
We prove the previous inequality for B(U(;xnv); the other derivative can be treated in the same
way. Taking w = W we have that fe w = 0, ¢1 being the side joining the vertices (0,0)

and (h1,0). Changing variables to the reference element defined in Lemma 2.5 we get, taking
L(&,9) = (&hy, Jhs), that the function @ = w o L has zero average on the side of 7" joining the
vertices (0,0) and (1,0). Then, by Lemma 2.5 applied to w we get

ll3agry = Mballo]2, 5 < hihaCl[ Va2, 0

and changing variables back to the original TR
ow [ z\° ow [z \°
lwllz2(rgy < € (th8$ (h1> L2 +h2H8fy <h1> HL2(T)>

lwll 27y < Ch,*IVwa? || 2y

since hi > ho,

and (2.15) follows. As it is usual when con81der1ng anisotropic elements, inequality (2.13) is
easier to prove than (2.12), since its left hand side does not involve derivatives. The estimate
for T
N N §an
10 =116 o7y < C D 1D°08°|| 1oy (2.16)
|5]=2

follows by using embedding results and standard Lagrange interpolation error estimates in L?
together with (2.10). In fact,

19 = T18]| 2y < OO = 0Ly < C D 1D oy < D 1D°03 2y
16]=2 16]=2

Now, (2.13) follows on Tx from (2.16) by using the change of variables L(&,§) = (&h1, §ho) and
taking into account that IIo = IIv o L. 0

We define a fixed (i.e., independent of h) domain Ty7, which contains our discrete domain €y,
in the following way:

Ty ={(z,y) eR*:0<z<1,0<y <z} (2.17)

Although Ty agrees with T, we use a different notation for both triangles for the sake of clarity,
since T" plays the standard role of the reference element in interpolation error estimates, and 71y
is the domain where the extension u” of u will be studied.
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Lemma 2.6. If 1 < a < 3, there exists a constant C, which depends only on «, such that
E E
[u™ lwer () < Cllu” [ g2 1)

foralll§p<ai+l.

Proof. The proof follows by using (2.10), with s = QT_I < 1, for u” and its derivatives. ]
Remark 2.2. Conditions (1), (2) and (Ha), together with the fact that o > 1, imply that there
exists only one triangle T in the mesh such that (0,0) € T. Moreover, its vertices are necessarily
of the form (0,0), (0,h1), and (x1,2$). Furthermore, if hy — 0, the angle 0y placed at (0,0)
tends to zero since % = x‘f‘_l < h%_l — 0 and, hence, condition (1) implies that for hp small
enough 0y s in fact the minimum interior angle.

Now we can prove the following “global” version of the interpolation error estimates,

Theorem 2.2. There exists a constant C depending only on O0ar, o and o such that
IV(u? = Tu®) || 2(0,) < Chlu"|g2(q,), (2.18)
and
Ju? = TP || 120,y < CR*|u”|g2(ay), (2.19)
where TIu® € Vj, denotes the piecewise linear Lagrange interpolation of u” and \uE]Hg(Qh) de-
notes the usual semi-norm on H2,

Proof. We will only sketch the proof because it is standard (see [15]). For (2.18) we write
IV (u? =) | F2 0, = IV@E =T Fary + Y VWP =T®)| 72y
TET, T#T

We observe that, in view of Remark 2.2, the triangle T} defined in (Ha) is the unique triangle
which contains (0,0). The first term can be bounded using condition (1), Theorem 2.1 with
s = O‘T_l < 1 (recall that o < 3), and noticing that Lemma 2.6 gives the necessary regularity
for u¥ (use embedding results on Ty7). Finally, condition (2) allows us to replace hp, by h.
The second term can be handled using error estimates for Lagrange interpolation for classical
unweighted Sobolev spaces under the maximal angle condition (see, for example, [6]) together

with condition (3). Indeed, since (0,0) is not in 7', we have
IV (u® = TP || 2y < Chp|u®|g2(ry < ChigfxqulH?(T) < Chlu® |2 (7).
The estimate (2.19) is handled in the same way. O
We finish this Section recalling the following estimate that will be useful later on.

Lemma 2.7. If 1 < a < 3, then there exists a constant C, which depends only on «, 0y and o,

such that
IVu®[l 2 (,0) < Chy/log(1/h)||u] g2(q)-
Proof. See Lemma 4.1 in [2]. O

3. L? ERROR ESTIMATES IN ) WHEN f = 0 OUTSIDE )

In this section we obtain error estimates in L?(Q2) of quasi-optimal order (i.e., optimal up to a
logarithmic factor) with respect to the number of nodes using appropriate graded meshes, when
f vanishes outside §2.

The following error estimate in H'(2) for the finite element approximation of the Poisson
problem (1.2) with f = 0 outside 2 was obtained in [2]
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Theorem 3.1. Let u be the solution of (1.2) and up, € Vj, be the solution of (1.4). Assume that
1 < a <3 and that f € L?(Q) is extended by zero outside €.

