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Título: Convexidad Geodésia, Espaios Simétrios y Operadores deHilbert-ShmidtResumen: En un onjunto de operadores inversibles y positivos (onretamente en elgrupo de operadores Hilbert-Shmidt on unidad adjunta) se introdue una estruturaRiemanniana natural que onvierte este espaio en una variedad simétria de urvaturaseional no positiva. Este espaio puede desribirse omo un oiente mediante laaión de automor�smos interiores. Estudiamos las subvariedades Riemannianas geo-désiamente onvexas, que resultan ser araterizables por una propiedad algebraia desu tangente; en partiular estudiamos el grupo de isometrías de estas subvariedades.Mostramos ómo ualquier espaio simétrio del tipo no ompato puede ser isométria-mente identi�ado on una de estas subvariedades menionadas. Para ualquier subvar-iedad onvexa y errada, onstruimos una proyeión ortogonal que permite fatorizarualquier operador de la variedad mediante un fator en la subvariedad y un fatorortogonal a la misma. Esta fatorizaión es únia (y depende analítiamente de losparámetros). Inluimos una seión dediada al estudio de la geometría de las órbitasunitarias de un operador �jo, donde alulamos las geodésias de estas órbitas para lasdistintas métrias que pueden introduirse.2000 Mathematis Subjet Classi�ation. Primary 58B20, 58B25; Seondary 22E65, 53C35Palabras lave: operador de Hilbert-Shmidt, operador positivo, geodésia, onvexi-dad, fatorizaión, espaio simétrio, grupo unitario, espaio homogéneo
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Title: Geodesi Convexity, Symmetri Spaes and Hilbert-ShmidtOperatorsAbstrat: A natural Riemannian struture is given to the set of positive invertible(unitized) Hilbert-Shmidt operators; this metri makes this set a nonpositively urved,in�nite dimensional Hilbert manifold. We give an intrinsi (algebrai) haraterization ofsuh submanifolds, and we study their group of isometries. We show that any symmetrispae of the nonompat type an be isometrially embedded in this manifold. Forany onvex, losed submanifold we onstrut an orthogonal projetion by means of theRiemannian exponential, a projetion whih provides a unique fatorization for anyoperator in the manifold; the fators being an operator in the submanifold and theexponential of an operator orthogonal to the submanifold. We inlude a �nal setiondevoted to the study of the unitary orbits of a �xed operator and the diverse geometriesthat arise from endowing this orbit with di�erent Riemannian metris.2000 Mathematis Subjet Classi�ation. Primary 58B20, 58B25; Seondary 22E65, 53C35Keywords and phrases: Hilbert-Shmidt lass, positive operator, geodesi, onvexity,fatorization, symmetri spae, unitary group, homogeneous spae
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IntroduiónUna variedad de Hadamard es una variedad difereniable, Riemanniana, onexa,simplemente onexa y de urvatura seional no positiva. Desde el punto devista topológio, es un objeto extremadamente simple.Sin embargo, [Eb96℄ para ualquier variedad M de urvatura no positiva, losgrupos de homotopía πk(M), k ≥ 2 son nulos, y M puede ser expresada omoun oiente de una variedad de Hadamard (el revestimiento universal de M) porun grupo de isometrias del revestimiento (el grupo de isometrias en uestión esisomorfo a π1(M)).La geometría de los espaios de urvatura no positiva es iertamente ria ytiene apliaiones en muhas otras ramas de la matemátia, omo las funionesarmónias ([Cor92℄, [GS92℄, [KS93℄, [MSY93℄), las variedades de dimensión 3y los grupos de Klein ([MS84℄, [Gab92℄, [Can93℄, [CJ94℄, [Min94℄, [MM96℄,[Otal96℄, [Gab97℄, [Otal98℄, [Min99℄, [Kap01℄, [GMT03℄), teoría de rango y rigidez([Ball85℄, [BBE85℄, [BBS85℄, [BS97℄, [EH90℄, [BB95℄, [Lee97℄), topología de al-i



tas dimensiones ([FH81℄, [FJ93℄ and [CGM90℄), grupos hiperbólios y geometríauasi-onforme ([Gro87℄, [Pan89℄, [BM91℄, [RS94℄, [Sela95℄, [Bow98a℄, [Bow98b℄,[BP99℄, [BP00℄, [HK98℄), teoría de grupos geométria y ombinatoria ([Gro87℄,[DJ91℄, [Sh95℄, [CD95℄, [BM97℄, [KL97a℄, [KL97b℄, [Esk98℄) y dinámia ([Cro90℄,[Otal90℄, [BCS95℄, [BFK98℄).Los tratados lásios [Hel62℄ de Sigurdur Helgason y [BGS85℄ de Wallman et al.,la introduión a la geometría de los espaios de tipo no ompato de PatrikEberlein [Eb96℄, o el artíulo de difusión por el mismo autor [Eb89℄ ontienenmuhos (sino todos) los resultados relevantes onernientes a la geometría deespaios de urvatura no positiva, omo la Ley de Cosenos, proyeiones ortogo-nales, onvexidad de la funión distania, la onstruión del espaio de fronteray los teoremas sobre rigidez y rango.Conentrémonos brevemente en seis resultados que son válidos [Hel62℄ en ualquiervariedad de Hadamard M de dimensión �nita:1. La funión exponenial Expp : TpM → M es un difeomor�smo para adapunto p ∈ M.2. Para ada par de puntos p,q ∈ M existe una únia geodésia minimizantenormal (i.e. de veloidad unitaria) que une p on q.3. Para ualquier triángulo geodésio en M (uyos lados son las geodésias delongitudes a, b y c) se tiene la Ley de Cosenos Hiperbólia, que die:
c2 ≥ a2 +b2 −2abos(θ), donde θ es el ángulo opuesto a c4. La suma de los ángulos internos de ualquier triángulo geodésio es a losumo π.5. Para ualquier par de geodésias α, β en M, la funión

