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§1. Introduction.

The purpose of this paper is to give an effective test for the membership problem
in the case of a polynomial complete intersection.

Let Py,...,P, € C[zy,...,2,] be polynomials defining a complete intersection
in C" (i.e. {Py=...= P, =0} is not empty and has pure dimension n —r) and

denote I(Py,...,P,) = { zr:QiPz-, Q; € Clz1,---, 2n] }
=1

For any natural number k, we associate to the ideal I(P,...,P.) a homoge-
neous system of linear equations Sy, which characterizes membership to I(Py,..., P,)
up to degree k in the following sense: Given a polynomial Q € C|z,...,2,]

of degree bounded by k, the vector of coefficients of () is a solution of Sy iff
QeI(Py,...,P).

We first solve the case » = n based on the local duality given by the punctual
residual operators. Next, we reduce the general complete intersection case to the
punctual case with the aid of appropriate fibrations.

The entries of the matrix of Sx can be expressed rationally in the coefficients

of P,...,P.. As a consequence, when the coefficients of the given polynomials
Py, ..., P, lie in some subfield K of C, the entries of the matrix also belong to K .
Moreover, the matrix of Si can be effectively computed from the inputs P, ..., P,

in sequential time k9" + do("2), where d > max{deg(P;), ¢ = 1,...,7} and
d>3.
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§2. The punctual case

We analyze first the case of n polynomials Py, ..., P, having a finite zero set Z
in C". For Q € Clz1,...,2,] and z € Z, Rp,[Q] will denote the operator which
sends each germ ¢ of holomorphic function at x to the complex number

Q(z)e(z)dz1 A ... A dzn>
Py(z)...P,(2)

and Rp[Q] will denote the operator on global holomorphic functions

Rp[Ql(p) = ) Rpo[Ql(v), @cO(C").

zE€EZ

Resw( (cf. [7], [3])

The operator Rp;[Q)] is, in fact, a polynomial in holomorphic derivatives of the
delta distribution d, (cf. [3]); more precisely, there exist n, € Ny and complex
constants (cq,z : @ € Ni, 0 < |a| < ng) such that for every ¢ € O, .

Rp [Q@0)= Y. Caw Dap(x) (*)
0<]a|<n,
olal
(as usual, || denotes the number a3 + -+, and Dy = —5———5— ).

0z7"...0zp"

We note ord Rp ;[Q] = max{|a|: cqp # 0}+1, and ord Rp[Q] = Z ord Rp ,[Q].
T€EZ

Proposition 2.1. Rp,[Q] =0 Vz € Z & Rp[Q|(S) =0 for any polynomial S
with deg(S) < ord Rp[Q]—1.

Proof. By the local description (*) of the residual operator, the proof is reduced to
finding polynomials of total degree at most ord Rp[Q]—1 with prescribed derivatives
at each z € Z up to order ord Rp,[Q] — 1.

In fact, if Z = {x1,...,2%} and n; := ord Rp;[Q] — 1, given any ¢ and
¢ € O, , one can construct a polynomial S of degree at most ord Rp[Q] — 1 =

k
an + k — 1 such that

j=1
Dy S(z;) = Dop(x;) for all 0 < || < ny,

and Vj #1
DyS(z;) =0 for all 0 < || < nj.

Then, Rpq,[Q](p) = Rp[Q](S).
S can be obtained as follows:
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(z —x1)™

Ifk=1,5= Y  Dap(z1) —
0<|ar|<ny
If k > 1, choose for each j # i a coordinate e(j) such that zej)(z;) # ze(5) (2:)
and let h be the following polynomial of degree Z n;+k—1:
J#
h=][(ze) = 2eiy (7))
J#

We seek g of degree n; such that S = g-h. Then, the polynomial g must
satisfy the conditions:

S(zi) = g(;) - h(z;)

DoS(x;) = Dag(x;) « h(z;) + E Cg,a Dpg(xi) - Do_pgh(z;),
a—BENy
B#a

Va:0<|al <n;.

On setting D, S(z;) = Dap(z;) for all 0 < |a| < n;, we can determine D,g(z;)
recursively because h(x;) # 0, and thus find g by means of its Taylor expansion at
x; as in the case k=1.