If the family of meshes satisfies (1), (2), (3) and (Ha), then there exists a constant C' depend-
ing only on «, Oy and o such that

[ — upl 1) < 1u” —unll g,y < Chy/log(1/h) || 12

Our next goal is to obtain error estimates in L? norm. In order to use the Aubin-Nitsche-
duality arguments we introduce the following auxiliary problem: Let ® € H!(£2) be the solution

of
—A®P =u—wup, in

0P
— =0, onITUT}; (3.20)
ov

=0, only
where v denotes the outside normal. Applying the a priori estimate (1.3) to ®, we have that
® € H%(Q) and there exists a constant C' such that

1@l 20) < Cllu—unllr2@) (3.21)

Moreover, solutions of (3.20) can be extended to R2. Indeed, the analogous of (1.5) applied to
® shows that there exists a function ®* € H2(R?) such that ®¥|q = ®, and

197 g2 g2y < Cl®| 12 (- (3.22)
On the other hand, applying Lemma 2.6 to ®¥, we get
127 lw2n(ry) < CINOP a2 (1) (3.23)
for 1 <p< a+1

Theorem 3.2. Let u be the solution of (1.2) and wy, be the solution of (1.4). Assume that
1 < a <3 and that f € L*(Q) is extended by zero outside Q. Then,

lu = unll 20y < Ch®log(1/h)||f]|2(q)
Proof. Let e = u — up and ® be the solutlon of (3.20) we have that

/e—/ A(IDe—/Vq)Ve—/Vq) H<I>Ve+/VH<I> (3.24)

From (1.2) and (1.4) we get

/ VeVv = / VupVu Yv €V,
Q Q,\Q

Hence,
/ e = / V(® —II®)Ve +/ Vu, V(IOF) (3.25)
Q Q Qp\0
From Theorem 2.2 applied to ®¥ and (3.22) we have that
IV(® — )| 12(0) < V(@7 = 17| 12,y < CRI®T |12 (02, < ChII®| 2 (- (3.26)

Then, the first term of (3.25) can be bounded by means of Theorem 3.1 and (3.21). Indeed,
/QV(‘1> —11®)Ve < Ch? log(1/h)|| fll 120y llell 2o
For the second term in (3.25) we have that

/ Vu, V(I10F) = / V(up, — uP)V(I10F) 4 / VuP v (IeF). (3.27)
Q}L\Q Qh\Q Qh\Q
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The first term can be bounded using Theorem 3.1 by

/Qh\ﬂ V(up—u®)VIIF) < Chy/log(L/M)|f|l 120y {IVAIDF = 25) | 20\ 0) + I VEZ [ 120,000}
while the second term can be bounded using Lemma 2.7 and (1.3) by

AR G B AV D T PP

Ch/log(1/ M) fll 12 {IIV (11 — @) || 20,\0) + IVEP [l 120,000}
Therefore, from (3.27) we get

/Q " VupV(I2F) < Chy/log(1/h)[| fll 2 () {1 V(IEF — )| 12(0,\0) + V2| 12(0,00)}
h

IN

and using (3.26), Lemma 2.7 applied to ®¥, and (3.21), we obtain
/Q V) < OR10g(1/1) o el
h

and the theorem follows. O

Remark 3.1. Whether or not the logarithmic factor logh in Theorem 3.1 and Theorem 3.2 can
be removed is an open problem, and it is not easy to obtain information about either possibility
from numerical experiments.

4. ERROR ESTIMATES IN THE CASE IN WHICH f % 0 OUTSIDE {2

In this section we will obtain error estimates in H! norm and L? norm when f does not
necessarily vanish outside €2. This kind of estimates can be useful in several situations. For
example, even for simple sources like f = 1 in 2, the term fﬂh XU in (1.4) is usually replaced

by th 1v (i.e. as if f were defined as 1 over ) in numerical computations when any standard

quadrature rule is applied. In general, the contribution of the terms like th\Q fvh, f being
a certain approximation of f defined on €2;,, may be useful in order to evaluate the effect of
numerical integration. On the other hand, in eigenvalue approximations the usual approach (see
[9]) is based on the convergence of appropriate operators T}, to the limit operator 7', T' being the
inverse of the Laplacian. Since €0 # (), the operators T}, are mesh dependent and the analysis
leads to the study of problems like (1.4) with f not necessarily equal to zero outside Q [17].

In order to analyze the contribution of the consistency term arising from the integral th\Q fon
in equation (1.4) we will need, in addition to assumptions (1),(2),(3) and (Ha), the following
hypothesis about the mesh:

Hb) For each triangle I'; with vertices Pj_1, Pj, R;, and for h; small enough, the triangle I
J AR j j
Pj_ 1+R B +R

with vertices , R; (see Figure 3) does not intersect Q{L

Remark 4.1. It can easily be deduced that (Hb) holds for meshes with only regular elements,
and for domains with smooth boundaries. Meshes for the domains under consideration in this
paper involve necessarily anisotropic elements (consider, for instance, any element with a vertex
at (0,0)) and this kind of elements may fail to verify condition (Hb). In fact, an easy example is
given by taking o = 5 and the triangle T defined by the vertices (0,0), (h,0), (h, h®). In Section
6 we will show that meshes verifying conditions (1),(2),(3),(Ha) and (Hb) can be constructed
(we recall that 1 < a < 3).
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FIGURE 3

In what follows we will assume that the family of triangulations under consideration verifies
(1),(2),(3), (Ha) and (HD).

Our first goal is to obtain the H! error estimates for the solutions of (1.2) and (1.4). In order
to do that we will use the following result (let us recall that €2 is not uniformly Lipschitz in h):

Lemma 4.1. For any vy, € V}, there exists a constant C' such that
lvallr@n) < Cllvnllar )
2(a+1)
for 1<p< ==

Proof. Since Q C Qp and vy € Vj,, we see that vylg € H'(Q) and then, using the imbedding
result for cusps given in Theorem 5.35 of [4] (with v = a — 1), we get

lvnllr @) < Cllvnll g o)

for1 <p< 2t)  We now need to show that vy, can also be bounded on €\ Q. More precisely,

a—1
since vy, is a piecewise linear function, we claim that

[onllzr (@) < Cllvallee) (4.28)

from which we can easily obtain the desired result. Inequalities like (4.28) for Lipschitz domains
have been obtained in different works (see, for example, [16]).

