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ABSTRACT. Given a Hecke eigenform f of weight 2 and square-free level N, by
the work of Kohnen, there is a unique weight 3/2 modular form of level 4N
mapping to f under the Shimura correspondence. Furthermore, by the work of
Waldspurger the Fourier coefficients of such a form are related to the quadratic
twists of the form f. Gross gave a construction of the half integral weight form
when N is prime, and such construction was later generalized to square-free
levels. However, in the non-square free case, the situation is more complicated
since the natural construction is vacuous. The problem being that there are
too many special points so that there is cancellation while trying to encode the
information as a linear combination of theta series.

In this paper, we concentrate in the case of level p?, for p > 2 a prime number,
and show how the set of special points can be split into subsets (indexed by
bilateral ideals for an order of reduced discriminant p?) which gives two weight
3/2 modular forms mapping to f under the Shimura correspondence. Moreover,
the splitting has a geometric interpretation which allows to prove that the forms
are indeed a linear combination of theta series associated to ternary quadratic
forms.

Once such interpretation is given, we extend the method of Gross-Zagier to
the case where the level and the discriminant are not prime to each other to
prove a Gross-type formula in this situation.

INTRODUCTION

The theory of modular forms of half-integral weight was developed by Shimura
in [11]. There he defined a map known as the “Shimura correspondence” that
associates to a modular form ¢ of half-integral weight k/2 (k odd), level 4N and
character 1, such that g is an eigenform for the Hecke operators, a modular form
f of weight k — 1, level 2N and character 12. In the same work, he noted that the
Fourier coefficients of the half-integral weight modular form have more informa-
tion than the Fourier coefficients of the integral weight modular form and raised
the question of the meaning of these Fourier coefficients. In 1981, Waldspurger
answered the question by relating the Fourier coefficients of g to the central values
of twisted L-series of f (see [14]).

The first author was partially supported by CONICET PIP 2010-2012 GI and FonCyT BID-
PICT 2010-0681.
The second author was partially supported by ANII FCE 2009/2972.
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In [4], Gross gave an explicit method to construct, when f has weight 2, prime
level p and trivial character, a weight 3/2 modular form (of level 4p and trivial
character) mapping to f via the Shimura correspondence. A formula for the central
values of twists of the L-series of f by imaginary quadratic characters was proved
by Gross. His result was later generalized (by a different method) to odd square-
free levels N in [1], where the authors construct one modular form whose Fourier
coefficients are related to central values of twists of the L-series of f by imaginary
quadratic characters with discriminants satisfying 2° quadratic conditions (where
t is the number of prime factors of N).

Generalizing Gross method in a different direction, the case of level p?, for a
prime p > 2, was studied in [9]. In that work, given a modular form of weight
2 and level p?, two weight 3/2 modular forms were constructed, and a “Gross
formula” was conjectured (see [9, Conjecture 2]). Some examples as well as an
application to computing central values of twists by real quadratic characters were
presented in [8] and [12]. The main purpose of this paper is to explain the nature
of such formula and also prove it.

Let f = > a(n)q™ be a cusp form of weight 2 and level N. Let K be an
imaginary quadratic field of discriminant D < 0 and let Og be its ring of integers.
We denote J(Of) the class group of Ok.

We define the twisted L-series

L(f,D,s) ::Z% <%)

Note that L(f, D, s) as defined here may not be a primitive L-series when N and D
have a common factor. Our main result, Theorem 4.11, deals with the case N = p?,
for p > 2 an odd prime, and D = —pd (with p 1 d) a fundamental discriminant,
but Section 1 and the appendix on Rankin’s method are more general, including
the case where N and D have a common factor as required for Section 4. Note
that the results in Section 3 assume that D is odd, but the main result in Section 4
is proved for odd and even discriminants altogether.

The proof of our formula consists of two parts. First, we need to compute
the Fourier coefficients of the half-integral weight modular forms constructed in
[9], and give an interpretation of such construction in terms of special points.
In Section 1, we give an adelic definition of the special points of discriminant D
and in Proposition 1.4 we prove that the adelic definition coincides with Eichler’s
original formulation. This interpretation is crucial to split the special points of
discriminant D into subsets indexed by bilateral ideals, as defined in (6).

To compute the Fourier coefficients of the weight 3/2 modular forms attached
to such splitting, we fix a quaternion algebra over Q ramified at p and oo, and
an order O with reduced discriminant p?. We consider the algebra Ty of Hecke

operators with index prime to p acting on M(0O), a vector space (over R) spanned
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by representatives of O-ideal classes. Since the eigenspaces of Ty do not have
multiplicity one (in general), we need to add some extra operators.

The group of bilateral O-ideals modulo Q*-equivalence is a dihedral group of
order 2(p + 1). The norm p bilateral O-ideals can be taken as representatives for
the symmetries. Each bilateral O-ideal defines an operator in M(@) The operator
W, associated to a norm p bilateral O-ideal p commutes with T and is self-adjoint
for the natural inner product of M(O) (defined in (1) below), although operators
related to different norm p bilateral O-ideals clearly do not commute. Considering
the algebra generated by the Hecke operators and one W,, a multiplicity one
theorem does hold (see Theorem 2.7).

We show that there is a connection between bilateral O-ideals of norm p and
suborders of O (in the sense of [9]) which associates to p the order Z + p. This
relation allows to define for each ideal p, a map

Op 1 M(0) > Myo(4p%, 55,),

where 3,(n) := (2) (see Section 2.4). If e is an eigenvector for the Hecke operators
such that ©,(e) # 0, then W,(e) = e (see Proposition 2.17). This implies that the
only eigenvectors to be considered for ©, are those where W, acts trivially. This
explains the orthogonality condition on the eigenvector e, 5 needed for Conjecture
2 in [9].

In Section 3 we relate the Fourier coefficients of a modular form coming from
Rankin’s method (see Theorem A.14) to the height of special points. This allows,
given a character ¢ of the class group J(Ok), to relate the central value of

L@(f? S) = Z @(A)Lﬂ(fv S)

to the height of a sum of special points of discriminant D (Proposition 3.10). The
special case ¢ = 1p (the trivial character on J(O)) relates to central values of
twists of the L-series by the factorization

LlD(f,S) = L(f,S) L(f7D78>'

The second part of the proof is the well known Rankin’s method. This part is
a little more technical hence it is left to the appendix. Following [4] and [5] we
define a Rankin convolution L-series and using Rankin’s method we compute its
central value. This is done in a very similar way than that of [5]. The difficulty
in our case comes from the fact that the level of f and the discriminant of the
imaginary quadratic field are not prime to each other. The formula for the central
value of L4(f,s) (for an ideal class A € J(Ok)) proved in Theorem A.14 is similar
to [5, Proposition 4.4] with the condition ged(N, D) = 1 removed. In addition to
giving a more complete result in general, this lifts an important restriction when
N is not squarefree; for instance, when N is a perfect square, both sides in the
formula in Theorem A.14 vanish trivially for ged(N, D) = 1.
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In the last section, we relate the heights of special points to the Fourier coeffi-
cients of ternary theta series. The key idea is to split the set of special points of
discriminant D into p + 1 subsets, indexed by the norm p bilateral O-ideals. Note

D/p

that depending on whether (T is a square or not, half of these subsets will be

empty, while the other half will have the same number of elements. By counting
the number of special points in each set, we conclude the proof of our main result.

Theorem A (Theorem 4.11). Let f be a new eigenform of weight 2, level p* with
p > 2 an odd prime. Fiz a norm p bilateral O-ideal p, and let ey be an eigenvector
in the f-isotypical component of M(@) such that Wy(ey) = ey.

If d is an integer such that D = —pd < 0 is a fundamental discriminant, and
such that <§l> = x(p), then

(er. ef) Vpd'

where the cq are the Fourier coefficients of ©,(ef) = 3~ caq®.

L(f,1) L(f,D,1) = 4x*

This formula is the same as Conjecture 2 in [9], with the difference of a factor
of 872 coming from a different normalization in the Petersson inner product. The
extra factor of p%l which shows up in [9], when f is the quadratic twist of a level
p form, is due to the fact that L(f, D, s) we use here is not primitive at p in this
case.

The case of odd discriminant D is proved using the results in Section 3. We avoid
the technical difficulties of the case of even discriminants by resorting to a theorem
of Waldspurger, which allows us to recover the formula for even discriminants from
the case of odd discriminants.

Acknowledgement: The first author would like to thank the Centro de Mate-
matica of the Facultad de Ciencias for its hospitality during different visits.

1. QUATERNION ALGEBRAS, BILATERAL IDEALS AND SPECIAL POINTS

Let B be a quaternion algebra over Q, i.e. a central simple algebra of dimension
4 over Q. Given a place v of Q, let B, := B ® Q, be its completion at v. The
algebra B, is either a division algebra or isomorphic to the algebra Ms(Q,) of
2 x 2 matrices with coefficients in Q,. The place v is said to be ramified if B, is a
division algebra and split if not. The number of ramified places is finite and even.
The discriminant of B is the product of all ramified primes of Q.

We require B to be definite or ramified at oo, meaning B,, = B®R is a division
algebra (the Hamilton quaternions). The discriminant of B is thus the product of
an odd number of primes.

It is well known that B has an antiautomorphism called conjugation and for
x € B we denote its action by z. For z € B we define Nz =2z and Trze =z +Z
the reduced norm and reduced trace of x, respectively. The norm of a lattice
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a is defined as Na := ged{Nz : z € a}. We equip a with the quadratic form
Nu(z) := Nz /N a, which is primitive; its determinant is a square, and we denote
its positive square root by disc(a). In particular, when R C B is an order, disc(R)
is its (reduced) discriminant. The subscript p will denote localization at p, namely
ap = a® Zy.

Given a lattice a in B, its right order is given by

R.(a):={z € B : ax Ca}.

