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CHAPTER 1

Reduction theorems

§1.1. Local algebras

1.1.1. Proposition. Let A be a non-zero algebra. The following statements are equivalent:
(a) A has a unique maximal left ideal.
(b) The set of non-units of A is a left ideal.
(c) Ifa € A, then one of a or 1 — a is invertible.
(d) A has a unique maximal right ideal.
(e) The set of non-units of A is a right ideal.
(f) The set of non-units of A is a two-sided ideal.

A non-zero algebra which satisfies the conditions of this proposition is said to be local.

Proof. (a) = (b) Suppose that I is the unique maximal left ideal of A. If x € A, we have
that

x € I iff x does not have a left inverse, (1)
because I is a proper left ideal. We claim that
if x has a left inverse then it is in fact invertible.

Indeed, if y € A is such that yx = 1, to prove that x is invertible we need only show
that y itself has a left inverse. Suppose then that i does not have a left inverse, so that
by (1) we have y € I. This together with (1) and the fact that I is a proper ideal implies
that

forall u € A, the element 1 — uy has a left inverse. (2)

In particular, there exists a z € A such that z(1 —xy) = 1. Asz =1 — (—zx)y, the same
observation tells us that there exists a w € A such that wz = 1. As

l=wz=w(l—-(—zx)y) =w+wzxy = w+ xy,

we in fact have that w = 1 — xy and, therefore, that (1 — xy)z = wz = 1. Since yx =1,
we have y(1 — xy) = 0, and multiplying this equality on the right by z we find that



y = 0, which is absurd. We can thus conclude that y does have a left inverse, as we
wanted.
Now the combination of (1) and (2) imply at once that

x € I iff x is not invertible

Of course, this proves (b).

(b) = (c) Suppose the set of non-units of A is a left ideal I. If a € A and neither of a
nor 1 — a is invertible, so that they both belong to I, then we have 1 =a+ (1 —4a) € I,
and this is impossible.

(c) = (a) Suppose that I and ] are two distinct maximal left ideals of A. As I + | is
equal to A, there are x € [ and y € | such that x +y = 1. It follows then that neither of
x or 1 — x = y is invertible, contradicting the hypothesis (c).

This establishes the equivalence of the first three statements listed in the proposi-
tion. As statement (c) is left-right symmetric, it follows immediately that these three
statements are equivalent to the remaining two. O

1.1.2. Proposition. An algebra is local if all its elements are either invertible or nilpotent

Proof. Suppose A is an algebra satisfying that condition and let x € A be a non-unit, so
that there exists a positive integer k such that x* = 0. A direct computation shows then
that 22‘*01 x' is an inverse for 1 — x. It follows that the algebra is then local, according to

Proposition 1.1.1. O

§1.2. Indecomposable modules

1.2.1. A module M is indecomposable if it is non-zero and there do not exist proper
submodules P and Q such that M = P & Q.

1.2.2. Indecomposability of a module can be very neatly expressed in terms of its
endomorphism algebra, as we see in the next result. Recall that an element e of an
algebra A is idempotent if e2 = e; of course, the elements 0 and 1 are idempotent, and
we call them the trivial idempotents.

Proposition. A module is indecomposable iff its endomorphism algebra has no non-trivial
idempotent elements.

Proof. Let M be a module. If it is decomposable, there exist proper submodules
P, Q € M such that M = P ® Q and there is an endomorphism e : M — M such
that e(p) = p forall p € P and e(q) = 0 for all g € Q. It is easy to check that e is a
non-trivial idempotent in the endomorphism algebra End(M).

Conversely, suppose that e € End(M) is a non-trivial idempotent and let us con-
sider the submodules P = kere and Q = ime of M. If m € PN Q, then there is



an n € M such that m = e(n), because m € P, and since m € Q we have that
0 = e(m) = ¢?(n) = e(n) = m: it follows that PN Q = 0. On the other hand, if m € M,
then we have that the element g = e(m) is in Q, that the element p = m —e(m) is in P,
since e(p) = e(m) — e*(m) = 0, and that m = p +q. We thus see that M = P® Q.
As e is neither 0 nor 1, we have that both P and Q are proper submodules and we can
conclude that M is decomposable. O

1.2.3. The following nice and useful result was proved by Hans Fitting in [Fit1935].

Proposition (Fitting’s lemma). If M is a module and f : M — M is an endomorphism, then
there are submodules P and Q in M with M = P & Q and such that

« f(P)C Pand f(Q) € Q,

* flp: P — Pisan automorphism, and

* flo: Q — Q is nilpotent.
Proof. Since M is finite-dimensional, the two chains

M2Oimf2imf2oimfo...
and
0 C ker f C ker f> C ker f> C - -

of submodules of M must eventually stabilize, and there exists a positive integer n such
that im f” = im f" and ker f = ker f" for all m > n.

We let P = im f" and Q = ker f". We have f(P) = f(im f") = im f"l =im f" = P
and, since f"(f(Q)) = f"*!(ker f*) = 0, we have f(Q) C Q. The definition of P makes
it clear that the restriction f|g : Q — Q is nilpotent and the restriction f|g: P — P is
an isomorphism because it is, as we have seen, surjective. We are left, therefore, with
proving that M = P & Q.

Suppose first that x € PN Q. As x € P, there exists a y € M with x = f"(y), and as
x € Q, we have that 0 = f"(x) = f2'(y). This tells us that y € ker®" = ker f" and thus
x = f"(y) = 0. It follows that PN Q = 0. On the other hand, we have a short exact
sequence

fn

0 ——ker f ¢ M im f" 0

so that dim M = dim P @ Q. This completes the proof. O
1.2.4. Proposition. An algebra A is local iff its only idempotent elements are 0 and 1.
It should be emphasized that for this to be true we need the algebra A to be finite-

dimensional.

Proof. Suppose first that A is local. If e € A is idempotent, then e(1 — e) = 0. The third
statement of Proposition 1.1.1 tells us that one of e or 1 — e is invertible, so we see that
eithere =0 ore=1.



Next, let us suppose that the only idempotents in A are the trivial ones, and
let x € A be a non-unit. Themap f : y € A — yx € A is a morphism of modules to
which we can apply Proposition 1.2.3: it tells us that there are left ideals P and Q in A
with A =P® Q, Px C P, Qx C Q, and such that the map y € Q — yx € Q is bijective
and there is a positive integer k such that Qx* = 0.

In particular, there are p € P and g € Q such that 1 = p +¢. Since p = pl = p*> + pq
and P and Q are left ideals, we have that pg € PN Q = 0 and therefore p? = p, that is,
p is idempotent. The hypothesis implies then that one of p or g is equal to 1, so that
either P = A or Q = A.

If Q = A, then x* = 1x¥ € AxF = 0 and x is nilpotent. Suppose now instead that
P = A. The map f is then a bijection and there exists a y € A such that yx = 1. As
(xy)? = xyxy = xy, the element xy is idempotent. It cannot be equal to 1, for then
x would be invertible against our hypothesis, so it vanishes, and then x = x1 = xyx = 0.

We conclude that A satisfies the condition of Proposition 1.1.2, so that it is local. [

1.2.5. Proposition. A module M is indecomposable iff its endomorphism algebra End 4 (M) is
local.

Proof. This follows at once from Proposition 1.2.2 and Proposition 1.2.4 O

§1.3. The radical of ymod

1.3.1. If M and N are modules, the radical of hom(M, N) is the set rad(M, N) of the
morphisms f : N — N such that whenever Z is an indecomposable module and
u:Z— Mandv: N — Z are morphisms, the composition

f

Z-4YsM N—'>7

is not an isomorphism.

1.3.2. Proposition. The radical rad is an ideal of the category amod. In other words, if M
and N be modules then:
(i) The subset rad(M, N) of hom(M, N) is a subspace.

(i) If P is a module, f € rad(M, N) and g € hom(N, P), then gf € rad(M, P).

(iti) If P is a module f € rad(M, N) and g € hom(P, M), then fg € rad(P,N).
Proof. (i) Let f, g € rad(M, N) and let A € k. Let Z be an indecomposable module and
letu:Z — Mandv: N — Zbe morphisms. As f and g are in rad(M, N), we have that
vfu and vgu are non-invertible elements of the algebra End(Z). As this algebra is local,
the set of its non-invertible elements is an ideal and then v(f + Ag)u = vfu + Avgu is
also non-invertible. This shows that f + Ag is in rad(M, N).



(ii) Let P be a module and let f € rad(M,N) and ¢ € hom(N,P). If Z is an
indecomposable module and u : Z — M and v : P — Z are morphisms, then the
composition

z- oM ¥.p v g

is equal to the composition

f vg

Z-—YsM N Z

which is not an isomorphism because f € rad(M, N). It follows that ¢f € rad(M, P),
as we were to show. The proof of (iii) is similar. O

1.3.3. Proposition. Let r be an ideal of nomod. Let M and N be two modules. If M, ..., M,
are submodules of M and Ny, ..., Ny, are submodules of N such that M = @}_; M; and
N = @®jL; Nj, then the canonical isomorphism

¢ :homa(M,N) — P homu(M;, N;)

1<i<n
1<j<m

restricts to an isomorphism

ra(M,N) = @ ra(M;, N;)
1<i<n
1<j<m

This applies, in particular, when r = rad, of course.

Proof. For each i € {1,...,n} we have morphisms g™ : M; - M and pM : M — M,
the canonical inclusions and the canonical projections, such that idy = /' ; qipi,
pigi = idy foralli € {1,...,n}, and p;q; = 0if i, j € {1,...,n} are different. Similarly,
we have morphisms q}V : N; = N and p]N : N = N, for each j € {1,...,m} with
analogous properties. The isomorphism ¢ of the statement is the map such that
¢(f) = (PN fa! 1<i<ni<j<m forall f € homa(M, N).

If fis in rq(M,N), then p]prlM € ra(My,Nj) for all i € {1,...,n} and all
j € {1,...,m}, because r is an ideal. This means that the isomorphim ¢ maps

i€{l,...,n} and each j € {1,...,m} we have that

plfat =) P}Vq?]fk,zp;i”qyz( Y p}Vq]N)ﬁ,j( Y. pMa) = fiy.

1<k<n 1<j<m 1<i<n
1<I<m

This shows that ¢(f) = g and allows us to conclude that the image of r4 (M, N) by ¢ is
precisely @1<i<n,1<j<m ra(Mi, N;) 0



1.3.4. Proposition. If M and N are indecomposable modules, then rad(M, N) is the set of
elements of hom(M, N) which are not isomorphisms.

Proof. Let f € hom(M, N). If f is an isomorphism, then the composition

. 1
M-S SN p

is an isomorphism, so that f ¢ rad(M, N). Conversely, if f ¢ rad(M, N) then there
exist an indecomposable module Z and morphisms u : Z -+ M and v : N — Z such
that the composition

f

7zt M N—2~7

is an isomorphism. Let / be its inverse. The map uhvf is an idempotent element
of End(M), since

uhvf - uhvd = u(hvfu)hvd = uhvd,

and as that algebra is local it follows that uhvf is 0 or idy. If we had uhvf = 0, then
we would have that

u=uidz = uhvfu=0u =0,

which is impossible. We thus see that uhvf = idy; and, in particular, that f is injective.
A similar reasoning starting from the fact that fuhv is an idempotent element of End(N)
concludes that f is also surjective, so that f is an isomorphism, as we wanted. O

1.3.5. Proposition. If M and N are modules, then a morphism f : M — N is in rad 4(M, N)
iff for all morphisms h : N — M the map idp — hf : M — M is an isomorphism.

Proof. Let us write rad’(M, N) the subset of hom 4(M, N) of morphisms f : M — N
such that for all morphisms h : M — N the map idy — hf is invertible in End 4 (M).
We have to prove that rad’(M, N) = rad(M, N) for all modules M and N, and we start
by showing that rad’ is an ideal of the category 4mod. Fix modules M, N and P.
e Let f € rad'(M,N) and g € hom4(N,P). If h : P — M is a morphism, then
idy — hgf is invertible in End 4 (M) because f € rad’(M, N). This shows that
gf € rad' (M, P).
e Let now f € rad'(M,N) and ¢ € homa(P,M). If h : N — P is a morphism,
then the hypothesis on f implies that there exists a ¢ € End,(M) such that
p(idy — ghf) = (idpm — ghf)¢ = idpy. Using this, we see that

(idp —hfg)(idp + hf¢g) =idp — hfg +hfpg — hfghfeg = idp

and
(idp + hf¢g)(idp — hfg) = idp — hfg + hfpg — hfgghfg = idp,
so that idp — lifg is invertible in End 4 (P). This shows that fg € rad’ (P, N).
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e Finally, suppose that f, f' € rad’(M,N) and let h : N — M be a morphism.
Since f € rad'(M,N), there exists an isomophism ¢ : M — M such that
¢(idy — hf) = idy and, since f € rad’(M, N), there exists an isomorphism
¢ : M — M such that (idy — ¢hf) = idp. It follows that

pop(idm — h(f + f1) = pop(idm — hf) — pohf’ = ¢ — pphf =idy

and, as ¢ is an isomorphism, this implies that idy; — h(f + f’) is an isomorphism.
Let us next show that if M is indecomposable then rad(M, N) = rad’ (M, N). First, if
f€rad(M,N)and h: N — M is a morphism, then it follows from the definition of rad
that if € End4(M) is not an isomorphism and, as End 4 (M) is a local algebra, Propo-
sition 1.1.1 allows us to conclude that idy; — if is an isomorphism. We therefore have
f € rad'(M, N). Conversely, suppose that f € rad’ (M, N) and, to reach a contradiction,
that f ¢ rad(M, N), so that there are an indecomposable module Z and morphisms
u:7Z — Mandv: N — Z such that vfu is an isomorphism and, in particulat, there
is a w € Enda(Z) such that wofu = idz. As f € rad’ (M, N), the map idy — uwof is
invertible and there exists a ¢ € End4 (M) such that (idy; — uwovf)¢ = id. It follows
that

0 = (idz — wofu)(idz + wofu)
=idz —wofu 4+ wof(idy — uwof)du

=idy

and this is absurd because Z is not the zero module.

Finally, let M and N be arbitrary. Suppose that My, ..., M, are indecomposable
submodules of M such that M = @!_; M; and foreachi € {1,...,n} letp;: M — M;
be the canonical projection corresponding to this direct sum decomposition and
p :homy(M;, N) — hom 4 (M, N) the induced map. We know from Proposition 1.3.3
that rad(M, N) = Y, p¥(rad(M;, N)). On the other hand, since rad’ is also an ideal
of amod, the same proposition tells us that rad'(M, N) = Y_I'_; p#(rad’(M;, N)). Since
rad'(M;, N) = rad'(M;, N)) for each i € {1,...,n} because the M; are indecomposable,
the equality rad(M, N) = rad’'(M, N) follows at once. O



§1.4. The Krull-Remak-Schmidt theorem

1.4.1. The following fundamental result is due to Wolfgang Krull [Kru1925], Robert
Remak [Rem1911] y Otto Schmidt [Sch1929] :

Theorem. If M is a non-zero module, then there exist a non-negative integer r, pairwise
non-isomorphic indecomposable modules My, ..., M, and positive integers ay, ..., a, such that

M=MI® - &M

This direct sum decomposition is unique in the following sense: if s is a non-negative integer,
Ny, ..., N; pairwise non-isomorphic indecomposable modules and by, . .., bs positive integers
such that M = Nfl @ --- @ N, then s = r and there is a permutation o of {1,...,r} such
that N; & M, ;) and b; = a,; for eachi € {1,...,r}.
Proof. In order to prove the existence of the direct sum decomposition we proceed by
induction on dim M. If dim M = 1, the module M is clearly indecomposable and there
is nothing to do, so we may assume that dim M > 1. If M is indecomposable, then
again there is nothing to be done. If it is instead decomposable, then there are proper
submodules M’ and M"” of M such that M = M’ @& M" and, since dim M’ < dim M and
dim M"” < dim M, the induction hypothesis implies that both M and M’ can be written
as a direct sum of indecomposable submodules. We thus see that the same is true of M.
Let now r be a positive integer, let My, ..., M, be pairwise non-isomorphic inde-
composable modules, and let a4, ..., a, be positive integers such that

ME=MP @S- & M.

Let Z be an indecomposable module. We have direct sum decompositions

hom(Z, M) = € hom(Z, M;)", rad(Z, M) = @ rad(Z, M;)"
i=1 i=1

which are compatible in the obvious sense, so that there is an isomorphism

;
top(Z, M) = (P top(Z, M;)". (3)
i=1
Ifi € {1,...,r}, we know from Proposition 1.3.4 that top(Z, M;) = 0 iff Z 2 M;, and it
follows from this and the direct sum decomposition (3) that
e if Z%¥ M, forallie {1,...,r}, then top(Z, M) = 0, and
e ific {1,...,r} and Z = M; then

b dimtop(Z, M)
I dimtop(Z,Z) "



We can then conclude that in every decomposition of M as a direct sum of indecompos-
able modules there are exactly dimtop(Z, M)/ dimtop(Z,Z) summands isomorphic
to any given indecomposable module Z. The last claim of the theorem follows from
this. O

§1.5. The Jordan-Hélder theorem

1.5.1. A module M is simple if it has exactly two submodules, which are then necessarily
the zero submodule and M itself and, as they are different, moreover, we must have
M #0.

1.5.2. If M is a module, a composition series for M is a finite strictly ascending chain
0O=MyCMyCMC---CM,=M

of submodules of M such that for each i € {1,...,n} the quotient M;/M;_; is simple,

and the number 7 is the length of the composition series.

1.5.3. Proposition. Every module admits a composition series.

Proof. Let us show that a module M admits a composition series proceeding by induc-
tion on its dimension. If M = 0, there is nothing to do, so we suppose that dim M > 0.
Let M’ C M be a proper maximal submodule; such a thing exists, for M does have
proper submodules. As dim M’ < dim M, we may assume inductively that M' admits
a composition series

0=MyCM CMC---CM,=M,

and since M’ is a maximal submodule the quotient M/M' is simple. It follows then
that

O=MyCMi G My & C My &M

is a composition series for M. O

1.5.4. Proposition. If M is a module, M', M" and N are submodules of M and M’ C M”,
then

M+M'NN=M'n(M +N) (4)
and there is a short exact sequence of the form

o MON 5 M ¢ M'4+N
M' NN M’ M +N




Proof. Let us show the equality (4). If x € M" N (M’ + N), then x € M" and there exist
m' € M and n € N such that x = m’ + n. It follows from this that x —m’ = n € N and
x—meM +M CM,sox—meNNMandx =m'+ (x —m') € M+ M"NN.
Conversely, suppose that x € M’ + M” NN, so that there exist m’ € M'andy € M"NN
such thatx =m'+y. Asy € M", wehavex =m'+y € M'+ M" = M" and, asy € N,
also x = m’ +y € M’ + N: we thus see that x € M" N (M’ + N).

We define maps f and g to construct the sequence of the proposition simply putting
f(x+MNN)=x+Nforallx e M"NNand g(x+M') =x+M + N forall x € M".
The verification that go f = 0 and that the maps f an g are injective and surjective,
respectively is immediate, and the exactness at M" /M’ of the sequence is easily seen
to be precisely the content of the equality (4) we have just established. O

1.5.5. The following theorem —for the case of groups— was originally proved by
Camille Jordan [Jor1989] and Otto Holder [H611889)].

Theorem. Let M be a module. If

O=MyCMiCMC---CM, =M
and

0=MyC M CM G- C My =M
are two composition series for M, then n = m and there is a permutation o of {1,...,n} such
that M{, /My = Mi/ M forall i € {1,...,n}.
Proof. We proceed by induction on n. If n = 1, then M is simple and there exactly
one composition series for M, so there is nothing to prove. We may assume, then,

thatn > 1.
We have a chain of submodules

Mnfl = Mn71+M(I) - Mnfl‘i’Mi - Mnfl‘i‘Mé c-.-C Mnfl +M;n :Mn
of M. Since M,,/M,,_1 is simple, exactly one of these inclusions is strict, that is, there
exists a igp € {1,...,m} such that

Mn—l + M;O Mn

>~ 0,
]\41/171 +M;0_1 1\4)/171 # (5)
and
M,_1 + M . .
— - T ~0f 1 1,... .
My + M Oforallie {1,...,m}\ {io} (6)

On the other hand, if i € {1,...,m} we have a short exact sequence, constructed as in
Proposition 1.5.4, of the form

M,_1N M{ M M, _1+ Mz/

]

My O M, M;_, M1+ M,

10



and, since the quotient M/ M _, is simple, exactly one of (M,_1 N M)/ (M,—1 N M._,)
or (My—1+ M)/(Myu_1 + M|_;) is zero and the other is isomorphic to M;/M,_;. In
view of (5) and (6), we see that

M, 1+ MZ’.0 N Mgo M,_1N Ml’.0 ~0
Mo1+M,_ — M’ My 1NM_|
and foralli e {1,...,n}\ {io}
M,_1+ M| M, .nNM, _ M

=0, ~ i

M1 le'—l N Mll'—1.

M, 1+ Mll'—l
We thus see that

0=M, 1NM)C M, 1N"M;CM, 1N"M,C---
o C M,_1NM QMnflmeoHQ'” 7)

10—1

"‘g"'gMn—lmM;n:Mn—l

is a composition series for M, _; of length m — 1 whose successive simple quotients are
isomorphic to

, / / / y

M My Mua M Mg M,

VYT ey 7 7 7 7 7 7 c ey 7 .
M Mio—z M1 N Mio—l Mio+1 Mmq

We know that M,,_1 N Mz{o—l =M, 1N leo and M,,_1 N M;(H-l =M, 1N Ml’-o, so that

My aOM 1 MyqN Mfo+1 N M

ig+1 ~ ~ ip+1
M,_1N Ml{o—l M,_1N leo Mfﬂ
On the other hand,
0=MyC M CMy G- C My (8)

is also composition series for M,_; of length n — 1. We can therefore use our in-
duction hypothesis to compare (7) and (8) and conclude that n —1 = m — 1, so that
n = m, and that there is a bijection 0 : {1,...,n —1} — {1,...,ip—1,ip+1,...,n}
such that M(’T(i)/M{T(i)_1 = M;/M;_q foralli € {1,...,n —1}. Clearly, we can ex-
tend o to a permutation of {1,...,n} by setting o(n) = ip and then we also have
M(’T( n/ M(’T( W1 = M; /M; ;. This permutation ¢ satisfies the conditions required by
the theorem. O
1.5.6. An immediate consequence of Theorem 1.5.5 is that all composition series for
a module M have the same length, which we may therefore call unambiguously the
length of M and write it /(M). This function of modules is additive in the following
sense:
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1.5.7. Proposition. If

f g

0 M M M 0

is a short exact esquence of modules, then we have that
(M) =¢(M') +¢(M").

Proof. 1f
0=M)G M CMG-- G M, =M

and
0= M{ C M C MY € C Mjy = M"

are composition series for M and for M”, respectively, then

0=f(My) & f(M}) & f(M) & -
o CF(M ) C F(My) =87 (Mp) S 87N (MY) S g (Mg) &
G (M) G 8THME) =TI (M) =M (9)
is a composition series for M. Indeed, we have that f(M!)/f(M._;) = M!/M,_, for
eachi € {1,...,n} and g_l(M;’)/g_l(M;’_l) = Mj'/M; foreach j € {1,...,m}, so

that all the successive quotients in the chain (9) are simple. As this composition series
has length n + m, this proves the proposition. ]

§1.6. Grothendieck groups
1.6.1. Let &/ be an additive category. A short exact sequence of </ is a diagram

0—=X—tsy- Pz .0

such that 7 is a kernel for p and p is a cokernel for i. We say that this short exact
sequence is isomorphic to another short exact sequence

0 X ey P 0

if there exist isomorphisms f : X — X', ¢:Y — Y and h : Z — Z' in o/ which render
the following diagram commutative.

0 X—tsY 4 0
S
0 Xy P 0

12



Isomorphism of short exact sequences is an equivalence relation.
If X and Y are objects of <7, there are morphisms

q1 q2

in &« such that []1i1 = idy, qziz = idy, i1l]1 + izQz = idx@y qul =0and q1i2 =0, and
using these relations it is easy to check that

OHXLX@YLYHO

to one of this form .

1.6.2. Let &/ be an essentially small additive category and let & be a class of short
exact sequences of &7 which closed under isomorphism; we call the elements of &
the &-admissible short exact sequences. If X is an object of o/, we write [X] the
isomorphism class of X and we let L(.<7) be the free abelian group with basis the set
of isomorphism classes of the objects of 7. The Grothedieck group of the pair’ (<7, &)
is the quotient K(.«7, &) of L(«7) by the subgroup generated its elements of the form
[Y] — [X] — [Z] for which there is an &-admissible short exact sequence

0 X Y Z 0

We write 71 : L(«7) — K(, &) the canonical projection and if X is an object of </ we
denote [X] the image of [X] under 7.

1.6.3. The key property of this construction is the following;:

Proposition. Let o7 be an essentially small additive category and let & be a class of short exact
sequences of </ which is closed under isomorphism. Let G is an abelian group and suppose that
¢ : obj.oZ — G is a function such that

e if X and Y are objects of <7 such that X =Y, then ¢(X) = ¢(Y), and

* whenever

0 X Y Z 0

is an &-admissible short exact sequence, we have p(Y) = ¢(X) + ¢(Y).
Then there exists a unique group homomorphism ¢ : K(o7, &) — G such that

¢(IXD) = ¢(X)
for all objects X of <7 .

'One usually imposes more conditions on the class & of short exact sequences in order to obtain a
theory of Grothedieck groups K(«7, &) with good formal properties, but we will not need this for our
purposes. It is often the case that one requires the pair (<7, &) to be an exact category; we refer to the nice
monograph [Biith2010] by Theo Biihler on the subject.
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Proof. Since the set of elements of the form [X] with X an object of </ generates the
group K(«7,&), it is clear that if there is at most one such morphism ¢’, so we need
only prove the existence claim.

Let [<7] denote the set of isomorphism classes of objects of .. The first condition
imposed on the function ¢ implies that there is a function ¢; : [@/] — G such that
$([X]) = $(X) for each object X of o7. As [</] is a basis for L(</), there is a unique
group morphism ¢ : L(«7) — G such that ¢»([X]) = ¢(X) for all objects X of 7. If

0 X Y Z 0

is an &-admissible short exact sequence, then the second condition imposed on ¢ tells us
that ¢ ([Y] — [X] — [Z]) = 0 and this implies that ¢, vanishes on the kernel of the canon-
ical projection 7v : L(o/) — K(<7, &). It follows that there is a unique group morphism
¢ : K(o,8) — G such that ¢, = ¢. In particular, we have ¢([X]) = p2([X]) = ¢(X)
for all objects X of <7, and thus ¢ has the required property. O

1.6.4. Proposition. Let A be a finite dimensional algebra, let smod be the category of finite-
dimensional A-modules, let & be the class of all short exact sequences of smod, and let sind be
a set of representatives for the isomorphism classes of indecomposable modules. The Grothendieck
group K(amod, &) is free with the set = {[M] : M € 4ind} as a basis.

Proof. Write K = K(4mod, &) for simplicity. If M and N are modules, we have that
[M & N] = [M] + [N] (10)

in K because &) contains a short exact sequence of the form
0O—M—>MEN-—>N—=0

Notice that this implies, in particular, that [0] = 0 in K: indeed, putting M = N = 0
in (10) we see that [0] = [0 @ 0] = 2[0], because 0 = 0 & 0.

