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Abstract

In this paper, we study the Minimum Sum Coloring (MSC) problem on Pj-sparse
graphs. In the MSC problem, we aim to assign natural numbers to vertices of a
graph such that adjacent vertices get different numbers, and the sum of the numbers
assigned to the vertices is minimum. First, we introduce the concept of maximal
sequence associated with an optimal solution of the MSC problem of any graph.
Next, based in such maximal sequences, we show that there is a large sub-family of
Py-sparse graphs for which the MSC problem can be solved in polynomial-time.
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1 Introduction

In this paper, we study the Minimum Sum Coloring (MSC) problem for the
family of Pj-sparse graphs. A wvertex coloring of a graph G = (V, E) is an
assignment of colors to the vertices in V' such that adjacent vertices receive
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different colors. We assume that the colors are positive integers. A vertex
k-coloring of a graph G is a coloring where the color of each vertex in V is
taken from the set {1,2,...,k}. Given a vertex coloring of a graph G, the
sum of the coloring is the sum of the colors assigned to the vertices. The
chromatic sum 3(G) of G is the smallest sum that can be achieved by any
proper coloring of G. In the Minimum Sum Coloring (MSC) problem we have
to find a coloring of G’ with sum 3(G). The minimum number of colors needed
in a minimum sum coloring of G is called the strength of G and it is denoted
by s(G). Clearly, for any graph G we have that s(G) > x(G), where x(G)
denote the chromatic number of G.

The MSC problem was introduced by Kubicka [10]. The problem is mo-
tivated by applications in scheduling [1,2,5] and VLSI design [12,14]. The
computational complexity of determining the vertex chromatic sum of a sim-
ple graph has been studied extensively since then. In [11] it is shown that the
problem is NP-hard in general, but polynomial-time solvable for trees. The
dynamic programming algorithm for trees can be extended to partial k-trees
and block graphs [9]. Furthermore, the MSC problem is NP-hard even when
restricted to some classes of graphs for which finding the chromatic number is
easy, such as bipartite or interval graphs [2,14]. A number of approximability
results for various classes of graphs were obtained in the last ten years [1,4,5,3].

Jansen has shown in [9] that a more general optimization problem where
each color has an integer cost, but this cost is not necessarily equal to the color
itself, the Optimal Cost Chromatic Partition (OCCP) problem, can be solved
in polynomial-time for cographs and block graphs, but it remains NP-hard for
permutation graphs. Salavatipour has shown in [13] that the OCCP problem
can be solved in polynomial-time for the family of P,-reducible graphs, a su-
perclass containing the family of cographs. Pj-sparse graphs were introduced
in [6]. They generalize cographs and Pj-reducible graphs, can be recognized
in linear time [7], and are a subclass of perfect graphs [6].

A spider is a graph whose vertex set can be partitioned into S, C' and R,
where S = {s1,...,s:} (k > 2) is a stable set; C' = {c1,..., ¢} is a complete
set; s; is adjacent to ¢; if and only if i = j (a thin spider), or s; is adjacent to
c; if and only if ¢ # j (a thick spider); R is allowed to be empty and if it is not,
then all the vertices in R are adjacent to all the vertices in C' and non-adjacent
to all the vertices in S. Clearly, the complement of a thin spider is a thick
spider, and vice-versa. The triple (S, C, R) is called the spider partition, and
can be found in linear time [7]. Pj-sparse graphs have a nice decomposition
theorem as follows.



Theorem 1.1 [6,8] If G is a non-trivial Py-sparse graph, then either G or G
1s mot connected, or G is a spider.

To each Py-sparse graph G one can associate a corresponding decompo-
sition rooted tree T in the following way. Each non-leaf node in the tree is
labeled with either “U” (union-nodes), or “V” (join-nodes) or “SP” (spider-
partition-nodes), and each leaf is labeled with a vertex of G. Each non-leaf
node has two or more children. Let T, be the subtree of T rooted at node x
and let V. be the set of vertices corresponding to the leaves in T,. Then, each
node x of the tree corresponds to the graph G, = (V,, E,). An union-node
(join-node) corresponds to the disjoint union (join) of the Pj-sparse graphs
associated with the children of the node. A spider-partition-node corresponds
to a spider-partition (S, C, R) of the P;-sparse graphs associated with the chil-
dren of the node. Finally, the P;-sparse graph that is associated with the root
of the tree is just GG, the Pj-sparse graph represented by this decomposition
tree. The decomposition tree associated to a Py-sparse graph can be computed
in linear time [8].

2 Maximal sequences and optimal solutions of the MSC
problem

A k-coloring of a graph G = (V, F) is a partition of the vertex set V' into k
independent sets Si, ..., Sk, where each vertex in 5; is colored with color 7,
for 1 <i < k. So, for any such k-partition of V' into independent sets, we can
associate a non-negative sequence p such that p[i] = |S;| for i = 1,..., k and
pli] = 0 for ¢ > k. In the sequel, we deal only with finite support non-negative
integer sequences. Let |p| = max{i : p[i] > 0}.

Definition 2.1 Let p and ¢ be two integer sequences. We say that p domi-
nates ¢, denoted by p = g, if for all ¢ > 1 holds that }, ., pli] > >, qli].

The following two lemmas are direct consequences of Definition 2.1.
Lemma 2.2 The dominance relation > is a partial order.