The left order of a is defined similarly. If R is an order in B, we let J(R) be the set
of left R-ideals, i.e. the set of lattices a C B such that a, = R,z, for every prime
p, with z, € B*. Note that we do not define what an ideal in a quaternion algebra
is since we will only deal with left R-ideals; we recomend the reader to look at [13]
for such definition and the theory of ideals in general. We just want to remark
that the condition of a being locally principal is equivalent to a being a projective
R-module, which is the standard definition of an ideal for a non-maximal order
of a number field. It is clear from the definition that if a is a left R-ideal, its left
order is just R. B

Let M(R) be the vector space over R with basis J(R). Consider the height
pairing,

T#R.(a)" ifaz =0,z € B",
0 otherwise,

(1) <a,b>2:%#{$EBX :ax:b}:{

as an inner product on it. For a geometric interpretation of the height pairing see
[4, §4], where it is introduced as a pairing on the Picard group of certain curves
of genus zero. In this geometric context, special points (that will be defined in
Section 1.1) should be regarded as analogues of Heegner points on modular curves.

More generally, given R-ideals a and b, define

Hom(a, b) := {u € B* : au C b}.

Then (a,b) = 1#{u € Hom(a,b) : Nu = 32}

Let a € J(R), and m > 1 an integer. We set

Ton(01) = {b €J(R) : bCa, Nb:mNa}.

The Hecke operators t,, : JT/[(R) — JT/[(R) are then defined by
tma = Z b
bET ()

form >1and ac€ §(R), and extended by linearity to all of J\%(R) Moreover, we
have

1 Nb
(a,t,b) = 5#{u € Hom(a,b) : Nu= mN—a},
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and the Hecke operators are self-adjoint with respect to the height pairing |9,
Proposition 1.3].

We define an equivalence relation on the set of left R-ideals by a,b € J(R) are
in the same class if a = bz, for some = € B*; we write [a] for the class of a. The
set of all left R-ideal classes, which we denote by J(R), is known to be finite. If we
denote by M(R) the vector space over R with basis J(R), it has an inner product
and an action of Hecke operators by considering the quotient map

M(R) - M(R).

Note that J(R) is an orthogonal basis of M(R), and it is clear that (,) is positive
definite on M(R).

The Hecke operators t,,, with (m,disc(R)) = 1 generate a commutative algebra
Ty, which is indeed generated by the ¢, with p t disc(R) prime. Since the Hecke
operators are self-adjoint it follows, by the spectral theorem, that M(R) has an
orthogonal basis of common eigenvectors for Tj.

We remark that M(R) has a natural integral structure as the free Z-module
spanned by J(R) which is quite important; the height pairing and the Hecke op-
erators are defined over Z. However, the eigenvectors may not be defined over 7Z,
but only over a totally real number field. For our purposes, using R as the field of
coefficients will suffice.

The left R-ideal a is bilateral if its right order is also R. The set of bilateral R-
ideals forms a group under ideal multiplication. This group contains the principal
ideals generated by non-zero rational elements, which we denote by Q*, in its
center, so we can consider bilateral R-ideals modulo Q*-equivalence, namely two
bilateral ideals a and b are Q*-equivalent if a = bx with x € Q*. The group
of bilateral R-ideals modulo Q*-equivalence acts on M(R) by left multiplication
on the basis elements. We denote W, the operator corresponding to the bilateral
R-ideal m.

Remark 1.1. Note that this action commutes with the action of T. Furthermore,
these operators are unitary; hence, those of order 2 are self-adjoint. On the other
hand, the group of bilateral R-ideals modulo Q* needs not to be commutative (see
Section 2).

We now give an adelic reinterpretation of the ideal theory which will _allow us to
work locally. Let Z = Hp Z, be the profinite completion of Z, and let Q := Z® Q

the ring of finite adeles of Q. Let also B := B®Q and R := R®Z. By the Eichler
local-global principle for lattices, we have a bijection between global lattices a in
B and collections {a,} of local lattices such that a, = R, for all p except finitely

many. Hence, if a is a left R-ideal with a, = R,,, we have (z,) € B*, and any

(z,) € B* determines an ideal in B in that way. Furthermore, R* acts on B> by
left multiplication, and each ideal corresponds to a unique orbit for this action,
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le.
left R-ideals <+— EX\B\X.
Note that if a <+ (1), its right order R,(a) is given locally by z,' R,z,. Hence,
if we set
N(R*) := {(:pp) € B* : ©,R, = R,, Vp},
we have the correspondence
bilateral R-ideals <+— R*\N(R*).

Moreover, if p { disc(R), we have that R, is a maximal order in the split quaternion
algebra over @, and its local normalizer N(R)) = RXQ (this is just a statement
about the ring of 2 by 2 matrices with coefficients in Z,, see [3, Proposition 1]).

Hence the group of bilateral R-ideals modulo Q*-equivalence, EX\N (ﬁx) JQ%,
equals the finite local product

T B \NE)/Q;.

p|disc(R)

1.1. Special points. Let B be a quaternion algebra (over Q) of discriminant N,
and let K C B be a quadratic subfield of discriminant Dy. We note that

o If B is definite, then Dy < 0; and
e if p| N, then (%) # 1.

These are all the local obstructions for such an embedding to exist; by Hasse’s
principle, there are no additional global obstructions, i.e. if K is an imaginary

quadratic field of discriminant Dy and for each prime number p | N, (%) #1
then there exists an embedding of K into B.

The situation for orders is quite different. If K embeds into B, let R be an order
in B, and let O := RN K. Then O is an order in K of discriminant D = Djs?,
for some s € Z. Conversely, given an order O in K, there might be new local

obstructions for the existence of an embedding of O into R, for example:

e If R is an order of discriminant p? (which are defined in [10] and called
“orders of level p*”), then p | D.
e If R is an order of level p* with character sign o (see Remark 2.14 for the

definition), then p | D and (D—/p> = 0.

p
Also, there are of course global obstructions. However, if O can be locally embed-
ded in R at every place, it follows that O can be embedded in some order R’ that
is locally conjugate to R (i.e. in the same genus). From now on we fix an order R
in the quaternion algebra B.

Definition 1.2. If O is an order in K of discriminant D, a special point for O is
a pair (a,1), where a is a left R-ideal and ¢ : K < B is an embedding such that

R.(a) NY(K) = ¢(0).
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This means that a special point of discriminant D is an optimal embedding of
O into the right order of an ideal a. Note that this definition is slightly different
from the one given in [3]. There a special point is just a pair (¢, R’), where R’ is
in the same genus of R and 1) is an optimal embedding of O into R’. Clearly given
two orders Ry, Ry in the same genus, there exists an ideal a whose left order is R;
and whose right order is Rs, but there might be more than one. The advantage of
our definition will become clear while counting classes of special points and their
adelic description.

The group B* has a right action on special points given for & € B* by (a,¢)-a =
(ac, a 1), If we fix a set of representatives J(R) = {ay,...a,} for the ideal
classes, any special point is equivalent to (a;, ), where 1 is an optimal embedding
into R,.(a;). Furthermore, (a;,1) ~ (a;,%5) if and only if there exists o € R,.(a;)”
such that ¢ = a 'isa. Noting that if (a;,1)) is a special point, ¥(0O)* acts
trivially, Eichler deduces the formula for the number of non-equivalent special
points of discriminant D where R is an Eichler order (see [3, Proposition 5| for
Eichler orders of square free level and [6] for the general case). If D is a fundamental
discriminant, the formula reads

o (e )R ()

where B is the quaternion algebra with discriminant N and R is an Eichler order
of discriminant HN. The Kronecker symbols represent the condition for such an
embedding to exist.

We want to give an adelic definition for the classes of special points. Following
the previous notation, let O=0®Zand K = K® Q We will assume that
KNR=0. _

Denote by J(O) the set of O-(fractional) ideals and by J(O) the set of O-ideal

classes. We have the following adelic interpretation:

R-ideals: I(R) +— R*\B~

R-ideals modulo scalars:  J(R)/Q* +«+— R*\B*/Q*
K-points: J(R)/K* +— RX\B*/K*
R-classes: I(R) «— RX\B*/B~
O-ideals: J(0) — OX\K*

O-ideals modulo scalars: ~ J(0)/Q* +— O*\K*/Q*
O-classes: J(0) s ON\K*/K*

Note that the height pairing defined at the beginning of this section induces an
inner product on the Z-module spanned by K-points and R-classes as well.
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Lemma 1.3. The embedding K C B induces an injective map (by right multipli-
cation)

J(0) = I(R).

Proof. The inclusion K C B, composed with a projection, induces a map K* —
B* — R*\B*, and it is clear that the kernel of this composite map is K* N R* =
O*. OJ

This induces the following diagram:

O-ideals&——— R-ideals

| |

O-classes——— K-points

R-classes

where the horizontal arrows are injective, and the vertical arrows surjective. Note
that, despite the O-classes and the R-classes being independent of the embedding
K C B, the dotted map does indeed depend on the choice of embedding, as do
the two horizontal maps.

1.2. O-points. From now on, we fix an embedding ¢ : K < B. For x € EX, we
define }A%m = xilﬁx, R, :=BnN }A%a;, and O, := KN }A%I Note that R, is an order
in B (the right order of }Azx) locally conjugate to R, and that O, is an order in K.
Note also that R, depends only on the class of x as an R-ideal modulo scalars,
and that O, depends only on the class of z as a K-point.

If we set Np := {x € B* : O, = O}, then we define the O-points as the ele-
ments of R \No/K*.

Proposition 1.4. If O s an order in K of discriminant D, then the classes of
special points for O are in one-to-one correspondence with the O-points.

Proof. Recall that we fixed an embedding i : K < B. If (a,v) is a special point
of discriminant D, there exists a € B* such that o '¢a = i. Furthermore, «
is determined up to multiplication on the right by K*. Then the > point (a,7) ~
(ac,4). Since ac is a left R-ideal, there exists z € B* such that Rz = ac. Then
we associate to the pair (a, ) the O-point z. It is immediate that z is in No and
that it is deﬁned up to multiplication on the right by K* and multiplication on
the left by R, i.c. it is a point in the double quotient R*\Np/K*.