Let us introduce the notation M7 = T\ Q) (i.e. M7 stands for Q N 7Tj). All we need is to
show that the local estimates

lvnllzecryy < Cllvllzecarsy (4.29)

hold with C' depending only on a. From (Hb) we have that 7; N Q‘,ﬁ = 0,50 T; € MV C

Tj. On the other hand, calling 7 and T1 the triangles of vertices {(0,0),(1,0),(0,1)} and
2

{(0,0),(%,0)7 (O,%)} respectively, we have that there exists an affine mapping F' such that

F(T) = T; and F(T1) = T;. Now, since the space of linear functions has finite dimension,
2

we have
12l oy < CllOl Lo,
2
for any linear function ¢ (the constant C' depends only on T and T ). Changing variables we
2
get
[onllLe(ry) < Cllonll oz,

from which (4.29) follows, since T; C M. O
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Remark 4.2. Note that, since functions in Vi, vanish at I'a, the previous Lemma implies,
together with Poincaré inequality, that

lvrllze @) < Clvnlman) (4.30)
for1<p< HetD,

Theorem 4.1 below is a generalization of Theorem 3.1 and essentially says that the contri-
bution to the error of the consistency type term due to fact that f # 0 outside  is at most

_2
Cha+1 | fll 2\

Theorem 4.1. Let u be the solution of (1.2) and uy, be the solution of (1.4). If we assume that
a < 3 and f € L*(R?), then there exists a positive constant C, depending only on «, 0y, and
o, such that

_2
lu = unll ey < 1" = uplla,) < Chy/log 1/R||fllz2) + Ch || fll 120,00

Proof. Since Q C §j, by Poincaré inequality and (1.3) we observe that it is enough to prove
that

_2
¥ = unlmiq,) < Chy/log 1/h|jul| g2y + Cha4 || fll 2 @0)- (4.31)

Now,

| — unltp o) = / V(" —up) - V(W =T + [ V(" —up) - V" —up), (4.32)
Qh Qh

but we know from (1.5) and (2.18) that
[ — T | q,) < Chl|u”||m2(,) < Chllulg2()-

Thus, for the first term in (4.32), by Young’s inequality, we have

/Q V(ul —up) -V —u?) < elu? - uh’%{l(nh) + CEhQHuH%{Q(Q) (4.33)
h

with € to be chosen below.
For the second term of (4.32) we proceed as follows. Let us introduce the notation wy :=
Hu” — uy,. From (1.2) and (1.4) we have

V(uE —up) - Vw, = Vol Vuw, — Vuy, - Vwy,
Qn Q Qn

= / Vu® - Vuwy, —/ fwp. (4.34)
Qr\Q2 Qr\Q

From Lemma 2.7 using Young’s inequality again we obtain

/ V’LLE . th
Qr\Q2

while for the second term in (4.34), if we take % + % =1as

< Ceh®log(1/h)||ullfz oy + elwnlt(q,): (4.35)

a—|—1<2 _2a+1
a+3 P=="7

q=2

we can write
1

L= (L) (L) = (L) (L)
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Applying again Holder’s inequality and Lemma 4.1 to the limit case p = 23—1‘% (wp, € Vy, see

also (4.30)), we get
/ fwn
Q,\Q

and by Young’s inequality, Lemma 2.3, and replacing ¢ =

/ fwp
Q\Q

This inequality together with (4.34) and (4.35) gives

2—q
< I\ Q2 (| fll 2\ [wnl 51 ()

2a+3 we obtain

4
< Cehat T || 132000 + Elwnl?iq,)-

V(ul —up) - Vuy,
Qp,

By (2.18)

< Ch2og(1/)l[ullZz( + C-h [ 12, + 2e1wnlin g, - (4:36)

|wh|i11(9h) < 2(\HUE - UE‘?—Il(Qh) + ’UE - Uh@p(gh)) < Ch2||u||§{2(g) + 2|UE - Uh’%]l(gh)(4-37)

and replacing (4.37) in (4.36) we get (C. may change from line to line)

V(ul —up) - Vuy,

_4
i < Cehlog(1/h)|[ullfpe(q) + C-hm T f |2,
h

Finally, taking e small enough, by (4.32), (4.33) and (4.38) we obtain (4.31), and the theorem
follows. O

Our next goal is to obtain error estimates in L*(2).

Theorem 4.2. Let u be the solution of (1.2) and uy be the solution of (1.4). Assume o < 3,
and f € L*(R?). Then,

[ — upl| 20y < Ch*log(1/h)|| fllr2() + ChIfllr2(0u\0)-
Proof. Let e = u — up, and ® be the solution of (3.20). Then,

/e—/ Ai)e_/V@'Ve—/VCI) H<I>Ve+/VH<I>

From (1.2) and (1.4) we get

/Ver :/ VupVu —/ fv Yv eV,
Q Qp\Q Qp\Q

hence,
2 _ _ E\ E
/Qe —/QV(CIJ H<I>)Ve+/Qh\Q Vu,V(IId~) /Qh\Q f(IIo™). (4.39)

The first term of (4.39) can be bounded by means of Theorem 4.1, (3.26) and the a priori
estimates (3.21). Indeed,

2
| 9@ —118)ve < ch {noglT/R 2w + bz } el
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For the second term in (4.39), using Lemma 2.7 and Theorem 4.1 we know that