It is clear that K is generated by the set of its elements of the form [M] with
M € ymod. Now if M is a non-zero module we know from Theorem 1.4.1 that there
exist a positive integer r, pairwise distinct My, ..., M, € 4ind and positive integers
ai, ..., a, such that M = M?l & - @ My, and it follows from the equality (10) that in
K we have

IM] = aq[My] + - - - +a,[M,]

This shows that the group K is in fact generated by its subset #. To complete the proof
of the proposition, we have to show that the set % is linearly independent.

Let U be an indecomposable module. If M is a module, the uniqueness part of
Theorem 1.4.1 tells us that there exists a maximal integer y;(M) such that Uru(M)
is isomorphic to a direct summand of M. It is clear that if M’ is another module
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and M’ = M, then we have py (M) = uy(M'). On the other hand, if M and N are
modules, it also follows from Theorem 1.4.1 that py (M @& N) = puy(M) + pu(N), and
an inmediate consequence of this is that if

0 X Y Z 0

is a split short exact sequence in smod then py(Y) = uy(X) + pu(Z). We are thus in
position to apply Proposition 1.6.3 to conclude that there is a group homomorphism
fiu : K — Z such that jiy([M]) = pu(M) for all modules M.

Notice that it follows at once from the definition of the function yy; that if V is
another indecomposable module, then fiy;([V]) is 1 or 0, according to whether V and
U are isomorphic or not.

Let now Zy, ..., Z, be distinct elements of 4ind, let a3, ..., a, be integers, and
suppose that a1[Z1] + - - - +4a,[Z,] = 0. Ifi € {1,...,r} we find that a; = 0 by applying
the morphism jfiz, to both sides of that equality. This proves the set # is linearly
independent. O

1.6.5. Proposition. Let A be a finite dimensional algebra, let y,mod be the category of finite-
dimensional A-modules, let & be the class of all short exact sequences of smod, and let 4simp
be a set of representatives for the isomorphism classes of simple modules. The Grothendieck
group K(amod, &) is free with the set 8 = {[S] : S € asimp} as a basis.
Proof. Let us write K = K(4mod, & ). We claim that the set # generates K as an abelian
group. To see this we will show that [M] is in the span () of # for all modules M
proceeding by induction on the length ¢(M). If /(M) = 0, then M = 0, and just as in
the proof of Proposition 1.6.4 we see that [M] = 0, so there is nothing to be done in
this case.

Let us therefore suppose that /(M) > 0. There exists, in particular, a submodule
M’ C M such that /(M') = ¢(M) — 1, so that inductively [M] € (#), and the quotient
M/M' is simple. There exists then an S € 4simp and a short exact sequence of the
form

0 M M S 0

in &, and this implies that [M]] = [M'] + [S] € (#). This proves our claim.

To complete the proof of the proposition, we have to show that the set # is linearly
independent in K. Let us fix a simple module S. If M is a module, then we know that
there exists a composition series

0=MyCM i CMC---CM,=M
and that the number vs(M) = [{i € {1,...,n} : M;/M;_1 = S}| depends only
on M and not on the particular composition series chosen. This defines a func-

tion vs : obj smod — Z, and it is clear that it has the property that vs(M) = vs(M’)
whenever M and M’ are isomorphic objects of <7.
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Suppose now that

f

0 M M M 0

is a short exact sequence in 4,mod and that

0=MyC My CMyG--- C M= M
and

1 1! 1 1 /!

0=My CMy CM; &---C My, =M

are composition series for M and for M”, respectively. As we noted in the proof of
Proposition 1.5.7, it follows that

0=f(Mp) G f(My) & f(M3) &
o CF(My ) © F(My) =871 (Mp) S 87N (MY) S g7 (Mg) &

G (M) G 8THM,) =TI (M) = M
is a composition series for M, with succesive quotients f(M;)/f(M;_,) = M./ M|_, for
eachi e {1,...,n} and g_l(M;’)/g_l(M]’.’_l) = M{/Mj_; foreachj € {1,...,m}. As
a consequence of this, we see that

vs(M) = [{i € {1,...,n} : M{/M;_; Z S} + [{j € {1,...,m} : M/ Mj_; = S}|
= Vs(M/) + Vg (MN).
We can therefore conclude, thanks to Proposition 1.6.3, that there is a group morphism
Vs : K — Z such that v5([M]) = vs(M) for all modules M.

We are now in position to prove the liner independence of the set #. Let Sy, ..., S,
be distinct elements of 4simp and let a5, ..., a, be integers such that

a[Sy] + - +a]S] =0

in K. Ifi,j € {1,...,r} we have 75 ([S;]) = vs,(S;) = 9, so applying the morphism 7,
to both sides of the equality (5) we see at once that 4; = 0 for eachi € {1,...,r}. O
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CHAPTER 2

Semisimple algebras

§2.1. Simple modules

2.1.1. Proposition.
(i) If Iis a left ideal in A, then A/1 is a simple module iff I is a maximal left ideal.
(i) There exist simple modules.

Proof. The first statement is a consequence of the bijection between the set of submod-
ules of A/I and the left ideals of A containing I. The second follows from the first
simply because we know there are maximal left ideals in A. O]

2.1.2. The following simple but fundamental result is due to Issai Schur [Schigos].

Proposition. Let S and S be simple modules and let M be an arbitrary module.
(i) A morphism f : S — M is either zero or injective.
(if) A morphism f : M — S is either zero or surjective.
(iii) A morphism f : S — S’ is either zero or an isomorphism.

Proof. The first two statements follow at once from the fact that 0 is the unique proper
submodule of S and the third one from the other two. O

2.1.3. Corollary. The endomorphism algebra of a simple module is a division algebra.

Proof. This follows at once from the third part of Proposition 2.1.2. O

§2.2. Semisimple modules

2.2.1. A module is semisimple if it is a sum of simple submodules.

2.2.2. Proposition. Let M be a module and suppose {S;}ic; is a family of simple submodules
of M such that M =Y ;c; Si. If N C M is a submodule, then there exists a subset | C I such
that M = N @ @¢; S;. In particular, every submodule of M is a direct summand.

Proof. Let 7 be the set of subsets | C I such that the sum N +} ;¢ S; is direct. As
© € #,wehave ¢ # @. On the other hand, as M is finite-dimensional and each
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simple module has positive dimension, there exists a | € ¢ maximal with respect to
inclusion. Let M’ = N + Y jej Sj; this sum is in fact direct because | € 7.

Leti € I. As S, is simple, the intersection S; N M’ is either zero or equal to S;. In the
first case, the sum M’ + S, = N + Zje JU{i} S; would be direct, contradicting our choice
of ], so we must have that S; C M’. We thus see that M = Y ;; S; C M’ and, therefore,
that M’ = M. This proves the proposition. O

2.2.3. Lemma. If M is a module such that every submodule is a direct summand, then every
non-zero submodule of M contains a simple submodule.

Proof. Let M’ is a non-zero submodule of M, so that there exists an m € M’ \ 0. The
annihilator ann(m) = {a € A : a = 0} is a left ideal in A and it is is therefore
contained in a maximal left ideal I of A. It follows that Im is a maximal submod-
ule of Am. The hypothesis on M implies that there is a submodule M’ in M such
that M = Im @ M’ and using the modular law from Proposition 1.5.4 we see that
Am = MNAm = (Im®L)NAm = Im & (LN Am); in particular, the intersection
LN Am = Am/Im is simple. As L N Am is contained in M’, this proves the lemma. [

2.2.4. Proposition. If M is a module, the following statements are equivalent:
(a) M is semisimple.
(b) M is the direct sum of a family of simple submodules.
(c) Every submodule of M is a direct summand.

Proof. The implication (a) = (b) is the special case of Proposition 2.2.2 in which N = 0
and the converse implication is trivial. The implication (a) = (c) is the last claim
of Proposition 2.2.2, so we are left with proving that (c) = (a).

Suppose then that M satisfies the condition (c) and let M’ C M be the sum of all
simple submodules of M. The hypothesis implies that there exists a submodule M"
of M such that M = M’ & M". If M" were non-zero, it would follow from Lemma 2.2.3
that it contains a simple submodule S, and this is absurd as we would then have that
M N M" DS # 0. We must therefore have M” = 0, so that in fact M = M/, and this
tells us that M is semisimple. O

2.2.5. Corollary. Every submodule of a semisimple module is itself semisimple. More precisely,
if M be a module, {S;}icr a family of simple submodules of M such that M =Y ;c; S;, and N a
submodule of M, then there exists a subset | C | such that N = Dics Sj-

Proof. It is enough to prove the second statement. From Proposition 2.2.4 we know that
N is a direct summand of M, so there exists a submodule P of M such that M = N @ P.
On the other hand, Proposition 2.2.2 tells us that there is a subset | C I such that
M=P®@je S It follows then that N = M/P =P, S; . O

2.2.6. Corollary. If

f

0 M M M 0
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is a short exact sequence of modules and M is semisimple, then the short exact sequence splits
and both M and M" are semisimple.

Proof. The submodule f(M’) of M is a direct sumand because M is semisimple, so there
is a submodule N of M such that M = f(M) & N. As f is injective the correstriction
f: M — f(M') is an isomorphism and it has an inverse g : f(M') — M’. It follows
at once that the map r = (g0) : M = f(M') & N — M’ is such that rs = idyy, so the
short exact sequence splits. In particular, there is an isomorphism M = M’ & M" and
M’ and M" are isomorphic to submodules of M which are, according to Corollary 2.2.5,
semisimple. This proves the result. O

§2.3. Semisimple algebras

2.3.1. An algebra A is semisimple if the left module 4 A is semisimple.

2.3.2. Recall than an algebra is simple if it does not have non-zero proper bilateral
ideals.

Proposition. Let A be a simple algebra. Then A is a semisimple algbra and all its simple
modules are isomorphic. If S is a simple module, then D = End(S) is a division algebra and
there exists a positive integer n such that A = M, (D°P) and we have dim S = ndim D.

Proof. Let I be a non-zero left ideal of A of minimal dimension; clearly, I is simple as a
module. The vector space X = hom(I, A) is non-zero, because it contains the non-zero
morphism given by the inclusion I — A, and finite-dimensional. Let = {¢1,..., ¢pn}
be a basis for X, write [" = I @ - - - @ I and consider the morphism

$:(x1,...,x0) €= Pr(x1) + -+ Pu(xn) € A

The image ¢(I") of ¢ is of course a left ideal in A, but it is in fact also a right ideal.
Indeed, leta € A. If i € {1,...,n}, the function ¢; : x € I — ¢;(x)a € A is a morphism
of modules so, since 4 is a basis for hom(I, A), there exist scalars «;1, ..., a;n € k such
that ¢; = 27:1 a; j¢i. It follows then that for each x = (x1,...,x,) € I'" we have that
n n
wjpi(xi) = Ziﬁbj (X; “i,sz') € ¢(I"),
=

1=

=

P(x)a = Zn:@(xi)ﬂ =)

n
i=1 i=1j=1

and this shows that ¢(I")a C ¢(I") .

We have I C ¢(I"), so that ¢(I") # 0. As we are supposing that A is a simple
algebra, we must then have that ¢(I") = A, that is, that the map ¢ is surjective. In
particular, there is an xyp € I" such that ¢(x9) = 1 and we can define a morphism
Yp:ac A axg € I". As ¢ip = idy, the map ¢ is injective and we see that A is
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isomorphic to a submodule of the semisimple module I". Corollary 2.2.5 tells us then
that A itself is isomorphic to a direct sum I" for some m < n and, in particular, that
it is a semisimple module. The algebra A is thus semisimple and from the module
isomorphism A = [ we obtain algebra isomorphisms

AP =~ End(A) = End(I™) = M,,(End(I)),

so that A = M,,(End(I))°P = M,,(End(I)°P)). Because of Corollary 2.1.3 and the fact
that I is a simpl module, we know that D = End(I) is a division algebra. We thus see
that A & M,,(D°P). In particular, we have dim A = m?>dim D. As A = [, we also have
that dim A = mdim I, we find that dimI = mdim D.

Finally, if S is an arbitrary simple module and s € S\ 0, themapa € A+ as € S is
surjective and its kernel is the annihilator left ideal ann(s) = {a € A : as = 0}. There is
therefore a short exact sequence

0 ——=ann(s) A S 0

and it splits in view of Corollary 2.2.6. It follows that S is isomorphic to a submodule
of A = I". Corollary 2.2.5 and the fact that S is simple then imply that in fact S = I.
This proves that all simple modules are isomorphic and completes the proof of the
proposition. O

2.3.3. The following theorem, due to Joseph Wedderburn [Wed1908] and later general-
ized to artinian rings by Emil Artin [Art1927], is a central piece of modern algebra.

Theorem. Let A be a finite dimensional algebra. The following statements are equivalent:

(a) A is semisimple.

(b) Every A-module is semisimple.

(c) There exist positive integers r and ny, ..., n, and finite-dimensional division algebras

Dy, ..., Dy such that there is an algebra isomorpism A = My, (D1) X - -+ X My, (D).

Proof. To be done O
2.3.4. The definition of semisimplicity for algebras involves only the structure of the
algebra as a left module over itself, and we could of course develop a symmetric theory

for right modules. The next result shows that this will not produce a new class of
algebras.

Corollary. An algebra is semisimple iff the right A-module Ay is a sum of simple right
submodules.

Proof. Indeed, the third statement of Theorem 2.3.3 is clearly symmetric. O

2.3.5. In the special case where the ground field is algebraically closed, we have a
simpler description of semisimple algebras, which is a consequence of the following
simple result.
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Proposition. If the ground field k is algebraically closed, then every finite-dimensional division
algebra is isomorphic to k itself.

Proof. Let D be finite-dimensional division algebra. Let x € D, let ¢ : k[X] — D be the
unique algebra morphism such ¢(X) = x and let p € k[X] be such that ker¢ = (p).
If p were reducible, so that we had two non-constant polynomials p;, p2 € k[X]| with
p = p1p2, then we would have 0 = p(x) = p1(x)p2(x): this is impossible because
p1(x) and po(x) are both non-zero. It follows that p is reducible and the ideal ker ¢
prime and, therefore, maximal. We thus see that the image k(x) of ¢, being isomorphic
to k[x]/ ker ¢, is a field. It is, in fact, a finite extension of k. As k is algebraically closed,
this tells us that k(x) = k and, in particular, that x € k. We conclude from this that
D=k O

2.3.6. Corollary. If the ground field k is algebraically closed, a finite-dimensional algebra is
semisimple iff there exist positive integers r, ny, ..., n, with A = M, (k) X - - - x My, (k).

Proof. Proposition 2.3.5 tells us that there are no non-trivial finite-dimensional division
algebras, so the corollary follows at once from Theorem 2.3.3. O

2.3.7. A different direction in which we can specialize Theorem 2.3.3 is the following:

Proposition. A finite-dimensional commutative algebra is semisimple iff it is a finite direct
product of finite extensions of the group field.

Proof. Indeed, we know from Theorem 2.3.3 that an algebra A is semisimple if it is
a finite direct product of algebras of the form M, (D) with n a positive integer and
D a finite-dimensional division algebra. Clearly, A will be commutative iff all the
factors are commutative, and a matrix algebra M, (D) is commutative iff n = 1 and
D is itself commutative. To complete the proof, we need only notice that a finite-
dimensional commutative division algebra is the same thing as a finite extension of the
ground field. O

2.3.8. Proposition. Let A be an algebra. The following statements are equivalent:
(a) A is semisimple.
(b) Every short exact sequence of A-modules splits.
(c) Every A-module is projective.
(d) Every A-module is injective.
Proof. To be done O

2.3.9. A module over a semisimple algebra is a direct sum of simple submodules.
While the Krull-Remak-Schmidt Theorem 1.4.1 tells us that the isomorphism types
of the summands is determined by the module, it is not true that the summands
themselves are determined. There is a coarser direct sum decomposition available
whose summands are well-determined and which is often useful:

Proposition. Let A be a semisimple algebra, let (S1,...,S,) be a complete system of repre-
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sentatives of the isomorphism classes of simple A-modules and for each i € {1,...,r} let
D; = End4(S;), so that S; is an (A, D7P)-bimodule in the usual way.
(i) If M is an A-module, there exists a unique r-tuple (My, ..., My) of A-submodules of M
such that M = @j_, M; and for each i € {1,...,r} there exists a non-negative integer
m; such that M; = S!".
(it) Foreachi € {1,...,n} there is a unique linear map ¢; : S; @ poo hom 4 (S;, M) — such
that e;(s ® f) = f(s) foralls € S;and all f € hom(S;, M), this map is a morphism
of A-modules, and its image is precisely the submodule M;. The morphism

n
€= (81,...,€n) : @Sl K pop homA(Si,M) — M
i=1

is an isomorphism of A-modules.

Proof. (i) Leti € {1,...,r} and consider the sum M; of all sumodules of M which are
isomorphic to S;; it follows from Proposition 2.2.2 that M; = S;"" for some non-negative
integer m;.

To be done O

§2.4. Three criteria for semisimplicity

von Neumann regular algebras

2.4.1. If A is an algebra, we say that an element x € A is von Neumann regular if there
exists a y € A such that xyx = x, and we say that A itself is a von Neumann regular
algebra if all of its elements are von Neumann regular. For brevity, we will say simply
regular instead of von Neumann regular.

This condition on rings was introduced by John von Neumann in [vN1936] in the
context of his work on algebras of operators.

2.4.2. Proposition.
(i) A division algebra is regular.
(ii) If A is a regular algebra and e € A is an idempotent element, then eAe is a regular
algebra.
(1ii) If A and B are reqular algebras, then the direct product A X B is a regular algebra.

Proof. (i) Let A be a division algebra and let x € A. If y € A is such that yx = 1, then
xyx = x1 = x. We thus see that A is regular.

(ii) Let x € eAe. As A is regular, there exists a y € A such that xyx = x. If we put
y' = eye, which is an element of eAe, then we have xy'x = x because xe = x = ex, and
we see that x is regular also as an element of eAe.

22



(iii) Let x = (a,b) € A x B. Since A and B are regular, there existc € Aand d € B
such that aca = ¢ and bdb = b, and it follows from this that the element y = (c,d)
satifies the equation xyx = x. The algebra A x B is therefore regular. O

2.4.3. Proposition. If A is a reqular algebra and n is a positive integer, then the matrix algebra
M, (A) is reqular.

Proof. We follow the argument given by Irving Kaplansky in his book [Kap1969, §II.2],
starting with the following observation of McCoy:

x, y are elements of an algebra such that xyx — x is a reqular, then x is regqular.
Indeed, if z is such that (xyx — x)z(xyx — x) = xyx — x, then

x(y —z — yxzxy + yxz + zxy)x = x.
Next, we prove the following special case of the proposition:

if A is a reqular algebra, then My(A) is also regular. (11)

Let (‘g Z) € My(A). As A is regular, there exists an r € A such that crc = ¢, and then

L T O Y

In view of McCoy’s observation, it follows that to show that M;(A) regular it is enough
to show that its elements of the form (2Y) are regular. The hypothesis on A implies
that there are s, t € A such that asa = a and dtd = d, and then

C6EE -6

and McCoy’s observation again tells us that it is enough to show that the elements
of Mp(A) of the form () are regular. If now u € A is such that bub = b, we have

o)D) e)-(0)

This proves the statement (11).

An obvious induction using the fact that for every algebra A and every positive
integer m there is an isomorphism Mj(M,,(A)) = My, (A) and the result (11) we have
just proved establishes that

if A is a reqular algebra and m a positive integer, then Mon(A) is a regular

algebra. (12)
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Finally, let us tackle the proposition in its full generality. Let n be a positive integer and
let m be a positive integer such that 2" > n. The matrix

In O
e =
0 0

with square diagonal blocks of size n and 2 — n, respectively, is an idempotent element
of Myn(A), and one can immediately check that eMpn (A)e is isomorphic as an algebra
to M, (A), so the second part of Proposition 2.4.2 and the claim (12) taken together
imply that M,,(A) is a regular algebra. O

2.4.4. Proposition. An algebra is reqular iff every left ideal is generated by an idempotent
element.

Proof. Let first A be a regular algebra and let I be a left ideal in A. To show that I is
generated by an idempotent element it will be enough that we show that this is true if
I is either of the form Ax or of the form Ax; + Axy, for I is finitely generated and we
can use this two cases to prove the general case by induction.

If there is an x € A such that I = Ax and y € A is such that xyx = x, then the
element e = yx is idempotent, we have x = xyx € Ae and e € Ax, so that [ = Ae.

Suppose now instead there are x;, xo € A such that I = Ax; + Ax;. By what we
have shown already, we know that there exists an idempotent element e; € A such that
Ax; = Aer. We have

Axy = Axpl = Ax2(31 + (1 — 61)) C Axper + AXz(l - 61)
and Axp(1 —e1) C Axp + Axzey C Aeg + Axp = I, so that
I = Ae; + Axy C Aeq + Axpeq + AXz(l — 61) = Ae1 + sz(l — 61) C I

Thus I = Aey + Axp(1 —e1). As before, we know there is an idempotent element e; € A
such that Ax;(1 —e1) = Aep. Since Aeye; = Axp(1 —e1)e; = 0, we have epe; = 0. Let
now e3 = (1 — e1)e;. Computing, we see that e3 is idempotent, ejez = eze; = 0. Also,
we have Aes = A(1 —e1)e; C Aep and

Aey = Aezey = Axp(1 —eq)ey = Axges C Aes,

so that in fact Ae, = Aes. It follows that I = Ae; + Aes. If we now let e = e + e3,
then e is also idempotent and I = Ae. This completes the proof of the necessity of the
condition.

Conversely, suppose that every left ideal is generated by an idempotent element
and let x € A. If e € A is an idempotent such that Ax = Ae, then there existy, z € A
such that x = ze and e = yx and we have that xyx = zee = ze = x. The algebra A is
thus regular. O
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2.4.5. Proposition. A finite dimensional algebra is semisimple iff it is reqular.

Proof. Let A be a algebra. If I is a left ideal, then Proposition 2.4.4 tells us that there
exists an idempotent element e € A such that I = Ae. If we put | = A(1 —e), itis
easy to see that A = I @ ], and this means that I is a direct summand of A. In view of
Proposition 2.2.4, it follows from this that A is a semisimple algebra.

Conversely, if A is semisimple then we know from Theorem 2.3.3 that it is isomor-
phic to a finite direct product of matrix algebras over division algebras, and then A is
regular because of the results of Propositions 2.4.2 and 2.4.3. O

The trace form

2.4.6. If A is an algebra, there is an algebra homomorphism A : A — Endy(A) such
that A(a)(b) = ab for all a, b € A. Since A is finite-dimensional, we obtain a bilinear
mapping (—, —) : A x A — k setting for all a, b € A

(a,b) = trA(ab).

We call (—, —) the trace form of A.
2.4.7. Lemma. The trace form (—,—) : A x A — k of an algebra A is symmetric and
associative, so that

(a,b) = (b,a), (ab,c) = (a, be)

foralla, b, c € A
Proof. Let a, b and ¢ be elements of A. We have

tr A(ab) = trA(a) o A(b) =trA(b) o A(a) = tr A(ab)
because of the cyclic property of the trace, so that (a,b) = (b,a). On the other hand,

that (ab,c) = (a, bc) follows immediately from the associativity of A. O

2.4.8. Lemma. Let A be an algebra. If I is a bilateral ideal in A, then the orthogonal complement
I+ of I with respect to the trace form is also a bilateral ideal.

Proof. If a € A and y € I+, we have

(x,ay) = (xa,y) =0
and
(x,ya) = (ya, x) = (y,ax) = (ax,y) = 0
for all x € I, so that ay, ya € I+. O

2.4.9. Theorem. Let A be an algebra. If the trace form of A is non-degenerate, then A is
semisimple.
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Proof. If the algebra A is simple, then Proposition 2.3.2 tells us that it is semisimple. We
may then suppose that A is not simple. In particular, there is then a minimal non-zero
bilateral ideal I in A. From Lemma 2.4.8 we know that I is also a bilateral ideal and,
since we are assuming that the trace form is non-degenerate, we have that A = I @ I+.
In particular, there are elements e € [ and f € I+ such that 1 = e+ f. It is easy to
check that, with respect to the multiplication of A, both I and I are unitary associative
algebras —whose unit elements are e and f, respectively. As I is a minimal ideal of A,
it is a simple algebra and it is, again by Proposition 2.3.2, semisimple. On the other
hand, the trace form of the algebra I is the restriction of the trace form of A and
it is non-degenerate. As dim [+ < dim A, by induction we may assume that I is a
semisimple algebra, and then A, which is isomorphic as an algebra to the dirct product
of I and I+, is also semisimple. O

2.4.10. The converse of Theorem 2.4.9 is not true without extra conditions. To see this
we start with a lemma from linear algebra.

Lemma. Suppose that the characteristic of the ground field k is zero. Let V be a finite-
dimensional vector space and let f : V. — V be a linear map. If tr f" = 0 for all n > 1, then
the map f is nilpotent.

Proof. Let K be an extension field of k such that the characteristic polynomial x € k[X]
of f factors in K[X] as a product of linear factors, let Ay, ..., A; be the distinct non-zero
roots of that polynomial in K and let my, ..., m; be their respective multiplicities,
which are positive integers. We want to show that s = 0 or, in other words, that the
characteristic polynomial has no non-zero roots, as this implies that x F= XdimV and,
in view of the Cayley-Hamilton theorem, that f is nilpotent.

For each i € {1,...,s} we have that

S

0= trf” = E)\sz
i=1
If we view these s equalities as a homogeneous system of linear equations for the
integers ki, ..., ks, the matrix of coefficients is the Vandermonde matrix for the scalars
A1, ..., As, which has non-zero determinant. It follows that, as elements of K, we have
ki = -+ = ks = 0. As the characteristic of k is zero, this is only possible if we have
s = 0, as we wanted. O

2.4.11. We can now prove a partial converse to Theorem 2.4.9:

Proposition. If A is semisimple algebra and the characteristic of the ground field k is zero, then
the trace form of A is non-degenerate.

Proof. We have to show that the orthogonal complement A+ is zero, so we fix x € A
and prove that x = 0.
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As x € A+, for all n > 0 we have 0 = (x,x") = tr A(x"*1) = tr A(x)"*L. It follows
from this and Lemma 2.4.10 that A(x) is a nilpotent endomorphism of A, and this
implies in turn that x is a nilpotent element of A. Let k be a positive integer such x* = 0.

Suppose that S C A is a simple submodule. We cannot have xS = S —for then by
iteration we would have that 0 = xS = S, which is absurd— so we must have xS = 0.
Now, as A is semisimple, there exists a family . of simple submodules of A such that
A=YscosS and thenx € xA =) 5c5xS =0. O

Specialization

2.4.12. Let f : O — F be a morphism of commutative rings. As we can view F as a
right O-module, for each O-module V we can construct a F-module Vr = F®o V,
which we say is obtained from V by extending scalars along the morphism f, and the
function fy : v € V = 1® v € Vi, which is a morphism of O-modules. If V is O-free,
then Vr is F-free and, in fact, if # is an O-basis for V then the restriction of fy to Z is
injective and the image fy (%) is an F-basis for Vf; in particular, we have in this case
that rankr Vg = rankp V.

Similarly, we can extend scalars on morphisms: if ¢ : V. — W is a morphism
of O-modules, we say that the morphism f.(¢) = idr ® ¢ : V¢ — of F-modules is
obtained from ¢ by changing scalars along f.

