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Introduction

The classical problem of deciding membership to arbitrary polynomial ideals is
EXPSPACE complete. Moreover, the problem of finding a representation of a polyno-
mial by generators of a given ideal may involve doubly exponential (in the number of
variables) degrees ([16]). The same difficulty arises when computing Groebner bases
of arbitrary polynomial ideals ([11]). This means that all known techniques to decide
membership and to find representations of polynomials with respect to a given ideal lead
to doubly exponential (sequential time) worst case complexities. However, if the geom-
etry of the underlying algebraic variety is particularly simple, e.g. if the given ideal is
zero dimensional or complete intersection, algorithms of considerably lower complexity
can be found (see e.g. [7], [9]). The improvements are due to recent progress concerning
affine versions of the effective Nullstellensatz (compare [18] and the references given
there).

Using methods from residual duality theory, we show that some of the algorithmical
problems arising frequently in computational algebraic geometry can be solved in simply
exponential sequential and polynomial parallel time complexity.

Let K be a subfield of the complex numbers (e.g. K = Q) and let z1,..., 2, be

indeterminates over C. Let be given a finite set of polynomials fq, ..., f, € K|z1,..., 2]
with degrees bounded by d > 3, which generate an ideal I := I(f1,..., fr).
Suppose first that fi,..., f, form a regular sequence. In this case we associated

in [9] to the ideal I and to any natural number k € N, an (O(k") + d°™")) x O(k™)
matrix Sy with entries from K which characterizes membership to I up to degree k
in the following sense: a polynomial p € Clzy,..., z,]| of degree bounded by k belongs
to I iff its coeflicients vector is a solution of the homogeneous linear equations system
corresponding to Sy k.

The matrix St can be computed from the inputs fi,..., f, by means of an arith-
metic network over K of size kO™ + d°™") and of depth O(n*log®(k - d)) (see [10] for
the notion of arithmetical network). In a more down to earth language we can say that
Stk is computable in sequential time kO™ 4 dO(*) and (simultaneously) in parallel
time O(n*log®(k - d)). We shall call an algorithm admissible if it is realizable by an
arithmetical network within these time bounds. In the same sense we shall also speak
about problems solvable and functions computable in admissible time (if necessary, we
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allow the sequential - and parallel - complexity to depend polynomially - or polylog -
on the number r of generators).

In this paper, we compute in admissible time a matrix with entries from K which
characterizes membership to the radical of I up to degree k. As a by-product of our
method, we are able to compute in admissible time generators for the radical of I if an
a priori degree bound of type d°(™ for themis given (this is the case if r = n, i.e. if T
is a zero dimensional ideal. See Proposition 2.3 below).

Suppose now that I is a zero dimensional ideal (we don’t need any more the hy-
pothesis that fi,..., fr is a regular sequence). In this case, we are able to compute in
admissible time matrices with entries from K which characterize membership to I and
to its radical up to a given degree bound k£ € N. As mentioned, we are able to compute
in admissible time generators for the radical of I.

Our algorithms are based on admissible time computations of ideal quotients of
certain zero dimensional ideals. This is combined with ideas of “Zariski-Samuel duality”
(see § 2 below) in order to transfer our results on complete intersection ideals to arbitrary
zero dimensional ideals.

We want to put special emphasis on the method used in [9] and in this paper, which
has its origins in the analytical theory of residues developed in [6], [8], [12].

The tools from residual duality theory we need for our computational applications
are outlined in section 1. For residues and duality in the context of algebraic geometry
we refer to [13], [15], and also to [1], where some applications are given.

There exists already considerably work with respect to simply exponential com-
plexity bounds in computational algebraic geometry. Pioneering work was done e.g. in
[14] (non-emptiness testing and dimension determination for projective varieties), in [5]
(a sequential algorithm for decomposition of algebraic varieties into irreducible compo-
nents) and in [4] (non-emptiness testing, dimension determination and zero dimensional
equations solving for affine varieties).

In the case of computational commutative algebra much less is done with respect
to non-homogeneous ideals and modules. Our aim is to demonstrate the power of
residue theory and future possibilities of its application in Computer Algebra by the
presentation of some new algorithms in computational commutative algebra obtained
by means of this tool.

Let us also point out that the analytical theory of residues is closely connected
to the first proof of an affine effective Nullstellensatz (cf. [3]. See also [2] for further
applications of this technique).