Conversely, to an element z € NO, we associate the equivalence class of (Rx i).
The condition of the embedding being optimal is clear, and multiplication on
the right by Rx give the same special point. We are left to prove that right
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multiplication by K* gives equivalent special points, but this is clear since if
k € K*, conjugation by k acts trivially on 1. O

1.3. Groups acting on O-points.

Proposition 1.5. (1) K* acts on No by right multiplication, 1i.e. NoK* C
No. o
(2) O*\K* acts on R*\NJ.
(3) The action in (2) is free.
This action induces a free action of the group of O-classes on the set of O-points,

and the space of orbits is EX\NO/IA(X. The canonical O-orbit is the image of the
map O-classes — K-points.

Proof of Proposition 1.5. (1) indeed, if a € IA(X, T € EX, then O,, = KN
a'z ' Rra =a YK Nz 'Re)a=a'0,a = O,.
(2) ifa € O* = K Nz 'Rz then za € Rz and since a is a unit, Rz = Raz,
which implies that O acts trivially on ﬁx\]/\\fo.
(3) if za € Rz, then a € K* Nz 'Rz = O*.
0

Recall that N(R*) = {(%) : z,'R,z, = R}, modulo left multiplication by R*,

corresponds to the group of bilateral R-ideals. It clearly acts on NO by left mul-
tiplication. Hence the group

G = RX\N(R*)/Q* x OX\K*/K*
(i.e. the group of bilateral ideals modulo Q*-equivalence times the class group of
O) acts on the set of O-points.

Proposition 1.6. If R is an FEichler order and O is an order in K of dis-
criminant D, the action of G on the classes of O-points is transitive. Further-
more, if ged(disc(R), D) = 1 the action is free, while if p is a prime that divides
ged(disc(R), D), the pair (pr,pg') acts trivially, where pg is the bilateral R-ideal
of norm p and po is the O-ideal of norm p (in other words, the actions of pr and
po are the same.)

Proof. That the action is transitive is a consequence of [3, Proposition 3] in the
case where R has square free discriminant, and by the work of [6] for general levels.
Once we know that the action is transitive, the second statement follows from (2)
(which gives the number of non-equivalent O-points) and from [3, Proposition 1]
(which gives the number of bilateral ideals). O

Note that although in [3] only Eichler orders of square free level are studied,
most of the results proven there are also true for all Eichler orders by the work
of Hijikata ([6]). Furthermore, Proposition 1.6 holds also for orders of level p* M
(that will be studied in the next section), by [10, Theorem 2.7 and Theorem 4.8].
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2. ORDERS OF LEVEL p?

Fix a prime p > 2 and let B be the quaternion algebra over Q which is ramified
at p and co. Let O be a maximal order in B and let O be the unique order of
index p in O. We note that

O={zec0:p|Az}

where Az := (Trz)?> — 4Nz is the discriminant of the characteristic polynomial
of z.
There is a quadratic character y : J(O) — {1}, given on a € 7(0), by x(a) =

(—N“IS )>, where x € a is any element such that p { Ny(z). Furthermore, the

character depends only on the equivalence class of a, i.e. it is a character on J(@)
(see [10, Proposition 5.1]).

There is a Ty-equivariant bilinear map in M(O) with values in the space Ma(p?)
of modular forms of weight 2 and level p? deﬁned on the basis by

¢([a], [b]) := d(a"'b) = Z e/ N

:J:Ea_lb

This map induces a correspondenee between eigenvectors in M(@) and eigenforms
of weight 2 and level p?. For an eigenform J of weight 2 and level p? we denote by
M(O)! the f-isotypical component of M(0O), i.e. the eigenspace for the action of
Ty with the same eigenvalues as f. We have the following result due to Pizer ([10,
Theorem 8.2]) :

if f is an oldform,

dim M( (5) ;o if f is the quadratic twist of a level p form,

if f is the non-quadratic twist of a level p form,

N D = =

if f is not the twist of a level p form.

There is a natural inclusion M(O) < M(0O) which is Ty-equivariant (see [9, Propo-
sition 1.14]).

Definition 2.1. The space of old forms M(O) is the image of M(0O) under the
natural inclusion. Its orthogonal complement is denoted M(O)"*" and is called the
new space.

Proposition 2.2. The eigenvectors in M(@)Old correspond to eigenforms in

MQ(p?), and the eigenvectors in M(O)™¥ correspond to eigenforms in M (p?).
Proof. The first assertion is clear. For the second assertion, it is clear that if
f € My (p?) and ey € M(O)/ then e; is orthogonal to M(O)°4. Tt might happen
that there exists e € M(O0)"" such that f = ¢(e,e) is old. But this is not the

case, since if f is an old form, the f-isotypical component in M(@) has dimension
1. Then, since M(O)/ is non-empty, we have M(O)" = M(0O)’. O
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2.1. Bilateral O-ideals and its action on M(0O).

Proposition 2.3. The group of bilateral O-ideals modulo Q* -equivalence is iso-
morphic to the dihedral group D,iq of 2(p+1) elements. Furthermore the rotations

correspond to bilateral O-ideals of norm 1 while the symmetries correspond to bi-
lateral O-ideals of norm p.

Proof. See Proposition 9.26 of [10]. O

By the remark in page 6, we are interested in the operators corresponding to
bilateral O-ideals of order 2. By Proposition 2.3, any norm p bilateral O-ideal p
has order 2. There is also the one corresponding to the unique norm 1 bilateral
O-ideal mg of order 2, which will be denoted by W. This ideal commutes with any
norm p bilateral O-ideal.

Proposition 2.4. The operator W acts on M(@) as the Atkin-Lehner involution
W2, i.e.

¢(u7 WV) = ¢(u7 V) |Wp2 :

Proof. In the basis of O-ideal classes we have

¢([a], W[b]) = D(a™" mg b) = ¥((a™ mga)a™b).

Clearly, a=* mg a is the unique norm 1 bilateral R, (a)-ideal of order 2, and it thus
follows from [10, Theorem 9.20] applied to the order R, (a) that J((a *mga)a™ b) =
19(0"1 b)|Wp2' O

Corollary 2.5. Let f be an eigenform of level p, and let ef be a non-zero eigen-
vector in M(O)/. Then ¢(er, e;) is a non-zero multiple of

f(z) —epnf(p2),

where €, is the sign of the Atkin-Lehner involution at p, i.e. flw, = €,f.

Proof. Since f is an old form, e; € M(@)Old. Locally, W amounts to left multi-
plication by the element of order 2 in OX\OX, which is clearly trivial in M(0)°.

Thus We ¢ = ey, and by the Proposition

oer,er)lw, = dley, ep).

The statement follows from the fact that W, acts on the oldspace generated by
f(z) and pf(pz) by the matrix (6(; K ) O
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2.2. Multiplicity one. Let R, R’ be orders and a be a left R-ideal. We define

UE () = {b cJ(R) : bCa, Nb:Na}.

If a € 5((9), then the subgroup of rotations acts transitively (although not
necessarily faithfully) on the set Wg(a) (see Section 3.3 of [7]).

Let p denote a generator of the norm 1 bilateral O-ideals, then we have x(p) =
—1 since the bilateral O-ideals of norm 1 are exactly \118((9) and half of these
ideals have positive character while the other half have negative character. Also
W2 preserves characters.

Lemma 2.6. If e € M(O) is an eigenvector for W, with eigenvalue € = £1, then
o(e,e) is

(1) an oldform, if e = 1;

(2) the quadratic twist of a level p form, if e = —1.

Proof. Let e be an element in M(@)f Then e can be written as

> > njp) [b]

[@]€©) \ {Ib]€¥8(a) : x([b])=1}/~

+ >, n[6]

{B)ew (@) : x((e)=—1}/~

Since (W,)? = W,z = 1 and p? acts transitively on both sets of the previous sum,
we get that

er = b +
1= )n[“] Z{[b}ewgm) x((e)=1}/~ ]

[a]€d(O

b|.
Z )m[“} Z{[b}expg(a) : X([b])f_l}/N [ ]

[a]€3(O B

Since x(p) = —1, W, permutes the set on the first sum with the set on the second
one; since ey is an eigenvector of W, with eigenvalue € = £1, then njg = emy

for all ideals [a] € J(a). Clearly if € = 1, then e; is in M(0)° and e; is as in
Corollary 2.5 i.e. it has the same eigenvalues as a weight 2 and level p form. On

the other hand, if € = —1, then e; is the twist of an eigenvector in M(O)° (see
[8]) therefore it corresponds to a quadratic twist of a level p form, as claimed. [

Theorem 2.7. Let p be a norm p bilateral O-ideal. The algebra Ty, generated by

Ty and W, is commutative, its action on the space M(O) is semisimple, and its
ergenspaces have multiplicity one.
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Proof. By the remark in page 6, we have that Ty, is commutative and its elements
are self-adjoint with respect to the height pairing.

We will now prove multiplicity one. Let f be a modular form of weight 2 and
level p?, and consider the eigenspace M(O)/, which we know has dimension at most
2. Since W7 = 1, we will assume W, = %1 on M(O)/, as otherwise the statement
is clearly true. .

In this case, we have the identity (on M(O)7)
Wy =WppWy = Wy Wpp = Wi
(the middle equation comes from the fact that W, = £1.) Hence Wg =1 on

M(0)7, and there is an eigenvector e € M(O)! for W, with eigenvalue +1. By
the Lemma, ¢(e,e) is either an oldform or the quadratic twist of a level p form,
whose eigenspace for Ty is already one-dimensional. 0

Corollary 2.8. The action of W, on M(O) gives an orthogonal decomposition

M(O) = ker(W, — 1) @ ker(W, + 1),

and the action of Ty on each of the components has multiplicity one.

Proof. The claimed decomposition is clear because T/Vp2 = 1 on M(O), and the
multiplicity one on each of the components follows from the theorem. O

Remark 2.9.