2.4.13. If O is a commutative ring and V is a free O-module of finite rank, there is
a trace function try,» : Endp(V) — O. This function is compatible with extension
of scalars:

Lemma. Let f : O — F be a morphism of commutative rings. If V is a free O-module of finite
rank, then the following diagram commutes

Endo(V) %% ©

4

Endp (Vi) — /5 F

We emphasize that this statement makes sense since, as we observed in 2.4.12, the
hypothesis on V implies that the F-module Vr is free of finite rank, so that the function
try,/r is defined.

Proof. To be done O

2.4.14. If f : O — F is a morphism of commutative rings and A is an O-algebra,
then the F-module Ar is an F-algebra with multiplication uniquely determined by
the condition that x ® a-y®b = xy®ab for all x, y € Fand all 4, b € A. In this
situation, the morphism f4 : A — Ar of O-modules defined in 2.4.12 is a morphism of
O-algebras.
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2.4.15. Let A is an O-algebra which as an O-module is free of finite rank. Just as in 2.4.6,
we have a morphism A : A — Endp(A) of O-algebras such that A(a)(b) = ab and an
O-bilinear map (—,—) : A x A — O, the trace form of A, such that (a,b) = tr A(ab)
foralla,be A. If Z = {ay,...,a,} is an ordered O-basis for A, the discriminant of A
with respect to the basis % is the determinant

DiSC(A“@) = det((ﬂli,ﬁl]’))lgi,jgn € 0.

2.4.16. Proposition. Let f : O — F be a morphism of commutative rings and let A be an
O-algebra which as an O-module is free of finite rank. If % is an ordered O-basis for A, then
the restriction of f4 : A — Af to A is injective, the set fa (%) is an F-basis for Ar and we
have that f(Disc(A, B)) = D(AF, fa(B)).

Proof. To be done 0

2.4.17. Corollary. Let O be a commutative ring, let A be an O-algebra which as an O-module
is free of finite rank, and let % be an ordered O-basis for A. If p is a prime ideal in O such
that Disc(A, B) & p and we let F = FracO/p and f : O — F be the natural map, then the
F-algebra Ar is semisimple.

Proof. To be done O

2.4.18. Corollary. Let O be a commutative ring and let A be an O-algebra which as an O-
module is free of finite rank. If there exists a morphism f : O — F of rings with codomain a
field of characteristic zero such that the F-algebra Ar is semisimple, then for every O-basis %
for A we have D(A, #) # 0.

Proof. To be done O

2.4.19. It follows at once from Corollaries 2.4.17 and 2.4.18 that under the hypothesis
of the latter we have, for each prime ideal p of O which does not contain D(A, %)
and f : O — K = Frac O/p the natural map, that the algebra Ak is semisimple. In
particular, if O is an integral domain we can take here p = 0, so that K = Frac O is just
the field of fractions of O.

2.4.20. Let us present an application of these results. We let g be a variable, let k be
a field of characteristic zero, let A be a k[g]-algebra which as a k[g]-module is free of
finite rank n and let # = {ay,...,a,} be a k[g]-basis for A. There are then polynomials
ci-‘,j € k[g] foreach i, j, k € {1,...,n} sch that aia; = Yy ci-‘/]-ak.

For each ¢ € k there is a unique morphism of k-algebras ev, : k[g] — k such that
eve(q) = ¢ if h € k[g], then ev¢(h) is simply the evaluation % (¢) of the polynomial / at ¢
and it follows from this that ker ev; is the ideal (g —¢). We let A, be the algebra obtained
from A by extending scalars along ev,. As a k-vector space it is k @y, A, with k viewed
as a k[g]-module through ev,. If for each i € {1,...,n} we write a{ = 1® a; € A, then
the set B, = {af,..., a5} is a k-basis for A, and the multiplication in A, is such that for
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alli, j € {1,...,n} we have

aja; = ) ci-‘,]-(e) ay. (13)

Suppose now that there exists an ¢y € k such that the algebra A, is semisimple.
It follows from Corollary 2.4.18 that § = Disc(A, %) is a non-zero element of k[g].
As such, we know that there exist a finite set E C k such that ev,(d) = d(¢) # 0
if ¢ € k\ E and, therefore, § ¢ kerev,. If ¢ € k\ E we have Frack|g]/ kerev, = k
and the natural map k[q] — Frack]q|/ kerev, corresponds under this isomorphism
precisely to the evaluation map ev,. We can therefore conclude from Corollary 2.4.17
that the algebra A, is semisimple for all e € k \ E.

We can view the k[qg]-algebra A as a providing a family of k-algebras &/ = (Ag)cck.
That A be a k[g]-algebra then tells us that the algebras in this family </ «depend
polynomially on the parameter ¢», as reflected by the fact exhibited in equation (13)
that the structure coefficients of the algebras in the family are obtained by evaluating
certain fixed polynomials. Our observations can therefore be stated as follows:

if one of the algebras in a polynomial family of algebras is semisimple, then
almost of them —that is, all of them except at most a finite number— are in
fact semisimple.

We will use this in a concrete non-trivial situation in Section 3.8 in Chapter 3.

§2.5. Exercises

2.5.1. If A is an algebra and M is a semisimple module, the algebra End (M) is
semisimple.
2.5.2. An algebra is semisimple if it has a faithful semisimple module.
2.5.3. Prove the following famous theorem of William Burnside [Bur1gos]:
If k is an algebraically closed field, V' a finite-dimensional vector space and
A C Endy (V) a subalgebra such that V has no proper non-zero subspace
which is invariant under all elements of A, then in fact A = Endy (V).
See [Lam1998] for a modern exposition of this result in terms of linear algebra.

2.5.4. Let V be a finite-dimensional C-vector space endowed with an inner product
(—,—) and for each a € End¢ (V) let a* € End¢c(V) be the map adjoint to 4, so that
(a(x),y) = (x,a*(y)) for all x, y € V. We say that a subalgebra A C End¢(V) is
x-closed if a* € A whenever a € A. If that is the case, then A is semisimple.
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2.5.5. (i) Let A be a simple algebra and let V be a finite-dimensional vector space.
If ¢, p : A — Endg(V) are algebra morphisms, then there exists an isomorphism
u:V — V of vector spaces such that ¢(a) = u~ly(a)u for all a € A.

(if) Every algebra automorphism of M, (k) is inner.
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CHAPTER 3

Group algebras

§3.1. Representation of groups

3.1.1. If G is a group, the group algebra of G is the algebra kG which as a vector space
has the set underlying G as a basis and whose multiplication y : kG x kG — kG is
the unique bilinear function such that u(g,h) = gh for each g, h € G. It is easy to
see that the unit element 1 of G is the unit element of kG and it is obvious that kG is
finite-dimensional iff G is finite.

3.1.2. Proposition.

(i) If G and H are groups and f : G — H is a morphism of groups, then there is exactly one
linear map f : kG — KkH such that f(g) = f(g) forall g € G, and it is a morphism of
algebras.

(if) There is a functor F : Grp — Alg from the category of groups to that of algebras such
that for each group G we have F(G) = kG and for each morphism of groups f : G — H
we have F(f) = f : kG — kH

Proof. (i) Let G, H and f be as in the statement. Since G is a basis of the vector space kG,
we know that there exists a linear map f : kG — kH such that f(g) = f(g) for each
g € G and that there is exactly one such map. Since G is a basis of its domain, to check
that f is a morphism of algebras it is enough to verify that f(¢h) = f(g)f(h) for all
g, h € G, and that is clear in view of the fact that f is a morphism of groups.

(i1) We need to check that whenever G is a group we have id¢ = idyg and that for
each pair f : G =+ H and ¢ : H — K of composable morphisms of groups we have
go f =go f,and both points are clear. O

3.1.3. If A is an algebra, we let A* be its group of unit. If f : A — B is a morphism of
algebras, then f(A*) C B* and the restriction f* = f|4x : A* — B* is a morphism of
groups. In this way we obtain a functor (—)* : Alg — Grp, as one easily check.

3.1.4. The next proposition exhibits the characteristic property of the group algebra of
a group, which is behind our interest in it.

Proposition. Let G be a group, let kG be its group algebra and let A be an algebra.
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() If f : kG — A is a morphism of algebras, then f(G) C A* and the restriction
fle : G — A is a morphism of groups.
(i1) The function

DG 4 : f € hompg(kG, A) — flg € homg,, (G, A%).

that we obtain in this way is a natural bijection, so that the functor Grp — Alg of

Proposition 3.1.2 is a left adjoint to the functor (—)* : Alg — Grp of 3.1.3.
Proof. The claims of part (i) follow at once from our observations of 3.1.3 and the
obvious fact that G C (kG)*. That the function ®; 4 depends naturally on both G
and A is also clear, so we need only show that that function is bijective. We do so by
constructing an inverse.

Suppose that f : G — A is a morphism of groups. Since G is a basis of the vector

space kG and A* C A, there is a unique linear map f : kG — A such that f(g) = f(g)
for all g € G. This map f is a morphism of algebras: indeed, if ¢, h € G we have

f(gh) = f(gh) = f(g)f (h) = f(g)f (M)

because f is a morphism of groups, and the claim follows from this since G is a basis
of kG. We can therefore define a function

TG,A Zf € homGrp(G,AX) — f S homA|g(]kG,A),

which turns out to be the desired inverse for ®¢ 4. O

3.1.5. If G is a group, a representation of G is a pair (V,p) with V a vector space
and p : G — GL(V) a morphism of groups. The trivial representation of G is the
representation (k, p) with p : G — GL(V) the trivial morphism.

If (V,p) and (V’,p’) are representations of G, then a morphism of representations
f:(V,p) = (V',p) is a linear function f : V — V' such that f o p(g) = p'(g) o f for
all ¢ € G. It is easy to check that the representations of G and the morphisms thereof
are the objects and morphisms of a category, which we denote cRep. We say that
a representation (V, p) is finite-dimensional if the vector space is finite-dimensional,
and we write grep the full subcategory of gRep spanned by the finite-dimensional
representations. We will almost always write a representation (V, p) simply as V, and
if we need to mention the morphism p we will write it py.

3.1.6. Proposition. Let G be a group. If V is a vector space, the group of units of Endy (V)
is GL(V), and we write Oy the bijection P gng, (v) constructed in Proposition 3.1.4.
(i) If (V,¢) is a kG-module, then (V, Dy (¢)) is a representation of G.
@) If f : (V,¢) — (V',¢') is a morphism of kG-modules, then the linear map f : V. — V'
is also a morphism (V, @y (¢)) — (V/,®yi(¢')) of representations of G.
(iii) There is a functor F : y.cMod — gRep such that
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e for each kG-module (V,$) we have F(V,$) = (V, Dy (¢)), and
e for each morphism f : (V,¢) — (V',¢') of kG-modules, the morphism

F(f): E(V,@v(¢)) = (V, @v(¢'))

is the linear map f.
This functor is an isomorphism of categories and, moreover, it restricts to an isomorphism
kgmod — grep of the subcategories of finite dimensional modules and representations.

In view of this result, we may identify the concepts of representation of a group and of
module over the group algebra of that group. We will switch from one description to
the other implicitly whenever this is convenient.

Proof. Since @y is a function homag (kG, Endy (V) — homg, (G, GL(V)), the claim of
part (i) is clear. If f is as in part (ii), so that f o ¢(x) = ¢'(x) o f for all x € kG, we have

fo®y(p)(g)=fop(g) =¢'(g)of =Dv(d)(g)of

for each g € G, and this means that f : (V, ®y(¢)) — (V/,Pyi(¢')) is a morphism of
representations of G, as stated. To prove part (i) we have to check that F is indeed
a functor, which is immediate, and to construct an inverse K : gGRep — cMod. If
(V,p) is a representation of G, then ®},' (p) : kG — Endy (V) is a morphism of algebras,
and we may put K(V,p) = (V,®;')(p). On the other hand, if f : (V,p) — (V',p') is
morphism of representations of G, then it is easy to check, much as before, that the
linear map f : V — V' is also a morphism of kG-modules (V,®;,'(p)) — (V/, &} (o)),
so we may put K(f) = f. We are left with the verification that this does in fact define
a functor K, that the compositions K o F and F o K are the identity functors of y;Mod
and of gRep, respectively, and that F(xgmod) = grep, which is trivial. O]

3.1.7. If G is a group, we write cl(g) the conjugacy class of an element ¢ € G, cl(G)
the set of conjugacy classes of G and cl¢(G) the subset of cl(G) consisting of the finite
conjugacy classes; of course, if G is finite we have cl;(G) = cl(G). If ¢ € cl¢(G) we
consider the element z. = } .. ¢ € kG.

Lemma. Let G be a group. The set {z. : ¢ € cl¢(G)} is a basis for the center Z(kG) of the
group algebra kG.

Proof. Let x = } o xgg be an element of kG, with x; € k for each ¢ € G and xy =0
for almost all ¢ € G. Since G generates the algebra kG as a vector space we have that
x € Z(kG) iff hx = xh for all h € G or, equivalently, if hxh~! = x for all h € G.

If h € G, then hxh™ = Yocg xghgh™ = Yoeg X108, 50 we have that x € Z(kG)
iff xg = x-14y, for all g, h € G, and this happens iff the function ¢ € G — xg € k is
constant on conjugacy classes, that is, if there exists a function ¢ : cl(G) — k such that
xg = G(cl(g)) for each g € G. In particular, this makes it clear that z. € Z(kG) for each
conjugacy class ¢ € cl¢(G).
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Suppose that x = } .. xz8, with the scalars x; as above, is in Z(kG), so that
there exist such a function § : cl(G) — k such that x; = ¢(cl(g)) for all g € G.
If ¢ € cl(G) is an infinite conjugacy class, then ¢(c) = 0, for otherwise we would have
xg = ¢(c) # 0 for all the infinitely many elements g € c, which is absurd. It follows
then immediately that we have x = ) .| £(G) &(c)zc. We can therefore conclude that the
set {z : ¢ € cl¢(G)} spans the center Z(kG) and, as it is clearly linearly independent, it
is a basis. O

§3.2. Semisimple group algebras

3.2.1. The following important result of Heinrich Maschke [Mas1899, Mas1898] shows
that groups provide interesting examples of semisimple algebras.

Theorem. If G is a finite group whose order is not divisible by the characteristic of the ground
field k, then the group algebra kG is semisimple.

Proof. Let M be a kG-module. We will prove that M is semisimple using the characteri-
zation of semisimplicity provided by Proposition 2.2.4. Let N C M be a kG-submodule
and let i : N — M be the inclusion map, which is a morphism of modules. There exists
a linear map r : M — N such that ir = idy and, since G is finite and |G| is an invertible
element of k, we may consider the linear map 7 : M — N such that

> 8r(g 'm)
|G‘ g€G
for each m € M. This map is a morphism of kG-modules: indeed, if & € G we have
Y grlg “hm) = Y hkr(k~ Ym) = hi(m),
|G! 46 |G| e

and this is enough to show that 7 is kG-linear, as G spans kG as a vector space. On the
other hand, if n € N we have

. 1 L .
(1) |G|Zgr1 =@ng(g1n)=@2gg1n=n

geG g€G

since the map i is kG-linear and ri = idy. It follows from this that we have a direct sum
decomposition M = N @ ker 7 of M as a direct sum of kG-modules and, in particular,
that N is a direct summand of M. ]

3.2.2. From Theorem 2.3.3 we can extract significant information about the modules of
a semisimple group algebra.
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Proposition. Let G be a finite group whose order is not divisible by the characteristic of the
ground field k, so that the group algebra kG is semisimple. There exists a finite set {S1,...,S;}
which is a complete system of representatives for the isomorphism classes of simple kG-modules.
There are positive integers ny, ..., n, such that there is an isomorphism of modules

kG=S"®--- @S
and, if we let D; = Endy(S;) for each i € {1,...,r}, an isomorphism of algebras
KG & My, (DP) x -+ x M, (D). (14)

Moreover, we have that:
(i) |G| = ¥}_, n?dim D;;

(it) r < |cl(G)| and if k is algebraically closed we in fact the equality holds;

(iii) foreachi e {1,...,r} we have n;dim D; = dim S;;

(iv) if k is algebraically closed, then for eachi € {1,...,r} we have n; = dim S;.
Proof. We have to prove (i)—(iii), as the rest follows at once from Theorem 2.3.3. The
equality in (i) can be obtained simply by computing dimensions over k on both sides
of the isomorphism (14), the statement (iii) follows directly from the last claim of
Proposition 2.3.2 and the statement (iv) is a consequence of (iii) and the fact that when
k is algebraically closed every finite-dimensional division algebras is one-dimensional,
which is the content of Proposition 2.3.5.

For every algebra A we have that Z(A°P) = Z(A) and, if n is a positive inte-
ger, that Z(M,(A)) = Z(A), so the center of the algebra appearing on the right
hand side of (14) is isomorphic to Z(D;) X --- x Z(D,) and therefore it has dimen-
sion equal to Y_;_; dim Z(D;). On the other hand, it follows from lemma 3.1.7 that
dimZ(kG) = |cl(G )], so from the isomorphism (14) we see that

lcl(G idlmZ (15)
i=1

For each i € {1,...,r} we have dimZ(D;) > 1, since 0 # 15, € Z(D;), so this equal-
ity tells us that r < |cl(G)|. Moreover, if k is algebraically closed, we must have
dimZ(D;) = 1foralli € {1,...,r}, as in that case each Z(D;) is a finite extension
of k —which must therefore be trivial— and then the equality (15) becomes simply
|cl(G)| = r, as claimed in (ii). O
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§3.3. One-dimensional modules

3.3.1. It is easy to describe the one-dimensional modules of a group algebra, and in
fact this does not require any hypothesis on the field.

Proposition. Let G be a finite group and let G’ be its derived subgroup.
(i) If S is a one-dimensional representation of G, there exists a function xs : G — k™ such
that gx = xs(g)x forall g € Gand all x € S, and this function is a morphism of groups.
(it) If S and S’ are one-dimensional representations of G, then we have xs = xs iff S = S'.
(1if) Conwversely, if x : G — k* is a morphism of groups, there exists a simple module S such

that xs = x.
(iv) There are |homg,,(G/G',k*)| isomorphism classes of one-dimensional representations
of G.

Proof. (i) Let S be a one-dimensional representation of G and fix xp € S\ 0. Since {x¢}
is then a basis of S as a vector space, for each g € G there exists a scalar xs(g) € k such
that gxo = xs(g)xo, and this scalar is not zero since xo = ¢~ 'gxo = xs(g~ 1) xs(g)xo,
so that xs(¢ !)xs(g) = 1 in k. We obtain in this way a funcion xs : G — k*. It is
immediate that we actually have taht gy = xs(g)y for all g € G and all y € S; this
implies, in particular, that the function xs does not depend on the choice of xo.

We have that xs(1g) = 1k and if g, h € G, we have that ghxo = xs(gh)xo and, on
the other hand, that

ghxo = g(hxo) = xs(h)gxo = xs(g)xs(h)xo,

s0 xs(gh) = xs(g)xs(h). This shows that xs is a morphism of groups.
(ii) Let S and S’ be two one-dimensional representations of G. If there is an
isomorphism f : S — S’ of representations and xp € S\ 0, for all ¢ € G, we have that

xs'(8)f(x0) = gf(x0) = f(gx0) = f(xs(g)x0) = xs(g)f(x0)

and, since f(xg) # 0, it follows that x5 = xs.
Conversely, suppose that xs = xs. Let xo € S\ 0 and yp € S’ \ 0 and consider the
unique linear map f : S — S’ such that f(x) = yo. if ¢ € G, then we have that

f(gx0) = f(xs(g)x0) = xs(g)f(x0) = xs(g)yo = xs:(8)yo = fyo = gf (x0)

and, since {x¢} spans S, this is enough to conclude that f is kG-linear so that it is in
fact an isomorphism of representations.

(iti) Let x : G — k* be a morphism of groups, let S = k and define p : G — End(S)
sso that p(g)(x) = x(g)x for all ¢ € G and all x € S. It is easy to check that p is a
morphism of groups, so that (S, p) is a representation of G. It is a simple representation
simply because dim S = 1, and it is clear that xs = S.
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(iv) Let .7 be the set of isomorphism classes of one-dimensional representations
of G; if S is such a representation, let us write as usual [S] its isomorphism class. It is
clear from (i), (ii) that there is a injective function c : ./ — homg,, (G, k*) such that for
each one-dimensional representation S te have ¢([S]) = xs, and it follows from (iii) that
it is also surjective, so that it is in fact a bijection. On hte other hand, if 7: G — G/G’
is the canonical projection, we know that the function

" x € homg,, (G, k™) — x o € homg,,(G/G', k")

is also bijective, since k* is an abelian group. Considering the composition 77* o c we
see that |S| = |homg,,(G/G', k*)|. This proves (iv). O

3.3.2. If we make an arithmetical hypothesis on the ground field, the last claim of
Proposition 3.3.1 can be made more precise.

Proposition. If the ground field k contains a primitive root of unity of order equal to the
exponent of G, the number of isomorphism classes of one-dimensional representations of G
is |G/G|.

Notice that the hypothesis implies in particular that the characteristic of k does not
divide the order of G.

Proof. In view of part (iv) of Proposition 3.3.1, we have to show that homg,,(G/G', k*)
and G/G’ have the same number of elements. The quotient G/G’ is a finite abelian
group, so there exist cyclic groups Cy, ..., Cy, such that G/G' = [T/, C;, and then there
is a bijection

m
home,,(G/G', k) = ] [homeg,,(Ci, k™). (16)
i=1

A consequence of this is that to prove the proposition it is enough to show that

if C is a cyclic group of order n and k contains a primitive root of order n,
then [homg,,(C, k)| = n. (17)

Indeed, the hypothesis that k contains a primitive root of unity of order equal to the
exponent of G implies that for each i € {1,...,m} it contains a primitive root of unity
of order |C;|, and then the isomorphism (16) and the claim (17) tell us that

m m

lhomeyp(G/G, k)| =] [lhomeep(C; k)| = T [ICi| = [G/G.
i=1 i=1

Let us therefore prove (17). Let x € C be a generator and let w, C k* be the
subgroup of roots of unity of order n, which has order n by hypothesis. If f : C — k*
is a morphism of groups, then 1 = f(1¢) = f(x") = f(x)", so that f(x) € wy. This
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implies that there is a function v : homg,,(C,k*) — w, such that v(f) = f(x) for each
f € homg,,(C,k*). This function is injective —as x generates C, two homomorphisms
C — k* which take the same value on x are in fact equal— and it is asily seen to be
also surjective. We can thus conclude that [homg,,(C, k*)| = |w,| = n. O

3.3.3. Proposition. Let G be a finite group and let S be a simple kG-module. If dimS =1,
then dim Endy(S) = 1 and the multiplicity of S as a direct summand of kG is 1. Moreover,
if xs : G — k* is the morphism of groups correspinding to S as in Proposition 3.3.1, then the
element

Ug = Z Xs(h_l)h € kG
heG

spans a 1-dimensional subspace of kG which is a unique kG-submodule isomorphic to S.

Proof. As dimS = 1, we have that dim Endi(S) = 1 and this implies in turn that
the algebra Endys(S), being non-zero and contained in Endg(S), must be itself one-
dimensional. On the other hand, if n be the multiplicity of S as a direct summand
of kG, we know from Proposition 3.2.2 that ndim Endks(S) = dim S. The proposition
follows immediately from these two facts and an easy computation showing that
g-us = xs(g)us forall ¢ € G. O

§3.4. Examples

Abelian groups

3.4.1. If an abelian group has semisimple group algebra, then its representation theory
is particularly easy to describe:

Proposition. Suppose that the ground field k is algebraically closed. Let G be a finite abelian
group whose order is coprime with the characteristic of k. Let G = homg,, (G, k*).
(i) If x € G is a morphisms of groups, then there is a simple kG-module S, which coincides
with k as a vector space and such that g-u = x(g)u forall g € Gand u € Sy. If
x X' € G, wehave Sy 2 S, iff x = X'.
(ii) The set {Sy : x € G} is a complete system of representatives of the isomorphism classes
of simple kG-modules. We have |G| = |G|.
(iii) There is an isomorphism of kG-modules kG = &, ¢ Sy and an isomorphism of algebras
kG = Kkl6l.

Proof. The group algebra kG is semisimple. Let {Si,...,S,} be a system of repre-
sentatives of the isomorphism classes of simple kG-modules, let ny, ..., n, be their
multiplicities as direct summands of the regular module kG and let D; = Endy(S;) for
eachi € {1,...,n}. Since D; is a division algebra and k is algebraically closed, we have
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dimD; =1foralli € {1,...,r}. On the other hand, since there is an isomorphism of
algebras kG = [T/_; M,,,(D??) and kG is commutative, we clearly must have that n; = 1
foralli € {1,...,r} and then, in view of part (iv) of Proposition 3.2.2, thatdim§; =1
foralli € {1,...,r}. We thus see that all simple kG-modules are one-dimensional, and
the proposition follows from Proposition 3.3.1 and Proposition 3.3.2. O

Direct products
3.4.2. There is a simple way to construct a representation of a direct product of two
groups from representations of the factors:

Proposition. Let G and H be two finite groups.
(i) If M and N are representations of G and H, respectively, then the vector space M @ N is
a representation of G x H with respect to the unique action such that

(&h)-men=(g-me(h-n) (18)

forall (¢g,h) € GXx H,allm € Mandalln € N.
(i) If M and P are representations of G and N and Q of H, then there is a linear map

¢ :homg (M, P) ® homy(N,Q) — homgxg(M® N,P ® Q)

such® that {(f ® §) = f ® g for all f € homg(M, P) and all ¢ € homg(N, Q) is an
isomophism.

(iif) If M and N are representations of G and H, respectively, there is an isomorphism of
algebras

EndG(M) & EndH(N) = EndcxN(M ® N)

Proof. That there is a unique action of G x H on M ® N such that the relation (18) holds
as claimed in (i) is easy to see. To prove (ii), let M and P be representations of G and
N and Q of H. We view the G x H-module P ® Q as a G-module by restriction along
the morphism ¢ € G — (g,11) € G x H so, in particular, we can consider the vector
space homg (M, P ® Q). This vector space is an H-module with respect to the action
such that

(7~ £)(m) = (1g,h) - f(m)
forallh € H, g € homg(M, P ® Q) and m € M. The isomorphism

uj: homk(N, homk(M,P X Q)) — homk(M® N,P® Q)

2We emphasize that f ® ¢ means one thing on the left of this equality and something different on the
right!
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such that uy(f)(m ®@n) = f(n)(m) for all f € homy(N, homg(M,P® Q)), m € M and
n € N, is easily seen to restrict to a bijective linear map

up : homy (N, homg(M,P® Q)) — homgyg(M® N,P ® Q).
On the other hand, the isomorphism
v1 : homg (M, P) ® Q — homy (M, P ® Q)

such that v1(f ® q)(m) = f(m) @ q for all f € homy(M, P), g € Q and m € M, restricts
to an isomorphism

vy : homg (M, P) ® Q — homg(M, P ® Q).
Similarly, for every vector space U the isomorphism
@1 : U®homy(N, Q) — homi(N,U® Q)

such that W (1 ® f)(n) =u® f(n) forall u € U, f € homy(N,Q) and n € N, restricts
to an isomorphism

W : U®homy(N,Q) — homy(N,U® Q),
so that in particular we have such an isomorphism
wy : homg(M, P) ® homy(N, Q) — homy(N,homg (M, P) ® Q),
The composition
Uy o vp owy : homg(M, P) ® homy (N, Q) — homgyg(M® N,P® Q) (19)

is thus an isomorphism, and a calculation shows that this is the map mentioned in (ii).