We are grateful to Joos Heintz for his generosity to share his knowledge with us.



§ 0. Notations

. Clz] denotes always the polynomial ring in n variables C|z1, ..., z,] and for any
k €Ny, Clzli = {f € Cl2]/f =0 or deg(f) < k}.
. n being fixed, we’ll denote dz = dz; A ... Adz,.

n
. Let x = (z1,...,2,) € C" and a = (1, ..., a,) € Nj. We denote |« | ::Zai

=1
n

and (z —x) := H(ZZ — ;).
i=1
. Unless otherwise stated, all the ideals considered lie in C|z]. For any ideal I, we

denote Z(I) :={zx € C"/f(x) =0V f € I}.
Let fi,...,fr € Clz]; I(f1,...,[fr) denotes the generated ideal {Zngz/

i=1
g €Clz], i= 1,...,7‘}.
. For any ideal I, we denote rad([) := {f € C[z]/f™ € I for some m € N}.
. Given k € N, an ideal I and a matrix S such that
“P € INCJz]x <= The vector of coefficients of P is a solution of §.X =07,
we will say that S.X = 0 is a system of linear equations for I N C[z].

§ 1. Residual duality
§ 1.1. Local analytic residues

The local residue is a generalization of the Cauchy formula in several complex
variables. It can be given the following analytic definition:

Let x € C™ (or in an n-dimensional complex manifold), f1,,..., fn, € O, and
let U be a ball centered at = such that there exist representatives fi,...,f, € O(U)

n
verifying ﬂ( fi = 0) = {z}. For any meromorphic n-form w in U having its poles on

=1
n

U( fi = 0), the residue of w at z is the complex number
i=1
5
2mi)™ Jzevs11()1=85, 1< <n}

Resz(w) = w (1.1.0)

for any §; > 0,...,d, > 0 sufficiently small (cf [6]; [12], ch. 5).

This definition is of course independent of the neighborhood U chosen and of the
special sequence f = {fi,..., f,} verifying the above hypotheses.

We can also think the residue of w as an operator which assigns to any holomorphic
germ g € O, the complex number R ;[w](g) := Resz(g-w); that is, we have a C-linear
operator R¢ ; : Oy — C.



hd
Suppose w = fiz, hy € Og, and let {f{ ,..., f}, } be any regular sequence
1. Jn
in the generated ideal I, := I(fi,,..., fn,). The operator Rg .[w] can be expressed
in terms of a sequence ' := {f{,..., f/} of representatives by means of the following
Transformation Law:

det A-hd
u] (1.1.1)

fi--fh
where A = (a;;) € O7*™ and f! = Z;.L:l a;jfj Vi=1,...,n (for a proof, see [12], ch.
5).

The operator Rg ,[w] is in fact a linear differential operator acting on O; more
precisely, there exist n, € Ny and complex constants (cq,z, @ € N§, 0 < |af < ng)
such that for every g € Oy,

Reo[w] = Rere |

ad
Reofwl@)= 3 car 209 () (1.1.2)

0251 ... 0z
0<]al<n, ! "

This assertion can be easily deduced from the n-variable Cauchy formula and (1.1.1)
by means of the local analytic Nullstellensatz, as follows: there exist r = (rq,...,7,) €

N™ and A = (a;;) € OF*™ such that (z; — ;)" = » a;;f; forall i =1,...,n. Then,

j=1
h dz det A-h dz
Ree| o )0 = B | e e | 0=

B 1 olrl=n(det A - h - g) (z)
B Hj(rj—l)! 8z{1_1...8z£"_1 '

And so, the coefficients c, , can be precisely described in terms of the derivatives
of det A- h at x.

hd hid
Suppose that h = hyf1, hi, € O,. Then, Resw<f Zf ) = Resw(f - ; ) =0
1- n 2- n

because the path of integration in (1.1.0) may, without crossing a singularlty, be shrunk

hd
to a lower dimensional cycle by letting 6; — 0. Thus, by linearity, Res, ( 7 ? " ) =0
1- n
h dz

is identically zero when
f 1- f n i|

h; € I,. In fact, the converse to the latter statement is also true:

if h, € I,. As an easy consequence, the operator Ry , [

Local duality: Let fq1_,..., fn, be a regular sequence in O,. With the above notations,
we have the equivalence (cf [8], [12]):

hdz | =0 (1.1.3)

fl fn

Denote Q2™ the sheaf of holomorphic differential n-forms. One can compute the O, -
module Extg, (Ow /1, QZ) by means of the Koszul projective resolution of O, /I, given

hel, <= Reg|



J

by the sequence f1,,..., fn,. So, one verifies that Extg, ((’)m/Im, QZ) ~ QI - QF ~
O, /1.
This gives a more intrinsec formulation of the equivalence (1.1.3):