Lemma 2.3 Let p be a sequence and let p be the sequence that results from p
when we order it in a non-decreasing way. Then, p = p.

The following lemma will be very useful in order to study the sum-coloring
problem on graphs. All the proofs are omitted due to space constraints.

Lemma 2.4 Let p and q be two sequences and let n = max{|p|, |q|}. Ifp = q
and Zlggnp[i] = Zlgign qli], then it holds that Zlgignz’.p[i] < Zlgign i.q[i].



Notice that if the sequences represent partitions of the vertex set of a
graph into independent sets, where the value of the ¢th element of the sequence
represents the size of the ¢th independent set in the partition, then for the sum-
coloring problem on graphs we can restrict us to study maximal sequences
w.r.t. the partial order ». Notice also that maximal sequences are non-
increasing sequences. In the following, we define some operations between
sequences.

Definition 2.5 Let p and ¢ be two sequences. The join of p and ¢, denoted
by p * ¢, is the sequence that results of ordering in a non-increasing way the
concatenation of sequences p and gq.

Definition 2.6 Let p and ¢ be two sequences. The sum of p and ¢, denoted
by p + ¢, is the sequence such that its i-th value is equal to p[i] + ¢[i], for

i=1,...,max{[p|, |q|}.

Definition 2.7 Let p and ¢ be two sequences. We say that p and ¢ are
non-comparable, denoted by pl|q, if p £ ¢ and ¢ ¥ p.

The following two lemmas will be useful in order to study the MSC problem
on Pj-sparse graphs.

Lemma 2.8 Let p, p' and q be sequences. If p = p' then pxq = p xq.
Lemma 2.9 Letp, p' and q be sequences. Then, p||p’ if and only if p+q||p’+q.
A direct consequence of previous lemma is the following result.

Corollary 2.10 Let p, p' and q be sequences. Then, p = p' if and only if
p+qg=p +gq.

Let G be a graph. Suppose that G = G; U Gy and let p be a sequence
representing a partition of the vertex set of G into independent sets. Clearly,
p = p1 + p2 where p; (resp. ps) is a sequence representing a partition of
the vertex set of G; (resp. G3) into independent sets. In an analogous way,
suppose that G = G + G5 and let p be a sequence representing a partition of
the vertex set of GG into independent sets. Clearly, p = p; x p; where p; (resp.
p2) is a sequence representing a partition of the vertex set of G (resp. Gs)
into independent sets. Therefore, by Corollary 2.10 and Lemma 2.8, if we are
looking for maximal sequences of G representing partitions of its vertex set
into independent sets then, in both cases it is sufficient to consider maximal
partitions of the graphs Gy and Gb.



3 Maximal sequences of P;-sparse graphs

We will present here the main results of this work. In the sequel, sequences
of a graph will represent partitions of its vertex set into independent sets.

Lemma 3.1 Let G = (S,C, R) be a thin spider. Then,

(i) If R =0 then, G has only one mazimal sequence p, with |p| = |C|, where
p[l] =|C|, pl2] =2, and p[i] =1 for 3 <i < |C]|.

(ii) If R # 0 then, the number of mazimal sequences of G is equal to the
number of mazimal sequences of G[R]. Moreover, for each maximal se-
quence q of G[R] there exists only one mazximal partition ¢’ of G with
¢l = lql +|C| and where ¢'[1] = q[1] +|C], ¢'li] = qli] for 2 <i < q|,
and ¢'li] =1 for |g| + 1 <i < g +|C].

Lemma 3.2 Let G = (S,C, R) be a thick spider. Then,

(i) If R =0 then, G has only two mazimal sequences p; and ps, with |p1| =
|C| and |py] = |C| + 1, where p1[i] = 2 for 1 < i < |C|, and ps[1] = |C|
and pali] =1 for2 <i < |C|+ 1.

(ii) If R # 0 then, the number of mazimal sequences of G is equal to the
number of mazimal sequences of G[R]. Moreover, for each maximal se-
quence q of G[R] there exists only one mazximal partition ¢’ of G with
'l = lal +|C| and where ¢'[1] = q[1] + |C|, ¢'li] = qli] for 2 <i <|q|,
and ¢'[i] =1 for |q| +1 <1 <|q| +|C|.

Notice also that the trivial graph has only one maximal sequence p, with
Ip| = 1, where p[1] = 1. Therefore, we have the following theorems.

Theorem 3.3 Let G be a Py-sparse graph such that in its modular decompo-
sition there are no thick spiders (S,C, R) with R = (). Then,

(i) s(G) = x(G), and X(G) and an optimal coloring of G can be computed
from its modular decomposition in polynomial time.

(ii) In such an optimal coloring, each independent set S; is a mazximum in-
dependent set of G\ U,<;; S; which verifies x(G \ U,<;<; 5j) = x(G '\
U1§j<i Sj) - L

Theorem 3.4 Let G be a Py-sparse graph on n vertices. Let k be the number
of thick spiders (S,C, R) with R = () in the modular decomposition of G.
Then, s(G) < x(G) + k, the number of mazimal sequences of G is at most 2,
and an optimal coloring of G can be computed in 28 P(n) time, where P(n) is
a polynomaial on n.
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Note: A preliminary version of the full article is available on
http://mate.dm.uba.ar/ fbonomo/files/minsum-P4 full.pdf,
just for refereeing purposes.
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