If we specialize the isomorphism (19) to the case where P = M and Q = N, we
obtain an isomorphism of vector spaces Endg(M) ® Endy(N) = Endgxn(M ® N),
and an inmediate verification shows that it is a morphim of algebras: this proves the
claim (iii) of the proposition. O

3.4.3. Using the construction of Proposition 3.4.2, we are able to decribe the representa-
tions of a direct product of groups. For this result, the hypothesis that the ground field
be algebraically closed is critical.

Proposition. Suppose that the ground field k is algebraically closed. Let G and H be two finite
groups whose orders are coprime with the characteristic of k, and let K = G x H.
(i) If M and N are simple kG- and kH-modules, respectively, then M ® N is a simple
kK-module.
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(if) Conversely, if S is a simple kK-module, there exist a simple kG-module M and a simple
kH-odule N such that S = M ® N is a simple kK-module.

(iii) If Sc and Sy are complete systems of representatives for the isomorphism classes of
simple kG- and kH-modules, respectively, then {S® T : S € /5, T € Su}isa
complete system of representatives for the isomorphism of simple kK-modules.

Proof. (i) Let M and N be simple kG- and kH-modules. Proposition 3.4.2 gives us
an isomorphism of algebras Endyx (M ® N) = Endyc(M) ® Endgy(N) and, since k is
algebraically closed, both Endyg(M) and Endyy(N) are isomorphic as algebras to k,
so that Endygx (M @ N) = k ® k = k. We thus see that Endgg (M ® N) is a local algebra,
and Proposition 1.2.5 tells is that M ® N is indecomposable, which, in this context, is
the same as simple.

(if) There is a linear map f : kG ® kH — kK such that f(¢ ®h) = (g, h) forallg € G
and all h € H, it is clearly bijective and, if we turn kG ® kH into a kK-module as in
Proposition 3.4.2, it is an isomorphism of kK-modules. If {S;,...,S,} and {Ty, ..., T;}
are complete systems of representatives of the isomorphism classes of the simple kG-
and kH-modules, respectively, and for each i € {1,...,r} we let n; be the multiplicity
of S; as a direct summand of kG, and for each j € {1,...,s} we let m;j be the multiplicity
of T; as a direct summand of kH, we have kG = @j_; S;' and kH = Dj- ij7 as kG-
and kH-modules, so that

kGokH = @ (S;® T;)""i
1<i<r
1<j<s
as kK-modules. This, in view of the Krull-Remak-Schmidt Theorem 1.4.1, tells us that
every simple kK-module U, which we know is a direct summand of kK, is in fact a
direct summand of a kK-module of the form S; ® T; for somei € {1,...,r} and some
j€A{l,...,s}. As the module S; ® T; is in fact simple, as we showed in (i), this means
that it is isomorphic to U. This proves (ii).
(iif) Given what we have already done, to prove this it is enough to check that if S and
S’ are simple kG-modules and T and T’ simple kH-modules, then S ® T = S’ ® T’ only
if S= S and T = T'. This follows from Proposition 3.4.2: if there is an isomorphism
S®T =S ®T, we must have homyg(S® T,5"' ® T') # 0 and, since this vector space
is isomorphic to homyg(S,S") ® homgy (T, T’), this is only possible if homys(S,S’) # 0
and homgy (T, T') # 0 which, in turn and according to Proposition 2.1.2, tells us that
S=S and T=T. O
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Dihedral groups

3.4.4. A dihedral group is a non-cyclic group which is generated by two elements of
order 2. It is clear that such a group, if finite, has even order larger than 2.

Lemma. If G is a finite dihedral group of order 2n, then G is isomorphic the group
Do, = (r,s: 1", 8%, (rs)?).

Proof. Let G be a finite dihedral group and let g, i € G be two elements of order 2
which generate G. Since the group is finite, the element k = gh has finite order; let us
write that order n. If n = 2, then ¢ and h commute, so that G is abelian and, since it is
not cyclic, isomorphic to C; x C; = Dy. We suppose hereforth that n > 2. There is a
morphism f : Dy, — G such that f(r) = k and f(s) = g, and it is surjective since g and
k generate G.

In D,, we have (rs)2 = 1, so that s* = r1s and sr! = rs. It follows from
this that every element of Dy, is of the form r's/ with (i,j) an element of the set
I={(u,v):0<u<n 0<v <2} and, in particular, that | Dp,| < 2n. Since the map f
is surjective, this implies in turn that every element of G is of the form kig/ for some
(i,j) € L

If (i,j) € I, we can compute that kig/ - k - (kig/)~! is k or k~! according to whether
jis 0 or 1 and using this and the fact that k # k~! because n > 2 we see that if
(i,7), (i,j') € I are such that k'g/ = k' ¢/ in G, then (i,j) = (i/,j'). This means that
G has exactly 2n elements, so that Dy, has also that order, and that the map f is an
isomorphism. O

3.4.5. Proposition. Let n be a positive integer, let Dy, = (r,s : 1", 52, (rs)?) be the dihedral
group of order 2n and suppose that k is an algebraically closed field whos characteristic does not
divide 2n.
(1) The following are simple representations of Dyy:
e foreach e € {£1}, the pair (Vi,,p) with V1. =k, p(r) = idy and p(s) = eidy;
* for each nth root of unity A € k* with A # 41, the pair (V, p) with V) = k? and
p(r), p(s) € GLk(Vy) having matrices ||p(r)| = (g‘AQl) and |lp(s)]| = (93)
with respect to the standard basis;
and, if n is even,
e for each ¢ € {=£1}, the pair (V_1,,p0) with V_1, = k, p(r) = —idy and
p(s) = eidy.
(if) No two of the one-dimensional representations described in (i) are isomorphism. On the
other hand, if A, u € k are nth roots of unity such that A*> # 1 # u?, then we have
Vi = Vyiffue {A,A71}
(iii) Every simple representation of Do, is isomorphic to one of those listed in (i). The number
of isomorphism classes of simple modules is thus (n 4 3)/2 if n is odd and (n +6)/2
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if n is even.

Proof. The claim that those listed in (i) are representations of D,, and that they are
simple is easy to verify, as is the claim of (ii).

Let (V,p) be a simple representation of Dy,. Since k is algebraically closed, the
linear map p(r) € Endi(V) has at least one eigenvector, so that there exist v € V' \ 0
and A € k such that ro = Av. As " = 1 in Dy, we have v = r"v = A"y, so that A is an
nth root of unity.

Let w = sv. Asrs = sr— !

, we have

rw=rsv=sr 'v=Alsv= A’lw,
so that w is an eigenvector for the linear map p(r) corresponding to the eigenvalue A 1.
If A2 # 1, then A # A~! and the set Z = {v,w} is linearly independent since its
elements are eigenvalues for the linear map p(r) corresponding to distinct eigenvalues.
The subspace (v, w) is a kDy,-submodule, as one can check immediatly, so he simplicity
of V implies that in fact # is a basis for V. With respect to that basis, the matrices
of p(r) and p(s) are

()l = (g A(L), lo(s)]. = (‘1) é)

It follows that V' is isomorphic to V).

Suppose now that A% = 1; if n is odd, this implies that n = 1, and if n is even, then
Aisoneof 1or —1. If v+ w # 0, then (v + w) is a kD;,-submodule of V, so that in fact
V is one-dimensional, spanned by v + w, and p(r) = Aidy y p(s) = idy: we see that
V =2 V). If instead v + w = 0, so that sv = —v, the subspace (v) is a submodule, and
then v spans V, p(r) = Aidy and p(s) = —idy: in this case we have V =V, _;. O

The quaternion group

3.4.6. The quaternion group is the group
Q=(ijk:i* ==k =ijk). (20)

Let u = ijk. Since ijk = k?, we have ij = k and therefore i* = k? = ijij, so that i = jij
and iji~! = j~1. It follows that

u? =it =if?i = (iji V) (iji )i? = = 1.

Since u = i%, ui = i*i = ii* = iu, and similarly u commutes with j and k. This means

that u is central, so that the subgroup (u) is normal of order at most 2. The quotient
Q/ (u) has presentation (i, j, k : i?, 2, k?,ijk), which simplifies at once to (i, ] : i2, j, (ij)?):
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this makes it cleat that Q/(u) is isomorphic to the Klein four-group. We thus see that
Q has order either 4 or 8 according to whether the order of u is 1 or 2.

Let us suppose for a moment that u has order 2, so that i and j have order 4. The
elements of Q are then

If we index them in this order, the permutation given by multiplication from the left
by iis 7m; = (1234)(5678). Let 71; be the permutation given by multiplication by j on
the left. We have (1) = 5 and 71;(5) = 7r]2(1) = n12(1) = 3, because j* = i%. Similarly,
we have 71;(3) = 77(5) = 77(5) = 7 and 71;(7) = 77(3) = 77(3) = 1, and we see that
(1537) is a cycle of 7r;. We have 7(%(2) = 712(2) = 4 and, since j?i = j~1i = ij, that
7r]-3(2) = 6,50 71j(2) = N;ZN?(Z) = 71;2(6) = 8: it follows that (2846) is another cycle
of 7t;. Notice that this means that 7; and 71; are completely determined.

Now, let us drop the assumption that u has order 2. Using the equality k = ij, we
see that the presentation (20) can be simplified to Q = (i,j : i> = j2 = (ij)?). Using this,
a trivial calculation shows that there exists in fact a morphism ¢ : Q — Sg such that
¢(i) = (1234)(5678) and ¢(j) = (1537)(2846). Since ¢(i?) = (13)(24)(57)(68),
and we see that u = i> # 1. We can therefore conclude that Q has order 8.

3.4.7. Asiji~t =1, wehave [i,j] = iji }j~! = j72 = u and, similarly, [j, k] = [k, i] = u.
As these three commutators generate the derived subgroup Q' as a normal subgroup
and u is central, we see that in fact Q" = (u).

3.4.8. Proposition. Suppose that the characteristic of k is not 2. The quaternion group Q has
five simple representations, as given in the following table:

4 lo()]l oGl
k (1) (1)
k (1) (=1)
k (1) (1)
k (1) (1)
I (6 %) (15)

with a € k such that «*> = —1 and in each case % a basis of V.

Proof. A direct verification shows that the five representations described in the statement
are indeed represeentations of G.

We know from Proposition 3.3.2 that Q has |Q/Q’| = |Q/(u)| = 4 isomorphism
classes of one-dimensional representations. Since Q/Q’ is a Klein four-group, it is easy

44



to see that those one-dimensional representations are precisely the ones listed in the
table of the proposition. If 11, ny, ..., are the dimensions of representatives of the other
isomorphism classes of simple representations, all of which are at least 2, we must
have 8 = |Q| = 4-1>4n? +n3+--- and this is only possible if there is exactly one
isomorphism class of simple modules of dimension larger than 1 and that dimension is
actually equal to 2.

It follows that there is, up to isomorphism, a unique simple two-dimensional
representation (V, p). Since u is central in Q, the linear map p(u) : V — V is map of kQ-
modules and Schur’s Leemma tells us that p(u) is in fact multiplicatin by a scalar. Since
u has order two, the scalar must be either 1 or —1. In the first case, the subgroup (u)
acts trivially on V, which can therefore be obtained from a simple representation
of Q/(u) by restriction along the projection Q — Q/(u): this is impossible as the
quotient Q/(u) is abelian, so its simple representations are all one-dimensional. We
thus conclude that p(u) = —idy.

The map p(j) has order 4 so it is diagonalizable. Since p(j)?> = p(u) = —idy, its
eigenvalues are square roots of —1. If the two eigenvalues were equal, the p(j) would
commute with p(i) and then, in view of the relation iji~! = j~!, we would have that
p(j) = p(j)~! or, equivalently, that p(j)?> = idy. As this cannot happen, because the
characteristic of k is not 2 and V # 0, we see that the two eigenvalues of p(j) are

distinct. If « € k is such that a> = —1, there is then a basis Z = {v,v,} of V with
respect to which [jo(7)]1, = (§ %,).
Since jij = i, we have iv; = jijv; = ajivy, so that jiv; = —aiv;: this means that

ivy is an eigenvector of p(j) for the eigenvalue —a, and there is then a scalar p; such
that iv; = B17v2. In a similar way, there is a scalar B, such that iv, = Bov;. If we let
vy = P10y, then B = {v1,v}} is also a basis of V, and we have |[p(j)||» = (§2%).
and ||p(i)|| 5 = ((1) g), with B = B1B2. As p(i)?> = —idy, we must have B = —1. The
representation V is therefore the one appearing in the statement of the proposition. []

The group of the tetrahedron
The group of the cube

3.4.9. Let G be the group of symmetries of a cube. There are 24 ordered pairs of vertices
connected by an edge of the cube, and G acts simply transitively on them, so G has
24 elements. On the other hand, the cube has four diagonals and G permutes them
faithfully. As the full group of permutations of these four diagonals is a symmetric
group of degree 4, which has also 24 elements, we see that G = S,.

Let x, y and z be rotations through axes going through the center of the cube and
the middle point of a edge, a vertex on that edge, and the center of a face adjacent to
that edge, respectively, of angles 180°, 120° and 90°. The orders of these elements are 2,
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Figure 1. The tetrahedron

Figure 2. The cube

3 and 4, and it is easy to see that xyz = 1, and therefore there is an evident morphism

o: (xyz: =y =2"=xyz=1) = G

Since x, y and z generate G, this is a surjection.

§3.5. The modular situation
3.5.1. Let G be a finite group, let H be a subgroup of G and for each kG-module M
let MP = {m € M : hm = m for all h € H}, which is clearly a vector subspace of M.

Lemma.
(i) If ¢ : M — N is a morphism of kG-modules, then we have (M) C NP, so that we
can consider the restriction ¢¥ = ¢|pp : MY — NF.
(i) If M is a kG-module and we view it as a kH-module by restriction, and let k be the
trivial kH-module. If f € homyp(k, M), then we have f(1) € MP. There is therefore a
function

¢m : f € homyp(k, M) — f(1) € MP

and this function is an isomorphism of vector spaces.
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(iii) If ¢ : M — N is a morphism of kG-modules, then the following diagram commutes:

homip (k, M) —~ homp(k, N)

o it

MP ¢ NP

Proof. To be done O

3.5.2. Proposition. Let G be a finite group. If the characteristic of the ground field k divides
the order of G, then the algebra kG is not semisimple.

Proof. In view of Proposition 2.3.8, to show this it is enough to exhibit a kG-module
which is not projective. Let p be the characteristic of k, which must be positive, and
let P be a Sylow p-subgroup of G. We have the trivial kP-module k, and therefore
we can consider the kG-module X = kG ®yp k. A key property of X is that for
each kG-module M there is an isomorphism ays : homys (X, M) — homgp(k, M) such
that ap(f)(1x) = f(1lg ® 1k) for all f € homys(X, M), and that for each morphism
¢ : M — N of kG-modules we have ¢, o apr = an o fe.

Let now ¢ : kG — k be the linear map such that e(¢) = 1 for all g € G; itis a
surjective morphism of kG-modules. According to Lemma 3.5.1 and the observation
we made about X, we have a commutative diagram

homyc (X, kG) —= homy¢ (X, k)

homyp(k, kG) —— homyp(k, k)
IPkGi ile
(kG)P i kP

We will show that the map &’ is the zero map. Since k” = k is not zero, this means that
e is not surjective and then, since the vertical arrows in the diagram are isomorphisms,
the map e, : homyg (X, kG) — homys (X, k) is also not surjective: we will then be able
to conclude that X is not a projective kG-module.

Consider an element z = } . agg, with a; € k for each g € G, of kG. We have that

z € (kG)" iff for all h € P we have

Z agg =z =hg = Z aghg = Z Ap-18
8eG 8€G g€G

and —since G is a basis of kG— this happens iff a,, = ag forallh € Pand all ¢ € G. In
other words, we have z € kG iff the function ¢ € G — a, € k is constant on the right
cosets of P in G.
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Suppose now that z is in (kG)”, and let g1, ..., g be a complete system of represen-
tatives for the right cosets of P in G, so that G = | |/_; Pg;. We then have

r r
e(z) =Y ag = Y ag=|P|) agaa=0
geG i=1g€Pg; i=1
because p divides |P|. This proves what we wanted. O

Cyclic p-groups

3.5.3. Proposition. Suppose that the characteristic p of k is positive, let r > 1, let G = Cyr be
a cyclic p-group of order p” and let o bee a generator of G.
(i) For each s € {1,...,p"}, the kG-module V; = kG/((0c — 1)%) is indecomposable of
dimension s. The only one of these modules which is simple is V.
(ii) The set {V; : 1 <s < p"} is a complete system of indecomposable kG-modules.
(iif) The algebra kG has finite representation type.

Proof. The algebra k[X] — kG which maps X to ¢ has the polynomial X?" — 1 in its
kernel and it is surjective, so that it factors through a surjection k[X] /(X" — 1) — kG.
Since the domain of this last map has the same dimension as its codomain, it is in fact
an isomorphism. This lets us replace the algebra kG by A = k[X]/(X?" — 1) in the
statement of the proposition. Let x € A be the class of X.

Let M be an indecomposable A-module and let { : m € M — xm € M. Since
x’" —1 = 0in A, the map & annihilates the polinomial X* —1 = (X —1)?" and
therefore the minimal polynomial of ¢ is of the form (X —1)° for some s € {1,...,p"}
and, in particular, the only eigenvalue of ¢ is 1. We know that there is a direct sum
decomposition M = @)_; M; with each M; a ¢-invariant subspace such that the matrix
of ¢|m, : M; — M; with respect to same basis of M;, is a Jordan block. Since x generates
the algebra A, each such subspace M, is in fact an A-submodule: we must thus have
r =1, for M is indecomposable. This tells us that there is a basis Z = {vy,...,vs} of M
such that the matrix ||¢||, is a Jordan block of size dim M with eigenvalue 1, so that
xv1 = v and xv; = v; +v;_1 if 1 < i <s5. We see that v generates V as an A-module,
its annihilator contains (x — 1) and, since dim A/ ((x —1)¥) = s, actually concides with
it. We can conclude in this way that in fact V= A/((x —1)®) as an A-module and,
in consequence, that every indecomposable A-module appears among the modules
mentioned in (7).

It is clear that if s, t € {1,...,p"}, we have V; = V; iff s = ¢, as this follows
simply by looking at the dimension of the modules involved. To finish the proof
of the proposition, then, it is enough that we prove that if s € {1,...,p"} then the
module V; is indecomposable. As V; = A/((x —1)°) as an A-module, we have an
algebra isomorphism

Enda(Vi) = Enda(A/((x — 1))



and, on the other hand, it is easy to check that the function
feEnda(A/((x—1)°) — f(1) € A/((x—1)*)

is an isomorphism of algebras. As A/((x —1)*) = k[X]/((x —1)°), the ideals of A
are in bijection with those of k[X] which contain (x — 1)%, and among this it is clear
that the one generated by (x — 1) is the unique maximal one. We thu see that the
endomorphism algebra of V; is local, so that the module is indecomposable, as we
wanted. O

Elementary p-groups of rank 2

3.5.4. Proposition. Suppose that the characteristic p of k is positivei and let G = Cp x C,
be a direct product of two cyclic p-group of order p. The group algeebra kG has infinite
representation type.

Proof. To be done O

§3.6. Separable extensions of algebras

3.6.1. If B is an algebra and A a subalgebra, we say that B is an extension of A. In that
situation, B is an A-bimodule in a natural way so that in particular we can consider the
A-bimodule B ® 4 B and there is a morphism of A-bimodules

,‘LIB/A:B®AB—>B

such that up, 4 (b®b") = bl forall b, b’ € B. We say that B is a separable extension of A
if this map pp, 4 is a split surjection of B-bimodules, so that there exists a morphism of
B-bimodules s : B — B ®4 B such that pp,4 0 s = idp. In the special case were A =k,
we say simply that B is is a separable algebra.

3.6.2. Separability of an extension can be expressed in terms internal to the B-bimodule
B ®4 B and this is very useful.

Lemma. Let B be an algebra and let A be a subalgebra. Then B is a separable extension of A iff
there exists an element e € B ® 4 B such that ug,4(e) =1 and be = eb for all b € B.

Proof. Suppose first that B is a separable extension of A, so that we have a morphism
s : B - B®4 B of B-bimodules such that yp,4 0s = idg, and consider the element
e=-5s(1) € B®s B. We have ug,a(e) = up/a(s(1)) =1and, if b € B,

be = bs(1) = s(bl) = s(b) =s(1b) =s(1)b =eb

because s is a map of B-bimodules. We thus see that the condition is necessary.
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To see the sufficiency, suppose that ¢ € B ® 4 B is as in the statemeent of the lemma,
and conisder the functions : b € B — be € B®4 B. It is clearly a map of left B-modules;
since b, V' € B, then s(bb') = bb’e = beb’ = s(b)V’, and this means that s is also a map
of right B-modules. Finally, if b € B we have

mB/a(s(b)) = upsa(be) = bug/ale) = bl =D,
so that s is a right inverse to yup,4. The map g, 4 is a split surjection of B-bimodules
and, therefore, B a separable extension of A. O
3.6.3. With this lemma, we can exhibit a simple example of a separable algebra:

Proposition. If n > 1, then the matrix algebra M, (k) is separable.

Proof. Lete = Y/ 1ei1 ®ep; € My(k) ® M, (k), where for each i, j € {1,...,n} we
denote e; ; the usual (i, j)th matrix unit, that is, the matrix whose only non-zero entry is
the (7, j)th one, which is equal to 1. We have

n n
(k) /(€)= Y eineri = Y e =1.
i=1 i=1
On the other hand, if 1 <k, < n we have

ex,1e = Z ex16i1 Qe = ex1 ey = Z €i1 & ey,iek] = eex.
i=1 i=1
We thus see that e satisfies the conditions of Lemma 3.6.2 and that M, (k) is therefore a
separable algebra. O

3.6.4. Let B be an algebra and A a subalgebra of B. Given another algebra C and a
(B, C)-bimodule N, there is a linear map

,’LIN/A:B®AN—>N

such that pn/a(b®@n) =bn forall b € B and all n € N, and it is in fact a morphism
of (B, C)-bimodules. Notice that when C is B and N is B with is usual structure of a
B-bimodule, the map puy/,p is precisely the map pp,4 of 3.6.1.

3.6.5. Proposition. Let B be an algebra and let A be a subalgebra of B. The following two
statements are equivalent:
(a) B is a separable extension of A.
(b) For every algebra C and every (B, C)-bimodule N, the morphism pn/a : B&®a N — N
is a split surjection of (B, C)-bimodules.

Proof. If we take N = B in (b) we obtain precisely the condition (a), so that the
implication (b) = (a) is clear. Let us prove the converse.
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Let C be an algebra and let N be a (B, C)-bimodule. Since we are assuming that B
is a separable extension of A, there is a morphism s : B — B ® 4 B of B-bimodules such
that yp,4 o s = idg. We have then construct the horizontal solid arrows in the diagram

i id
B®BNLMN>B®AB®BNMB®BN
N N ~B®sN v/ N

There are linear maps f : B&®g N — N and g : B®4 ®gN — B ®4 N such that
f(be@n)=bnand g(b@V @n) =b®b'n) forallb, v’ € Band all n € N, and both f
and g are in fact bijective and make the right square in the diagram commute. All the
solid arrows are in fact morphisms of (B, C)-bimodules. If we define sy : N -+ B®4 N
so that the left square commutes, then sy is also a morphism of (B, C)-bimodules and
the commutation of the whole diagram implies that pn,4 © sy = idy. We thus see that
1N/ A is a split surjection of (B, C)-bimodules. O

3.6.6. If B is an algebra, A a subalgebra of B, C another algebra and M a (A, C)-
bimodule, there is a map

vp/M: M —=B®s M

such that vg,p(m) = 1®@m for all m € M, and it is a morphism of (A, C)-bimodules.
This construction is, in a way, dual to that of 3.6.4 and therefore the following result
can be viewed as dual to Proposition 3.6.5:

3.6.7. Proposition. Let B be an algebra and let A be a subalgebra of A. The following two
statements are equivalent:

(a) A is a direct summand of B as an A-bimodule.

(b) For every algebra C and every (A, C)-bimodule M, the morphism vg,p : M — B®@4 M

is a split injection of (A, C)-bimodules.

Proof. (a) = (b) Leti: A — B be the inclusion. The hypothesis implies that there is a
morphism p : B — A of A-bimodules such that poi =id,4. Let C be an algebra and let
Mbe a (C, A)-bimodule. If f : A®4 M — M is the linear map such that f(a @ n) = an
forall a € A and all n € M, which is a bijection, the solid arrows in the diagram

i®idM P®idM

ARXs M B®a M ARa M
| g
M VB/M Bo M Sm M

commute and are all morphisms of (A, C)-bimodules. There is then a unique morphism
sm:B®aM — M of (A, C)-bimodules which completes the diagram preserving the
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commutativity, and we have sys o vg /) = id . It follows that v,y is a split injection of
(A, C)-bimodules, as we were to show.

(b) = (a) If we let the algebra C be A and M be A with its usual structure of
A-bimodule, the hypothesis (b) tells us that there exists a morphisms: B®4 A — A
such that sovy =ida. If f: B®4 A — A is the linear map such that f(b ® a) = ba for
all b € B and all a € A, the solid arrows in the diagram

A B, A—S A
/
A i Bt

commute and, since they are all morphisms of A-bimodules, there exists a unique
morphism p : B — A of A-bimodules which completes it preserving the commutatitivy.
As poi=idy, we see that A is a direct summand of B as an A-bimodule. O

3.6.8. Proposition. Let B be an algebra, let A be subalgebra of B.
(i) If for every B-module N the map pn,a : B&@a N — N is a split surjection of B-modules
and A has finite representation type, then so does B.
(ii) If for every A-module M the map vg,p @ M — B ® 4 M is a split injection of A-modules
and B has finite representation type, then so does A.

Proof. (i) Let My, ..., M, be representatives for the finitely many isomorphism classes
of indecomposable A-modules. Let N be an indecomposable B-module. From the Krull-
Remak-Schmidt Theorem 1.4.1 we know there exist non-negative integers my, ..., m,
such that N = @_; M!" as an A-module, and it follows from this that

;
B®s N = @(B XA Mi)mi
i=1
as a B-module. As the map pn,4 : B&®a N — N is a split surjection of B-modules, so
that N is isomorphic to an indecomposable summand of B ®4 N. Using the uniqueness
claim of Theorem 1.4.1, we see at once that there exists a j € {1,...,r} such that in fact
N is isomorphic to an indecomposable direct summand the B-module B ® 4 M;.

In this way, we conclude that every indecomposable B-module is a direct summand
of one of the B-modules B®4 My, ..., B&a M,. As Theorem 1.4.1 implies that there
is a finite number of isomorphism classes of indecomposable summands of this finite
set of B-modules, this implies that thre are finitely many isomorphism classes of
indecomposable B-modules in all, that is, that B is of finite representation type.

(ii) To be done O
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§3.7. Group algebras of finite representation type

3.7.1. Proposition. Suppose that the characteristic p of k is positive and let G be a finite group.
If P is a Sylow p-subgroup of G, then the algebra kG is a separable extension of kP.

Proof. Let r = [G : P] be the index of P in G and let {g1,...,gr} be a complete system
of representatives for the left cosets of P in G. As P is a Sylow p-subgroup, r is not
divisible by p and we can consider the element ¢ = 1Y/, ¢; ® g7 of kG ®yp kG.
It is immediate that pgg/kp(e) = 1. On the other hand, if ¢ € G then there exists
a permutation 7 of {1,...,r} and elements uy, ..., u, € P such that gg; = Sr(i) Ui
and then

=1

;
=1 ) 8n() @88 = €8

Since G spans kG, it follows from this that in fact be = eb for all b € kG, and then
Lemma 3.6.2 allows us to conclude that kG is a separable extension of kP. O

3.7.2. Proposition. Let G be a finite group and let H be a subgroup of G. The subalgebra kH
of kG is a direct summand of kG as a kG-bimodule.