Proposition 2.2. ord Rp[Q] < Hdeg(Pi).

i=1
Proof. The above inequality is a consequence of the following facts:
i) ord Rp[Q] < ord Rp[1].
ii) Let M, denote the maximal ideal in O, and
m(z) = min{m : MJ* CZ,(Py,...,P,). Then, ord Rp,[1] = m(z) (cf. [4]).
iii) If (Py,..., P,),; denotes the local intersection number
dimg O, /L, (P, ..., Py), m(z) < (Pyr,...,Pp)s-

iv) » (Pr,..,Pa)e < Hdeg(Pi). O

TE€EZ

Theorem 2.3. Given Q € Clz1,...,2,], Q@ = Z C’ﬂzﬁ, the following two
0<|BI<M
conditions are equivalent:

a) QeI(P,...,P).
b) The vector of coefficients (Cg : 0 < |5| < M) verifies the following linear system:

Y Cs- Rp[1](z2HP) =0
B



=

Va € NJ such that 0 < |a| < Hdeg(Pi) —1.

=1

Proof. Since ZCng[l](za"‘ﬂ) = Rp[Q](z%), by the two previous propositions
B

condition b) is equivalent to
c) Rp,[Q]=0, VzeZ.

On the other hand, as a consequence of the local duality given by the residual
operator (cf. [7]), condition c) is equivalent to Q, € Z,(Py,...,P,), Vz € Z. Now,
this last condition is equivalent to local algebraic membership for each = € Z (cf.
[11]), which is in turn equivalent to the global algebraic condition a).

§3. Algebraic behaviour of the residual operator associated to a polyno-
mial complete intersection

3.1. Given a regular sequence Pj(z),...,P.(z), it is possible to find a linear
change of coordinates z = w-M, given by M € GL(n,Q), and polynomials
Fl(w), .. .,Fr(w), A”(w) (1 < Z,] < ’f'), such that:

i) Fj(w)= ZAji(w)-Pi(w), j=1,...,r.

ii) Each F; depends only on wj,wjt1,...,w, and deg, (Fj) = deg(Fy). (A
polynomial with this last property will be called semimonic in w; ).

iii) The coefficients of Fj(w) and A;;(w) are rational polynomial functions in the
coefficients of Pj(w), ..., P.(w), and so they can be expressed as rational poly-
nomials in the coefficients of Py(z),..., P.(z) (rational polynomial means a poly-
nomial with coefficients in Q).

These polynomials can be classically obtained by iterated elimination of variables
by means of resultants (cf. [9]), and they are the key for the polynomial behaviour
of the residual operators described in theorem 3.3 below. However, this effective
method is not satisfactory from the complexity point of view, since the bounds for
the degrees of F; and A;; become doubly exponential in r. The algorithms recently
given in [6] solve the problem of finding M, F; and A;; verifying i) and ii) with
simply exponential complexity bounds (see §5).

Remarks 3.2.

1) The procedures of [9] and [6] involve effective algorithmic choices of changes of
variables to get semimonic polynomials. However, these choices are not algebraic
functions of the coefficients of the data P,...,P,.
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2) If the hypothesis of complete intersection is not verified, the procedures of both
[9] and [6] break down at some step.

3) The coordinates w verify the following property:

The linear projection 7 : C* — C"™ " w(w) = (Wpy1,--.,Wy), IS & proper map
from the common zero locus of the polynomials Pi,...,P. onto C"~".
Theorem 3.3. Given Py, ..., P, and coordinates w asin 3.1, denote w' = (wy, ..., w,)

and £ = (Wyy1,...,wy). Then, for any Q € Clw] = C[w’, x|, the mapping
R:C""=>C
Tt RP(w’,$)[Q(wla $)](1)

is a polynomial function of x. Its coefficients are effectively computable; they are
rational functions in the coefficients of Py(w',z),...,P.(w',z), and they depend
linearly on the coefficients of ().

Proof. By the Transformation Law (cf. [7]), we have
Rp(w,a)[Qw', 2)](1) = Rp(w o [det(Ai; (w', 7)) - Q(w', 2)](1)

(Fj and Aij as in 3.1).
Taking into account 3.1 iii) and the linearity of the residual operator, the theorem
will be proved if we show that, for each 3 € N{j, the mapping

T +— RF(w’,z) [’wlﬁ](l)

is an effectively computable polynomial function whose coefficients are rational func-
tions in the coefficients of Fy,..., F,..