/ Vu, V(IdE) = V(up — u?)VIIOE) + Vul v (11e%)
Qp\Q Qp\Q Qp\Q

< Ch/log(L/N)[|fll 2@ LIV (I12F — @) L2(,00) + VEZ |2 0,000}
Then, using (3.26), Lemma 2.7 applied to ®¥, and (3.21), we get

/Q o Vv 1) < Onlog(1/m) 1 el
h

Therefore, we only have to estimate the third term in (4.39):

/ f(IeF) = / fIIOF — oF) + / for. (4.40)
Qn\Q Qp\Q Q,\Q

Now, the L? interpolation error estimate given in Theorem 2.2 says that
ITI®" — 7|12, < CR?|®7 || 112(a))
and then, using (3.21) and (3.22) we get
| 70ef - @8) < Crlelaqa 2o
Qu\Q

Now, for the second term in (4.40) we use (3.23) and the fact that for p > 1 functions in
W2P(Ty;) are bounded, together with (3.21), (3.22) and Lemma 2.3, to obtain

1
/ FOE < O o |2\ QU f 2y
Q\Q

IN

Ch)|®" || 2z 1 L2200y < CRIFllr2@ma) el 2@

and the theorem follows. O

5. L? ERROR ESTIMATES BETWEEN u” AND uj, IN O,

In this section we obtain L? error estimates between the extended function v¥ and the numer-
ical solution uy, in the polygonal domain 2. The results given below allow us, in particular, to
obtain a precise computation of terms like ||up|| £2(Q,\) Which, for example, provides an optimal
bound for the error between |u([z2(q) and |lupl|r2(q,). On the other hand, estimates for the
error between u” and wy, are useful in the analysis of the error of eigenvalue problems [17].

The approach follows the lines of the previous sections, however, several extra complications
arise since the dual problem is posed over the polygonal domain 2. The main result of this
section is Theorem 5.1, which is more general than Theorem 4.2. However, we want to remark
that Theorem 5.1 relies on the Assumption 1 below, which is not necessary for the estimates in
L?(f2) obtained in the previous sections.

We recall that error estimates between the extended function v and the numerical solution
up, in the H'(Q,) norm have been obtained in Theorem 4.1.

We want to use duality arguments similar to those in the previous section. For this reason
we introduce the following auxiliary problem closely related to (3.20):

For any h let ®, € H'(},) be the solution of

—A®, =uf —uy, inQy
0Py,

=h—0, onTyUTl;s, (5.41)
ov '

‘I)hZO, OHFQ
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where v denotes the outside normal.
A priori estimates for (5.41) in fractional and weighted Sobolev spaces are well-known. Calling
wp, the maximum inner angle of €2, and taking

a—1
{rh =1—Ca(a—1)h3-, for a<?2 7 (5.42)

r,=1—Ca(a—1)h, for a>2
for a suitable C' we can assume, from Lemma 2.4, that r, < 7/wp and, hence, we have that

), € HYF(Qy,) [15] (with 7, = 1 if ©, is convex), and that [15, page 388] ®; belongs to the
weighted Sobolev space H?7(€),) defined by:

HQa’Yh(Qh) = {1} DBy e LQ(Qh) V3,8l < 2} )
where

F = mi ; 4
7 1I§nj1£nr] (5.43)

with r; = \/(x — ;)% + (y — 2%)? and

{Pyh:Cahgo{, for a<2. (5.44)
Y = Cqh for a>2
The following a-priori estimates also holds:
1Pnll gri+mn ) < Cnlle® = unll L2, (5.45)
1Pnll gr2om 0,y < Chllu® = unllr2q,)- (5.46)

For (5.45) we refer the reader to [15], while (5.46) can be found in [7, 10].

The constants Cj, in (5.45) and (5.46) may change with the number of vertices of the polygonal
domain €2, (and hence with h). On the other hand, as mentioned in [16], the classical proof for
(5.45) provides a very poor control of the constant Cj, (see Remark 4.3.2.6 in [15]). However, in
[16] it is also mentioned that for Lipschitz domains  with piecewise C? boundary the uniform
boundedness of C, with respect to h is a plausible hypothesis for reasonable triangulations, since
the constants C}, could be bounded [16, page 141] via a boundary integral formulation. As far
as we know, there is not an explicit proof of this fact in the literature, even for regular domains
Q.

Although our domain (2 is not Lipschitz, it has a C? piecewise boundary and, in view of (1.3),
the a-priori estimate for (2, we consider also plausible the following assumption:

Assumption 1. Our family of triangulations {7} is such that the constants Cy, in (5.45)
and in (5.46) are uniformly bounded with respect to h. For this reason we will drop the subindex
h in Cy, in further references to (5.45) and (5.46).

In order to obtain L? error estimates using the auxiliary problem (5.41), we will need some
embedding results in €, for the solution ®;. Since €, is not uniformly Lipschitz in A (in fact,
Qn — Q, and Q is not a Lipschitz domain), the classical embedding theorems for Lipschitz
domains do not apply, neither do the general results for cusps given in [20] since @} belongs to
a weighted Sobolev space. As a consequence, we will extend @, to some fixed Lipschitz domain
in a certain weighted Sobolev space (we recall that the extension results given in [20] do not
apply in our case), and then we will get proper embedding results. Therefore, we will follow the
approach given in Lemma 3.1 of [2].