(1) The action of W, on M(0)° is given by left multiplication by p acting on
M(O). When f is an eigenform of level p, this action on M(O)/ is known
to be —¢,(f), where €,(f) is the eigenvalue of the Atkin-Lehner involution
lw,. Hence, M(0) C ker(W, + e,(f)).

(2) When f is the quadratic twist of an eigenform ¢ of level p, one can see
that the operator W, = —¢,(g)x(p) where x(p) is the character of the left
O-ideal p. Basically, if ® denotes the twisting operator in M(0O), given
on a basis element [b] € J(O) by ®([b]) = x(b)[b], it amounts to see that
W@ = x(p)2W,.

Hence, M(O)/ C ker(W, + €,(g)x(p)).

Recall from [9] there is a Ty-linear map

© : M(O) — Ms/(4p, »,),

where s,(n) := (2) is the quadratic character modulo p or 4p (according to
whether p = 1 or 3 (mod 4), respectively). This map can be defined as

o) =5 > g4

€0/
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and extended to all of M(O) by conjugation, i.e.:
([b]) := O([6*0b)).
Note that ©([pb]) = O([b]), since p~'Op = O. In other words the diagram
o),
W”l M3/2(4p, )

1s commutative.

Proposition 2.10. If e € M(O) is an eigenvector for Ty, and ©(e) # 0, then e
is old.

Proof. 1f ©(e) # 0, we may assume that e € ker ©+, since © is Ty-linear.

Since OW, = O, it follows that ker © is invariant by W,. Moreover, ker O+ is
also invariant by W,, because W, is unitary.

Hence, W,(e) € ker ©*, and the vector

e—W,(e)
is both in ker ©* and in ker ©. Thus e is an eigenvector for W, with eigenvalue 1,
and the result follows from Lemma 2.6. O

2.3. Suborders and symmetries. In view of Proposition 2.10, the map © is
trivial on M(O)"". In order to obtain non-zero half-integral weight modular forms
corresponding to new vectors in M(O), we need to work with the orders of index
pin O, which we call orders of level p* (see [9]). It is known that they play a very

important role in the theory of Shimura correspondence for level p?.

Remark 2.11. As suggested by the referee, we want to clarify the terminology
here. In [10], the author uses the name “orders of level p*” for O. In his context,
this was the natural term to use, since the main achievement was to construct
bases of integral weight modular forms and, using the trace formula, he proves
that weight 2 modular forms of level p* appear in M(O). However, since orders
in quaternion algebras are in correspondence with ternary quadratic forms, it is
more natural to index orders by the level of the corresponding ternary form, which
was the definition we used in [9] and we maintain in this article. We hope this will

make no confusion to the reader.
We recall the following

Proposition 2.12. Let L € O be a lattice such that [O : L] = p. Then L is an
order if and only if Z + pO C L.

Proof. This is Proposition 2.2 of [9]. O
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Proposition 2.13. If p is a norm p bilateral O-ideal then 7 + p is an order
of index p in ©. Conversely, if R, is an order with [O R, = p then L =
{x€R, : p|Trz} is a norm p bilateral O-ideal.

Proof. Since p has norm p in O, by a local computation it follows that pC O, and
[0 :p] = p?. Also it is easy to check that pO C p, hence Z + pO C Z + p and
(O : Z + p] = p. By Proposition 2.12 it follows that Z + p is an order.

For the converse, note that for z € O we have p | Trz if and only if p | Nz.
Hence L = {x € R, : p| Nz}, and it follows that R,L C L. Therefore, the left

order of L is either O, O or R,. From the fact that all the lattices with one of
them as left order are locally principal (see [2]) and [O : L] = p?, it follows that L
is a left O-ideal of norm p, hence bilateral. O

Remark 2.14. Recall the definition of the character x in an order R, of index p

in O:
) = (=22,

p
where x € R, such that p || Az. This is well defined by [9, Lemma 2.3], and it’s
clear that

X(Z +p) = x(p),

i.e. the correspondence preserves the character.

2.4. Theta series of weight 3/2. Using the correspondence given in the previous
section we define, for p a bilateral O-ideal of norm p, a map

O, : M(O) — Ms5(4p%, 5,)
by
6,([0]) := O([Z + p]) Z g,
meZ+p/Z
This definition extends to all of M(O) by conjugation, namely:
O([6]) := Op-1po([67*0B)).
In [9], for b € J(O) and R, = Z + p, it is defined
O, ([b]) :== O(R,(c)),
where ¢ is any left ,-ideal with index p in b.
Lemma 2.15. If R, = Z + p then ©, = Op,.
Proof. If b € J(@) and ¢ is any left R,-ideal with index p in b, we claim that
R.(¢) = Z + b~ 'pb, which implies the assertion.
To see it, we prove equality of both orders at the different completions. For

primes ¢ # p, the statement is trivial, since ¢, = b, and R.(¢q) = R,(b,) =
b, b, = (Z + b~"pb),.
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At p, if b, = 0,z,, we can take ¢, := (Z, + p,)z, (the global lattice ¢ with
this local completions satisfies the hypothesis). Then R,(¢c,) = Z, + z,'p,z, =
Ly + bp_lppbp as claimed. (l

Note that
O, ([pb]) = ©-1,,([b]) = Op2([b]),

hence for any rotation p* we have:

M(@) o, 2
\
kal Ms5(4p?)
M)

Proposition 2.16. The image of the map ©,(M(0)’) depends only on the char-
acter of p for any eigenform f.

Proof. If p and p’ are two bilateral ideals of norm p with the same character, then
they differ by the square of a rotation, say p = p’p?*. Since the operator Wk

commutes with the Hecke operators, the space M(O)/ is invariant under Wk,
hence the statement follows from the previous observation. 0

Using the same argument for W, since W2 = 1, we have the commuting triangle

2(O) s,
Wl M;5(4p*)
M(©O) &

hence ker(W +1) C ker Oy; in other words, eigenvectors corresponding to modular
forms f with €(f) = —1 have trivial image under ©,.
A similar computation shows that

Oy ([pb]) = Op-15([b]) = Oy ([0]),
thus
M(0)
W
M(0)
and again we have ker(W, + 1) C ker ©y.
Summarizing, we have

M35 (4p?)

D ——

\@,,)
— %,

Proposition 2.17. In the irreducible components of M((N‘)) where ©, is non-zero,

we have W, = W = 1. In particular, the image ©,(M(0)/), for an eigenform f,
1s at most 1-dimensional.
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3. SPECIAL POINTS FOR LEVEL p?

Following Section 1, we fix D < 0 an odd fundamental discriminant. We require
p | D, since there are no special points of discriminant D for O otherwise. Let K
be the imaginary quadratic field of discriminant D, and Oy its ring of integers.
Let up be half the number of units in O, i.e. up = %#OIX(. Write D = p*D,,

where p* = (%) P.

Fix a rational prime ¢ > 0 satisfying the conditions:
e ¢12D.
(2)-
p
e ¢ =—1 (mod Dy).
By quadratic reciprocity, these conditions imply that ¢ is split in K. We fix an

ideal q of Ok of norm ¢, and note that its genus gen|q] is the only element of the
set

Q= {gen[q] : Ng=—p*> (mod DO)}

appearing in Theorem A.14 below.

Let B = K + Kj with
Jt=—q

and jk = kj for all k € K, where k is the complex conjugate of k.
Proposition 3.1. B is a quaternion algebra ramified precisely at p and oo.

Proof. Clearly, B is a quaternion algebra over Q, so we just need to find the set
of ramified primes. In the basis {1, VD, j. D j}, the norm form is

N(2o + 21V D + x9j + £3V'D j) = 22 — Da? + qz? — Dqa2.

Since the norm form in B is positive definite, B ramifies at infinity. To check
whether B is ramified at a prime [ or not, we need to see if the norm form represents
0 in Q; for each prime [. Consider the different cases:
e If [ 1 2Dq then it is clear that B is split at [, since the discriminant of the
norm form is an [-adic unit in this case.
e If [ = p, the norm form represents zero if and only if (—7(1) = 1. The second
condition on ¢ assures that this is not the case, hence B ramifies at p.
e If [ | D but [ # p then the norm form represents zero if and only if (%q) =1,
which is clearly the case since —¢ =1 (mod ).

e If [ = ¢, the norm form represents zero if and only if (%) = 1 which

is the case by quadratic reciprocity. In fact, the conditions in ¢ imply
ep,(—q) = +1 and ep«(—q) = —1, hence ep(—q) = —1. Since D < 0 it

follows that (%) =1 as claimed.
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Since the number of ramified primes for a quaternion algebra is even, we do not
need to consider the prime 2. O

Let ®¢ be the ideal in Og of norm Dy, and px the ideal of O of norm p. To
simplify the notation, in this section only we will omit the subscript K writing
p = px. Define

O:={a+8j : aeDy", BeDy'q", a—qf e 0k},
and )

0:= {oz+6j ca€eD, BeDypg a—qgB € OK},
This is consistent with the notation of the previous section by the following theo-
rem.

Theorem 3.2. O is a mazimal order in B and O is the unique order of index p
in 0.

Proof. To prove that O is an order, since 1 € O and O is closed under addition,
we just need to check it is closed under multiplication. Let a; + b1j, as + boj € O,
then

(CLl + blj)(ag + bg]) = (CL16L2 — qblb_z) + (CleQ + (l_gbl)j.
To prove that this is in O, we claim that it belongs to O; := O ® Z; for all primes [.
Consider the cases:

o If [ 1 Dy the claim is clear, since in this case
0= (0x +q7')) ® L,
with j2 = —q.
o If [ | Dy, then
arag — qbiby = ay(az — qb) + qba(ar — qbr) + qbi(gby — by).

The first two terms clearly belong to D, ' ® Z;. The last also belongs to
D, ®7 since ¢ = —1 (mod 1), and b+b € O @7 for all b € D' @ Z;.
Analogously,

(a1by + dzb1) = (a1 — biq)by + b1(b2q — az) + bi(az + da),
and the same reasoning applies.
Finally, the proof that
(a1a2 — qbll;g) — q(a1b2 + dgbl)j € OK & Zl,
follows from a similar computation.