(1.1.4) The pairing
res : Oy /I, @ Extgy (04 /1,,Q5) — C

induced by
hdz
res(9, h) = Rea| 55| 9)

is non-degenerated, and it is independent of the choice of the regular sequence of gen-
erators of I,.

In the case of holomorphic regular sequences of any codimension p, one still has
an explicit definition of a residual operator acting on C* compactly supported forms
(i.e. a residual current) which generalizes the punctual residue ([6]). By computing
Extf, (O /1, 7) via the injective resolution of the fibers QF by means of the d-complex
of currents ‘D7 for any z, these residual currents provide an explicit generalized local
duality (cf. [8]).

§ 1.2. Polynomial residues

a) The 0-dimensional case.
Suppose we are given a regular sequence of n polynomials q = {¢1,...,q,} in C|z].
Denote @ the generated ideal I(q1, ..., q,) with finite zero set Z(Q) in C".
Grothendieck (see Hartshorne [13]) isolated the functorial aspects of the notion of
local analytic residue, axiomatizing them and giving a definition of residues in a purely
algebraic context. The residue is interpreted (in this particular case) as a morphism

res : Ext%[z] (C[Z]/Q7Q%[z]/c) —C

(where Q¢[,/c denotes the Kahler module of relative differentials). To any w €
Q%[z] /¢ One may associate its Grothendieck residue symbol as follows: by means of

the Koszul resolution of C[z]/Q given by the regular sequence {q1,...,qn}, we may

just the image of w in this last quotient.

]is
q1---Gn

Now we are going to explain how the local analytic residue can be combined with
the Grothendieck approach to give an explicit polynomial residual duality.

(1.2.1) Given p € CJz], denote Rq4[p] : C[z] — C the C-linear operator

Ropl(9) = > Raa|

r€Z(Q)

pdz
q1---dn

[GF
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Then, the residue morphism is explicitely given by

res([ P 1) = Ralp1).

1---4n

Moreover, the pairing

induced by
pdz D
, — R
(01,07 alpl(9)
is non-degenerated and independent of the choice of generators ¢y, ..., g, of Q.

The non-degeneracy of the bilinear map associated to Res can be deduced from the
local analytic duality theory as follows:

Taking into account the description (1.1.2), it is easy to see that Rq[p] = 0 is equiv-
alent to Rq .[p] =0 Vz € Z(Q). By (1.1.3), this condition is equivalent to the local
analytic membership p, € Q, Vz € Z(Q), which by [17] is in turn equivalent to the
local algebraic membership for any x € Z(Q). This is easily seen to be equivalent to
the condition p € @ in CJz].

We know from (1.2.1) that p € @ iff Rq[p] = 0. Now, this latter condition can be
effectively verified taking into account the following facts:

i) Given a polynomial g € Clz], Rq[p][g] is effectively computable. (In fact, the
resulting sequential time bounds are admissible, in the sense explained in the introduc-
tion). Moreover, if the coefficients of p,g and ¢i,...,q, lie in some subfield of C, so
does Rq[pl(g) (cf. [9]).

ii) Rq[p] = 0 iff Rq[p](g) = 0 for every g € C[z] with deg(g) < [, deg(g;) — 1
(This can be seen considering the order of the differential operators Rq . [p] (cf.[9])).

Thus, the membership p € @ is equivalent to the condition that the vector of coef-
ficients of p is a solution of a certain “residual” homogeneous linear system, which can
be effectively computed in admissible time. More precisely, the following two conditions
are equivalent for p = Z ngﬁ :

1BI<k

)peqQ

ii) The vector of coefficients (cg, f € N§, || < k) verifies the following linear
system:

S coRal)(=) =0, Ja] <[] deg(a) - 1
B

=1

n
n
Notice that the system has at most <H deg(qi)) equations.