We first extend @, from €2, to the following domain D, (see Figure 4),

Dy, = {(=,y) eRQi—SlU<y<gh(ac),0<:4c<1}
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where gy, : [0,1] — I's, is a parametrization of I's j, := Ung 5, and we show that the extension

FIGURE 4. Left: Domain Dj. Right: Triangle Ty;.

belongs to the space
a1, A()
D 00 {1 Dy € 0 3,01
where A(h) = 63, 7 = /22 + 32 and
p= min {r;,d;}, (5.47)

1<j<n

with r; = \/(a: — ;)2 4 (y — 2$)? and dj = \/(z — )2 + (y + ;)%
In the next lemma we find equivalent expressions for the distances involved in the weights.
Lemma 5.1. Let us denote by dr,(x,n) the distance from (xz,n) € Q to I's. Then,
dry(z,n) < z% —n < Cdry(x,n), (5.48)

with C' depending only on a.

What is more, a similar discrete version of this property holds. Indeed, for any sequence
0=xz9 <z <-- <any=1,if wedefine Uy ={(z,n) 1 zj1 <x<z;,0<n<2}, 1<j<N,
then for any (x,n) € Q; there exists a constant C' depending only on o such that

pla,n) < min {ri(z,n)} < Cp(z,n) (5.49)
where r;(x,n) stands for the distance from (x,n) to (z;,z%), and p(x,n) = minyj<;<y {ri(x,n)}.
Proof. Tt is clear that dr,(xz,n) < ®—n. On the other hand, denoting by P, € I's, P, = (24, z%)
the point for which dr,(x,n) = ||Px — (z,7n)|/, and by L the line joining the point P, with
(x,x*) € I's, we get that dr, the distance from (z,7n) to L, verifies dr(z,n) < dp,(z,n) (since
P. € LNT3).

Let us consider the point Q. € L such that dr(z,n) = ||Q« — (z,n)||, and the triangle given
by the points Q., (z,n) and (x,z*). This triangle has a right angle at @), and the angle 6 placed

at (z,z%) is clearly bounded by below by some fixed 6y > 0 depending only on . Now (5.48)
follows because of the following inequalities

drs(z,n) = dp(z,n) = [(Q« = (2, n)| = [[(z, 2%) — (x, )| sin(0)
> [|(,2%) — (z,7)]| sin(6) = sin(6) (* — 7).
Let us now consider (5.49). A direct calculation shows that the function h : (0,1) — R,
h(t) = (t—x)?+ (t* —n)?, decreases before its global minimum and increases after that. Indeed,
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if 2, verifies h/(x,) = 0, with &'(t) = 2(t —z) +2a(t* —n)t* ! hence x, € [n*/*, ] since obviously
W (t) < 0 for t < n'/* and B’ > 0 for t > x. On the other hand, A”(t) > 0 for n'/* <t < z,
which shows the existence of an unique z, € ['/®, z] global minimum of h.

For (z,n) € ; and P, = (x4, 2$), the point for which dr,(z,n) = || P« — (x,n)| = \/h(zy), we
consider the index [ such that P, € Q. If | = j, then min; _1<;<;j{ri(z,n)} = mini<;<n{ri(x,n)}
(since h is increasing for t > x,, and decreasing if t < x,). If [ # j then, without loss of generality
we may assume [ < j, and we write

p(x,n) = iiSnN{n(ﬂz nt=

i ; < =z%—n<
2z r{lglglg{n(wm)}_ h(z) = 2% —n < Cdry(z,n),

l—

where we have used that x > x;, the point (z,z%) € I's, h is increasing in the range [z, z], and
(5.48). Now, (5.49) follows from the fact that dr,(z,n) < min;_1<;<;j{ri(z,n)}. O

Remark 5.1. It is easy to see that for (z,m) € Qp C Dy, p = 7 where 7 and p are defined in
(5.43) and (5.47) respectively.

We are now ready to extend ®; to Dj,.

Lemma 5.2. Given v € H*(Qy,) such that % =0 on I'y, there exists a function v €

Hiiﬂ;l(h)<ph) such that |q, =v and

Hf}HHQQZ(h)@h) = CHUHHQ’%(Q)’

where A(h) = 67y, and, in particular, A(h) — 0 when h — 0.

Proof. The proof follows the ideas given in Lemma 3.1 of [2]. We extend v by reflection in the
following way.

For any (z,y) € Dj with y < 0, let us define n = —z* 'y. Observe that the function
(z,y) — (x,m) maps Ty, onto  C Q (see Figure 4), and therefore, calling Ty, := Dy, \ ), =
{0<z<1,—x<y<O0},

we can define

a—1

o(z,y) =v(z,y), for (2,y) €
6('%'73/) :’U({E77]), for (.’I},y) ejﬁ’L
We notice that for (x,y) € Tp, we have r = y/22 + y? ~ x and, therefore, we can replace the

weight ro—1+AM) by pa=1+A(R) ip our estimates.
Now, it is clear that
/T 0% (, )z~ AW 20 (2 y)dedy < A+ B (5.50)
with )
A= / 3% (2, y) 2z AW (2 — 210)? + (y + 21)?] " dady (5.51)
and "

N
B=)_ B, (5.52)

=2
By= [ @y)e™ A0 min (@00 + -+ )] Vdady
Ty, i=j—1,j
where Ty ; = {z;1 <z < zj, —v < y < 0} (notice that we have used the fact that p < d; =
V(@ =22+ (y + z;)?, for any j).
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Changing variables, and taking into account that o < 3, we get for j > 1