The proof that O is an order is the same, except for [ = p, where (7)p = (Ok +
pj) ® Z, and the claim is clear. Also this shows that O has index p in 0.

It remains to prove that O is maximal, or equivalently, that its reduced dis-
criminant is p. We compute the [-valuation of the discriminant for each prime

l:
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o If [ { Dg then O; = (O + Okj) ®Z;, and the discriminant of the norm form
in O; is an [-adic unit.

e Ifl | Dy, O, C (Dy' +Dy'j) ® Z; with index I. The discriminant of the
norm form in the latter is [=2 since [  Nj = ¢ hence the discriminant of
the norm form in O; is an [-adic unit.

e Ifl=q, O, = (0 +q'j) ® Z,. Since Nj = g, the discriminant of the
norm form in O, is a ¢-adic unit.

o If I =p, Op = (Ox + Okj) ® Z, hence the discriminant of the norm form
in O, is p? since p | D.

O

3.1. Counting special points. Recall that
<©b,tm€)ab> - %# Hom(Ob, Oab)[m],
where
Hom(Ob, Oab)[m] := {u € Hom(Ob, Oab) : Nu = mNa}.
Let D be the set of ideals,
D:={0 : No| Dy}

Note that the elements of D are in one to one correspondence with the elements
of order 1 or 2 of the class group J(O), since D is odd and hence squarefree.

Lemma 3.3. Let a,b ideals of Ox of norm prime to D, and let 0 € D. Then
Hom(0bd, 0abd) = {a + Bj : a € Dgla, B € Dy'pg b 'ab,
a+qp e (Ok) VYI|ND,
a—qB € (Ok) V1| Dyandl{Nd}.

Proof. By definition, Hom(Obd, Oabd) = (62)~'0ab, i.e.
Hom(Obd, Oabd) =
{bo(a + Bj)aby : (a+B) € O,bo € (60)71,by € b and a € a}.

For a € K, ajj = ja thus bo(a + Bj)aby = abobicx + aboby Bj. The first term lies
in ©y'a while the second one lies in Dy q~'b~'ab since 9710 = O.
We claim that abybyov — qabob, 8 € Ok ® Z,; for all primes [ | Dy/d. Indeed
abobia — qaboby B = abybi(ov — qB) + qBbo(aby — aby),
so the claim follows from the condition on the norms of a and b, and the definition
of O.
On the other hand, if [ | d, then

abobior + qdbob_lﬂ = aboby (v — qf8) + qBbo(aby + a_bl)
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The first term is in Ok as before, and since b; € b0, [ | ab; + ab; so the second
term lies in Ox ® Z; finishing the proof. U

We denote §(n) := 2°, where ¢ is the number of prime factors of ged(n, Dy). This
is relevant because of the following computation.

Lemma 3.4. With the same notation as above, let a € Dy'a and B €
Dy'pq b tab such that N(a + B7) € Z, and set n = %‘fo‘ € Z. Then

#{a . 0eD, a+ fj € Hom(Obd, éaba)} =4(n).

Proof. Take a prime [ | Dy. When [ | n, it follows that N 5 € Z,;, hence 5 € Ox®Z,
(since [ is ramified). Since N(a+8j) = Na+qN € Z, it follows that o € Ox®Z,
and the condition at [ in the previous lemma is trivially satisfied for all 0.

If [ ¥ n, then neither a nor f are in O ® Z;, but INa € Z; and IN 5 € Z;. We
claim that this implies o + & € Z; and 8+ 3 € Z;. In fact, la € O ® Z;, hence
D | A(la) = (I'Tr(a))? — 4l(IN ). Since [ | D, it follows that (I Tr«)? € Z;, thus
Tra € Zl-

Then, the condition Na+g¢N 3 € Ox ®Z; is equivalent to a® —¢?5% € Ox ® 7,
(here we have used that ¢ = —¢® (mod [)). Therefore, either a — g3 € Ox ® Z; or
a+qpB € Ox®Z;, but not both. Therefore, the condition at [ in the previous lemma
is satisfied for exactly half of the possible 0. Namely, when oo — ¢ € O ® Z;, the
condition holds for all @ with [t N0, and when o + g8 € Og ® Z;, the condition
holds for all ® with / | N'o.

This implies the lemma, since the conditions on 0 for each [ { n are independent.

O

Let a and b be ideals of Ok of norm prime to D as in the lemma, and consider
the map

U, : Hom(Ob, Oab) — J(Ok) x J(Ok)
given by
u=a+ - (aDea ", fDoqp 'bb 'a ).
Note that Wy is well defined by Lemma 3.3 (i.e. it maps to a pair of integral
lattices). Furthermore, its image is contained in
A= {(£1,85) : & ~pa~!, gen[L,] = gen[aq] },

where by abuse of notation we allow £, or £, to be the zero ideal.
Moreover, if Wy(a + j3) = (£, £2) then clearly

_ Na|Dy| B N B 1Dolq
Nﬁl——Na , NSQ——pNa ,

and so
NE +pNL Na+gNj  N(a+ )

|D0| N Na Na
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Therefore, if we set
Alm] == {(£1,L2) € A : N +pN Ly = m|Dol},
the maps Wy restrict to
Wy, : Hom(Ob, Oab)[m] — A[m).
Lemma 3.5. The number of pairs (£1, £2) € Alm| with N £y = n is

1 ifm=n=0,
ro(m) ifm>0,n=0,
Rgen[aq] (n) me|D| = p2n 7é 0,

ru(m|D‘ _p2n)Rgen[aq] (n) me’D‘ > p2n 7£ 0.

Proof. Since N £, = n, then the number of choices for this ideal is Rgenfaq(n) if
n # 0, and 1 otherwise. Similarly, N £; = m|Dy| — pn, and the number of choices
for £ is either rpq-1(m|Dy| — pn) (for m|D| > p*n) or 1 otherwise.

The result follows by noting that rye-1(m|Do| — pn) = ro(m|D| — p*n), because
p is ramified; and when n = 0, since VD € O, this number is just 74(m|D|) =

ro(m). O
Lemma 3.6. Let (£, £2) € Alm|, with N £y =n. Then
hp fm=n=0
2uph ifm>0,n=0,
S a (e, g, = 20t

2upd(n) if m|D| = p*n # 0,

O ad5(n) if m|D| > pn #£0
D .

Proof. First note that #1115_1(21,22) depends only on the class of b, since the
following diagram commutes

Hom(Ob, Oab) v,
conjugation by W\L A
Hom(Oby, Oaby) Yo

for any v € Og.

Suppose n # 0. If b%aq = £, then 111;1(21,22) = (). Fix an ideal by such that
b2aqg ~ £5. Then the set of classes b such that b%aq ~ £, equals {byd : 0 € D},
hence

D OHTT(E, L) =D #TL(L L),
beI(O k) 0

Let a be a generator of £,D; " a (which is principal), and let 3 be a generator of
£,0, aq pby Ty (which is also principal by the choice of by). Given such a pair
(a, 8), we have

#{0 : a+Bj eV (£,L)} =6n)
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by Lemma 3.4.
Now suppose n = 0: in this case £9 = 0 and it follows from Lemma 3.4 that
#U. 1 (L, L5) =1 for all b, thus

> #TN(L1,L) = hp.
beJ(OK)
The statement follows by counting the number of choices for o and , which can
be 2up or 1 in each case (when the norm is non-zero or zero, respectively). 0

The following formula extends [4, Proposition 10.8] to level p?.
Theorem 3.7. Let a be an ideal for Og. Then

(3) Z <(5b,tm(5ab> = uphprq(m)
beI(OK)
|D|m/p?

+2uf, Y 8(n)ra(m|D| = p*n) Ryenfaq (),
n=1

where 6(n) := 2, with t being the number of prime factors of ged(n, Dy).
Proof. We have

3 <@b,tm@ab>:% Y # Hom(Ob, Oab)[m]

beI(Ok) beI(Ok)

=52 Y e

b€I(0K) (£1,£2)EA[m]

In order to evaluate this we split the inner sum by the norm of the ideal £,. This
is suitable to apply Lemmas 3.5 and 3.6, which together give

D SEED SISO

beI(Ok) (£1,82)EA[m]
N Lo=n

_ Juphpra(m) if n=0,
2% 6(n) ra(m|D| — 1) Rygniaq () if 1 # 0.

Note that the four different cases of the lemmas become just two cases by use of

the convention rq(0) = 5.

The statement follows by adding this expression over n > 0. 0

3.2. Special points and central values of L-series. Let f be a cusp form in
SyW(Ty(N)). In the appendix we recall the definition of an L-series L4(f,s), a
Rankin convolution of L(f,s) and a partial zeta function associated to an ideal



24 ARIEL PACETTI AND GONZALO TORNARIA

class A of Q(v/' D). These L-series are interesting due to their relation to the
L-series of f and its twists; for instance we have the factorization

ZLA f7 f> ) (f>Da3)v

where the sum is over all ideal classes of @(\/ﬁ) The main result of the appendix
is the following generalization of [5, (4.4) p.283] regarding the central values of
this L-series.

Theorem 3.8 (Theorem A.14). Let D < 0 be an odd fundamental discriminant,
A be an ideal in QV/D] and f(2) be a cusp form in Sy¥(To(N)). Then,

872
L 71 - 5 A 5
with g4 = gﬂ =Y ba(m)q™, where
(@) balm) = =20 D)
|Dlm/N

+ Z Z 5 TA m|D|—nN) gen[Aq( )

gen[gleQ n=1
where the first sum is over the set of genera
Q:={genlq] : Ngq=—-N (mod Dy)},
and where 6(n) := 2, with t the number of prime factors of ged(n, Dy).