Proof. The set G \ H clearly spans a subspace I of kG such that kG = kH & I as vector
spaces. If h € H and x € G\ H, we have hx, xh € G\ H, and from this it follows that
that in fact I is a kH-subbimodule of kG. This proves the proposition. ]

3.7.3. Lemma. Let p be a prime number.

(i) The number of elements of order p in a finite p-group is congruent to —1 modulo p.

(ii) If G is a non-cyclic p-group, then there exists a normal subgroup N in G such that G/N

is isomorphic to C, x Cp.

Proof. (i) Let X = {(g1,---,8) € GV : g1---gp = 1}. It is clear that there are
|X| = |G|P!, for the last component of an element of X is determined by the
others and the latter can be arbitrary. Let C be a cyclic group of order p and let
o be a generator of C and let us consider the action of C on the set X such that
o (81,---,8p) = (82, ,8p,&1) forall (g1,...,8p) € X.

The stabilizer of an element x € X is a subgroup of C, so it is either the trivial
subgroup or C itself, and the orbit of x has therefore either p or 1 elements. Moreover,
the orbit of x has 1 element iff x is of the form (g,...,g) for some g € G such that
gP =1, and then g is either the identity element or an element of order p in G. We thus
see that if n is the number of one-element orbits in X and « the number of elements of
order p in G, we have n = a + 1.

Let now m be the number of orbits of order p. As the orbits partition X, we have
n+mp=|X| = |G|’ and then we see that « +1 = n = |G|’"" — mp is divisible by p
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or, equivalently, that « = —1 mod p, as we wanted.

(i1) If G is abelian, then there exist positive integers n and rq, ..., 1, such that
r1 < --- < r, and cyclic subgroups Cy, ..., C, of orders p't, ..., p’ such that
G = IIiL; Cpi. Since G is not cyclic, we have n > 2. If g; and g, are generators
of C; and C,, then the subgroup N = (g) x (g}) x I1j_53 C; is certainly normal in G
and G/N 2 C;/(g}) x C2/(gh) is a direct product of two cyclic groups of order p.

We may therefore suppose that G is not abelian. Let P be the set of elements of G of
order p, on which the group G acts by conjugation. If x € Pand G, = {g € G : gx = x}
is the stabilizer subgroup of x, then the orbit of x has cardinal equal to the index
in [G : G] which, as it divides |G|, is a power of p. If there were no orbits with one
element, then all orbits would therefore have a number of elements divisible by p and,
as they partition P, we would have that p divides |P|: this is impossible inview of what
we proved in (i). There exists then a z € P whose orbit is simply {z} and this means
precisely that z is central in G. Let Z = (z) be the subgroup generated by z, which is a
normal subgroup which is both non-trivial and proper.

The quotient G/Z is a p-group, of course, and it is not cyclic. Indeed, let us suppose
that there exists a g9 € G whose class goZ in G/Z is a generator. If g € G is an
arbitrary element, then the hypothesis implies that there exists an integer r such that
§Z = (g02)" = g4Z in G/Z, and this equality implies in turn that there exists an
integer s such that ¢ = g7,z°. We see in this way that G is generated by its subset {go, z}:
as go and z commute, this is absurd, for G is not abelian.

As |G/Z| < |G|, we may assume by induction that there is a normal subgroup N’
of G/Z such that (G/Z)/N'" =2 C, x Cp. If now m : G — G/Z is the canonical
projection and we put N = 77! (N'), then G/N = (G/Z)/N’ = C, x C, and we obtain
the result we wanted. O

3.7.4. The following beautiful theorem is due to Donald Higman [Hig1954].

Theorem. Let the characteristic p of the ground field k be positive. The group algebra kG is of
a finite group has finite representation type iff the Sylow p-subgroup of G is cyclic.
Proof. To be done O
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§3.8. An application to Hecke algebras of type A,

3.8.1. If O is a commutative ring and g € O* a unit in O, the Hecke algebra of type A,
with coefficients in O and parameter q is the O algebra ¢ (A,, O, q) freely generated
by letters sy, ..., s, subject to the relations

(si—q)si+q7) =0, if1<i<n
$iSj = Sjsi, ifl<ij<nand|i—j| >2;
SiSi+1Si = Si+15iSi+1 if1 <i<n.
3.8.2. This Hecke algebra is closely related to the symmetric group S, of degree n 4 1.

This becomes clear if we compare its defining presentation with the presentation of S, 1
given in the following propositon.

Proposition. Let n > 1 and for each i € {1,...,n} let 0; = (i,i +1) € S,41. Then the
permutations o, ..., 0, satisfy the relations

o? =1, if1<i<un
0,07 = 00}, if1<ij<mandl|i—j|>2;
0i0i110; = 0;410i0i+1 ifl1 <i<n.

and this is in fact a presentation for S, 1.

Proof. Let us write G, the group freely generated by symbols oy, ..., 0, subject to
the relations given in the statement. There is a morphism of groups f : G, = S,41
such that f(0;) = (i,i+ 1) for each i € {1,...,n}, as one can see by a straightforward
computation, and this morphism is surjective because the set {(i,i+1) : 1 <i < n}
generates S, 1. To prove the proposition, then, it will be enough that we show that G,
has at most (1 4 1)! elements, for this will imply that f is also injective.

There is a morphism of groups g : G,—1 — G, such that g(o;) = o; for each
ie{l,...,n—1}, whose image K is the subgroup of G, generated by {cy,...,0,-1}.
If 1 <i<j<mn, wewrite 0ij = 0i0i41 - - - 0j; we make the convention that if i > j then
0;; denotes the identity element of G,. Consider the left cosets

CG=0.,K, CG=0,K ..., C,=0,K, Cy1=K
of KinG,. Ifie {1,...,n}and j € {1,...,n+ 1}, we have
® O’iC]' = O'Z'O'j,nK = U'J',WO'Z'K = 0']'an = C] lf] >i41;
® O'Z'C]' = 0i0i41,K = 0, K = C; ifj=i+1;
° U'iC]‘ = O'iU'ian = 0',‘+1,,1K = Ci+1 ifj =1,
* and, finally, if i > j,
0iC; = 0i0j,K = 0,0}, 20i 10:0;11,,K = 0}, 20:0; 1001 11,,K

= 0},i—20i-10i0i-10i+1,,K = 0} 20;_10;0;11,,0;1K = 0j,,K = C;.
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We thus see that 0;C; = Cy(,,)(j) and that the set € = {Cy,...,Cpy1} is closed under left
multiplication by elements of G,,. This implies that ¢ is in fact the set of all cosets of K
in Gy, so that in particular we have [G, : K] <n +1.

If we assume now inductively that G,_1 = S, then |K| < |S,| = n! and therefore

|G| =[G : K] [K| < (n+1)n! = (n+1)!,

which is what we set out to prove. O

3.8.3. It follows from the proof of this proposition that that

every element w of S, 11 is equal to one of the form o; ,w' with1 <i <n+1
and w' € S,,.

(21)

We say that a word w in the generators of S, 1 is a standard word if it is of the form
oiaw withi€ {1,...,n+ 1} and w' a standard word in S,,. The observation (21) used
recursively implies that every element of S, ;1 is equal to a standard word. Since
there are (n + 1)! standard words in the generators of S, 11, the obvious function from
standard words to elements of S, is in fact a bijection.

3.8.4. We extend this definition of standard words to words in the generators sy, ..., s,
of the algebra 7 (A,, O,q).

Proposition. Let k be a field and q a variable, so that we can consider the ring of Laurent
polynomials k[q*!]. The set of standard words of 7 (A, k[q%Y],q) is a k[g*!]-basis.

Proof. Let us write %, instead of #(A,,k[g*!],q). There is a morphism of k[g*!]-
algebras f : J,_1 — 4, such that f(s;) = s; for each i € {1,...,n —1} and whose
image is the subalgebra of %, generated by {s1,...,5,-1}.

We start with the observation that
H is spanned as a k[g*!]
most once instance of s,.

-module by words in the generators containing at

(22)

To prove it, it is enough that we show that every word of the form s,ws,, with w a
word in the generators sy, ..., s,_1, is equal in /%, to a k[g*!]-linear combination of
words containg s, a most once. If in that situation the generator s,,_; does not appear
in w, we have that s, ws,, = ws% = (g — qil)wsn +w, and s, appears at most once in
each word in the last member of this equality.

Suppose now that s,_; does appear in w. Proceeding by induction and since w is in
the image of the morphism f, we may assume that s,,_; appears exactly once in w, so

that w = w's,_1w” with w’ and w” words in the generators sy, ..., s,—». Then we have
_ / 1" o "o "
S, WSy = Suw' sy 1w sy = W'spsy_15mw” = w's, 15,5, 1w

and this last word has exactly one occurrence of s,,. This completes the proof of (22)
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Let now X, be the k[g*!]-linear span of the set of standard words in %;; since the
morphism f maps standard words to standard words, we have f(X,_1) C X,. We want
to show that X, is in fact equal to /%, and, in view of (22), for this it is enough to show
that every word in .7, involving at most one occurrence of s, is in X,,.

Consider first a word u in .4, which does not involve s,. It is then in the image of
the morphism f which, by induction, is equal to f(X,_1), and since this is contained
in X,, we see that u € X;,.

Suppose next that u is a word in 7%, in which s, occurs once, so that u = w's,w"
with w’ and w” words in the generators sy, ..., s,_1. As @’ is in the image of the
morphism f, we can assume inductively that it is a standard word in the generators
S1, ..., Su—1, thatis, that u = s;,,_1v for some i € {1,...,n} and some standard word v
in the generators sy, ..., s,—2, and then

u=uws,w" =s;, 1vs,w" =s; o0

Now vw” is in the image of f, so it is equal to a k[g*!]-linear combination of standard
words in the generators sy, ..., s,_1. This shows that u € X, as we wanted.

Finally, we have to how that the standard words are linearly independent over k[g
in J7,. First, notice that if ¢ is an element of the symmetric group S, 11, there is a

unique standard word in the generators oy, ..., 0, which is equal to ¢, and then we

7]

can consider the corresponding standard word w, in J%,. All standard words of .77,
are obtained in this way and exactly for one ¢. To show the linear independence of the
standard words, let us suppose that there exists a relation of linear dependence
Y. cowy =0 (23)
0ESy11

in which ¢, € k[g*!] for each ¢ € S, and show that all the ¢, are necessarily zero.
Let us suppose that this is not the case and, as we may without losing generality, that
the coefficients ¢, have no non-trivial common divisor in k[g*!].

There is a morphism of k-algebras ¢ : k[g*¥'] — k such that e(q) = 1; if ¢ € k[g¥'] is
a Laurent polynomial, then e(c) = ¢(1), the evaluation of c at 1. This morphism ¢ allows
us to view the k-algebra kS, 1 as a k[g*!]
that there is a morphism & : /%, — kS,.1 of k[g™!]-algebras such that &(s;) = o; for
eachi € {1,...,n}: this follows immediately from Proposition 3.8.2 and the defining
presentation of /7. In particular, applying the map € to both sides of the equality (23)
we find that

Y c(1)o=0

UESVI+1

-algebra, and using this structure we can see

and since S, 1 is a k-basis for kS, 11, this tells us that ¢,(1) = 0 for all ¢ € S,,;1. This
is absurd since it implies that ¢ — 1 is a divisor of all the coefficients c,, contradicting
our assumption. This completes the proof of the proposition. O
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3.8.5. Theorem. Let k be a field of characteristic zero.
(i) For all q € k except a finite number of exceptions, all of which are algebraic over the
prime field of k, the k-algebra 7 (A, Kk, q) is a semisimple.
(ii) If q is a variable and k(q) is the field of rational functions in q with coefficients in k, then
the k(q)-algebra 7 (A, k(q),q) is semisimple.

Proof. To be done O

§3.9. Exercises

3.9.1. Let k be a field of characteristic zero and let us write .7, for the k(q)-algebra
(A, k(q),q). It follows from the proof of Proposition 3.8.4 that the we can view
;-1 as a subalgebra of J7,.

({) Find all the one-dimensional .77;,-modules.

(ii) Let S be a one-dimensional #,_;-module. Viewing .7, as an (.4, 7,_1)-
bimodule in the natural way, we may consider the .7%;-module V, = J4, ® - _, S. For
eachi e {1,...,n+1} letv; = s;, ®1 € V. Show that the set Z = {v1,...,0,41}
is an ordered basis for V;, find the matrices describing the action of the generators
of 74, on V,, with respect to this basis, and decompose V), as a direct sum of simple
submodules.

3.9.2. Let O be a commutative ring and g € O is an invertible element. If p is a positive
integer, then Hecke algebra of type |,(p) with coefficients in O and parameter q is the
O-algebra 77 (12(p), O, q) freely generated by letters s; and s, subject to the relations

(si—q)(si+q 1) =0, foreachic {1,2}
and

5158281+ + = 828182 - - -.
~— ~ | S —

~——
p factors p factors

Show that if k is a field of characteristic zero, then the k-algebra 7 (l2(p),k, €) is
semisimple for almost all € € k and if g is a variable the k(g)-algebra 7 (l»(p), k(q), q) is
semisimple. Describe the simple .7°(12(3), k(g), g)-modules and find their multiplicities
as direct summands of the regular module.

3.9.3. Characters en semisimple



CHAPTER 4

The radical of algebras and modules

§4.1. The socle and the radical of a module

4.1.1. If M is a module, the socle of M is the sum soc M of all simple submodules of M.

4.1.2. Proposition. Let M be a module.
(i) The socle of M is the unique maximal semisimple submodule of M.
(i1) The module M is semisimple iff M = soc M.
(i) We have soc(soc M) = soc M.
(iv) If f : M — N is a morphism of modules, then f(soc M) C soc N.

Proof. 1t is clear that soc M is a semisimple submodule of M. On the other hand, if N is
a semisimple submodule of M, it is a sum of simple submodules of M and we then
have N C soc M, since soc M is the sum of all simple submodules of M. This proves (i).

The claim of (i) is actually a restatement of the definition of semisimplicity, and that
of (iii) follows at once from (i) and (ii). Finally, if f : M — N is a morphism of modules,
the submodule f(soc M) of N is semisimple —because it the sum of the images of the
simple submodules of M under f, which are either zero or simple submodules of N—
so that it is contained in soc M by (7). O

4.1.3. The socle is always non-trivial:
Proposition. If M is a non-zero module, then soc M # 0.

Proof. Indeed, if a module M is non-zero, then it contains non-zero submodules and
any one of these of minimal dimension is simple, so contained in soc M. O

4.1.4. This non-triviality has a very useful corollary:
Corollary. A morphism f : M — N of modules is injective iff its restriction f|soc m is injective.

Proof. The necessity of the condition is obvious. On the other hand, if f is not in-
jective, then ker f is a non-zero submodule of M and Proposition 4.1.3 tells us that
soc(ker f) # 0. Since soc(ker f) is a semisimple submodule of M, it is contained
in soc M and, therefore, equal to the kernel of the restriction f|soc p, which is then also
not injective. ]
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4.1.5. If M is a module, the radical of M is the intersection rad M of all maximal
submodules of M, if there are any, and M in any other case. Since our modules are all
finite-dimensional, this second case occurs only when M = 0.

4.1.6. Proposition. Let M be a module.
(i) If M is a simple module, then rad M = 0.
(i)) If N C M is a submodule and rad M/N = 0, then rad M C N.
(iii) We have rad(M/ rad M) = 0.

Proof. (i) If M is simple, the zero submodule is the unique maximal submodule.

(ii) Let m € M\ N. As m+ N ¢ rad M/N, there exists a maximal submodule P
of M/N such that m+ N ¢ P. If p: M — M/ N is the canonical projection, then p~1(P)
is a maximal submodule of M and clearly m ¢ p~!(P). It follows that m ¢ rad M.

(iii) Let x € M/ rad M be a non-zero element, so that there exists an m € M \ rad M
with x = m + rad M. As m is not in rad M, there exists a maximal submodule N C M
such that m ¢ N. Since N is maximal in M, the quotient M/ N is simple and, according
to (i), we have rad M/N = 0, so that rad M C N by (ii). Now N/ rad M is a maximal
submodule of M/N and x ¢ N/ rad M, so we see that x ¢ rad(M/ rad M). O

4.1.7. Proposition. A module M is semisimple iff rad M = 0.

Proof. Suppose first that M is semisimple, so that there is a family (S;);c; of submodules
of M such that M = @ Si- If j € I, then the submodule N; = @;cp\ ;) Si is maximal
in M, since M/ Nj is clearly isomorphic to S]'. As we have rad M C ﬂje I Nj =0, we see
that the condition is necessary.

To prove the converse, suppose that rad M = 0. If M = 0, then M is trivially
semisimple, so we may assume that that is not the case. The set .4 of all maximal
submodules of M is therefore not empty. Since M is finite-dimensional, there exist
Ni, ..., Ny € A such that N = "N;_; N; has minimal dimension among all the intersec-
tions of finite subsets of .4#". We must have N = 0. Indeed, if we had n € N\ 0 then,
as n ¢ rad M, there would be a maximal submodule N’ € .4 such that n ¢ N’ and,
consequently, N "N C N: this is absurd since N’ N N is the intersection of the finite
subset {Ny,...,N,,N'} of A"

The fact that N/_; N; = 0 implies at once that the morphism p: M — @/_; M/N;
such that p(m) = (m+ Nj,...,m+ N,) for all m € M is injective. It follows from this
that M is isomorphic to a submodule of the semisimple module @;_; M/N; and, in
view of Corollary 2.2.5, that it is semisimple itself. O

4.1.8. Corollary. The radical of a module M is the smallest submodule N of M such that the
quotient M/ N is semisimple.

Proof. Since we know that rad(M/rad M) = 0 from part (iii) of Proposition 4.1.6,
it follows from Proposition 4.1.7 that the quotient M/ rad M is semisimple. On the
other hand, if N C M is a submodule such that M/ N is semisimple, Proposition 4.1.7
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tells us that rad(M/N) = 0, so that rad M C N by part (ii) of Proposition 4.1.6. O
4.1.9. Proposition. If f : M — N is a morphism of modules, then f(rad M) C rad N.

Proof. Let P be a maximal ideal of N. The map f induces an injective morphism
M/f~1(P) — N/P of modules. As N/P is simple, this means that the quotient
M/ f~1(P) is either zero or simple, so that f~!(P) is either equal to M or a maximal
submodule of M. In any case, we see that rad M C f~!(P) and, therefore, that
f(rad M) C P. Since rad N is the intersection of all maximal submodules of N and
since f(rad M) is contained in each of them, we can conclude that f(rad M) C rad N,
as we want. Ul

§4.2. The radical of an algebra

4.2.1. It is an immediate consequence of Proposition 4.1.7 that a necessary and sufficient
condition for an algebra A to be semisimple is that its left ideal rad A, the radical of the
regular module, be zero. That ideal, then, measures in a way the non-semisimplicity of
the algebra.

4.2.2. Proposition. The radical of an algebra is a proper bilateral ideal

Proof. Let A be an algebra. It is clear that rad A is a left ideal of A and it is a proper
one because A does have maximal left ideals. If b € A, the function f :a € A+—abe A
is a morphism of left A-modules, so Proposition 4.1.9 tells us that

(rad A)b = f(rad A) C rad A.

This means that rad A is also a right ideal. O
4.2.3. Proposition. If A is an algebra, then A/ rad A is a semisimple algebra.

Notice that the statement of this proposition makes sense precisely because rad A is a
bilateral ideal of A.

Proof. We know that the radical of the left A-module A/ rad A is zero from part (iii)
of Proposition 4.1.6. As the A/ rad A-submodules of A/ rad A coincide with its A-
submodules, the radical of A/ rad A as a module over itself is also zero, so that A/ rad A
is a semisimple A/ rad A-module, by Proposition 4.1.7, and therefore A/rad A a
semisimple algebra. O

4.2.4. Proposition. If A is an algebra and M an A-module, then rad M = (rad A)M.

Proof. If m € rad M, the function f : a € A — am € M is a morphism of A-modules, so
Proposition 4.1.9 tells us that (rad A)m = f(rad A) C rad M. It follows from this that
(rad A)M C M. Conversely, the quotient M/ (rad A)M is an A/ rad A-module in an
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obvious way and —since A/ rad A is a semisimple algebra— a semisimple one. The A-
submodules of M/ (rad A)M coincide with the A/ rad A-submodules, so M/ (rad A)M
is also a semisimple A-module. Corollary 4.1.8 then tells us that (rad A)M C rad M. [

4.2.5. The following result is usually known as Nakayama’s Lemma.

Proposition. Let M be a module and let P C M be a proper submodule. The following two
statements are equivalent:

(a) If N is a submodule of M such that P+ N = M, then N = M.

(b) The submodule P is contained in rad M.

Proof. Notice that since P is a proper submodule of M we have M # 0.

(a) = (b) If N is a maximal submodule of M and P € N, then N + P = M so that
the hypothesis tells is that N = M, which is absurd. It follows that P is contained in
every maximal submodule of M and, then, in rad M.

(b) = (a) Let us start by proving that

ifr € rad A and N is a submodule of M such that Ar + N = M, then
N =M.

Suppose there are r € rad M and a proper submodule N of M such that Ar + N = M.
Since N is properly contained in M, there exists a maximal submodule N’ of M such
that N’ D N and, since r € rad M C N/, we have M = Ar + N C N’: this is absurd.
Let us now prove the desired implication. Let P be submodule of M contained
in rad M and let N be another submodule such that P+ N = M. Since M is finite-
dimensional, there exist a non-negative integer n and ry, ..., r, € P such that
P =Y ,Ar, and since P C rad M we have r; € radM for all i € {1,...,r}. We
may proceed by induction on the number r, assuming that what we want to prove is
true when P can be generated by less that r elements, after noting that when r = 0 there
is nothing to prove. Now, we have P+ N = Ar; + Y/ , Ari+ N = M and ry isin rad M,
so we have that Y} , Ar; + N = M in view of (24). Using the induction hypothesis,
then, we conclude at once that N = M. O

(24)

4.2.6. An immediate corollary of this result is the following special case, which is the
most often used form of Nakayama’s Lemma.

Corollary. If M is a module such that (rad A)M = M, then M = 0.

Proof. This is the implication (b) = (a) of Proposition 4.2.5 in the case where N = 0
and P = (rad A) M. O

4.2.7. The radical of an algebra is in fact the largest ideal with the property stated in
Proposition 4.2.5: this follows from the equivalence of the first two statements in the
following proposition.

Proposition. If I is a left ideal in the algebra A, then the following statements are equivalent:
(a) Iis contained in rad A.
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(b) If N is a submodule of M such that N + IM = M, then N = M.
(c) If x € I, then 1 + x is a unit of A.

Proof. The implication (a) = (b) follows from Propositions 4.2.4 and 4.2.5.

To prove that (b) = (c), let us fix x € I. Since A(1+ x) + I = A, the hypothesis
implies that A(1+ x) = A and, then, that there exists a y € A such that 1 = y(1 + x).
Notice that y = 1 —yx, so Ay +1 = A(1 —yx) + 1 = A and the hypothesis again
tells us that Ay = A, so there is a z € A such that zy = 1. It follows that 1 + x has a
left-inverse who has itself a left-inverse, so that 1 + x is in fact invertible.

Finally, suppose that (c) holds, let x € I and, to reach a contradiction, assume that
x ¢ rad A, so that there is a maximal left ideal | in A such that x ¢ J. Then Ax+] = A
and there exista € Aand y € J such thatax+y =1. Asy =1+ (—ax) and —ax € I,
the hypothesis tells us that y is a unit of A, and this is impossible because the ideal J,
which contains it, is proper. This proves (i). O

4.2.8. Using Proposition 4.2.7 we can easily show that the asymmetry incurred in
defining the radical of an algebra as the intersection of its maximal left ideals is only
apparent.

Corollary. The radical of an algebra A is equal to the intersection of the maximal right ideals
of A.

Proof. We know from Proposition 4.2.2 that rad A is a right ideal and from Proposi-
tion 4.2.7 that 1 4 x is a unit of A for all x € rad A. It follows the from the right version
of Proposition 4.2.7 that rad A is contained in the radical of A viewed as a right module
over itself. Symmetry then implies that the two radicals are in fact equal and this is
what the corollary asserts. O

4.2.9. Corollary. We have rad A = {x € A: 1+ yxisaunit forally € A}.

Proof. That rad A is contained in the set described in the statement follows from the
implication (2) = (c) of Proposition 4.2.7. Conversely, if x € A is such that 1 + yx
is a unit for all y € A, then 1+ z is a unit for all z in the left ideal Ax, and the
implication (c) = () of that proposition tells us that x € Ax C rad A. O

4.2.10. A left, right or bilateral ideal in an algebra is nil if all its elements are nilpotent
Corollary. The radical of an algebra contains every nil left ideal.

Proof. Let A be an algebra, let I be a nil left ideal of A and let x € I. There exists a
positive integer k such that x**1 = 0, so that 1+ x is a invertible in A with inverse

YK, x'. It follows from Corollary 4.2.9 that x € rad A. O

4.2.11. We are in position to prove a very useful criterion to recognize the radical of an
algebra:

Proposition. The radical of an algebra A is a nilpotent ideal. It is in fact the unique nil ideal 1
of A such that A/ is semisimple.
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This tells us that every element of the radical of A is nilpotent. In general, it is not true,
though, that every nilpotent element of A is in the radical.

Proof. Since we have a decreasing chain of ideals
rad A D (rad A)> D (rad A)®> D - --

and A has finite dimension, there exists a positive integer k such that the left ideal
P = (rad A)¥ is such that P = (rad A)P. According to Corollary 4.2.6, then, we have
P =0, so that rad A is nilpotent. On the other hand, we know from Proposition 4.2.3
that the quotient algebra A/ rad A is semisimple.

Suppose now that I is a nil ideal of A such that A/I is a semisimple algebra. This
means that the radical of A/I as an A/I-module vanishes, and since that radical
coincides with it radical viewed as an A-module, we have rad(A/I) = 0, so that
rad I C A. On the other hand, since I is nil Corollary 4.2.10 tells us that ] Crad A. O

4.2.12. Corollary.
(i) If f : A — B is a surjective morphism of algebras, then f(rad A) C rad B.
(ii) If A and B are algebras, then rad(A x B) = rad A x rad B.

Proof. (i) Since f is surjective, f(rad A) is an ideal of B. It is nilpotent, since rad A is
nilpotent, and the quotient B/ f(rad B), being isomorphic to A/ rad A, is semisimple.
It follows from Proposition 4.2.11 that f(rad A) = rad B.

(i) The ideal rad A x rad B of the direct product A x B is nilpotent and, since there
is an obvious isomophism of algebras

A X B ~ A « B
rad AxradB radA "~ radB’

the quotient (A x B)/(rad A x rad B) is semisimple. The result follows then from
Proposition 4.2.11 O

§4.3. Examples

Group algebras

4.3.1. The following result is due to Wallace [Wal1961].

Proposition. Suppose that the characteristic p of the ground field k is positive and let G be a
finite group. If G has a normal Sylow p-subggroup P, then the radical of the group algebra kG
is

radkG= ) kG(x—1)
xeP\{1}

and we have kG / rad kG = k(G/P).
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In the general case, the determination of the radical of the group algebra is a notoriously
difficult problem and it remains open. The monograph by Gregory Karpilovsky [Kar]
is a systematic yet not exhaustive exposition on the subject.