1=1

b) Regular sequences of arbitrary dimension.
Let 9 = {q1,-..,¢ }, 7 < n, be a regular sequence of complex polynomials defining
a complete intersection ideal @ := I(qq,...,q,) in C[z].



{

Suppose that the linear projection 7 : C* — C*™ ", 7(z) = (241, - - -, 2n ), restricted
to Z(Q) is proper and with finite fibers. Let 2’ := (z1,...,2,) and 2" := (241, -, 2n)
be the vectors of the first 7 and of the last n — r variables of z = (z1,...,2,). Let 2" be
a point of C™~". The specialized polynomials ¢, (2, "), ..., q-(2',2") of C[Z'] define a
complete intersection in w1 (x"), which is isomorphic to C". So, we can apply to this
context the punctual residue machinery of section a).

For p € C[z], we denote by Rq(, »)[p(2',2")] the residual operator acting on the
fiber 7=1(2"). Now let z” vary over C*~". One can show that for any g € C[z'], the

mapping
Ry qlpl(9) :C*"™" — C
" — Rq(z’,m”)[p(z,’ l‘”)](g)

is a polynomial function (depending on z”) which can be effectively computed in ad-
missible time (cf. [9]).
If we think now R, q[p](g) as a polynomial in C[z”], the Grothendieck residue
morphism
Extgy, (Clz]/Q, Q6r,cp) — Cl2"]

is described by
[ p(z) dz’

0 Realpl1)

and the explicit pairing

(9 [M2 %) = Realpl(o)

induces a residual pairing

Ry : C[2]/Q ® Extgy, (Cl21/Q, Qe ) — Cl2"]

The task of determining whether p € @) is equivalent to the membership problem
arising when we restrict all the polynomials to the fibers of m. Thus, the punctual
duality (1.1.4) implies that this pairing R, is also non-degenerated.

Due to the polynomial behaviour of the fibered residue, one can effectively con-
struct, for any k£ € N, a system of linear equations for () N C[z]; (in the sense of § 0) in
admissible time. In fact, the degree of the image polynomial R, 4[p](g) is bounded by
deg(g) + deg(p) + rd™(d" + 1), where d € N>3 and d > deg(g;) Vi=1,...,r. Detailed
proofs are given in [9].

2. Zariski-Samuel duality

Let Z, Q be ideals in a ring A. We denote, as usual, (Q : Z) the quotient ideal
{feA/f.he QVheT}.



(o]

A careful reading of [19], ch.4, §16, reveals the following result: In case A is a local
noetherian ring and Q is an irreducible ideal belonging to the maximal ideal of A, for
any ideal Z containing @ it holds:

IT=(Q:(Q:7))

We will refer to the above property as Zariski-Samuel local duality.

Proposition 2.1 (N. Coleff): Let z € C™ and let Q be a complete intersection ideal
in the local ring O, such that rad(Q) is the maximal ideal. Then,

(Q:(Q:1)) =
for any ideal Z in O, such that Z O Q.

Proof: In view of the Zariski-Samuel local duality, it will be sufficient to show that Q
is an irreducible ideal in O,.
Let Jac := det(aQ
0z
{Q1,...,Qn} of Q and denote J = (Q,Jac). Then, Q is irreducible as an easy
consequence of the following two statements:
i) J#Q
ii) For any ideal 7' 2 Q, J' D J.

In order to prove i) and ii), we will use the local duality law (1.1.3): “V¢ € O,
p € Q= RQ7$[(p] =0".

For any h € Oy, Rg z[Jac|(h) = c.(2mi)"h(z), where ¢ € N is the (non-vanishing)
intersection number of (@1 = 0),...,(Qn = 0) at z (cf. [6], [12]). As Rg [Jac] # 0,
we deduce that Jac ¢ Q, proving i).

In order to see ii), let f e J' —Qand A={g€ O, /g.f ¢ Q}. Then, A is not
empty (because 1 € A) and there exists m € N such that (z —z)* ¢ A, Vi|a| > m
(because, by the local Hilbert Nullstellensatz, there exists m € N such that (z—z)* € Q,
V]a| > m). Hence, there is an element g € A such that (z; — z;).g9 ¢ A, for all
i=1,...,n (i.e. g.f ¢ Qand (z; — ;) .g. f € Q for all 7).