Comparing the right hand side of (3) in Theorem 3.7 with the formula (4) for

the Fourier coefficients of the form g(Apz) in Theorem A.14, we obtain an explicit

(?) .

formula for g; ’ in terms of special points.

Corollary 3.9. On the above notation,
1 R
(5) a0 =5 3" 600, 0ab),
2up
beI(VK)

Proof. In the formula for b4(m) of Theorem A.14, note that ep(Nn) = 0 (since
N = p? and p | D in our case), and the set @ consists of a unique element gen|q].
Then the statement follows immediately from Theorem 3.7. 0J

Assume now f is a normalized eigenform in S3*¥(p?). Fix a character ¢ of
J(Ok), and define
= Z o(A)L
A

Consider ¢, = 3 ¢ '(a) Oa € M(0), and denote c;,, its projection to the f-
isotypical component of M(O).
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Proposition 3.10.

Ar? (f. f)
L,(f,1) = — - ~~=={(cr,,Cro).
<p(f ) u% m( frp f,‘P>
Proof. The proof is similar to Proposition 11.2 of [4], given Theorem A.14 and
Corollary 3.9. In our case, the f-isotypical component in M(O) may have di-
mension 2; however, since f is new, the f-isotypical component of S3°¥(p?) has
dimension 1, and the same reasoning as given by Gross still applies. 0

Remark 3.11. If the f-isotypical component M(C‘))f is zero, the proposition im-
plies that L,(f,1) = 0 for all characters ¢. Equivalently,

LA(fa 1) =0
for all ideal classes A, and for all discriminants, whenever f is a twist of a form of
level p by a non-quadratic character.

4. PROOF OF THE MAIN THEOREM

In this section we want to relate the central value of the L-series L,(f,1) to
coefficients of half-integral weight modular forms. We will assume from now on
that ¢ = 1p. This case of the Rankin convolution L-series is related to our main
formula because of the factorization

LlD(f’S) = L(f78> L(f,D,S).

We will start with the case of odd discriminants D, which follows from the
results in Section 3. The case of even discriminants could be proved by a similar
calculation, but we avoid the technical difficulties of this case by resorting to a
theorem of Waldspurger. This step is done in the proof of Theorem 4.11; until
then we will assume that the discriminant D is odd, just so that we can use the
results in previous sections. . .

Let P denote the set of norm p bilateral O-ideals. If b € M(O), p € P, and D
is a negative fundamental discriminant, with D = —pd, the coefficient of ¢? in the
g-expansion of O,([b]) is

(6) cap(b) = %#{x €Z+b'pb/Z : Az = D}.

Let €ayp := >y cap(b)[b]. Thenife € M(O), the coefficient of ¢? in the g-expansion
of ©,(e) is (cay, €).

We want to give an adelic description of this set. Let wp € Ok an element of
discriminant D; adding an integer we will assume that Trwp = 0 (mod p). It’s
easy to check that then Oy = (1,wp) and px = (p,wp). Moreover,

4 Nwp = (Trwp)? — D=-D (mod p?).

Fix an embedding i : K < B, and let x = i(wp). Once such embedding is fixed, by
Proposition 1.4 the special points of discriminant D correspond to some elements
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in the double coset 5((7)) JK*. Explicitly, let z € Z + b~'pb of discriminant D;
adding an integer we may assume that Trx = Trx. Hence Nx = Nx as well, and
so there exists a € B* /K> with

a tra = x.

The correspondence associates to « the O g-point ba. The condition € Z+b~!pb
translates to the condition x € Z + (ba) 'p(ba).
For p € P, define

C, = {a € J(0) : (a,i) is a special point for Ok and x € a_lpa}.
Recall from Section 1 that (a,i) is a special point for Ok if R.(a) N K = O.

Lemma 4.1. C, is closed under the action of K* by right multiplication, 1i.e.
Proof. Let a € C, and & € K*. By Proposition 1.5, a& is an Og-point. Since
X € a 'pa,

a~'xa € (ad) tp(ad).
But & 'xa4 = x, because all elements are in K , which is commutative. Then
ac € C, as claimed. O

Lemma 4.2. C, is closed under the action ofW by left multiplication.

Proof. Recall from Section 1 that the bilateral ideals act on the Ok-points by left
multiplication. Let a € Cy; then x € a~'pa, and we must show that Wa € C,. But

W is the order two rotation of the group of bilateral O-ideals (which is a dihedral
group), hence it commutes with p for any p € P. Thus,

x € a 'pa = (Wa) 'p(Wa),
hence /I/I7a € C, as claimed. O

The last two lemmas imply that C, is closed under the action of {1, W} xJ(Ok).
Moreover, cqp(b) = 2#{a € C;/K* : a~ b}.

Let R be an order in the same genus of O such that i(Ok) € R. In particular,
x € R. Such an order R exists because p | D. Indeed, i(Ok) is contained in
some maximal order Ry of B; but the condition p | D implies that p | Az for all
x € 1(Ok), hence i(Ok) is actually contained in the unique order of index p in Rj.

Lemma 4.3. Assume that x(p) = <%>. Then, there is an & € B* such that

(1) & '0& = R,

(2) a7 'pa = Ri(pk).
Moreover, & modulo multiplication by Q*, is unique up to left multiplication by
the group generated by W and W,.
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Proof. Since R is in the same genus as 0, there exists & satisfying the first condi-
tion. Two such elements differ by a bilateral O-ideal.

We claim that the left R-ideal Ri(pk) is a bilateral ideal. It is enough to prove
that all the localizations are bilateral ideals. Since Ri(Og) = R, and (Og), =
(pi)q at all primes ¢ # p, the localizations at primes ¢ # p give bilateral ideals.
At the ramified prime p, there is a unique maximal order, and a unique order of
index p in it, hence the localization at p must also give a bilateral ideal.

Recall that the group of bilateral O-ideals modulo Q* is a dihedral group. We

claim that y(Ri(px)) = (5) Indeed, x € Ri(px) and Nx = Nwp = =2
(mod p?), hence (N%/p> = <M> = <g). Then by assumption x(Ri(pg)) =

p
x(p), hence &~'pa and Ri(px), being bilateral, are in the same orbit by conju-

gation in this dihedral group. Thus the second condition holds by changing &

accordingly.
The last statement follows from the fact that the stabilizer of p in the dihedral
group is the group generated by W and W,. 0

Note that, for an ideal class [a] in J(Og), the O-ideal @Ri(a) with & as in the
lemma is an O g-point, since x € i(px). Then we define

Cpy = {&Ri(a) ] eJ(OK)}U{WdRi(a)  [a] EJ(OK)}.

Lemma 4.4.
(1) WyCpyp = Cpy.
(2) Cp, is independent of the choice of &.
Proof. The first statement follows from
paRi(a) = aRi(px)i(a) = aRi(pk a),

since multiplication by pg is a permutation of J(Og). For the second statement
note that clearly W Cp, = Cp,, and use the final statement of the previous lemma.

0

Theorem 4.5. With the previous notation,

Cpp=Cy/K™.

Proof. Let & be as in Lemma 4.3, so that &R € Cpy,. Then &R = Od by the first
condition in the lemma, and the second condition implies that it is in C,.

Then, by Lemma 4.1 and Lemma 4.2, Cp, C C,/K*. The theorem follows from
the fact that C,/K™ has exactly 2hp elements, where hp is the class number of
Ok. This will be proved in the following lemmas.
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Lemma 4.6. We have

{Ok-points for O} = U Co/K™.
peP

Furthermore, the union is disjoint.

Proof. The fact that the set of Og-points are the union over the norm p bilateral
O-ideals follows from the fact that there is a bijection between bilateral ideals of
norm p and orders of index p in O (given by p <> Z+p) and the union of such orders
is O. The second claim comes from the fact that the intersection of two different
index p suborders of O gives Z + pO, hence the discriminant of such elements is

divisible by p?. O
Lemma 4.7. If x(p) # (g) then C, = 0.

Proof. If C, # 0, there exists & such that x € &~ 'pa. By definition, (& 'pa) is
computed by choosing an element in this ideal of norm divisible by p but not by
p?. Since x is such an element,

X(p) = x(a""pé) = (Nz/p) = (%/p) — (g) .

Proposition 4.8. If py,ps € P with x(p1) = x(p2) then Cy, and C,, have the same
number of elements.

O

Proof. 1f x(p1) = x(p2) there exists a rotation o in the group of bilateral ideals
such that o~ 'pso = p;. Then oC,, = C,,, where the action is given by left
multiplication. O

Lemma 4.9. The number of Ok -points for O is hp.

Proof. The set of O g-points is an homogeneous space for Bil(0)/Q* xJ(Og). The
results follows from the fact that Bil(O)/Q* has two elements, and the norm p

ideal in Bil(O) acts as the ideal px € I(Ok). O
Proposition 4.10. The number of Ox-points for O is (p+ 1)hp.
Proof. See Theorem 2.7 and Theorem 4.8 of [10]. O

The last proposition asserts that the total number of O x-points for O is (p+1)hp.
By Lemma 4.6, this equals Zpep #C,/K*. By Lemma 4.7, half of this numbers
are zero and by Proposition 4.8 all the non-empty sets have the same number of
elements. This implies that

#C, /K™ = 2hp,
which finishes the proof of Theorem 4.5. U
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In particular, 2¢c4, = ZbeCD,p [b] in M(O). Since W, commutes with Ty and
acts trivially on cq,, then the projection cs, to the f-isotypical component is a
vector on which W, acts trivially.

Assume there is a non-zero eigenvector e; € M(0)7 with W, e; = e;, as oth-
erwise ¢, = 0 and L(f,1) = 0 by Proposition 3.10. When dim M(0)/ = 2, this
vector always exists by Theorem 2.7 (multiplicity one). In any case ey is unique
up to a constant, and therefore

(Cap;ey)
Cfa = ef’
P ey, ep)
and
(Cap )|
7 = <
( ) <Cf:P7 Cf,p> <ef7 ef>

Theorem 4.11 (Main Theorem). Let f be a new eigenform of weight 2, level
p? with p > 2 an odd prime. Fiz a norm p bilateral O-ideal p, and let e be an

eigenvector in the f-isotypical component of M(O) such that W,(es) = e;.
If d is an integer such that D = —pd < 0 is a fundamental discriminant, and

such that <%) = x(p), then

(£,.1) <
(er,er) v/pd’

where the cq are the Fourier coefficients of Oy(ey) = 3 11 caq”.