Proof. To be done O

4.3.2. In the situation of the proposition, if X is a subset of P which generates it as a
group, thenrad G = Y, x kG(x — 1).

4.3.3. Corollary. Suppose that the characteristic p of the ground field k is positive. If G is a
finite p-group and € : kG — k is the unique morphism of algebras such that e(g) = 1 for all
g € G, then radkG = kere.

Proof. To be done 0

Incidence algebras

4.3.4. Let P be a finite poset with order relation <, and let R = {(i,j) € P x P :i < j}.
For each (i,j) € R we consider a symbol x;; and assume that x;; = x j iff (i,j) = (,').
The incidence algebra of the poset P is the algebra kP which has the set {x;; : (i,j) € R}
as basis and whose multiplication is such that whenever (i, j), (k,I) € R we have

xl',l, If] = k,
Xij Xkl =

0, in any other case.

It is easy to verify that this is indeed a unitary algebra, whose unit element is ) ;cp x; ;.

4.3.5. If n is a positive integer, let T,, be the subalgebra of M, (k) of upper triangular
matrices.

Proposition. Every subalgebra of T, which is spanneed as a vector space by unit matrices is
isomorphic to the incidence algebra of a poset. Conversely, the incidence algebra of a finite poset
is isomorphic to such a subalgebra, with n = |P|.

Proof. Let A be subalgebra of T, spanned by unit matrices, let P = {1,...,n} and
consider the set R = {(i,j) € I x I : ¢;; € A}. The hypothesis implies at once that
the set S = {¢;; : (i,j) € R} spans A as a vector space and, since this set is linearly
independent, it is in fact a basis of A. The only way of writing the identity matrix as a
sum of unit matrices is Y ;cp ¢;;, and since it belongs to A we must have (i,i) € R for
all i € P. This means that P, viewed as a relation on the set P, is reflexive. Since A C T},
we have that i < j for all (i,j) € R, and this implies at once that R is an anti-symmetric
relation. Finally, if i, j, k € P are such that (i,]) and (j, k) are in R, so that ¢;j, ¢jx € A,
then e;; = e;jejx € A and (i,j) € R: this tells us that P is transitive. We thus see that R
is an order relation on P and we can consider the corresponding incidence algebra kP.

As the set S is a basis for A, there exists a linear function f : A — kP such that
f(eij) = x;; for all (i,j) € R. This function maps the basis S of A bijectively only a
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basis of kP, so it is an isomorphism, and a immediate verification shows that it is
multiplicative: it is therefore an isomorphism of algebras.

To prove the converse, let now P be a finite poset with order <. Let n = |P| and put
I=A{1,...,n}. We claim that

there is a bijection ¢ : I — P such that for all i, j € I we have i < j

o ‘ (25)

if ¢(i) < ¢(j)-
We prove this by induction on n. If n = 1, then the unique function ¢ : {1} — P
satisfies the condition. Suppose then that n > 1. Since P is finite, there exists a maximal
element p in P. If we consider the set P\ {p} as a poset with the order induced from
that of P, we know inductively that there is a bijection ¢’ : {1,...,n —1} — P\ {p}
such that forall i, j € {1,...,n —1} we have i < jif ¢'(i) < ¢'(j). We define a function
¢:1— Psothat ¢(i) =¢'(i)ifi € {1,...,n—1} and ¢(n) = p. A simple verification
shows that ¢ has the desired property.

Let now S = {e;; € My(k) : i,j € I, $(i) < ¢(j)}, a linearly independent set. It
follows immediately from (25) that S is contained in the triangular matrix algebra T),,
so the same is true of the subspace A spanned by S. Suppose that i, j, k, | € I are
such that e; ;, ex; € S, so that ¢(i) < ¢(j) and ¢(k) < ¢(1). If j = k, transitivity implies
that ¢(i) < ¢(I) and then e;; = e; jey; is in A; if instead j # k we have that e; je;; = 0,
which is again in A. We thus see that A is closed under multiplication in T),. Finally, as
¢(i) < ¢p(i) foralli € I, wehave 1 =Y ;e;; € A, and A is therefore a subalgebra of T,
—and it is spanned by unit matrices by construction. As the map f : kP — A such that
f(xi;) = e;is, just as in the first part, an isomorphism of algebras, this completes the
proof of the proposition. O

4.3.6. If the poset P is the set {1,...,n} with its usual order, then we can take as
bijection ¢ in (25) the identity function and the subalgebra A constructed in the proof
of this proposition is the full algebra T, of upper triangular matrices. If instead P is the
poset whose Hasse diagram is the one appearing here on the left

6 * ok ok ok ok ok
| 0 « 0 0 % =
5 0 0 x 0 % =
/N 000 % * x
2 3 4 0000 % =
\1/ 0 000 0 x

is the set of matrice in Mg (k) which have zeroes in the marked positions in tthe matrix
on the right.

4.3.7. Proposition. If P is a finite poset, the radical of the incidence algebra kP is spanned as a
vector space by the set {x;;:i,j € P, i < j}.
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Proof. Let n = |P|. If (i,j) € R, we let d(i,]) be the maximal integer non-negative k
such that there exist a sequence iy, ..., iy € I such that iy = i, iy = j and for all
te€{1,...,k—1} we have i; < i;;1; in such a sequence we have i; # i; if s, t € {0,..., k}
and s # t, and it follows from this that d(i,j) < n. Clearly, given (i,j) € R we have
d(i,j) =0iff i = j, so thatd(i,j) > 1iff i < j. On the other hand, if 7, j, k € P are such
that (7,7), (j, k) € R, then d(i,k) > d(i,j) +d(j, k).

If k is a non-negative integer, we let I; be the subspace of the incidence algebra kP
spanned by the set Ry = {x;; :i,j € P, d(i,j) > k}. We claim that I; is an ideal of kP
and that for all non-negative integers » we have I C I,. This implies at once that I; is a
nilpotent ideal, for Ij C I, = 0 since R, = @.

Let (i,j) € Ry and (k,I) € R. If j = k, then x;;x;; = x;; and this is in I; because
i<j<l, sothati < [;if i # k, then x;jxk1 = 0. In any case, we see that x; ;x;; is in [;.
A similar arguments shows that xy;x;; € I;, and these two facts are enough to conclude
that I; is an ideal of kP, for Ry spans the whole algebra. This verifies our first claim.

To establish the second one, we proceed by induction: we suppose that r > 1
and I C I,, and show that I;I, C I,,1, which is enough for our purpose since then
I{H = L] C I1I, C I,14. To prove that I; I, C I, 1, in turn, we need only show that if
(i,j), (k,1) € R are such that d(i,j) > 1 and d(k, 1) > r, then x; jxy; isin I, ;1. If j # k,
the product is zero and this is clear; if not, then the product is x;;, and this is in R,;4
because in that case d(i,1) > d(i,j) +d(k,1) > r+1.

If i € P, let ¢; be the image of x;; under the canonical projection kP — kP/I;. It is
immediate that e; = ¢; iff i = j, that the set {e; : i € P} is a basis of the algebra kP/1Iy,
and that e;e; = J;e; for all i, j € P. It follows from this there is an evident algebra
isomorphism kP = k x - -- x k, with n factors on the right, and, in particular, that the
quotient algebra kP/I; is semisimple. According to Proposition 4.2.11, we have then
that I; = rad kP. This is precisely the content of the proposition. O

Path algebras and their admissible quotients

4.3.8. A quiver is a 4-tuple Q = (Qo, Q1,s,t) in which Qp and Q; are finite sets and
s, t : Q1 — Qo are functions. We will always assume that Qg is non-empty. The
elements of Qp and of Q; are the vertices and arrows of the quiver, respectively. If
a € Qq is an arrow, the vertices s(a) and t(«) are the source and the target of «; we will
write « : x — y to mean that « is an arrow, that x and y are vertices, and that x = s(«)
and y = t(«).

We will often visualize a quiver as an oriented graph: each vertex of Q will be
drawn as a vertex of the graph and each arrow « : x — y as an actual arrow. For
example, the quiver Q = (Qo, Q1,s,t) with Qo = {1,2,3,4}, Q1 = {«,B,7,9,¢,{,1,0,x}
and s and t given by in the table appearing in Figure 3 on the following page will be
drawn as in the accompanying graph.
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Figure 3. A quiver

4.3.9. Let us fix a quiver Q = (Qo, Q1,5,t). A pathin Q is a sequence u = (ay, ..., &1, X)
with n a non-negative integer, x € Qp, and a7, ..., &, € Qq such that

e foreachi e {1,...,n—1} we have t(a;) = s(a;y1);

e if n > 1, then x = s(ay).
The length of such a path is the number n and we denote it |u|. We say that u is a cycle
if its length n is positive and #(a,) = x.

We denote Q. the set of all paths in Q and we define functions s, t : Q. — Qg so
that for each path u = (ay, ..., a1,x) we have s(u) = x and #(u) = x or t(u) = t(ay,)
according to whether n = 0 or not.

4.3.10. If u = (ay,...,09,x) and v = (B, ..., P1,y) are two paths in Q and #(v) = s(u),
we say that u and v are concatenable and we define the concatenation of u and v to be
the path

uv = (&n, ..., 01, Bm,---, P1,Y)-

This is an associative operation, in the following sense: if u, v and w are paths in Q with
t(w) = s(v) and t(v) = s(u), so that the concatenations vw, uv, u(vw) and (uv)w are
all defined, we have u(vw) = (uv)w. It follows from this that if n > 1 and uy,, ..., u; is
a finite sequence of paths such that for each i € {1,...,n — 1} the paths u; 1 and u; are
concatenable, we can unambiguously consider the concatenation u,, - - - ;.

4.3.11. If x € Qp, we will denote ¢; the path (x) of length 0 and say that it is a trivial or
a stationary path. On the other hand, we will henceforth identify an arrow « of Q with
the corresponding path («,s(«)) of length 1. If u = (ay, ..., a1, x) is a path of positive
length, then for alli € {1,...,n — 1} the paths «;,1 and «; are concatenable and we in
fact have that u is equal to the concatenation &, - - - a;. We will always write it in this
way, dropping the notation (ay, ...,a1, x) from now on.
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4.3.12. The path algebra of the quiver Q is the algebra kQ which as a vector space has
the set Q. of all paths of Q as a basis and in which the product is such that for all paths
u, v € Q, we have

{uv, if u and v are concatenable;
U-v=

0, if not.

That this is an associative algebra follows at once from the corresponding property of
the concatenation operation of paths and the element } ;. ¢; is easily seen to be an
identity element.

4.3.13. In general, the path algebra of a quiver is not finite-dimesional, but it is easy to
decide when it is:

Proposition. The set Q. of paths in Q is finite and the algebra kQ finite-dimesional iff Q does
not have any cycles.

When that condition holds, we say that Q is acyclic.

Proof. Clearly Q. is an infinite set iff kQ is a finite-dimensional vector space, so we
need only worry about the cardinality of Q.

Suppose first that the set Q, is infinite. Since the number of paths of each length is
finite, there is no bound on the length of the paths of Q and, in particular, there exists
in Q. a path u = ay, - - - a1 of length n strictly larger than |Qo|. It follows then that the
vertices s(aq), s(x2), ..., s(ay) are not all distinct, so that there exist i, j € {1...,n}
with i < j and s(«;) = s(«;j). This implies at once that the path a;_; - - - a1 is a cycle.

Conversely, suppose that Q has a cycle u. Since u is concatenable wiith itself, we
can recursively define paths u; = u and w1 = uuy for all positive integers k. A trivial
induction shows that |u| = k|u| for all positive integers k, so that uy = u; iff k = I, and
thn it is clear that the set {1y : k € N}, which is contained in Q,, is infinite. a

4.3.14. If Q is a quiver, we denote FQ the ideal of kQ generated by the arrows. As a
subspace of kQ it has as a basis the set Q> of all paths of positive length. It follows
easily from this that if k is a positive integer, then the kth power FQ of F has as a
vector space basis the set Q> of paths of length at least k.

4.3.15. We say that an ideal I in the path algebra kQ of a quiver is admissible if

e [ is contained in FQ?, and

¢ there exists an integer k > 2 such that I contains F Qk.
The first condition is that every element of I be a linear combination of paths of length
at least 2 and the second one is that there exist a positive integer k such that all paths of
length at least k are in | —and in fact it is enough that those of length exactly k be in I.

If Q is an acyclic quiver, then the second condition is automatic, as FQ* = 0 for k
larger than the number of vertices in Q. In particular, the zero ideal of kQ is in that
case admisssible.
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4.3.16. Proposition. If Q is a quiver and I is an admissible ideal of kQ, then the quotient
algebra kQ/ 1 is finite-dimensional.

Proof. Let p : kQ — kQ/I be the canonical projection. Since the set Q. spans the path
algebra kQ, the set p(Q.) spans the quotient kQ/I. The second condition imposed
by admissibility implies that there exists an integer k > 2 such that Q> C I and
then p(Q.) = p(Qx) U {0} is a finite set. Of course, this tells us that kQ/I is finite-
dimensional. O

4.3.17. As we see in the proof of Proposition 4.3.16, the finite-dimensionality of the
algebra kQ/I depends only on the second condition imposed on the ideal I. We will
see later what is the role payed by the first condition.

It should be remarked that not all ideals of a path algebra satisfy that second
condition. An example is given by the quiver Q

o a

and the ideal I = (a? — a?): it is easy to see that this ideal does not contain any path
at all. As the quotient kQ/I is finite-dimensional in this case, we see that the second
condition imposed by admissibility is not necessary for this.

4.3.18. If I is an admissible ideal of the path algebra and kQ<; is the subspace of kQ
spanned by the paths of length at most 1, then we have I NkQ<> = 0. This implies that
the restriction of the canonical projection p : kQ — kQ/I to kQ<; is injective. Abusing
language a bit, if u € Q, is a trivial path or an arrow, we will say that the image p(u) is
also a trivial path or an arrow.

4.3.19. Proposition. Let Q be a quiver and let I be an admissible ideal of the path algebra kQ
of Q. If FQ is the ideal of kQ generated by the arrows, as before, then the radical of the algebra
kQ/ I is the ideal FQ/I.

In other words, the radical of kQ/I is «generated by the arrows».
Proof. To be done 0
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4.4.1.

(i)

(if)

§4.4. Exercises

Let A be an algebra.

If M is a left A-module, we write D(M) = hom(M, k). This is a right A-module
with action - : D(M) x A — D(M) such that (¢-a)(m) = ¢(am) for all ¢ € D(M),
ac Aandm € M. If f: M — N is a morphism of left A-modules, then the
map D(f) : ¢ € D(N) — ¢pof € D(M) is a morphism of right A-modules.
In this way we find a kk-linear functor D : 4mod — mod5” with values in the
opposite category of the category of finite-dimensional right A-modules which is
an equivalence of categories.

Let M be a left A-module. We let £ (M) be the set of submodules of M, which
is a complete lattice with respect to the ordering given by inclusion; we use the
same notation for right A-modules. If N is an submodule of M, then the set
A(N) = {¢p € D(M) : ¢|n = 0} is a submodule of the right A-module D(M). We
obtain in this way a function A : £ (M) — £ (D(M)) which is an order-reversing
bijection, and we have A(soc M) = rad D(M) and A(rad M) = soc D(M).

4.4.2. (i) A set of nilpotent matrices does not span the vector space M, (k).

(i)
(iii)

(iv)

If k is algebraically closed, then a semisimple algebra has no non-zero ideals
spanned by nilpotent elements.

If k is algebraically closed, then an ideal I in an algebra A which is spanned by
nilpotent elements is in fact nilpotent.

Hint. To see this, consider the ideal (I +rad A)/rad A of A/ rad A.

The conclusion of (iii) holds even without the hypothesis made on the field.
Hint. If k is an algebraic closure of k, this can be seen by considering the k-algebra
k® A.
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CHAPTER 5

Projective modules

§5.1. Idempotents

5.1.1. If an algebra A is semisimple, all its modules are projective and, moreover, every
indecomposable projective is a direct summand of A itself. This suggests that the direct
summands of the regular module may be relevant in the general case and it is easy to
describe them:

Proposition. Let A be an algebra. An A-submodule P of A is a direct summand iff there exists
an idempotent element e € A such that P = Ae.

Proof. Suppose first that P is a direct summand of A, so that there is another submod-
ule Q of A such that A = P @ Q and, in particular, there exist e € P and f € Q such that
1=e+ f. If p € P, multiplying this equality on the left by p, we find that p = pe + pf,
sothat P> p —pe = pf € Q. Since PN Q = 0, this tells us that p = pe. On one hand,
we see from this that P C Pe C Ae C P, so that in fact P = Ae. On the other, taking
p = e shows that e is an idempotent in A.

Conversely, let e € A be an idempotent element and consider the submodules Ae
and A(1—e). If x € AeN A(1 —e), then there are a, b € A such thatae = x = b(1 —e),
and therefore xe = aee = ae = x and xe = b(1 —e)e = b(e — €?) = 0, so x = 0; this tells
us that Ax N A(1—e) = 0. Since clearly Ae+ A(1—e) = A, wehave A = Ae B A(1 —e)
and Ae is therefore a direct summand of A, as we wanted to show. O

5.1.2. It should be noted that in the situation of Proposition 5.1.1 there exist in general
many idempotent elements e € A such that P = Ae. For example, if A = M (k),
then for all A € k the matrix ey = ( } 8) € A is idempotent and we have Aey = Ae,
forall A € k.

5.1.3. Having identified the direct summands of A, we want to decide when they are
indecomposable. We know that this can be done by studying their endomorphism
algebras, and the following proposition describes them:

Proposition. Let A be an algebra, let P be a direct summand of A and let e € A be an
idempotent such that P = Ae.
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(i) If N is an A-module, for every morphism f : P — N we have f(e) € eN and the
function ¢n : f € homy(P,N) — f(e) € eN is an isomorphism of vector spaces.
(if) The function ¢p : End4(P)°P — eP = eAe is an isomorphism of algebras.

In the second statement, we are viewing eAe as a subalgebra of A. It is a unital algebra
—its unit element is ¢, as one can immediately check— but its unit is not in general that
of A.

Proof. (i) If f : P — N is a morphism of A-modules, then f(e) = f(ee) = ef(e) € eN;
this means that there is in fact a function ¢y as decribed in the proposition. It is
injective: if f € homy (P, N) is such that ¢n(f) = f(e) = 0, then for all a € A w have
f(ae) = af(e) =0, and then f = 0 since P = Ae.

Let n € N. The function g : 2 € A — au € N is a morphism of A-modules, and so
is the inclusion ¢ : Ae — A, so that got € hom4(P,N). As ¢n(g o) = en, this shows
that the function ¢y es surjective.

(i1) We know from (i) that the function ¢p is an isomorphism of vector spaces.
If f, ¢ € End4(P), then we have ¢p(fog) = (fog)(e) = f(g(e)) and, as g(e) € P = Ae,
this is equal to f(g(e)e) = g(e)f(e) = ¢pp(g)Pp(f). This shows that ¢p is multiplicative
when it is viewed as defined on End 4 (P)°P. O

5.1.4. Proposition. Let A be an algebra, let e € A be an idempotent and let P = Ae be the
corresponding direct summand of A. The module P is indecomposable iff e is not zero and
whenever e = e + ep with ey, ex € A two idempotent elements such that eje; = epeq = 0 we
have e; = 0 or e; = 0.

An idempotent e with this property is said to be primitive.

Proof. From part (ii) of Proposition 5.1.3 we know that End 4(P) is isomorphic to the
algebra eAe, and we know from Proposition 1.2.2 that P is indecomposable iff the only
idempotents in End 4 (P) or, equivalently, in eAe, are trivial.

If ey € eAe is an idempotent, then e; = e — e; is also idempotent and we have
e = e1 +ep and ejex = epe; = 0. Since obviously e; is a trivial idempotent of eAe iff we
have e; = 0 or e; = 0, the result of the proposition follows. O

5.1.5. Proposition 5.1.4 describes the indecomposable summands of the regular module
of an algebra in terms of its idempotents. From that descriptin we can extract one of
the direct sum decompositions of the regular module in the same spirit:

Proposition. Let A be an algebra.

(i) There exists an integer n and a set {e1,..., ey} of idempotent elements of A with
Y1161 = 1land eej = 0wheni, j € {1,...,n} are different such that A = @], Ae;
as a left A-module.

(if) Every indecomposable projective A-module is isomorphic to Ae; for some i € {1,...,n}.
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Proof. We know from the Krull-Remak-Schmidt Theorem 1.4.1 that there exist a positive
integer n and indecomposable submodules Py, ..., P, of the regular A-module A such
that A = @/, P; and Proposition 5.1.4 tells us there exist primitive idempotent elements
ey, ..., e, € Asuch that P; = Ae} foreachi € {1,...,n}.

In view of the direct sum decomposition of A, there exist a1, ..., a, € A such that
Yitpae; =1.1f j € {1,...,n} and we multiply this equality on the right by ¢/, we find
that e; = Y., ejaje;: since the sum is direct, this implies that ela;e; = 0if i, j € {1,...,n}
are different, and that e} = e/g;e! for alli € {1,...,n}.

It follows from this that if we put e; = a;e! for each i € {1,...,n}, then the elements
ey, ..., en are idempotent, Y ;¢; = 1 and e;e; = 0if i, j € {1,...,n} are different.
Finally, since P; = Ae} = Aelaje} C Ae; C Ae; = P; we have P; = Ae; and, as P, is
indecomposable, Proposition 5.1.4 tells us that e; is primitive. This proves (i).

Every indecomposable projective module is isomorphic to an indecomposable
summand of a free module A" of some positive rank r. Since every indecomposable
summand of A is isomorphic to one of Aey, ..., Aey, the claim of (ii) follows now
immediately from the Krull-Remak-Schmidt Theorem. O

5.1.6. A system of idempotents in an algebra A is a set E = {ey,...,e,} of non-zero
idempotent elements; when we write such a system in this way, we will always assume
implicitly that e; # e; whenever i, j € {1,...,n} are different. The system E is complete
if Y/ 1 e, = 1 and it is orthogonal if eie; = 0 whenever i, j € {1,...,n} are different.

5.1.7. Proposition. Let A be an algebra and let E = {ey, ..., e,} be a system of orthogonal
idempotents in A.

(i) The set E is linearly independent.

(ii) There exist a system of orthogonal primitive idempotents {f1,..., fu} in A and a
surjective function ¢ : {1,...,m} — {1,...,n} such that forall i € {1,...,n} we have
ei = Ljeg1(i) fi-

Proof. (i) Suppose that ay, ..., a, € k are such that Y} ;a;e; = 0. If j € {1,...,n},
multiplying this equality on the right by e; and using the orthogonality of E and the
idempotence of ¢; we find at once that aje; = 0 and, since ¢; # 0, that aj = 0.

(i) In the set .7 of all pairs ({f1,..., fu}, ) with { f1,..., fiu} a system of orthogonal
idempotents in A and ¢ : {1,...,m} — {1,...,n} a surjective function such that for
alli € {1,...,n} we have ¢; = Zje(lfl(i) f] we may consider one with m maximal; this
makes sense since such pairs do exist: ({e1,...,ex},id(y, . ) is one. The desired result
will be proven if we show that the idempotents f, ..., f,; are primitive.

Assume this is not the case, so that there exists jo € {1,...,m} and non-zero
idempotents g1, g» such that f;; = ¢1 + ¢» and g182 = g2¢1 = 0.

If there existed j € {1,...,m} \ {jo} and k € {1,2} such that f; = g, then we would
have that gx = k(81 +81) = fifj, = 0, which is absurd. It follows then that the m + 1
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elements f1, ..., fjo_l, 91, 2, f]-0+1, ..., fm are pairwise different; let us denote them,
in order, hy, ..., hy1. ¢ 2 {1,...,m} — {1,...,m+ 1} is the function such that
(i) =iforeachie {1,..., o} and ¢(j) =j—1ifi € {jo+1,...,m+ 1}, then one
can immediately check that the pair ({h,...,hy+1), P o ¢) belongs to the set .. This
contradicts the choice of m, so our assumption does not hold. ]

5.1.8. The first part of Proposition 5.1.5 tells us that every algebra contains a complete
orthogonal system of primitive idempotents and, as seen in its proof, this is essentially
a consequence of the existence claim of the Krull-Remak-Schmidt Theorem 1.4.1. The
uniqueness part of this theorem, in turn, allows us to prove that all complete orthogonal
systems of primitive idempotents are closely related:

Proposition. Let A be an algebra. If {e1,...,e,} and {e},..., e}, } are two complete orthogonal
systems of primitive idempotents in A, then n = m and there exist a unit u € A* and a
permutation 7t of {1,...,n} such that forall i € {1,...,n} we have e;T(i) = u"leju.

Proof. We know that A = @i_; Ae; = @}, Ae} and that the Ae; for i € {1,...,n}
and the Ae} for j € {1,...,m} are indecomposable. It follows from the Krull-Remak-
Schmidt Theorem 1.4.1 that n = m and that there exists a permutation 7 of {1,...,n}
such that Ae; =2 Aegr(l.) forallie {1,...,n}.

For each i € {1,...,n} let f; : Ae; — Aey(; be an isomorphism. There is a
unique morphism f : A — A such that f(x) = fi(x) for each i € {1,...,n} and
all x € Ae; and it is an isomorphism, and there exists then an invertible element u
in A such that f(x) = xu forall x € A. If i € {1,...,n} and we consider the maps
pi:xeAeriEAandp;I():xeAer}GA,thenthesquare

i

f

— s A

A
Pil Pln(,‘)
A-Lo A

commutes and, therefore, ME;I(I-) = p;r(i) (f(1)) = f(pi(1)) = eju. As this shows that u
satisfies the condition required by the proposition, the proof is complete. O
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§5.2. Isomorphisms

5.2.1. If A is an algebra, then there is a functor 6 : ymod — 4,24 4mod such that for
each A-module M we have §(M) = M/ rad M and for each morphism f : M — N of
A-modules the morphism 6(f) : M/ rad M — N/ rad N is the one induced by f; this
makes sense since, according to Proposition 4.1.9, we have f(rad P) C rad Q. If M and
N are A-modules, we will denote 6 v the function

f €homuy(M,N) — 60(f) € homy,aga(M/rad M,N/rad N).

induced by this functor.

5.2.2. Proposition. Let A be an algebra and P a projective A-module.
(1) If Q is an A-module, then the natural map described above

QP,Q : homA(P, Q) — homA/ radA(P/ rad P,Q/ rad Q)

is surjective.
(i) The map Op p is a morphism of algebras, its kernel is rad End o (P) and it induces an
isomorphism of algebras

9_ . EndA(P)
PP rad End4 (P)
Proof. (i) Let f : P/rad P — Q/ rad Q be a morphism of A/ rad A-modules, which is

also a morphism of A-modules. If 77p : P — P/ rad P and 1o : Q — Q/ rad Q are the
canonical surjections, the diagram of solid arrows

— EndA/radA(P/ rad P)

P L

npi I

P/rad P L> Q/radQ

can be completed with a morphism f : P — Q of A-modules so that it commutes, since
7 is surjective and P is projective. It is clear that 0p o (f) = f.

(if) That the function 6p p is a morphism of algebras is immediate and it is surjective
by the first part of the proposition. To prove (ii) it is then enough that we show
that the kernel of 6pp is precisely the radical of End4(P). On the other hand, the
codomain of 8pp is a semisimple algebra —because it is the endomorphism algebra
of the semisimple module P/ rad P— so Proposition 4.2.11 implies that to show that
ker 0p p is the radical of End4(P) we need only prove that it is a nil ideal.