Bj = / 02 (z, n)a ) -,mirll . {(:E —x)% 4 (- 0771 + l‘i)2}7h dxdn
Q; 1=7—1, T

< C/ V¥ (a0 min {(z - 2;)? + (=g + 220} dedy
Qj 1=)—1,7

where Q; = {z;_1 <z <z;, 0<n <2z} Similarly,

A<C [ v*(x,n)zAP)—tn {(z —z1)*+ (—n+ xlxa_l)z}% dxdn.
Q1

Since

(=n+ a2 1) < Cl(n — a§)? + (af — 212,
using the mean value theorem, Lemma 2.1, the fact that x,2; < 1, and 1 < «a, we obtain for
j>1

(z§ — zjr*1)? < Cm?wQ(O‘_m (z — ;)% < C max{z** 2 1}(z — zj)? < a7 (x — x;)?

and, hence,

B, < C/ V¥ (a7 min {ri(a,n)*} " dedy
Qj 1=7—1,7

where 7;(z,n) = \/(z — z;)? + (n — )2. Using that A(h) = 6, and Lemma 5.1 we get
B; < C/ v?(z,n)p* " dadn. (5.53)
Q;

Similarly, for j = 1 we have that
(28 — 212°71)? < Cmax{2z*“™? 1} (z — 21)? < C2 (2 — 21)?
As a consequence,
A<C A 112(:5',17)1"4(’1)_6% {7‘1(1‘,77)2}% dxdn
1
let us notice that, for (z,n) € Qy, it is clear that ri(x,n) = p(z,n), then

A<C | 0Pz, n)p(x,n)* " dudn.
951

From the previous inequality, (5.50) and (5.53), we have

/T 5% (w0, y)a® A 200 (3 y)dady < /Q v*(z,n)p(x,n)* " dzdn.
L

Bounds for the first and second derivatives of ¥ follow similarly using the same ideas given
in Lemma 3.1 of [2] and the estimates given above. Therefore, we have proved that v €

HZ’;’Z(}Z) (T1), and that

ol gzon ) < Cllvllazan@)-

Z\(h)(

On the other hand, using that % = 0 on I'y, it is easy to see that v € Hzﬁ};l(h) (Dy,) concluding

the proof. 0
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From the previous Lemma we conclude that any ®; € H?7 () has an extension ®/ be-

longing to Hf{l%(h) (Dy,). Since Dy, is uniformly Lipschitz, and the weights involved belong to

the Muckenhoupt class Ay, we can use Chua’s results [13] with the same arguments given in [2],
and then ®F (and hence @) can be extended to R?. More precisely, there exists a function ®F
belonging to

a—1

H2 o (B2) = {v T DBy e LAR?) V4, 18] < 2} (5.54)

such that
E
19F 20 gay < Cl®all g e (55)

Remark 5.2. The extension result given in (5.55) agrees with (1.5), in the sense that when h
goes to zero vy, — 0, A(h) — 0, and Qp, — Q . We emphasize the fact that this sort of extension
cannot be obtained in a direct way from the results given in [20] due to the weights involved in
the space of functions.

In what follows we will make use of ® restricted to the domain Ty (see (2.17) and Figure
4). Let us notice that €, C Ty for any 0 < h and, for (z,y) € Ty, we have that minj<j<,r; <
mini<j<ndj, and r ~ x. Therefore, we can state the following result (see (5.46), and Assumption

1).

Lemma 5.3. There exists an extension ®F of @), (the solution of (5.41)) belonging to the space

(a=1) , A(M)
H—Qa"fh (TU) — {U:x 5T

arA(h) p D € LA(Ty) V8,18 <2}

where

Ty ={(z,y) eER?:0<y <z 0<z<l1}

p =mini<j<p {75}, with r; = \/(x — ;)% + (y — 2%)?. Moreover,
E E
|®p, HHZ’JZZ<h)(TU) < ®nllgzon ) < Cliw” — unllzeay,)-

Lemma 5.4. Let ®}, be the solution of (5.41), and @E be the extension defined in Lemma 5.5.
For h small enough we have

(1) ®F e W2P(Ty) for 1 <p < 1_%@. Moreover,

E E
|2 w2y < CIOELoon (5.56)
with a constant C' independent of h.
(2) V®,28 €¢ Whs(Ty), for 3 > %, and s = 2 — €, with € > 4v,. Moreover,
E_pB E
IV@Fa oy < CIOE N2, (5:57)

with a constant C' independent of h.

(3) With B3 and s as in (2), we have that V®FzP € L (Ty), with s* = 22% = A2=e)
Moreover,

E_B CloE

VO, 27| o (1) < ;H(I)h |

2,7,
Ha+}}1(h>(TU)

with a constant C independent of h.
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Proof. Let us write
/ U|p:/ |U|pxp<a712+A<h>>pmhx_pwfl{jA(h))p_mh
Ty Ty

for some p < %H < 2 fixed. Applying Holder’s inequality with exponent 2/p and its dual
exponent we obtain

» 2-p
/ w|P < </ |U‘2x(a1+A(h))p27h)2</ af%(a’”“‘(h))pﬁ%wh) ’ (5.59)
Ty Tu Ty
Calling sp, = ;fppyh, and applying Holder’s inequality again with ﬁ (its dual exponent is
1
35;) We have
Cpla—1+A(R)  2p N\ 5P
(/T x R ) 2*1710%) 2 < LI (5.60)
U
where -
o ([ iAot )
Ty
and

e ()

Now, since 1 < p < 1%}7 for h small enough we can assume that 1 < p < m, and using

that A(h) = 67, one can easily check that (o — 1 + A(h))m < 2, which is precisely
the condition that implies
L <C
with C = C(a).
On the other hand, since
p = dry, (5.61)

where dr, is the distance function to I's, and taking into account that fTU % < Cforany s <1

(see for instance [15]), we get that fTU p_% < C. As a consequence, we have proved that for any

. 4
function v and 1 < p < 4357,

a—1+A(h)
vl ey < Cllve™ 2 p™ || 121y

Thanks to Lemma 5.3, we conclude that ®F € W2P(Ty;), and (1) follows.