L(f,1)L(f,D,1) = 4x*

Proof. e First case: odd discriminants.
By Proposition 3.10,

2
LU L D) = Ly(£.1) = 2 AL e o),
up /D]
where c; is the projection of ¢; = )  Ra to the f-isotypical component in M(O).
Since W, acts trivially in c;, it acts trivially in its projection c¢ so we just need
to project it to the eigenspace where W, acts trivially.

Since 2Cqp = ) pec,,, 0], from the definition of Cp, we get

(caprer) = 5 (lener) + (e ef)).

If the operator W acts as —1 in ef, then ¢; = (cqyp,€r) = 0 and the left hand
side of the main formula also vanishes (since the sign of the functional equation

is —1 in this case). Otherwise, W acts trivially in e; and so (cqp, er) = (c1,€y),
hence cs, = cy. Therefore
(eapen)l® _
{crier) = (eppcpp) = =7 = :
PR (er.ep)  ferep)
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o Second case: even discriminants. The modular form O,(es) lies in the space
S3/2(4p?, »5,) and maps to f via the Shimura correspondence. In this situation,
Corollary 2 of [14] states:

Theorem 4.12 (Waldspurger). Let pdy, pdy € N be square-free integers, and sup-
pose that dy /dy € Q;Q for q =p and g = 2. Then one has the equality

031 L(f7 _pd; 1) V pd? = ng L(f7 _de{; 1) \% pdh
where —pd} is the discriminant of the quadratic field Q[v/—pd;].
For the particular case of ©,(ey), one actually has

Proposition 4.13. Let —pd; and —pdy be fundamental discriminants and suppose
that dy /dy € Q;Q. Then one has the equality

3 L(f, —pdi, 1) /pda = 3, L(f, —pda, 1) \/pd,.

We show that the case of even discriminants of the Main Theorem follows from
Proposition 4.13. By Theorem 4 of [15], there exists an odd fundamental discrim-
inant —pd, such that L(f, —pdy, 1) # 0. The Main Theorem for odd fundamental
discriminants implies that the coefficient ¢4, # 0. Let —pd be an even fundamental
discriminant, then

L(f, —pd, DL(f.1) = 2 =pd )

L(f’ _pd071)
2

(f,f) <

(er,er) Vpd

where the second equality follows from Proposition 4.13 and the last one follows
from the Main Theorem for odd fundamental discriminants. O

L(f,—pdo, 1) L(f,1)

= 47?

Proof of Proposition 4.13. To prove the result, we follow the proof of the Corollary
2 in [14]. The same reasoning implies the result once we prove that the local factor
at 2 of the weight 3/2 modular form Oy(ey) is the same for pd; and pdy. Let A,
be the eigenvalue of the Hecke operator T, acting on f. Let «, o’ denote the roots
of the polynomial 22 — \’\/—%x + 1.

The space Ss/2(4p?, 5¢,) is 4-dimensional. Generators for this space are obtained
by choosing 2 local functions at the prime p and 2 local functions at the prime
2. Following the notation of [14] (p.453), define the functions ¢[6] and ¢5[6] on d
(where —pd is a fundamental discriminant) by:

[6](d) = {g -2 dad/VE 2 o
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where (%,%)s denotes the Hilbert symbol at 2, and 3,5 is the character on Q5
associated to s,. And the function

A18](d) = 6.

Then the set of local functions at the prime 2 is given by

{{ca[a], G} ifa#d,

{&[a], o]} if a=d.

Moreover, we have c¢h[a](d) = 1 for 2 || d. But since the coefficients ¢4 of O,(ey)
vanish in this case, its local function at 2 (up to a global constant) must be, in the
first case,

cyla] — chla’].
This function clearly attains the same value at odd and even values of d (namely
a—a).
In the second case, the local function at 2 must be cj[a], since ¢j[a](d) = 0 when

2 || d. This function also clearly attains the same value for odd and even values of
d. The rest of the proof is exactly the same as Waldspurger. U

APPENDIX A. RANKIN’S METHOD

Notation A.1l. If n,m are integers, we write n | m®™ if every prime factor of n
divides m. We denote by ged(n, m™) the unique positive integer M that satisfies

o M|mn,

o M | m™,

e gcd(47,m) = L.

Let D < 0 be a fundamental discriminant. If A is an ideal class of Q(v/D), we

denote © 4 the theta series

. 1
Ou(z) = ZTA(TL)Q” =5 ZQN(x)/Naa

n=0 rea

where a is any ideal in the class A. It is well known that © 4 is a weight 1 modular
form of level |D| and nebentypus ep, where ep : (Z/DZ)* — C* denotes the
character ep(n) = (2) of the field Q(v/D).

Definition A.2. Let f(z) = >_ a(n)q" be a cusp form in S§**(I'g(NN)). Define

Loy = ¥ o '(Z—a(mz;f(m)>

(m,N)=1

which converges for R(s) > 3/2.
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A.1. Rankin’s Method. For each decomposition D = DD, of D as the product
of two fundamental discriminants, define the Eisenstein series

s

Es(Dl,D2)<Z) — 1 Z ep,(m)ep,(n) Y

2 (mz+mn) |mz+n|*

2

m,ne’
Da|m

The series Eng’Dz)(z) is a non-holomorphic weight 1 modular form of level |D|
and Nebentypus €p.

Let n = ged(N, D) and Ny = N/n. In [5], they work in the case n = 1; when N
is a perfect square, this restriction makes their formula for the central value vanish
trivially on both sides (see the remark after Proposition A.12).

Proposition A.3.
(4m) T (s)La(f,s) = {f, Gs—1.a)ro ()

where

Gon(2) =Ty (©4(2) ESP) (Np2))
Proof. Similar to [5, (1.2) p. 272]. O

A.2. Computation of the trace. For D a fundamental discriminant, let
1 ifD
k(D) =« . 1 >0
1 if D <O.

If D = DD, is a decomposition of D as the product of two fundamental dis-
criminants, xp,.p, denotes the corresponding genus character, i.e. for ideals A of
norm prime to D, xp, p,(A) =ep,(NA) = ep,(NA).

Recall the usual operator

zZ+)
o= X1 (550
j mod |D]|
on spaces of modular forms.

Proposition A.4. Assume D is odd. Then the function G 4(z) defined in the
last proposition is given by

Gia(2) = (€s(Noz) ©a(2)) v

where

(8) €s(2) =

201 (N0) X102 (A) ion,0) (1)
K/(D1> |D1|s+1/2 S 2

D=D1D>

The sum is over all decompositions of D as a product of two fundamental discrim-
mants Dy and Ds.
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Proof. As in [5, (2.4) p.276], we can prove the result with

€Dy (NO) XD1,Ds ('A)
()= Y Dl pPa) (1D, 2)
p=pip,  H(D1)[D]
ged(Dy,m)=1
and the statement follows since
N, h d(D =1
8D1(N77) — {‘SDI( 0) when gc ( 1777) 9

0 otherwise.

O

A.3. Fourier expansions. From now on we will assume D is odd as in Proposi-
tion A.4. This implies that 7 is odd and squarefree.

We first give an explicit description of the Fourier coefficients of the function
€s(z) defined in (8) above.

Proposition A.5. We have
Es(z) = Z es(n,y)e?™ e,
nez

where the coefficients are given by
ep(Nn)

i/1D]

es(0,y) = L(ep,2s + 1) (|D]y)” + Vi(0) L(ep, 2s) (|D]y)

if n =0 and by
i —s €A(TL, d)
es(n,y) = —— (IDly) " Va(ny) Y _ 2
|D’ din
d>0
if n # 0, with

ea(n,d) :=ep,(—Nnd) ep,(n/d) xp,.p,(A)
for the unique decomposition D = D1 Dy as a product of fundamental discriminants
such that |Dy| = ged(D, d), and where

0 ift <0
Vo(t) :== < —mi ift=20
—2mie 2™ it >0
Proof. The proof from [5, (3.2) p.277] works, with the following differences:
e Replace ep, (N) by ep, (Nn), as in (8).
e In the last step of the computation of es(n,y), in [5] they use the identity

_ &TD(.N)

ing(_N> 5D2(_N>7
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which is only true in the case (Dy, N) = 1. Thus a formula like theirs is
good only so far as n = 1, but ours is always true.

O
Note that e4(n,d) = 0 unless i | d. In particular, es(n,y) = 0 unless n | n.
To ease notation, write n* = (%) n and Dy = D/n*, so that D = n*Dy is a

discriminant decomposition, and N is prime to Dy (because we are assuming D is
odd, hence squarefree).

We let
©) Ea(n,d) = eq(nn,nd)
=& (_Nd)gn*D2 (n/d)XD1777*D2 (‘A)7

for the unique decomposition Dy = DD, as a product of fundamental discrimi-
nants such that |Dy| = ged(Dy, d).

Corollary A.6. The Fourier coe]fﬁcients of

G
oa(5) =17 ol
are given by
|Dlm/N
ba(m) = oa(n)ra(m|D| —nN),
n=0

where

D

ra(m) = L2 ey, g) 2
@L@Da 1) — 2N (e 0) forn=0
> dn €a(n, d) forn >0
d>0
Proof. Similar to [5, (3.4) p.281]. O
Proposition A.7.
1 —ep(Nn) h(D)
UA( ) 2 up
Proof.
D N
4(0) = 2|7T Lepi1) — D<2 " 1(ep.0)
But
v/ |D h(D
LL(gDal):L(gDaO): ( )7
2m up

by the class number formula and the functional equation for L(ep, s). O
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Denote:

nOunl- E EA n0n1;d0

do|no
do>0

Recall that the number of integral ideals of norm n in Q(v/D) is

n)=> ep(d)

dn
d>0

Lemma A.8. Forn >0
(1) If dody | n with ged(dy, D) =1, then

éﬂ(n, dodl) = éﬂ(n, do) €D(d1>.
(2) If n = nony with ged(ny,ngD) =1, then
oa(n) = ox(ng,n1) Rp(ny).
(3) Let n = ngny, where ng = ged(n, D>). Then

oa(n) = oa(ng,ni) Rp(n)

Proof.