The assumptlon g.f ¢ Q implies that Rg ;[g. f] # 0. For any h € O,, we have

) be the jacobian associated to some system of n generators

Rq.alg - £1(h) = Ra.lg - £1(h(=) Z i = w) hi(2)) =
=h(z).Rg4lg- fl(1), andso ¢ :=Rglg-f](1)#0.

Let’s define ¢ := < .g.f — Jac; we deduce, by duality again, that ¢ € Q since
C1
Rg 2[¢] = 0. In particular, v € J', and so Jac € J'. O

Theorem 2.2: Given a punctual complete intersection ideal @ € C|z],

@Q:(Q:1) =



for any ideal I such that I D ().

Proof: By the previous proposition, we only need to show that (@ : I), = (Q. : L),

Vz € C™ (where for any polynomial ideal .J, .J, denotes its image in the local ring O,).

The inclusion C is trivial. Suppose now I = I(g1,...,9,) and f € (Q4 : I). For

each i = 1,...,r, there exists p; € C[z| such that p;(z) # 0 and p;. f.g; € Q (because
r

f.gi € Qz). Therefore, szf €@Q:1I),ie fe(Q:1),. O
=1
Proposition 2.3 and Remark 2.4 below will be useful in order to obtain an effective
membership test for zero dimensional ideals:

Proposition 2.3: Let ) be a zero dimensional ideal in C[z] and suppose deg(Q) < M.
Then, for any ideal J containing (), there is a system of generators fi, ..., fr of J such
that deg(f;) <M, Vi=1,...,r.

Proof: To avoid cumbersome notation, let’s suppose that Z(Q) = {a,b} and deg,(Q) =
N, degy(Q) =mnp (ng+np < M). Then, (z—a)®.(2—b)P € Q, for any pair o, 3 € N
such that |a| > n, and 8] > ng.

Given a polynomial P € C|z], by iterated Taylor expansions around a and b, there
exists constants ¢y, cqg and polynomials P,z such that

P = Z ca(z—a,)a-l- Z caﬁ(z—a)a.(z—b)ﬂ-l-

|a|<ng |a|=n,

|B|<np
+ Y Pap (- a) ()
|a|=na
[Bl=np

That is, P = P; + P, with deg(P1) < M and P> € I((z —a)*.(z — b)P, |a| =n,
and |8] = ny) € @ C J. Then, one can find a (finite) system of generators for J
belonging to the set {f € J/deg(f) < M} U {(z —a)*.(z — b)#, |a] = n, and
Bl =mp} C{f €J/ deg f < M}. ¢

Remark 2.4: Let Q C CJz] be an ideal. Suppose that for any m € N we have a system

of linear equations for @ N C|z],, (in the sense of § 0), given by a matrix S,,.

Let I =1I(f1,...,f,) with deg(f;) <D Vi=1,...,r. As (Q: 1) = [(Q: fi),
=1
for any fixed m € N, h € (Q : I) N C[z],, <= The vector of coefficients of h. f; is a
solution of Sp,+p. X =0 Vi=1,...,7.

Now, let’s call M; the associated matrix (in the canonical basis of monomials)
to the C-linear mapping C|z],, — Cl[z|ms+p given by g — ¢g. f;. Therefore, h €
(Q : I) N C|z]m <= The vector of coefficients of A is a solution of Sy,yp.M; . X =0
Vi=1,...,r.



Thus, we have a system of linear equations for (Q : I) N C|z],,. Clearly, the number
of equations of this system is 7 times the number of equations of S,,+p.



§ 3. The membership problem in the case of a zero dimensional ideal

In this section, the duality properties of § 1 and § 2 will be our tools to design an
admissible algorithm for zero dimensional ideals.

The inputs of the algorithm are:
— A set {fi1,..., fr} of polynomials in C|z] such that the generated ideal I(f1,..., f )}
is zero dimensional.
—d € N>3, d>deg(fs) Vi=1,...,r.
-k eN.
")

The output of the algorithm is a matrix S with ( columns and at most

(d+ 1)2"2 rows, satisfying:

— For any complex polynomial P = Z cpz?, P € T iff the vector of coefficients

|BI<k

(cg) is a solution of the linear system S.X = 0.

— The entries of S can be computed in simply exponential in n (and polynomial in
d and ) time.