Now, taking into account 3.1 ii), for each & € C™"™", Rp(y 4)[wP](1) can be
computed by iterating residues in a single variable. Namely,

Ry o) [wP)(1) = R, w0 [0 (R, oy 1000 (00771 - (B [0 (1)) - ),
where Ry, (v o) [w?'](1) is the function which assigns to any fixed (wa, ..., w,,z) the

Py
complex number Res), (&
2 P\ Fu, ..

of the algebraic residues ([8]), which in the complex case can also be proved as follows:

) . This is just the property of transitivity

Let B(z) be an open ball in C" containing the zero set Z(z) =
={w € C"/ F(vw',z) = FR(w',z) = ... = F.(w',z) = 0 }. Then, for any suf-
ficiently small € > 0,

1 w'Pdw’

2mwe)" Fi(w,x)...F.(w,z
Cm ] @R ayime, iy T E (0 2)

RF(w’,x)[w,'B](l) =



O

The stated iterated formula is now a consequence of Fubini’s theorem.

We will show that Rp, (y q) [wfl](l) is a polynomial function in (wsa, ..., w,,x);
it will follow that R F(w:,w)[w'ﬂ](l) is also a polynomial function in x by iterating
the same argument.

k
In fact, let Fy(w',z) = c(wf + ZGi(wg,...,x)w’f_i), with ¢ € C — {0},
i=1
k
deg(G;) < i and denote Q =1+ ZGiwi € Clw',z]. Then, RFl(w,,w)[wfl](l) =
i=1
2id 1 d
= —Res(wlF w1> = - Reso( +21f)k1 =
1 c ,w11 -Q
0 it B <k—2.
= 1 1 8/81+1_k 1
— — if g1 >k — 1.
C(ﬂ1+1—k)!8w?l+l_k(Q) w=0 Pz
o 167 1 . .
These derivatives Bj(ws,...,z) = ———(=) are polynomial functions
J! 8w{ Q" lwi=0

of degree at most j which can be recursively determined from the equality
o'} ) k .
(ZBﬂU{)-(l—{—ZGiwﬁ):l. O
§=0 i=1

We want to remark that similar ideas for the computation of punctual multiple
residues are already used for instance in [12].

§4. The linear equation for the membership problem in the general com-
plete intersection case

Proposition 4.1. Given Pi,...,P., Q € Clz,...,2,] and (w',z) a coordinate
'

system verifying: Vxo € C"™ ", dimg ﬂ{ﬂ(w’, xo9) = 0} = 0, the following condi-
i=1
tions are equivalent:

a) Qel(Py,...,P).
b) V& € C™", Rp(u o)[Qw',z)|(w?) =0, VBN s.t. |8 < []deg(P)—1.
=1
Proof. As in the proof of theorem 2.3, a) is equivalent to:
c) Q, €L, (P,...,P), Vze C".
Now, by theorem 4.3 of [5], ¢) is equivalent to:
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d) Yoz € C"" the respective restrictions @, Py,. ..,ﬁr to the fiber C" x {z}
verify Q,, € Z,(Py,...,P,), Yw' € C".
Again as in §2, d) is equivalent to condition b).

Gathering all the above information, we have the following result:

Theorem 4.2. Given a complete intersection Py, ..., P, € Clzy,...,2,] and k € N,
there is an effective choice of M € GL(n,Q) such that, in coordinates (w',z) =
= z+- M, one can construct a “residual” homogeneous system of linear equations Sk
satisfying:
i) VQ € Clz,...,2,] with deg(Q) < k, Q € I(P,...,P,) iff the vector of
coefficients of Q(w', z) is a solution of Sy, .
ii) The entries of the matrix of Sy can be expressed rationally in the coefficients of
Pi(2),...,P(2).

Proof. Let (w',z) be as in §3. Then, by theorem 3.3 we know that Pg(z) :=
Rp(w o) QW' z)](w'®) is a polynomial function of 2. Moreover, we can give a bound
for deg,(Ps(x)) in terms of the data (see §5). Then, condition b) in proposition 4.1
is reduced to a finite number of linear equations in the coefficients of ) with the
desired properties. <

.

Note. The hypothesis dimc ﬂ{Pi(w', zg) =0} = 0 for all 5 € C™~" in proposition
=1

4.1, without some additional requirement such as semi-monicity, is not sufficient to

get the polynomial behaviour of Pg(x), as the following example shows:
Let n=2,r=1, PL=P=w+w?z, Q=1, 3=0. Then,

{1 ifz=0

Rpw,z)|Qw,2)|(1) = 0 ifz#0.

§5. The complexity of computing the matrices of the linear systems Sy

,
Given Py,...,P. € Clz1,...,2,], denote d; := deg(P;), D := Hdi and let
deNs3, d>d; forall i=1,...,7. =
The algorithm described in [6], §1 solves the problem of finding a system of
coordinates (w',x) in “Noether position” for I(Py,...,P,), with complexity bounds
which are simply exponential in n. For any choice of such (w’,z), it is possible to
find polynomials F; and A;; (¢, = 1,...,7) verifying 3.1 i) and ii) with degrees
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bounded by d"(d" + 1) (cf. [6]) (These algorithms with simply exponential bounds
are based on the affine versions of the effective Nullstellensatz after [1], see also [10]).