35

(1) Follows from the definition of £4(n, d) in (9), because the hypothesis implies

ng(Do, dodl) = ng(l)o7 do)
(2) if ged(nq, neD) =1 then

O'A n0n1 Z Z 8/[ nony, d0d1 (since ng(ng, nl) = ].)

do|no di|n1

= Z Z éﬂ(nonl,do) €D<d1) (by part (1))

do|ng di|n1
= 0.4(no,n1) Z ep(dy)
di|ni
d1>0

= o4(no,n1)Rp(ny).

(3) Since n/ny = nyg | D>, there is a unique ideal of norm n/n;, hence

Rp(ny) = Rp(n). Thus the statement follows directly from (2).

Lemma A.9. Let 77 = ged(n,n™), and n' = ged(n, D§°). Then

L Ea(n,nd’)
oa(n) = éa(n,n) - ——— " Rp(n)
%;, a(n, 1)

0
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Proof. First note that

a(n, 1) = epy (=N 1) ey (/1) X Do (A)-
Since ged(n,n/n) = 1, and ged(Dy, N7) = 1, it follows that

gﬂ(na 77) 7é 0.

Let n = ngny with ng = ged(n, D) as in the previous lemma, and note that
ng = nn’, since n and Dy are relatively prime.

Suppose dy | ng is such that £4(n,dy) # 0. By the definition of &4, it follows
that

epr(n/do) #0  and  ep,(n/do) # 0,
where |Dy| = ged(Dy, dy). The first inequality implies that 7 | do, so we can write
dy = 7d', where d' | n’. Since d' | n’ | D§°, and |Dsy| = ged(Dy, dp), it follows that
d' | D3°. The second inequality implies p,(n’/d") # 0, and so we finally conclude
that d' || n'.
It follows from the above discussion that

oa(no,ni) = Z éfl(naﬁd,)

d'|n’
~ ~ ENA (n, ﬁd/)
=Ea(n,7) ) S
d/”n/ €‘A<n7 n)
This finishes the proof by Lemma A.8 (3). O
Lemma A.10. The function
d gfl<n7ﬁfl/>
€A (n7 77)

18 multiplicative. In particular,

Z Ealn,nd’) {5(n) if all terms are 1,

&|n’ Ealn, ) 0 otherwise

where 6(n) := 2, with t the number of prime factors of ged(n, Dy).
Proof. Let Dy = Dy Dq where |Dq| = ged(Dy,d’). We have

~ ~ - n
5A(n7 Ud/) =E&D; (—Nﬁd,) En* Do (%) XD1,m* Dy (‘A)
and

2l = p =Nz () X ()
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Hence
Ea(n,nd)

’ N / ﬂ .
éﬂ(n, 77) - ng(d)€D2( Nn) En (d)5D2 (ﬁd/) Xn Dl,D2<‘A)

n
=&y, (d)ep, <_NE> Xn*Dy,D, (A)

(we have used Xp, *D, = XDom* * Xy* D1,Ds)-

To check multiplicativity, let d' = d"d" with ged(d”,d”) = 1, and let Dy =
DYD} = DY D} be the discriminant decompositions corresponding to d” and d",
ie. |DJ| = ged(Dy,d") and |DY'| = ged(Dy,d”). Note that Dy = D5 DY’ and so
D} = D\Dy and D} = D, Dj.

Then 5/1 (n ﬁd//) .
m = ep-py(d")epy(d”)epy <_NE) Xn+ DDy (A)
and 5/1 (n ﬁd/’/) n

Hence the product
aln,nd") Ea(n,7nd")
gA(“? ﬁ) éfl(na ﬁ)
n
= ey-pypy(d")enpyrog (d”)ep, <_NJ> X 01,05 (A)
n
= ey-py(py)2 (d") ey (D)2 (A" )e Dy (—N —,> X D105 (A)

d
n
= 00 (@)en, (~N ) Xor1.0a(A)

_ éfl(”?ﬁdl)
g.A(nvﬁ) '
O

Lemma A.11. Suppose there is an ideal a € A such that Na = —nN (mod D),
and let b be an ideal of norm n. Then the following conditions are equivalent:

(1) % =1 foralld || n.
(2) xu=,pp+(ab) = +(—=N) for all prime discriminants I* | Dy.
(3) There is an ideal q in the same genus as ab such that
Ng=-N (mod Dy).
Moreover, this also implies
gfl(na 77]) =1

Proof. We first prove that (1) implies (2). Let [* be a prime discriminant with
| Dy, and consider the following two cases:
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o [ { n: then ged(Nab,l) = 1, so xi=,py=(ab) = e+(Nab) = +(—N), by
hypothesis.
e [ | n: use (1) with d’ = ged(n, 1), thus |Dy| = [, and we have

n

Xpyi+a+ (@) = epyi=(d) 81*(—Ng)
= e (=N)epy-(d') er-(n/d')
= 51*(—N) XD/Z*,l*(b)7

where the last equality holds since d' | D.

To prove that (2) implies (1), note that since the expression in (1) is multiplica-
tive, it is enough to check it for d' = ged(n,[*°), where [ is any prime dividing n’.
Since [ | n, a computation similar to the second case above applies.

Clearly (3) implies (2); to see the converse take an ideal ¢ in the same genus as
ab, with ged(N¢, Dy) = 1. By (2), we know that

Ne=—Nr®* (mod Dy)

for some r € (Z/Dy)*, and we can take q = 7¢ where 7 € Z is such that 7r = 1
(mod Dy).
For the final assertion, we use the definition of £4 in (9) with d = 7, so that
D, = Dy and Dy = n*, and thus
€A (na ﬁ) = EDO(_Nﬁ) En (n/ﬁ) XDo,n* (‘A)
= 8Do(_jv) XDo,n* <b> X Do,n* (‘A)7
since X pyy* (b) = €p,y (1) €4+ (n/7). Hence,
éﬂ(”? ﬁ) = €D0<_N) X Do,n* (q)
= 8Do(_]\/v) 5D0(_N) =L
O

Denote by Rgenp)(n) the number of integral ideals of norm n in a given genus
gen[b]. We can finally obtain a closed formula for o4(n) when n > 0:

Proposition A.12. For n > 0, suppose there is an ideal a € A such that Na =
—nN (mod D). Then

oa(n) =8(n) Y Ryentaq(n)
genldl€Q

where the sum s over the set of genera

Q:={genlq] : Ngq=—-N (mod Dy)}.
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Proof. We have

oa(n) = Ea(n, ) - Y % Rp(n) (by Lemma A.9)
&/’

- - €An77d
=) S 2 e P
&I’ g Nb n

_ 5oy o) i genlavl Q)
N 0 otherwise.

b
Nb=n

where the last equality follows from Lemma A.10 and Lemma A.11.
Now we note that gen[ab] € @ is equivalent to gen[b] = gen[aq] for some gen|q] €
@, hence we can rewrite the last summation as

oa(n Z Z 1

genlde@ b
gen[b] =genad]

Z Rgenjaq) (n)

gen[g]€Q

O

Remark A.13.

(1)

In the case n = 1, we have Dy = D, and the condition on Nq in the
definition of () determines its genus gen[q], in case it exists. This depends
on the sign of ep(Nq), so we have

1 ifep(N) =1,
#@ = {o if ep(N) = 1.

This is the case of [5], and in this case the proposition is part (a) of Propo-
sition 4.6 in [5, p.285]. As noted before, when N is a perfect square we
have #¢) = 0 for all D prime to N.

When n # 1, we have @ # (). Indeed, for any o € Z such that ¢, (o) =
ep,(—N), by genus theory there is an ideal q with

| =N (mod Dy),
Nq:{a (mod 7).

The number of such o mod 1, up to squares is 2°=!, where t is the number
of prime factors of . Each one results in an ideal lying in a different genus,
hence

#Q =21
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3) In the particular case N = p?, it follows that
( p p

)0 ifpy D,
#Q_{1 if p| D.

A.4. The central value of L-series. We conclude this section with a formula for
the central value of L-series which is similar to [5, (4.4) p.283], but not requiring
ged(D, N) =1 as in the original formulation. As remarked above, this generaliza-
tion is essential to obtain a non-trivial result in the case of level p?, which is the
main interest of this paper.

Theorem A.14. Let D < 0 be an odd fundamental discriminant, A be an ideal
in Q[VD] and f(z) be a cusp form in S3¥(To(N)). Then,

872

LA<f71) = \/WUC,QA%
with gq = gA =Y ba(m)q™, where
bam) = -2 D),
|D|m/N

+ Z Z (5 ’I“A m|D|—nN) gen[flq]( )

gen EQ n=1
where the first sum is over the set of genera
Q :={genlg] : Ng=-N (mod Dy)},
and where §(n) := 2', with t the number of prime factors of ged(n, Dy).

Proof. This follows by combining Proposition A.3, Corollary A.6, and Proposi-
tion A.12, using the renormalization

ga(z) = mGo (2)-

21

Note that when evaluating each term o4(n)r4(m|D| — nN) in the sum of Corol-
lary A.6, the hypothesis of Proposition A.12 holds whenever r4(m|D| — nN) # 0,
so we can indeed substitute the value of 04(n) without restriction. UJ

Remark A.15. We expect a similar formula to hold for any fundamental discrim-
inant D < 0. The case of even discriminants is harder since the discriminant is
not square free in this case. Nevertheless, the result for odd discriminants will be
enough for our purposes.
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