Let then f : P — P be an element of ker 6p p. If 7tp : P — P/ rad P is the canonical

projection, this tells us that 7tp o f = 6p p(f) o tp = 0, so that

f(P) C kermtp =rad P = (rad A)P.
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It follows at once from this that f¥(P) C (rad A)*P for all positive integers k. In
particular, if k is an integer large enough so that (rad A)* = 0 —and such an integer
exists by Proposition 4.2.11— then we see that f¥(P) = 0, that is, that f* = 0. This
proves that the ideal ker 6p p is nil and, therefore, the proposition. O

5.2.3. Corollary. Two projective modules P and Q are isomorphic iff P/ rad P and Q/ rad Q
are isomorphic. In fact, the map 0p g of Proposition 5.2.2 restricts to a bijection from the set of
isomorphisms P — A to the set of isomorphisms P/ rad P — Q/ rad Q.

Proof. We need only prove the second claim, as the first one clearly follows from it.

If f: P — Qis an isomorphism of A-modules, then 6po(f): P/radP — Q/rad Q
is an isomorphism because the map is obtained from the functor 6 that we described
in 5.2.1. Conversely, suppose that f : P — Q is a morphism of A-modules such that
0p,o(f) is an isomorphism. Since the function 6 p is surjective, there exists then a
morphism g : Q — P of A-modules such that 65 p(g) is an inverse for 6p o(f) and,
since 6 is a functor, this implies that 6pp(idp — gf) = 0 and 0 o(idg — fg) = 0.
According to part (ii) of Proposition 5.2.2, this means that idp — gf € rad End4(P) and
idg — fg € rad End4(Q). It follows then from Corollary 4.2.9 that gf = idp — (gf —idp)
and fg = idg — (idg — fg) are invertible in the algebras End4(P) and in End4(Q),
respectively, and then that both f and g are isomorphisms, as one can see at once. []

5.2.4. Lemma. An algebra A is local iff A/ rad A is a division algebra.

Proof. If A is local, then A has a unique maximal left ideal, which is then equal to rad A,
and it coincides with the set of non-invertible elements. It follows that A/ rad A is
a division algebra. Conversely, suppose that A/ rad A is a division algebra and let
x € A\ rad A. Since the class of x in A/ rad A is invertible the exists a y € A such
that 1 — xy and 1 — yx are in rad A and, in particular, are nilpotent. It follows that
xy =1—(1—xy)and yx =1 — (1 — yx) are invertible in A, so that there exist u, v € A
such that, among other things, xyu = vyx = 1. The element x then has both a left and
a right inverse, so is invertible. This shows that every element in A \ rad A is invertible,
and we can conclude that A is local using Proposition 1.1.2. O

5.2.5. Proposition.
(i) A projective module P is indecomposable iff P/ rad P is simple.
(i1) The rule which assigns to each indecomposable projective module P the simple module
P/ rad P induces a bijection between the set of isomorphism classes of indecomposable
projectives modules and the set of isomorphism classes of simple modules.

Proof. (i) The projective module P is indecomposable iff its endomorphism algebra is
local, which according to the lemma and to part (ii) of Proposition 5.2.2 happens iff
the endomorphism algebra of the semisimple module P/ rad P is a division algebra. it
follow easily from Schur’s Lemma 2.1.2 that the endomorphism algebra of a semisimple
module is a division algebra iff the module is actually simple. This proves the claim.
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(if) Let P and Q be two indecomposable projective modules. If P/ rad P = Q/ rad Q,
then Corollary 5.2.3 tells us that P = Q, and the converse implication is evident.
It follows that the rule mentioned in the statement indeed induces a function on
isomorphism classes and that that function is injective.

On the other hand, if A = @,_; P; is a decomposition of the regular module as a
direct sum of indecomposable summands then we have A/rad A = @} P;/ rad P;.
If S is a simple module, we know that S is isomorphic to a direct summand of A/ rad A,
and then it follows from the Krull-Remak-Schmidt Theorem 1.4.1 that there exists an
i€ {l,...,n} such that S = P;/ rad P;. This tells us that the function of the statement is
surjective. O

§5.3. Blocks

5.3.1. If A is an algebra and E = {ey, ..., e,} a complete orthogonal system of primitive
idempotents of A, we construct a quiver I't(A) with E as set of vertices and, if e, f € E,
an arrow e — f iff hom(Af, Ae) # 0, which happens iff fAe # 0, according to the
tirst part of Proposition 5.1.3. This quiver is clearly never empty, as E must contain at
least one element.

5.3.2. Proposition. If A is an algebra and E and E' two complete orthogonal systems of
primitive idempotents, then the quivers Tg(A) and T'g/(A) are isomorphic.

Proof. We know from Proposition 5.1.8 that E and E’ have the same number of ele-
ments and, if E = {ey,...,¢,} and E' = {e],..., e}, that there exist a unit u € A*
and a permutation 7t of {1,...,n} such that e;r(i) = uteu foralli € {1,...,n}. It
follows then that we have a function ¢ : e € E — u~'eu € E’ and that it is bijective.
Moreover, if ¢, f €, there is an arrow e — f in I'r(A) iff fAe # 0, and clearly this
occurs iff ¢(f)A¢(e) = u=fuAu=teu = u='fAeu # 0, that is, iff there is an arrow
¢(f) — ¢(e) in Tp/(A). This means, precisely, that the function ¢ : Tg(A) — T'p(A) is
an isomorphism of quivers. ]
5.3.3. If Q = (Qo, Q1,s,t) and Q" = (Qp, Q},s', ') are quivers, the disjoint union of Q
and Q' is the quiver QU Q' = (Qo U Q) Q1 U Q1,S, T) with S, T: Q1 UQ) — QoL Qj
the functions such that S|, =s, S|g, =" T|g, =t and T|g, ="

Proposition. If A and B are algebras and E and E" are complete orthogonal systems of primitive
idempotents in A and in B, respectively, then F = {(e,0) : e € E} U{(0,e) : e € E'} isa
complete orthogonal system of primitive idempotents in A X B and we have an isomorphism of
quivers Tp(A x B) 2 Tg(A) UTg (B).

Proof. If e € E, then (e, 0) is clearly a non-zero idempotent in A x B. Let (g1, ¢2) and
(hy, hy) be orthogonal idempotents in A x B such that (e,0) = (g1,82) + (11, h2). We
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have that ¢; and h; are orthogonal idempotents of A such that e = g1 + Iy, so that one
of the two must be zero. On the other hand, g, and h; are orthogonal idempotents
of B and g, + hy = 0, so that in fact they are both zero. This means that one of (g1,$2)
or (hy, hy) is zero, and proves that the idempotent (e, 0) is primitive.

Of course, the same argument shows that (0,e) is a non-zero primitive idempo-
tent of A x B for each e € E’. Since the functions i; : ¢ € E +— (¢,0) € F and
ip:e € E'— (0,e) € F are injective and their images are disjoint, the set F of the
statement is a system of primitive idempotents in A x B. It is orthogonal and complete,
as one can see at once, so we can consider the quiver I'r(A x B).

Consider the function i : EUE" — F such that i|g = i; and i|p = i, which is
bijective. If ¢, f € E, we have a bijective function a € fAe — (a,0) € (f,0)(A x B)(e,0),
and this means that there is an arrow e — f in I'r(A) iff there is an arrow i(e) — i(f)
in Tp(A x B). Similarly, if e, f € E/, there is an arrow ¢ — f’ in I'p/(B) iff there is an
arrow i(e) — i(f) in Tg(A x B). Finally, if e € E and f € E/, then there are no arrows
e— for f—einTg(A)UTy(B) and there are no arrows i(e) — i(f) or i(f) — i(e)
in 'r(A x B), because (0, f)(A x B)(e,0) = (0,e)(A x B)(0, f) = 0. These observations
prove that the function i is an isomorphism of quivers IT'r(A) UTg/(B) — I'r(Ax B). O

5.3.4. An algebra A is connected if for all complete orthogonal systems of primitive
idempotents E of A the quiver I'r(A) is connected. In view of Proposition 5.3.2, it is
enough that the quiver be connected for one such E.

5.3.5. Local algebras are connected. Indeed, a local algebra A has no non-trivial
idempotents so the only complete orthogonal system of primitive idempotents is
E = {1} and the corresponding quiver I't(A) is trivially connected. It is not true, on
the other hand, that connected algebras are local —we will see lots of examples of this
later— but we do have the following result:

Proposition. The center of a connected algebra is local.

Proof. Let A be an algebra and let us suppose that its center Z(A) is not local, so
that there exists a complete orthogonal system of idempotents {e, f} in Z(A). Since e
and f are central in A, it follows at once that we have a direct product decomposition
A =eAe x fAf of algebras and, if E and E’ are complete orthogonal systems of primi-

tive idempotents for eAe and of fAf, according to Proposition 5.3.3, a decomposition
of quivers I'g g (A) = T'g(eAe) UT'p (fAf). This shows that A is not connected. O

5.3.6. Proposition. An algebra is, in a unique way, a direct product of connected subalgebras.

Those direct factors are the blocks of the algebra.

Proof. Let A be an algebra and let us fix a complete orthogonal system of primitive
idempotents E in A. Let {Ej, ..., E,} be the partition of E into connected components
of the quiver T'(A) and for each i € {1,...,r} let f; = Y ,c e. There is a direct sum
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decomposition A = @;;_; fiAfj of A as a vector space and if i, j € {1,...,r} are
different then

fidfi = @ eAe’ = P hom(Ae;, Aej) =0

ecE; ecE;

¢'€E; ¢'€E;
since there are no arrows from a vertex in E; to one in E; in the quiver I'r(A). We thus
see that A = @]_, fiAf; a vector space and, in fact, also as an algebra.

Ifi € {1,...,r}, then E; is a complete orthogonal system of primitive idempotents
of the algebra f;Af;, and it is clear that I'r,(f;Af;) is isomorphic to the graph induced
by I't(A) on the set E;. It follows form this that f;Af; is a connected algebra. This
proves the existence of a decomposition as in the statement of the proposition.

Suppose now that A = [[;_; A; = H§:1 Al are two decompositions of A as a
direct product of connected subalgebras. For each i ¢ {1,...,s} we denote ¢; the
unit element of A; and for each j € {1,...,t} we denote ¢; that of A}. The sets
{e1,...,es} and {¢], ..., e;} are complete orthogonal system of central idempotents
of A. Ifi € {1,...,s}, then {eie} 1< <t, eie} # 0} is a complete orthogonal system
of central idempotents of A;, whose center is a local algebra: it follows from this
that there exists a unique o(i) € {1,...,t} such that eieé(i) = ¢; and eie;- = 0 for all
je{l,...,t}\ {o(i)}, and in this way we find a function ¢ : {1,...,s} — {1,...,¢t}.
Similarly, there is a unique function 7 : {1,...,t} — {1,...,s} such that e]’.eT(j) = e;. and
eiei=0forallje{1,...,t}andalli € {1,...,s} \ {r(j)}.

If nowi € {1,...,s}, we have 0 # ¢; = eieg(i) = eie;(i)ef(a(i)), so that eje;((;)) # O,
which is possible only if T(0(i)) = i. This implies that the function ¢ is injective.
Proceeding symmetrically, we find that 7 is also injective, and then we conclude that
s = t and that ¢ and T are inverse permutations of {1,...,s}. In particular, for each
i€ {l,...,s} we have that

Co(i) = Co(i)Cr(o(i)) = Co(i)Ci = Ci
From this we see at once that A; = A,(;), and then the two direct product decomposi-
tions that we started with have the same factors. O
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§5.4. An equivalence of categories

5.4.1. Let A be an algebra and let P be a A-module. We put B = End4(P)°P, then there
is a right B-module structure on P, which we will denote < when we need to emphasize
it, such that p< f = f(p) for all p € P and all f € B, and in fact in this way P becomes
an (A, B)-bimodule. Similarly, if N is another A-module, then hom4(P, N) has a left
B-module structure, which we will write > when needed, such that (b f)(p) = f(b(p))
forallb € B, f € homy(P,N) and p € P.

As a consequence of this, we have linear functors

Fp = P®gp(—): gpmod — amod
and

Gp = homu(P,—) : samod — gmod,

and Fp is left adjoint to Gp, since for every M € pmod and N € gmod we have an
isomorphism of vector spaces

XM,N : homA(FpM, N) — homB(M, GpN)

such ay N(f)(m)(p) = f(p @ m) for all f € homy(FpM,N), m € M and p € P, which
is natural both in M and in N.

We have natural transformations ¢ : FpGp — id,moq and 7 : id,moq — GpFp, the
counit and the unit of the adjuntion, which can be described as follows. For each
N € psmod, the morphism of A-modules ey : P ®@p hom,4 (P, N) — N is the unique one
such that ex(p ® f) = f(p) for each p € P and each f € hom4(P,N), and for each
M € mody the morphism 7 : M — hom(P,P ® M) is given by np(m)(p) = m®@p
for eachm € M and p € P.

5.4.2. If P is an A-module, then the vector space hom, (P, A) has a natural struc-
ture of right A-module, whose action < is such that (¢ —a)(p) = ¢(p)a for all
¢ € homy (P, A) and all p € P. We use this structure in the following statement.

5.4.3. Proposition. Let P be a projective A-module. If C is an algebra and N an (A,C)-
bimodule N, then there is an isomorphism 6pn : homs(P,A) ®4 N — hom,(P,N) of
(B, C)-bimodules such that 0pn(A @ n)(p) = A(p)n for all A € homy (P, A), n € N and
pEP.

Proof. Since P is a finitely generated, there exist a non-negative integer n and a surjective
morphism of A-modules ¢ : A" — P and, as P is projective, this map has an A-linear
sections: P — A", so that ¢ os = idp. Foreachi € {1,...,n} we let p; = ¢(e;), with
e; € Al the ith element of the standard basis, and let ¢; : P — A be the composition
of s with the ith projection A" — A. We then have ¢(ay,...,a,) = YI"; a;p; for all
(a1,...,a,) € A", and s(p) = (¢1(p), ..., ¢u(p)) for all p € P. The relation ¢ os = idp
then tells us that } ;' ; ¢;(p)pi = p forall p € P.
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Let C and N be as in the statement of the proposition and let us consider the
function u : hom4(P,N) — homy (P, A) ®4 N such that for all f € hom,4(P,N) we
have u(f) =YY" 1 ¢ ® f(pi). If f € homy(P,N), then for all p € P we have

e (1) (P) = 0e (L 902 £(90) (1) = L0 () = F(L0:0)m) = F2),

so that 0p m(p(f)) = f and, therefore, 0pn o p = idhom ,(p,n)- On the other hand, if
¢ € homy (P, A) and n € N, we have that for all p € P

(L= 000) (1) = Lol = #(L 0r)ps) = 000,
so that in fact Y7 | ¢; — ¢(p;) = ¢, and then

@@ ) = Lo opin= (Lo () @n=gon

This means that y o 0p v is the identity map of hom4(P, A) ®4 N and, in conclusion,
that y and 6p y are inverse bijections. O

5.4.4. Let P be an A-module. We say that P generates an A-module M if there exist a
positive integer n and a surjective morphism of A-modules P" — M, and this happens
iff there exist A-linear maps ¢1, ..., ¢, : P — M such that for all m € M there are
P1, .-, Pn € Pwithm =Y ¢i(pi).

If P generates all A-modules, then we say that it is a generator for the category 4mod.
For example, the regular module A is a generator. It is easy to see that an A-module
which generates a generator of 4mod is itself a generator of that category.

5.4.5. Proposition. Let P be an A-module.
(i) If P is a generator for omod, then the counit morphism ey : P ®@p homy (P, N) — N is
an isomorphism of A-modules for every A-module N.
(it) If P is projective, then the unit morphism 1 : M — hom 4 (P, P ®p M) is an isomor-
phism of B-modules for every B-module M.
Proof. (i) Since P is a generator of 4mod, it generates the regular module A and there are
a positive integer n, elements py, ..., pn € P and morphisms ¢, ..., ¢, € homy (P, A)
such that }' ; ¢i(p;) = 1. There is then a function Axy : N = P ®p hom, (P, N) such
that for each n € N we have

n
An(n) =Y pi®@0p (¢ @n),
i=1
with 6p y as in Proposition 5.4.3. If n € N, then ex(An(n)) = Y11 ¢pi(pi)n = n simply
because of the way we chose the p; and the ¢;. On the other hand, if p € P and
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¢ € homy(P,N), we have for alli € {1,...,n} that

Op,N (¢ @ ¢(p))(9) = ¢i(@)p(p) = ¢($i(9)p) = ¢(Op,p(¢i ® p)(q))
= (Bpp(¢p; @ p) <1 9)(q)

for all g € P, so that Op n(¢p; @ ¢(p)) = Opp(¢; ® p) and therefore
Mn(en(p® @) = An(@(p)) = Y pi ® Opn (P @ ¢(p))
i=1

pi@0pp(pi@p)>P =) pi<bpp(pi@p) ¢
i=1

Opp (¢ p)(pi)) @@ =) Pi(p)P 2P =pO¢.

i=1

I
™=

N
Il
—_

I
™=

Il
—_

We thus see that Ay and e are inverse isomorphisms, and this proves the first claim of
the proposition.
(i) If M is a B-module, we have a commutative diagram

hom,4 (P, P ®p M) ™ M

9P,P®BMT T

0 id
homu(P, A) ©4 P @ M —22M, By M

in which the unnamed arrow is the canonical isomorphism b € B&®g M — bm € M.
Since P is projective, we know that all the arrows except possibly #, are isomorphisms,
so that so is the counit 7. O

5.4.6. Corollary. If P is a projective A-module which generates ymod and B = End 4 (P)°P,

the functors Fp = P ®p (—) : pmod — gmod and Gp = hom4 (P, —) : samod — modg are
quasi-inverse equivalences and, in particular, the categories smod and gmod are equivalent.

When two algebras have equivalent categories of modules, as A and B do in this
corollary, we say that they are Morita equivalent.

Proof. If P is a projective generator of 4mod, then Proposition 5.4.5 tells us that the unit
and the counit of the adjuntion between the functors Fp and Gp described in 5.4.1 are
isomorphisms, and this implies that they are quasi-inverse equivalences. ]
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§5.5. Basic algebras

5.5.1. Proposition. Let A be an algebra and let {Py, ..., P,} be a complete system of represen-
tatives of the isomorphism classes of indecomposable projective A-modules.

(i) The module P = @}, P; is a projective generator of smod so that if B = End 4 (P)°P,
we have an equivalence of categories Gp = hom4 (P, —) : 4mod — pmod.

(it) If foreachi € {1,...,n} we put Q; = Gp(P;), then Q; is an indecomposable projective
B-module. Moreover, we have Q; = Q; iff i = i, and B = @;_ Q;. In particular,
{Q1,...,Qn} is a complete system of representatives of the isomorphism classes of the
indecomposable projective B-modules.

Proof. To be done O

5.5.2. We say that an algebra A is basic if whenever A = @} P; is a decomposition
of the regular A-module as a direct sum of indecomposable projective modules we
have for each i, j € {1,...,n} we have P; = P; iff i = j. As a consequence of the
Krull-Remak-Schmidt Theorem 1.4.1, it is enough for this that the condition hold for
one such decomposition .

Proposition. If A is an algebra, there exists a basic algebra B such that the categories ,mod
and gmod are equivalent, and any two algebras satisfying these conditions are isomorphic.

Proof. The existence claim follows from Proposition 5.5.1, so we need only prove the
uniqueness up to isomorphism of the algebra B. For this it is clearly sufficient that we
show that if A and B are two basic algebras such that that there exists an equivalence
of categories F : ymod — gmod, then A and B are in fact isomorphic.

Let us put ourselves in that situation and let {P,, ..., P, } be a complete system of
representatives of the isomorphism classes of indecomposable projective A-modules.
Since an equivalence preserves projectivity, indecomposability and isomorphism, the
set {FPy,...,FP,} is complete system of representatives of the isomorphism classes
of the indecomposable projective B-modules. Now, the algebra A is basic, and this
implies that A = @j_; P in 4mod, so that in particular there is an isomorphism
of algebras A°P = End (@} P;); similarly, we have an isomorphism of algebras
B°P = Endg(P]_; FP;). Finally since F(@}_, P;) = @/_; FP; and F is an equivalence,
we have that the map

f € Endy (éﬂ) — P(f) € Endp (éPR)

i=1 i=1

is an isomorphism of algebras. Putting everything together, we find that A = B, as we
wanted. O

5.5.3. Proposition. Let A be an algebra. The following statements are equivalent:
(a) The algebra A is basic.
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(b) The algebra A/ rad A is basic.

(c) The algebra A/ rad A is a direct product of division algebras.
If they hold and the ground field is algebraically closed, then every simple A-module is one-
dimensional.

Proof. To be done 0

§5.6. The Gabriel quiver of an algebra

5.6.1. Proposition. Let A be an algebra and let P and Q be two indecomposable projective
A-modules.
(i) A morphism f : P — Q of A-modules is not an isomorphism iff f(P) C rad Q.
(ii) If a morphism f : P — Q factors as the composition of two non-isomorphisms g : P — R
and h : R — Q with R an indecomposable projective A-module, then f(P) C rad® Q.

Proof. (i) Corollary 5.2.3 tells us that f : P — Q is an isomorphism iff the induced map
f:P/rad P — Q/ rad Q is an isomorphism. Both the domain and codomain of f are
simple modules in view of the first part of Proposition 5.2.5, so this happens iff the
map f is non-zero, which occurs precisely when f(P) ¢ rad Q.

(ii) Suppose that f : P — Q factors as the composition of two non-isomorphisms
g: P — Rand h: R — Q. By the first part, we know that ¢(P) C rad R = (rad A)R and
h(R) C rad Q = (rad A)Q, and it follows from this that f(P) C (rad®* A)P = rad*P. O

5.6.2. Proposition. Let A be an algebra. If e, f € A are primitive idempotents, then there are
vector space isomorphisms

hom,(Ae,rad Af) _ e(radA)f _, . ( rad A ) f
homa(Ae,rad* Af  e(rad® A(f  \rad®A/ "

Proof. To be done O

5.6.3. Let A be a basic algebra and E = {ey,...,e,} a complete orthogonal system of
primitive idempotents in A. The Gabriel quiver Q4 r of A with respect to E has E
as set of vertices and for each pair ¢, f € E of vertices exactly dime(rad A/ rad® A)f
arrows e — f. According to Propositions 5.6.1 and 5.6.2, the number of arrows from
a vertex to another in this quiver is a measure of the number of non-isomorphisms
between the corresponding indecomposable morphisms which do not factor as a
product of two non-isomorphisms through a third indecomposable projective.

5.6.4. Proposition. If A is a basic algebra and E and E' two complete orthogonal systems of
primitive idempotents, then the quivers Qa g and Q4 g are isomorphic.

It follows from this that the isomorphism type of the quiver Q4 ¢ does not depend
on the complete orthogonal system of primitive idempotents E used to construct it
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but only on the algebra A. We will henceforth write Q4 to denote any quiver in this
isomorphism class.

Proof. According to Proposition 5.1.8, the sets E and E’ have the same number of
elements and if E = {ey,...,e,} and E' = {¢],..., ¢}, } there exista unit u € A* and a
permutation 7 of {1,...,n} such that e;r(l.) =uleuforalli € {1,...,n}. We may then
consider the function ¢ : e € E — u~teu € E’. Let us show that ¢ is an isomorphism
of quivers Q4 r — Q4 r and to do this, that whenever ¢, f € E the number of arrows
e — f in Qu r is the same as the number of arrows ¢(e) — ¢(f) in Q4 p. In view of
the construction of these quivers, this amounts to showing that e(rad A/ rad® A) f and
¢(e)(rad A/ rad® A)p(f) = ulea(rad A/ rad®* A)u~teu are vector spaces of the same

dimension and this is clearly true since u is a unit. O

5.6.5. Theorem. Let A be a basic algebra, let E be a complete orthogonal system of primitive
idempotents in A, and let Q4 g be the Gabriel quiver of A with respect to E. There is then
a surjective algebra map g : kQar — A whose kernel is an admissible ideal of the path
algebra kQa k.

Proof. To be done 0

5.6.6. Corollary. Every algebra is Morita equivalent to the quotient of a path algebra by an
admissible ideal.

Proof. To be done O

§5.7. Examples

Path algebras and their admissible quotients

5.7.1. Proposition. Let Q be a quiver, let I be an admissible ideal of the path algebra kQ and
let A =kQ/I. The algebra A is then basic and it is connecte iff the quiver Q is connected.
The set E = {e; : i € Qo} of trivial paths in Q is a complete orthogonal system of primitive
idempotents in A and the function i € Qo — e; € E is an isomorphism of quivers Q — Qa .
The kernel

Proof. To be done O
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Incidence algebras

5.7.2. Let P be a poset with order relation <. If i and j are two elements of P, we say
that j covers i, and in that case we i < j, if the set {k € P : i < k < j} has exactly
two elements. The Hasse diagram of P is the quiver Qp = (Qp, Q1,s,t) with Qp = P,
Q1 ={(i,j) e PxP:i<j},and s, t: Q1 — Qo the restriction to Q; of the two
projection maps P x P — P.

5.7.3. Proposition. Let P be a poset. The set E = {x;; : i € P} is a complete orthogonal system
of primitive idempotents in the incidence algebra kP and the function i € P — x;; € E is an
isomorphism of quivers Qp — Qp g. There is a surjective morphism of algebras 7w : kQp — kP
such that 7t(e;) = x;; for each vertices i of Qp and 7T(a) = Xy(y) 4(a) for all arrows a of Qp.
The kernel of 7t is generated as a vector space by the set of all elements of the form u — v with u
and v paths in Qp such that s(u) = s(v) and s(u) = t(v).

Proof. To be done 0

The two non-abelian groups of order 8
The non-abelian groups of order pg

5.7.4. Proposition. Let p and q be two prime numbers with p > q. There exists a non-abelian
group of order pq iff q divides p — 1. In that case all groups of that order are isomorphic and
ifa € {2,...,p— 1} has order q in (Z/pZ)*, the group G, = (r,s : rP,s9,srs~1r ) is
non-abelian of order pq. O

Notice that g divides p — 1 iff there are elements of order g in (Z/pZ)*.

Proof. Suppose that G is a non-abelian group of order pq. If 1, is the number of Sylow
p-subgroups in G, we know that 1, divides g, so that it is either 1 or g, and that n, =1
mod p. Since p > q > 2, we have 4 Z1 mod p and we see that n, = 1, that is, that
there is a unique Sylow p-subgroup P in G, which is therefore normal.

Let r be a generator of P and let s be a non-identity element of a Sylow g-subgroup
of G, which has then order 4. As P is normal, we have a function x € P — sxs"tep
which is an automorphism and it maps r to another generator of P. It follows that there
isana € {1,...,p — 1} such that

srs— - =r". (26)

Since G is not abelian and r and s clearly generate it, we must have a # 1. On the other
hand, since s has order g, we have r = s7rs~1 = "' so thata? =1 mod p. We thus see
that a is an element of order exactly g4 on the multiplicative group (Z/pZ)* and, in
particular, that g divides p — 1. Moreover, using only the relation (28) and the equalities
rP = s1 = 1 it follows easily that G = {rs/ : 0 < i < p,0 < j < g} and that the pg
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elements listed on the right hand side of this equality are in fact pairwise different.
This proves that the group G can in fact be presented as (r,s : 1¥, s1, srsflr*‘l).