As a consequence, Pg(z) = Rp(y )[Q(w', )](w?) is a polynomial function of
x for any polynomial @} (same proof as in theorem 3.3). We will next show a bound
for its degree.

Lemma 5.1. For each 8 € Nj, Pg(z) = 0 or deg,(Ps(z)) < deg(Q) + || +
trdn(dr +1) .

Proof. Denote A = (A;;j). Then, deg(det A) < rd”(d" + 1) and det A-Q(w', z) =
Z Canyw' x| where k:=rd"(d" + 1) +degQ.
laty|<k
As in theorem 3.3,

Pﬂ (.’17) = RP(w’,w)[Q(wla m)](wlﬁ) = RF(w’,w) [det A- Q](wlﬂ) =
= Y o Relw (1)
lat+ry|<k

Now, for any p = (p1,..., ) € Nj, Rp[w'™](1) is computed by the iterated
procedure:

RE, () [(WE N (RE, (1 swr,) (W 7] (- (B (1,2 [w17] (1)) - )
where Rp, [wi*](1) =0 or

deg(w%“’ww)(RF1 [wi*](1)) < p1 —deg F1 +1 (see theorem 3.3).

Suppose w.l.o.g. r =2 and Rp, [wi*](1) = Z dsex’w . Then,
[6]+£<p1—deg F1+1

Rp,[wy?|(Rp [wi](1)) = > dsex’ R, [wy 2] (1)
|6|+£<p1—deg F1+1

Again, Rp,[w5™](1) =0 or degm(RFZ(wQ@)[w§+“2](1)) <L+ po—degFy+ 1.
Therefore, deg,(Rp,[wh?](Rr, [wi*](1))) < p1 —degFy + 14 py —deg Fo + 1.

We get, for any r < n : Rp[w®tP](1) = 0 or deg,(x”Rr[w®T?](1)) < |y| +
la+ Bl — > degF; +r < |y|+ |a| + |B]. Finally, Pg(z) =0 or deg,(Ps(z)) <
rd™(d"+1) +deg(Q)+ 18]. <

Remark 5.2. In fact, by the algorithms described in [6], §1, it is possible to find
polynomials F; = F;(w;,z), i =1,...,7, depending only on n—r+1 variables with
the same complexity bounds. If this is the case, Rp[w'#](1) becomes a product of
residues in a single variable.



J

Corollary 5.3. Let N =k+D—1+rd"(d"+1). The matrix of the linear system Sy,
N—}—n—r)(D—l—}—T)

associated to the polynomials Py, ..., P, in 4.2 has at most (
n—r r

k
rows (and (n—]{; ) columns).

D—1+n>

In the particular case r = n, the number of equations of Sy is (
n

independently of k.
Proof. By lemma 5.1, deg,(Psg(z)) < N for all g € Nf verifying |3| < D — 1.

(D—1+r) N—i—n—r)
n—r

There are different such /3, and each Pg(x) has at most (

coefficients.

Remark 5.4. After corollary 5.3, the number of equations of the system Sj is
bounded by (k + D + rd™(d" + 1))~ " -D". Moreover, taking into account the
complexity bounds in [6], §1, to get an appropiate coordinate system (w’, z) together
with polynomials F;, A;; 4,5 =1,...,7, and the proof of theorem 3.3 (which shows
how to compute global residues), the matrix of Sy can be computed from the inputs
Pi,..., P, in sequential time k°() 4+ dom’) |

§6. Changing the field

When the coefficients of the polynomials P, ..., P, defining a complete inter-
section in C™ lie in some subfield K of C (e.g. K = Q), all the entries of the
matrices of the linear systems Sy also lie in K, as a consequence of the proof of
theorem 3.3. The linear system Sj describes membership to the ideal generated by
Py,...,P. in K[z]| up to degree k, for any k € N.

Given Grothendieck’s notion of residues over an arbitrary algebraically closed
field ([8]), it is natural to ask if our results are still valid in any field K with char K =
0. We thank the referee for bringing up this point. In fact, this seems to be the case
although we have not checked the details. We leave it for the interested reader.
Pertinent to this question are [8] and Angeniol, B.: Résidus et Effectivité. Preprint
(1983).

Acknowledgment: We are grateful to Joos Heintz for some fruitful conversations
and for calling to our attention the complexity aspects of this work.
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