Our next goal is to prove (2). Take § > %L, then, for h small enough, we also have

2
8> w. Let s = 2 — ¢, with € to be chosen below. Following similar arguments as those

of Lemma 4.1 of [2], we have that

D*®F2P € L*~(Ty).

Indeed, since Dz@f 2P € L?(Ty), we can write for fixed e,

2—e €
2\ 2 2 2
/ |D2¢E|sx8ﬁ < (/ (Dz@ngﬁp%) > </ o~ 'Zh)
TU TU TU

and the last integral in the previous inequality is finite, taking for instance
dyp < € (5.62)

and using (5.61). On the other hand,
VoLl e L2 (Ty).
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In fact, from (5.56), and embedding results for the planar Lipschitz domain Ty
VoF ¢ L7 (Ty)
with p* = 2% and 1 < p < % Now, by Hélder’s inequality with exponent p*/2 and its
conjugate exponent ﬁ we get

2(p—1)

2
t/|V@Eﬁfm4ﬁ<</\v¢ﬂf)p(/)ﬁW—WWAO r
Ty N Ty Ty

A straightforward computation shows that the condition for the last integral to be finite is
p(B-1)/(p-1)+2>0

or, equivalently,
2

> —.
P55
Choosing p such that
2 - 4
3+1 P~ 11a

which is possible since 3 > O‘T_l, (2) follows.
The proof of (3) is now direct using the imbedding L*" (Tyy) € Wh3(Ty), s* = 25 = 22=9)

2—s €
the explicit dependence on s of the constant (see the proof of Theorem 1 in [14, page 277]), and
the result obtained in (2).

In fact,

C
IV8E2 o ) < o IVEES iy < N9 o
for s = 2 — €, with € verifying (5.62). O
Lemma 5.5. Let ®j be the solution of (5.41), then there exists a constant C' such that
V@l 220\ < Chlog(1/h)[|[u” — upllr2(q,)

and
1@l z2@\0) < Chlu® — upllr2(q,)-

Proof. Let 3, s, and € > 4%7 as in Lemma 5.4. Applying Hélder’s inequality with s*/2 = <=

and its dual exponent ¢ = - — = 2 —, we have

2 1
/ \whﬁs(/ e
Qp\Q 2, \Q

o)’ (/ﬂ 2, (5.63)
2,\0
and, therefore, from (3) in Lemma 5.4 we obtain

1
Vo, |2 < L2 /ﬁ x 2P 5.64
/Q POCTE Sl e ) (5.64)

From Lemma 2.2 we get (observe that the constant given in that Lemma remains bounded when
g — 1, and in the present context ¢ = 22:26 )

[ ovel s SR, (5.69
Qn\Q Hy i (Tu)

and, since % =

=A%
Vo<l —— | |1oF)? :
[T ( : )n P
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Let us now take ¢ = —@. It is clear that for h small enough, € verifies € > 4+, for any choice

€
2—2¢

of v, in (5.44). Taking into account that 1 — ~ 1—1efor e — 0, we get by standard

arguments

/| T < ORI (1 1) 9 (5.66)
h

a+A(h) (Tv)

and the first estimate of the Lemma follows from Lemma 5.3.
The estimate for th\Q |®,|? follows immediately. Since for p > 1, functions in W2P(Ty;) are

bounded, using (5.56) we can write
2 E |2 E |2 E\2
J 1 S 1R U9\ O < OO 90\ 21 < CIOE 90\

and the proof concludes using Lemma 5.3 and Lemma 2.3. 0

Now we are ready to obtain error bounds in the L? norm. Mainly due to Lemma 5.5, it will
not be possible (at least with the present approach, see Remark 3.1) to improve the logarithmic
factor log h in the estimates. For this reason, in the intermediate computations we will replace
terms like A" with r}, given by (5.42), by C'y/log(1/h)h. This can be done thanks to the bound

h™ < C+/log(1/h)h, (5.67)
that holds for r, ~ 1 — Ch® with any 0 < s < 1, as one can easily check from the fact that

lim A" = 1.
h—0

Our next goal is to obtain error estimates in L%($,).

Theorem 5.1. Let u be the solution of (1.2) and uy be the solution of (1.4). Assume o < 3,
and f € L*(R?). Then,
[0 = upllz2,) < Ch*log(1/R) || fllr2@) + CRIfl 2 0)-
Proof. Let e = u” — uj;, and ®, be the solution of (5.41). We have that
/ e = / (—APp)e = V&,Ve = V(&) — 11®),)Ve + V(I1dy,)Ve. (5.68)
Qp Qp Qpn Qp Qpn
From (1.2) and (1.4) we get

/ VeV :/ Vul Vo —/ fv Yv eV,
Qp, Qh\Q Qh\Q

Hence,

/ e? = V(P — 11®p)Ve +/ VuEV(HCI)h) — / f(IIdy,). (5.69)
Qp Qp Qp\Q Qp\Q

From standard estimates for the Lagrange interpolation using finite triangular elements verifying
the maximal angle condition, and (5.67), we get

IV (@n = 11®4) [ L2(0,) < CR™" ([ @] grmn ) < Ch10g(1/R)|®n ] grsm ay,)
which under Assumption 1 for (5.45) yields