The group (Z/pZ)* is cyclic, for it is the group of units of a finite field, so all
of its subgroups are also cyclic. In particular, the subgroup of its elements of order
dividing g is cyclic of order q and, therefore, it is generated by a. If b € {2,...,p — 1}
is another element of order exactly g in (Z/pZ)*, a consequence of this is that there
exists an integer n such that b = a” mod p, and then it is easy to see that there is an
isomorphism ¢ : G, — G, mapping r and s to r and s".

Conversely, if g divides p—1and a € {2,..., p—1} is such thatits order in (Z/pZ)*
is exactly g, then there is an injective morphism ¢ : Z/qZ — Autg,(Z/pZ) such
that ¢(1)(x) = ax for all x € Z/pZ, and we may consider the semidirect product
7./qZ %y ./ pZ, which is non-abelian of order pq. This means that the condition on p
and g is sufficient for the existence of such groups. ]

5.7.5. Let us put ourselves in the situation of Proposition 5.7.4, so that p and q are prime
numbers with p > g and g a divisor of p — 1, a an element of (Z/pZ)* of order g and
G = G, the non-abelian group of order pq described there. Let us assume, moreover,
that p is the characteristic of our ground field.

The Sylow p-subgroup is the cyclic group P generated by 7, it is normal and the
quotient group C = G/P is cyclic of order g, generated by 5 = sP. We know from
Proposition 4.3.1 that the kernel of the surjective algebra map 7 : kG — kC induced by
the canonical projection G — C is the radical of kP and that it is generated by r — 1 as
a left or right ideal. The projection G — C has a section C — G which is a morphism
of groups and which maps 5 to s, and this section induces a morphism of algebras
o : kC — kG which is a section to 7.

Since the group C is abelian and the field algebraically closed, the group algebra kC
is basic. Since it is isomorphic to kG/ rad kG, this implies that kG itself is basic. The
choice of 4 means that we can view it as a primitive gth root of unity in k. If we set
gi=gq"! 2}7:_3 a~'gl for each i € {0,...,q — 1}, then we know from EXAMPLE:CYCLIC
that E = {é, ..., e'q_l} is a complete ortogonal system of primitive idempotents in kC,
and it follows that E = ¢(E) is a complete ortogonal system of primitive idempotents
in kG. We have E = {ey, ..., e;_1} with ¢; = gt Z;’:_é a~ sl for eachi € {0,...,q —1};
we will consider the index of the ¢; to be in Z/pZ.

5.7.6. The radical rad kG, as we observed above, is generated as a right ideal by r — 1, so
it is spanned as a vector space by the elements (r — 1)r's/ = (r'*1 —ri)s/ with0 < i < p
and 0 < j < g. Itis easy to see from this that the set with elements

(r—1)'s/, 1<i<p 0<j<gq

is a basis of rad kG. It follows that the ideal I = ((r —1)'s/ : 2 <i < p,0<j<gq)is
contained in rad’kG. We claim that in fact I = rad®kG. To see this it is enough to
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show that whenever 1 <i,k < pand 0 < j,I < g we have
(r—1)s - (r = Dks! = a*(r — 1) %1 mod I

and, since [ is an ideal, for this it is in turn enough to check that
s(r—=1)=a(r—1)s mod I,

which we can do by straightforward computation:
a

-1 = -5 =1 ()0 1s=atr-ns+ L (])r- '

i=1
=a(r—1)s mod L.
In this way we can conclude that the set of classes of the g elements
(r—1)¢, 0<j<g

is a basis for rad kG / rad? kG, and it follows at once from this that so is the set of
classes of the g elements

(r—1)e, 0<j<qg.
Ifnow i, j€ {0,...,q — 1}, we have
-1
ei(r—1)e; = g2 ) a "k (r — 1)
k,1=0
-1
g2 Y a* R — 1) mod rad*kG

k,1=0
g—14g-1

qu Z Z afikfjm+jk+k(r o 1>Sm

m=0k=0
g-1
_ <q—1 Z a(]+1—z)k> (7’ . 1)51'
k=0

= 6ij+1(r — 1)e;.

This tells us that ¢;(rad kG/ rad? kG)e; is the zero vector space if i # j + 1, and that it
is one-dimensional and spanned by (r — 1)e; if i = j + 1, and therefore we find that in
the Gabriel quiver Qg ¢ there is an arrow ¢; — ¢; iff i = j + 1, and in that case there is
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exactly one, which we name Q. The quiver is therefore of the form

&xo [
— =L
e €5
a0 1 q—1
/ \q
e €q-2
%]
Xg-3
€3 .
“3\«
€4
P

We know there is a surjective morphism of algebras ¢ : kQxc g — kG such that
¢(e;) =e;and ¢(a;) = (r—1)e; foralli € {0,...,g — 1}. We claim that

ifi €{0,...,q—1} and j > 1 we have ¢(a;yj—1 - - - o;) € (r — 1)JkG. (27)

To prove it, we proceed by induction on j, noting that the claim is obvious when j = 1.
Let theni € {0,...,4 — 1} and j > 1, and assume inductively that there is a u € kG
such that ¢(aj;j_1---a;) = (r —1)/u. Then

_ -1 .
P ) = (r—1ej(r—1Yu=q"(r—1) k;:)lf]ksk(f’ —Du

-1 ,
=g Yr—1) ) a_]k(r“k —1)isku. (28)
k=0

Now for all k € {0,...,q4 — 1} we have 1 e (r — 1)kP and since kP is a commu-
tative ring, this implies that (" —1) € (r — 1)/kP. Using this in (28) we see that
¢(a;- - ;) € (r—1)/"'kG, completing the induction.

It follows in particular from our claim (27) that for all i € {0,...,q4 — 1} the path
Qi1p-1---;is in the kernel of the morphism ¢. If I is the ideal of kQ4 ¢ generated by
these g paths, then I is in fact spanned as a vector space by the paths of length at least p
in the quiver. From this wee see at once that the dimension of the quotient kQ/I is
pq. As I is contanined in the kernel of ¢, this map induces a surjective morphism of
algebras 7t : kQ4 /I — kG. Since its domain and codomain have the same dimension,
the map 7 has to be an isomophism. A consequence of this is, of course, that I is
actually equal to the kernel of 7r. We have proved the following:
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5.7.7. Proposition. Let p and q be two prime numbers such that p > q and q divides p — 1,
so that there exists a non-abelian group G of order pq. If k is a field of characteristic p, then the
group algebra kG is isomorphic to the quotient of the quiver

O’(O&O
4 N\

! 1
v

(e)

with q vertices by the ideal generated by all paths of length p. O

5.7.8. Let us now assume we have p, g, 2 and G just as in 5.7.5 but that our ground
tield k has characteristic 4. In this situation the group algebra kP of the Sylow p-
subgroup of G is semisimple and, since P is abelian, basic. If { € k is a primitive pth
root of unity and for each i € {0,...,p — 1} we pute; = p~! Zf;ol {7Uirl, then the set
E = {eo,...,e,1} is a complete orthogonal system of primitive idempotents in kP
and therefore a complete orthogonal system of idempotents in kG, which may not be
primitive in the bigger larger algebra. In any case, we have a direct sum decomposition
kG = @57:—01 kGe; as kG-modules.

Leti € {1,...,p—1}. We have re; = {'¢; and, since G = {s/r' : 0 < j < q,0 < i < p},
this implies at once that kGe; is spanned by the set %; = {sle; : 0 < j < p}. f0<j<p
we have rs/ = sir?, so rsle; = {1 'sle;. The q scalars ', 71", ..., gin " are pairwise
distinct, because the order of a in (Z/pZ)* is q and ( is a primitive pth root of unity.
Since the elements s%;, sle;, ..., s171e; are eigenvectors for r with those scalars as
corresponding eigenvalues, they are linearly independent. It follows from this that %;
is a basis for kGe; and that it has dimension 4.

Suppose now that f : kGe; — kGe; is an endomorphism of the kG-module kGe;. As
f (e;) must be an eigenvector of r corresponding to the eigenvalue (' and the eigenspace
for that eigenvalue is spanned by e;, we see that there exists a scalar A € k such that
f(e;) = Ae;. This implies at once that we in fact have f = Aidyg,,, since ¢; generates
kGe; as a module. We can then conclude that dim Endyg(kGe;) = 1, so that kGe; is
indecomposable and the idempotent ¢; primitive.

The submodule kGep is a complement to @f;ll kGe;, and this last subspace has
dimension (p — 1)g. It follows form this that kGey has dimension 4 and, since it is
spanned by the set Zy = {s/ep : 0 < j < g}, that % is a basis. If 0 < j < g, we have
rsleg = s/ r”fjeo = sleg, the element  acts as the identity on kGep, and this means that
kGey is naturally a G/P-module and it is clearly the regular G/P-module, which is
indecomposable. In this way, we see that e is also a primitive idempotent in kG.
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We thus see that kG = @f;ol kGe; is a decomposition of kG as a direct sum of
indecomposable submodules and that E = {e, .. .,ep_l} is a complete orthogonal
system of primitive idempotents in kG. If 0 < i,i’ < p, we claim that

kGe; and kGe;r are isomorphic iff there existsan 1 € {0,...,q — 1} such that
i =ia~!, and if that is not the case, then there is in fact no homomorphism
kGEZ‘ — kGei/.
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§5.8. Exercises

5.8.1. If n is a positive integer and A is an algebra, then the matrix algebra M,(A) is
Morita equivalent to A.
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CHAPTER 6

Auslander-Reiten theory

§6.1. The category of modules modulo its radical
§6.2. Irreducible morphisms

6.2.1. Proposition. If M is a module, then rad(M, M) = rad End 4 (M).
Proof. This follows immediately from Proposition 1.3.5 and Corollary 4.2.9. O

6.2.2. Proposition. Let M and N be indecomposable modules. A morphism f : M — N is
in rad(M, N) \ rad*(M, N) iff it is not an isomorphism and whenever Z is a module and
§:Z — Yandh: X — Z morphisms such that f = gh, then either g is a retraction or h is
a section.

Proof. Suppose first that f : M — N is in rad(M, N) \ rad*(M, N). Since M and N are
indecomposable, we know from Proposition 1.3.4 that f is not an isomorphism.

Suppose now that Z is a module, that g : Z —+ N and h : M — Z are morphisms and
that f = gh. Let Z;, ..., Z, be indecomposable submodules of Z such that Z = P}, Z;,
and for each i € {1,...,n} let q; : Z; — Z be the inclusion and gq; : Z — Z; be the
projection corresponding to that direct sum decomposition. As idz = Y} ; qipi, we
have f = Y, gqipih and since f ¢ rad*(M, N), there exists an iy € {1,...,n} such
that either gq;, ¢ rad(Z;,N) or p;,h ¢ rad(M, Z;,). In the first case, we have that
99i, : Ziy, — N is an isomorphism and, consequently, that ¢ o g;,(g7;,) ! = idy, so that
¢ is a retraction of the map ¢;,(g9;,) "' : N — Z. The other case, in which p; & is not in
rad(M, Z;,) can be handled in the same way to show that then  is a section.

Let us now prove the converse. Let f : M — N be a morphism which is not an
isomorphism and which satisfies the condition of the statement. Proposition 1.3.4 tells
us that f € rad(M, N) and we have to show that it is not in rad*(M, N). To do this,
we suppose otherwise, so that there exist a module Z and morphisms g € rad(Z, N)
and h € rad(M, Z) such that f = gh. The hypothesis made on f implies that either
g is a retraction or h a section. If the first possibility occurs, there is a morphism
k : N — Z such that idy = gk € rad(N,N) = radEnd4(N), and this is impos-
sible. If instead we have that & is a section, there exists a l : Z — M such that
idy = Im € rad(M, M) = rad End4 (M), which is also impossible. This completes the
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proof. O

6.2.3. A morphism f : M — N is irreducible if it is neither a section nor a retraction
and whenever we have a factorization f = gh withh : M — Z and g : Z — N through
an arbitrary module Z, either g is a retraction or / is a section.

6.2.4. Corollary. A morphism f : M — N with M and N indecomposable modules is irre-
ducible iff it belongs to rad(M, N) \ rad*(M, N).

Proof. This is a consequence from Proposition 6.2.2, since a morphism between indecom-
posable modules is not an isomorphism iff it is neither a section nor a retraction. [

6.2.5. Proposition. An irreducible morphism in smod is either injective or surjective.

Proof. Suppose that f : M — N is an irreducible morphism in smod. There exists a
unique factorization

Mi»imf>f—2>N

as the composition of the correstriction f; : M — im f of f to im f and the inclusion
fo:im f — N, and then either f; is a section or f; a retraction, and then either f; is
injective or f, surjective. This implies, that f is injective or surjective, respectively. []

6.2.6. Proposition. Let f : M — N be an irreducible morphism.
(i) If Nt € N is a proper submodule such that f(M) C Nj, then the correstriction
fINt 2 M — Nj is a section.
(i) If My C ker f is a non-zero submodule, then the induced map f : M/M; — N is a
retraction.

Proof. (i)Ifi: Ny — N is the inclusion, we have f = if|M. As Nj is a proper submodule
of N, the map i is not a retraction so f|™ must be a section because f is irreducible.
(i) If p: M — M/M, is the canonical projection, we have f = fp and p is not a
section because M; is a non-zero submodule of M. It follows from the irreducibility
of f that f is a retraction. O

6.2.7. Proposition. If f : M — N is an irreducible morphism and at least one of M or N is
indecomposable, then f € rad(M, N).

Proof. Suppose, for example, that M is indecomposable. Let Ny, ..., N, be indecom-
posable submodules of N such that N = @/_; N, and for each i € {1,...,n} let
gi : N; — N be the inclusion and p; : N — N; the projection corresponding to that
direct sum decomposition. If i € {1,...,n} then the morphism p;f is not an isomor-
phism —it if were, then we would have (p;f)~!p;o f = idy, yet f is not section— so it
belongs to rad(M, N;). As rad is an ideal in 4mod, this implies that f = Y/ ; g;pif is
in rad(M, N). O

6.2.8. Proposition. Let f : M — N be an irreducible morphism.
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(i) If M is an indecomposable module and Ny and Ny are submodules of N such that
N = Nj @& Ny, and we let p; : N — Nj be the projection corresponding to this direct
sum decomposition, then p1f : M — Ny is also an irreducible morphism.

(i1) versién dual

Proof. Let po : N — N, be the other canonical projection and let i; : Ny — N and
ip : No — N be the inclusions. As f is not a section, neither is p; f; on the other hand,
since M is indecomposable, p; f is not a retraction.

Suppose now that Z is a module and that 7 : M — Z and g : Z — Nj are morphisms
such that p;f = gh.

/ \ ]ﬂzf X@Nz i1g ip)
pif / \
M ——— N M—' N

The triangle on the right in this diagram then commutes and, since f is irreducible,

either <phf) is a section or (g i2 ) a retraction.

We deal first with the second case, in which there is a morphism ( ) N— X®N,
such that i19d1 + 20> = idn. It follows that i;9d171 + i262i1 = i; and, since 71 and i, have
images N; and N, which intersect trivially, this implies that i1gd1i; = i;. As i; injective,
we see that ¢6; = idy; and, therefore, that g is a retraction.

Suppose now that there is instead a morphism (11 12) : X @ N, — M such that
Y1h + yopof = idp. As f € rad(M, N), we have yp2f € rad(M, M) = rad End 4 (M)
and therefore idy; — y2p2f is invertible in End 4 (M). We then have that

(idp — Y2p2f) 'mih = idm

and  is a section. This completes the proof that p; f is irreducible. O
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6.2.9. Proposition. Suppose that

f

0 M N 3

P 0

is an exact sequence of modules.
(i) The injection f is irreducible iff for every morphism h : Q — P there is either a morphism
hy : Q — N such that ghy = h or a morphism hy : N — Q such that hhy = g.
(i) The surjection g is irreducible iff for every morphism k : M — Q there is eithr a morphism
ki : N — Q such that ki f = k or a morphism ky : Q — M such that kok = f.

Proof. To be done 0

6.2.10. the cokernel of an irreducible mono and the kernel of an irreducible epi are
indecomposable

6.2.11. the maps to the new indecomposables are not irreducible!

6.2.12. Proposition. The duality D : ymod — mod 4 preserves irreducibility of morphisms.

Proof. Indeed, a morphism f : M — N in 4mod is a section or a retraction exactly
when D(f) : D(N) — D(M) is a retraction or a section, respectively, so the result
follows at once, using the contravariance of D. O

6.2.13. Proposition. Let e be a primitive idempotent in A and let S = Ae/ rad Ae.
(i) If S is not projective, the inclusion map i : rad Ae — Ae is irreducible.

(if) If S is not injective and j : S — I is an injective envelope for S, then j is irreducible.
Proof. (i) If i were a retracton, it would be surjective and therefore an isomorphism: this
is impossible as then we would have Ae = rad Ae. On the other hand, if i were a section,
then rad Ae would be a direct summand of Ae, and this is oly possible if rad Ae = 0. In
that is case, we have S = Ae and S is projective, contradicting the hypothesis.

Suppose now that Z in a module, that ¢ : M — Ae and h : rad Ae =+ M are
morphisms and gh = i. If g is surjective, then as Ae is projective there exists a
morphism u : Ae — M such that gu = id 4.: this means that g is a retraction. If instead
g is not surjctive, then its image is contained in rad Ae, as this is the unique maximal
submodule of Ae, and then gh = id,,q 4., S0 that /1 is a section.

(ii) corresponds to (i) under the duality D. O
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CHAPTER A

Homological algebra

§1.1. The first extension group

1.1.1. Let us fix an algebra A throughout this section.

1.1.2. If M is a module and f : P — M is a surjective morphism with P projec-
tive, we let Ky = ker f and write iy : Ky — P the inclusion map. For every mod-
ule N, we have an induced map i} : hom,(P,N) — homy(Ks,N) and we may

then consider the vector space Exty (M, N) § = coker ijﬁ and the canonical projection

qr : homs (K¢, N) — Extly (M, N)¢. We have an exact sequence

0 — homa(M,N) L5 homu(P,N) -5 homa(Ky, N) -2 Exth(M,N); — 0

1.1.3. Proposition. Let ¢ : M — M’ be a morphism and let f : P — M and f': P — M’ be
two surjective morphisms of modules with projective domains.
(i) The set F(f, f'; ) of morphisms h : P — P’ such that the diagram

PLM

hl,ll/’

pr— M

commutes is not empty. If h € H(f, f'; ), then we have h(K¢) C Ky, so that there
exists a unique morphism s, (h) : K¢ — Kgp such that ipxs g (h) = hig.
(i1) There exists a unique morphism of vector spaces

Exty(y, N)s ot Exty (M, N)p — Exty (M, N)s

such that the diagram

Sk

Iy qer
homa(P',N) —— homa(K,N) —— Exty(M/,N)p —— 0

hl Kf,f/(h)*l lExt}q(tp,N)f'f/
homa(P,N) —— hom4(K;, N) —Z— Ext!y(M,N); — 0
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commuttes and the map Extly (¢, N) 7,f does not depend on the choice of h in (f, f'; ).
(i) If ' - M — M" is another morphism and " : P — M another surjective morphism
with projective domain, we have

Exty (¢, N) s p 0 Exta (¢, N) g g = Exty (¢ o ¢, N) g . (29)

(iv) The linear map
Extly (idm, N) 7 s : Extly (M, N)s — Extly(M, N);

is the identity of Exty (M, N) I3
Proof. The set S (f, f';¢) is not empty because f’ is surjective and the module P pro-
jective. If h € JZ(f, f';¢), then f'h(K¢) = ¢f(Ks) = 0, so that h(Kf) C K¢ and there is
therefore a unique morphism ¢ ¢ (h) : Kf — Kp such that ipxy ¢ (h) = xg ¢ (h)if. This
proves (i) and it follows from it that there is a commutative diagram with exact rows of
the form

i*

hom4(P’, N) -, hom 4

h*l Kf,f’(h)* i
) .
K, N) —— Exty(M,N); —— 0

Kf/,N) L Eth(M’,N)f/ — 0

—

(30)

=

1
homa(P,N) —— homy

—

and this implies that there is a morphism 7 : Exty (M, N) = Ext'(M,N) £ which
completes the diagram preserving its commutativity.
If we have two elements h, k € J2(f, f'; ), then

fh=k) = fh=fk=pf —pf =0,

so that the image of 1 — k is contained in K¢ and there is a morphism s : P — Ky such
that ips = h — k. Then

if/Sif = hlf — klf = if'Kf,f/(h) — if’Kf,f’(k) = lf’(Kf,f/(h) — Kf,f’(k))

and, since iz is injective, we see that siy =« ¢ (h) — k¢ ¢ (k). If now ¢ € hom4(Ks, N),
then

K50 (B) (@) — x50 (k)" (P) = Prcs o (h) — Py pr (k) = ¢psip = i¢(¢ps)

and this implies that the linear maps 7 and k are equal. We put Ext} (p, N) 7,50 = h; our
argument shows that this is independent of the choice of I in J2(f, f'; ).
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Let us consider a second morphism ¢’ : M' — M" and a third surjective morphism
f": P" — M" with P" projective and let I € JZ(f', f”;¢'), so that the diagram

) qgn
hom,(P",N) —— hom (K¢, N) L, Exti‘(M”,N)f// — 0
l*l ‘ Kfl/f”(l)*J( LEth(l[)/,N)f//f// (31)

i*, /
hom(P/,N) —— hom4 (K¢, N) LN Extz(M/,N)f/ — 0

is commutative. We have ignicpr g (1)xs,p(h) = lhig, so that kg g (Ih) = xp e ()xcs, e (h).
As 1*I* = (Ih)* and &g ¢ (h)*xp g (1)* = (i pn (1)K p(h))*, the commutativity of the
diagrams (30) and (31) implies that the diagram

Z.).k// "
hom4(P",N) —— hom (K¢, N) I, Exti‘(M”,N)f// — 0

(lh)*l Kf/f//(lh)*l i Exty ($,N) ;1 oExta (¢/,N) 1 e
hom4 (P, N) AN hom 4 (K¢, N) v, Ext} (M, N)f —— 0
is also commutative. As Ih € J2(f, f; ¢’ o ¢), this tells us, in view of what we have
already proved, that the equality (29) holds.
To prove the remaining statement (iv) we need only observe that idp € J2(f, f;idm),
that Kf,f(idM) = idKf, and that the diagram

it

hom,4 (P, N) -1, hom 4 (K¢, N) v, Extfq(M,N)f — 0

~

! .
ld}(yl Kff (idp)* } ldExt}q (M,N)f

1

homy (P, N) SN hom 4 (K¢, N) v, Ext}q(M,N)f — 0

is commutative. OJ

1.1.4. A first consequence of Proposition 1.1.3 is the following result that means that
Extl (M, N) 7 is in a sense independent of f:

Corollary. Let M be a module and let f : P — M and f' : P’ — M be two surjective
morphisms with projective domains. For every module N the linear map

Exty (idm, N) ¢ 1 Exty (M, N) s — Exty (M, N)¢

is an isomorphism.

It is an important and remarkable fact that this isomorphism is canonical.

Proof. Indeed, according to parts (iii) and (iv) of Proposition 1.1.3 we have
EXt}L\(idM, N)f,f’ o EXt}L\ (idM, N)f’,f = EXt}L\ (idM, N)f,f = idExt}L‘(M,N)f
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and, similarly,
Exty (idu, N) g s 0 Exty (idm, N) g = idg g1 (M)

The maps Ext)y (idy, N) p.fand Ext} (idy, N) 7,f are therefore mutually inverse. [
1.1.5. Let M be a module, ¢ : N — N’ a morphism and f : P — M a surjective

morphism with projective domain. The solid arrows in the diagram
hom (P, N) —/— hom(K;, N) —— Ext}(M,N); — 0
s l@ iExt%(MxP) f
hom (P, N') —— hom 4 (Ks, N') —— Ext}(M,N'); — 0
commute and the rows are exact, so there is exactly one linear map
Exty (M, ¢)s : Exty(M,N); — Extly(M,N');

which completes the diagram preserving the commutativity.

1.1.6. Proposition. Let M be a module and let f : P — M be a surjective morphism of modules
with P projective.
(i) If N is a module, then we have

Exty (M, idn) s = idg g1 ), * EXta (M, N) — Ext' (M, N)y.
(@) If¢ : N — N'and ¢' : N' — N" are morphisms of modules, then
Exty (M, ¢') s o Exty (M, ) = Exty(M, ¢ o ¢)s.

(@) If p : M — M’ is a morphism and f' : P' — M’ is another surjective morphism with
projective domain and ¢ : N — N’ is a morphism of modules, then the diagram

ExtA(M 4)) ,
EXtA(M N)f/ —> EXtA(M )f/
EXtA(l[J,N)ff/l lEXtA(l[),N )f,f’
Ext)y (M,¢)

Ext} (M, N)¢ A, Ext} (M, N')p

commutes.
Proof. To prove (i) we need only observe that the diagram

homa(P,N) —'— hom (K, N) —— Extl(M,N); — 0

J(idN)* l(idN)* | 1dExt1 (MN)f

<+

Z'*
hom(P,N) —'— hom (K, N) — Extl(M,N); — 0
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commutes. Similarly, the claim of (ii) follows at once from the commutativity of

hom4(P,N) T hom (K¢, N) AN Extfq(M,N)f — 0

l@’fp)* l«p%p)* \LEXt}a(Mr‘P/)fOEXt}«(M/Wf

l‘*
hom4(P,N") — hom 4 (K¢, N") SN Exti,(M,N”)f — 0

To be done O

1.1.7. Proposition. Let M and N be a modules and let f : P — M and f' : P — M be
surjective morphisms with projective domains.
(i) There is a right End 4(M)-module structure on Exty (M, N) £ with action such that

G- = Exta(y,N)ss(0)
for all & € Extly(M, N)¢and all € Enda(M). The linear map
Extly (idm, N) g 1 Exty (M, N)p — Ext' (M, N);

is an isomorphism of right End 4 (M)-modules.
(ii) There is a left End 4 (N)-module structure on Exty (M, N) £ with action given by

¢ & = Exty(M,9)f(2)
forall ¢ € Ends(N) and all ¢ € Exty (M, N)¢. The linear map
Exty (idm, N) g, 1 Exty (M, N) s — Exty (M, N)¢

is an isomorphism of End 4 (N)-modules.

Proof. REWRITE The action of End 4 (M) described in (i) is linear because the map Ext} (1, N) £f
is linear for all ¥y € End4(M). The associativity and unitality of this action, on the
other hand, follow immediately from parts (iii) and (iv) of Proposition 1.1.3.

Similarly, to show that the map Ext}, (idas, N) 7, of (ii) is an isomorphism of right
End4(M)-modules we have to show that it is bijective, and this is the content of
Corollary 1.1.4, and that for all ¢ € End4 (M) we have

EXti‘(l/), M)f,f o Eth(idM, N)f,f’ = EXti‘(idM, N)f,f’ o EXt}q(lIJ, N)f’,f"

This follows at once from part (iii) of Proposition 1.1.3. ]

Proof. That the action of End4 (N) on Ext) (M, N) £ defined in (i) is unital and associa-
tive precisely is precisely the content of (i) and (ii) of Proposition 1.1.6. Since it is clearly
linear, it does therefore define a module structure.

(ii) To be done O
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1.1.8. Proposition. If M and N are modules and f : P — M is a surjective morphism with
projective domain, then the left End 4 (N)-module structure and the right End o (M)-module

structure on Extz(M, N)¢ constructed in Proposition 1.1.7 turn this vector space into an
(End4(N), End 4 (M))-bimodule.

Proof. To be done O

§1.2. Extensions
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