—If f1,...,fr € K[X4,...,X,] for some subfield K of C, the entries of S also
belong to K.

The sketch of the algorithm is as follows:

First step: Find qq,...,q, € C|z] such that:
1) Q ::I(QIa"'aQH) clI
ii) {q1,...,4¢.} is a regular sequence
iii) deg(q;) <d Vi=1,...,n.

The polynomials ¢, ..., q, can be effectively found in admissible time, by taking
linear combinations of the data fi,..., f, of the form fi +vfo +~72fs+ ... +4""1f,,
with v varying in any finite set I' C C with at least r - d” elements. A complete proof
can be given combining the following three ingredients: a) the proof of Prop. 3 in:
Heintz, J.: Definability and Fast Quantifier Elimination in Algebraically Closed Fields.
Theoretical Computer Science 24 (1983), 239-277; b) lemma 2.42 in: Giusti, M. and
Heintz, J.: Algorithmes - disons rapides - pour la décomposition d’une varieté algébrique
en composantes irréductibles et équidimensionnelles. Submitted to MEGA 90; and c)
Corollary (1.9.1) in [7] (for the bounds in computing the dimension of the ideal gener-
ated by a given sequence of linear combinations).

Second step: Find the matrix S’ of a system of linear equations for
Q N Clz]gn ymax{k,d} -

The matrix S’ can be effectively constructed (see § 1.2 a)) since @ is a complete
intersection ideal.



Third step: Find the matrix S” of a system of linear equations for

(Q:I)NC|z]gn.
Following Remark 2.4, one can obtain S” from S’ since @ C (Q : I).
Fourth step: Find a system of generators hy,...,hs of (Q : I).

By Proposition 2.3, it is enough to find a C-basis {hy,...,hs} of the space of
solutions of the system S” . X = 0 constructed in the third step. .
Notice that deg(h;) < d" Vi=1,...,n and s < dim C[z|4gn = (d ).

n

Fifth step: Find the matrix S of a system of linear equations for I N C[z].

By Theorem 2.2, we know that I = (@ : (Q : I)). Moreover, by the fourth step,
we have generators {hi,...,hs} of (@ : I) with degrees bounded by d". So, we can
construct S from S’ (obtained in the second step), following again Remark 2.4.

§ 4. Dealing with radicals
4.1. Complete intersections

Given a complete intersection ideal @ in Cl[z] and k£ € N, we will show how to
construct a linear system for rad(Q@) N C|z]; in admissible time.
We first need the following result:

Theorem 4.1.1: Let Q = I(Q1,...,Qp) be a complete intersection ideal (dim @ =
n —p). Let A denote the set of all increasing sequences A of p indexes 1 < A; < Ay <

0Q;
... < A, <n, and for each A € A, let’s call M 4 := det;( Q )

0za; ) 1<i,j<p
f e C[z],

. Then, for any

feradQ) < f.Ms€Q, VAe A.
In the particular case dim () = 0,
feradQ) < f.Jace Q
Qs

0z )1§z’,j§n '

(where Jac := det(

Proof: The proof is based on the two following facts:
i) There is a well defined residual current acting on (n — p,n — p) compactly sup-
ported C° forms

dQ1 A ... AdQ, 1
Res o1 G, ] (2ri)? /[Ql(o)] (ct. [6]),




where [Q7!(0)] denotes the intersection cycle (with integer multiplicities along each
irreducible component,).
ii) The generalized duality results ([8]) give in particular:

dQ1 A ... A dQ,
Ql---Qp

f Res | | =0 .dQin .. ndQ,eQ 7(C").

Then,

FMA€Q, VA€ A f.dQiA...NdQ, € Q-QP(C")

dQiA...AdQy) _ 1 _
<=>f.Res[ 0.0, }_(%i)p/@_l(o)]f/\._m:»

flag =0 ferad@). ¢

Remark 4.1.2: Suppose that the linear projection 7 : Z(Q) — C" P, x(z) =
(21, ..,%n—p) has finite fibers, and let Ag :== (n —p+1,n —p+2,...,n). Then,
the conditions f.M4 € Q, VA € A (in the above theorem) can be replaced by the
single condition f.My, € Q (cf. [8], §4). In fact, one can always effectively find a
system of coordinates = in “Noether position” for @@ (for which ' : Z(Q) — C" P,
m'(z) = (1,...,Zn_p) has finite fibers) (cf. [7], §1).