V(@ = TI®p)|| L2(0,) < Chy/log(1/h)le]|z2(q,)- (5.70)
Therefore, the first term of (5.69) can be bounded using Theorem 4.1. Indeed,
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_2
V(¢ —11®,)Ve < Chy/log(1/h) {h\/log(l/h)HfHL?(Q) + hett HfHL2(Qh\Q)} lell z2(ay)

(5.71)
For the second term in (5.69), using the estimates given in Lemma 2.7 and (1.3) we know that

Qp

/Q " VuPV (1) < Chy/log(1/h)|| f || 2y IV (M@ — 1)l 2,00 + IV P4l 2(0,\0) )
h
Using (5.70), Lemma 5.5, and Assumption 1 for (5.45), we get
/ TS < CHlos(1 /el o (5.72)
h

Therefore, we only have to estimate the third term in (5.69)

/ F(I18y) = / F(I1Dy, — By) + / fon (5.73)
Qp\Q Qp\Q Qp\Q

Now, L? interpolation error estimates give
@, — @4 L2(,) < CRUF [ @l g1ov )
and then, (5.45) with Assumption 1 and (5.67) give

/Q 02— ) < O Iog U el 0 1 o
h

Now, for the second term in (5.73), by using Lemma 5.5 we have
| 1w < Cnlflizeo el (574)
Q\0

So, from (5.69), (5.71), (5.72) and (5.74) we get the estimate of the theorem, taking into
account that the term arising from (5.71)

2
W a1\ /log(1/h)| £l 220
is bounded, up to a multiplicative constant, by the term

Rl fllz2\0)
given in (5.74). O

6. NUMERICAL EXAMPLES

Now we show that meshes verifying hypotheses (1)-(3) and (Ha)-(Hb) can be constructed by
the same method given in [2].

(1) Introduce the partition of the interval (0,1) given by

i\ 3-a
a:j:(‘]> 0<75<n.

(2) Take the points (z;,0) in I't, (zj,2%) in I's, and for j > 1, divide each of the vertical
lines {(z;,y) : 0 <y < 2%} uniformly into subintervals such that each of them has length
~ acj — xj_l.
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FIGURE 5. Graded mesh with o =2 and n =3

Figure 5 shows an example of one of these meshes.

We observe that is clear that the meshes constructed in this way satisfy hypotheses (1), (2),
(3) and (Ha). Moreover, these meshes satisfy the additional condition (Hb). Indeed, the first
triangle T} has vertices (0,0), (x1,0) and (z1,2$) and so the triangle Ty has vertices (%,0),

(1,0) and (x1, ?) and then, in order to check that this triangle does not intersect Q}, we

analyze the function
a—1 L1

gla) =a® a2t - ).

Hence, the hypothesis holds if we prove that g(z) > 0 for 0 < z < ;. An easy calculation
shows that ¢ is convex and has a minimum in z* = —%— and

aa—1

. 1 1 1
g(x>:x(1l<2+ o 1)

a—1 Qqa-1

which is positive for 1 < a < 3.

Similar arguments can be used for the rest of the triangles Tj, 2 < j < n.

If N is the number of nodes in the partition 7, it can be proved that h? ~ 1/N [15, page
393],[21]. Therefore, if f is assumed to be zero outside 2, we have the following error estimate
in terms of the number of nodes,

log N
lu = unllz2) = C—— I fllz20)-

Observe that this estimate is quasi-optimal. Indeed, up to the logarithmic factor, the order
with respect to the number of nodes is the same as that obtained for a smooth problem using
quasi-uniform meshes.

We end this section by considering the same example presented in [2]. Here, we compare
the L? order obtained by using uniform and graded meshes. Let us notice that we take a non-
homogeneous Neumann condition, for which we know the analytical solution, and hence, the
exact error. However, similar results are obtained for the same source term f taking g = 0, and
computing an estimated order of convergence from successive refinements.

Example 6.1. Consider the problem (1.1), with
flay) =s(s = 1)(1+y*/2)2" 2 +2° — 1

and
—s5at®T572(1 4 129 /2) + (1 — t5)t™

V1 + a2¢2(a=1)

g(t,t%) =




TABLE 1. L? order using quasi-uniform meshes for o = 2

value of s | order in number of nodes | order in A
0.55 1.090 2.024
0.6 1.086 2.018
0.65 1.084 2.013
0.7 1.081 2.009
0.75 1.080 2.006
0.8 1.078 2.003
0.85 1.077 2.001
0.9 1.076 1.999
0.95 1.076 1.999

FINITE ELEMENT APPROXIMATIONS IN A NON-LIPSCHITZ DOMAIN: PART II 26
value of s | order in number of nodes | order in A
0.55 0.769 1.497
0.6 0.785 1.528
0.65 0.801 1.561
0.7 0.820 1.597
0.75 0.842 1.640
0.8 0.869 1.693
0.85 0.904 1.761
0.9 0.949 1.847
0.95 1.001 1.951

TABLE 2. L? order using graded meshes for a = 2

Then, the solution is
u(z,y) = (1 -2°)(1+y*/2)
and an easy calculation shows that w € H?(Q)) whenever s > ?VTO‘

We solve using quasi-uniform meshes and graded meshes. Table 1 and Table 2 show the order
of the error in the L? norm, in terms of the number of nodes and in terms of the mesh size for
both kind of meshes. Although the solution is in H?(QQ), for all the values of s considered, the
order of convergence is not optimal when quasi-uniform meshes are used. On the other hand,
the optimal order of convergence is recovered by using appropriate graded meshes according to
our theoretical results.
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