4.1.3. The algorithm

INPUTS:
— Q1,...,Qp € C[z] (p < n) defining a complete intersection ideal Q.
— dyq,...,d, € N verifying d; = deg(Q;) Vi=1,...,p.
- ke N.

OUTPUTS:
A matrix S verifying:

i) S is the matrix of a system of linear equations for rad(Q) N C[z]k.
P

P P n— n
ii) S has at most (k—i—Hdi—i—p.d"(dp—i-l)+Z(di—1)) " (Hdz> rows (and
i=1

i=1 = i=1
(k:") columns), where d € N>3 and d > deg(Q;) Vi=1,...,p.
First step: Find a system of linear equations S’ . X = 0 for Q N C[Z]kJrZ’f’ (di—1)-
Second step: Find a system of linear equations S.X =0 for rad(Q) N Clz].

S can be obtained from S’ following the Remark 2.4, because by theorem 4.1.1
rad(Q) = (Q : I(My, A€ A)).



We refer to [9] for the construction of S’ and the bounds in ii).

4.2. The zero dimensional case

Given an arbitrary zero dimensional ideal I = I(fy,..., f,) and k € N, we will
show in 4.2.3 how to construct a linear system for rad(Q) N C[z]; in admissible time.
As a consequence, we will have an effective method to find a system of generators of
rad(]) in admissible time.

Proposition 4.2.1: Let J be a zero dimensional radical ideal. For any ideal I verifying
J C rad(I),
rad(I) = (J: (J: 1)) .

Proof: Let x € C™ and denote M, the maximal ideal in O,,.
In case x € Z(I), I, C M, and by the assumptions on J, J, = M,. So
(D) = (Jo: (o 1)) = (Mq : Og) = M, = rad(I), .
In case x ¢ Z(I), I, = O, and so
(Jo: (Jo:Lp)) = (Jo 1 o) = Op =rad(l)s . <

Remark 4.2.2: Let Q = I(Q1,...,Q,) be a zero dimensional complete intersection
ideal. By Theorem 4.1.1, rad(Q) = (Q : Jac). Then, for any ideal I = I(f,..., f.),

(rad(Q) : I) = (Q : I(f1.Jac, ..., fr . Jac)).

4.2.3. The algorithm

INPUTS:
~ f1,-.., fr € C|z] defining a zero dimensional ideal I.
*dENzg,dzdeg(fi) Vi=1,...,7r.
- keN.

OUTPUT:

A matrix S verifying:
i) S is the matrix of a system of linear equations for rad(I) N Clz].
ii) S has at most (d + 1)2"" rows (and (k;';") columns).

First step: Same as first step in the algorithm in § 3.

Second step: Find the matrix S’ of a system of linear equations for
Q N Clz]gn 4n(d—1)+max{k,d}-



Third step: Find the matrix S” of a system of linear equations for (rad(Q) : I)NCJ[z]gn.
Following Remark 2.4, one can obtain S” from S’ since (rad(Q) : I) =
(Q: I(f1.Jac,..., fr.Jac)) by Remark 4.2.2.

Fourth step: Find a system of generators hy, ..., hs of (rad(Q) : I).

As Q C (rad(Q) : I) and deg(Q) < d™, it is enough to find a C-basis hq,..., hs of
solutions of the system S”.X = 0 constructed in the third step (by Proposition 2.3).
Notice that deg(h;) < d™ and s < (dns'").

Fifth step: Find the matrix S of a system of linear equations for rad(I) N C|z].

By Proposition 4.2.1, rad(I) = (rad(Q) : (rad(Q) : I)). Moreover, by Remark 4.2.2,
rad(I) = (Q : I(hy . Jac, ..., hs.Jac)) .

Consequently, S can be constructed from the matrix S’ found in the second step, fol-
lowing Remark 2.4.

4.2.4. Generators of rad(])

In case I = I(f1,..., fr) is a zero dimensional ideal with deg(f;) <d Vi=1,...,r,
there exists (by Proposition 2.3) a system of generators of rad(I) with degrees bounded
by d”.

Let £k = d™ and S the corresponding output of the algorithm described in 4.2.3.
Then, a C-basis of solutions of S.X = 0 provides a system of generators of rad([).
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