f(t) = dist(α(t),β(t))es una funión real onvexa. ii



6. Supongamos que C es un onjunto onvexo errado de M. Entones paraada p ∈ M existe un únio punto ΠC(p) ∈ C tal quedist(p,ΠC(p)) ≤ dist(p,q) para ualquier q ∈ CEn el ontexto Riemanniano, el punto ΠC(p) se denomina pie de la per-pendiular de C a p.Las noiones de ompletitud omo espaio métrio y de ompletitud en el sentidogeodésio están íntimamente ligadas por el teorema de Hopf-Rinow. Como esteteorema es falso en dimensión in�nita [Atkin75℄ [Atkin97℄, la ompaidad de losentornos de M paree ser relevante para que los resultados menionados másarriba sean iertos. Sin embargo, esto no es así ya que todos estos resultados sonválidos en el ontexto de los espaios de urvatura no positiva (que son espaiosmétrios donde alguna desigualdad de omparaión de triángulos es válida). Enpartiular, la prueba de la existenia de un únio punto que realie la distania aun onjunto onvexo errado (sin suponer la ompaidad de los entornos) puedeenontrarse en [Jost97℄.Nosotros vamos a ir en una direión distinta, y lo que haremos será extenderestos resultados a una variedad difereniable Σ∞ que es loalmente isomorfa aun espaio de Hilbert de dimensión in�nita (en realidad, a la parte real de unaierta álgebra de Banah B ). La variedad Σ∞ es simplemente onexa, ompletaen el sentido geodésio (y en el métrio), y tiene urvatura seional no positiva:es más, Σ∞ = GL+(B ) resulta ser un espaio simétrio en el sentido usual (Rie-manniano) de la palabra. Todas las herramientas de la geometría Riemannianaestarán a mano y podremos explorar relaiones entre el álgebra de Banah y lageometría de la variedad.Por ejemplo, probaremos que la únia geodésia minimizante que realiza la dis-tania entre un punto y un onjunto onvexo y errado debe ser ortogonal alonjunto, obteniendo de esta manera un teorema de fatorizaión para operado-res, on muhas apliaiones inmediatas.El primer resultado de la lista será obvio a partir de la de�niión de Σ∞; paraprobar los otros ino, vamos a tener que revisar y poner en ontexto algunosiii



resultados de la literatura existente sobre geometría en espaios de operadores.El espaio Σ∞ es simétrio y tiene urvatura no positiva, y es universal en estaategoría, en el sentido siguiente: ualquier espaio simétrio y de urvatura nopositiva puede identi�arse isométriamente on alguna subvariedad errada yonvexa de Σ∞.Aunque no vamos a haer uso de ella en este manusrito, haemos notar al letorque la teoría de lasi�aión de L∗-álgebras (ver [Sh60℄ [Sh61℄ por J.R. Shue,[CGM90℄ por Mira, Martin and González, o [Neh93℄ por E. Neher) provee unambiente más abstrato (más general si se quiere) de trabajo para esta variedady sus subvariedades: la parte real de ualquier L∗-álgebra puede ser naturalmenteidenti�ada on una subvariedad errada y onvexa de Σ∞.A lo largo de este manusrito, vamos a usar Expp para denotar la exponenialRiemannian de nuestra variedad en el punto p, y usaremos asimismo exp en vezde Exp1, que es la exponenial usual de operadores.Comentamos brevemente la organizaión y los resultados más relevantes de estemanusrito. Los resultados previos están menionados omo tales y los resultadosnuevos son los indiados a ontinuaión omo Teorema 1, Teorema 2, . . . hastael Teorema 14:En la seión II, introduimos la notaión y los preliminares neesarios para laonstruión de una variedad de Hilbert de dimensión in�nita que resulta serompleta, simplemente onexa y tiene urvatura seional no positiva.El espaio ambiente para asi todos los álulos es el espaio de Banah onproduto interno dado por la traza HR = {λ+a}, donde λ es un número real y aes un operador autoadjunto Hilbert-Shmidt que atúa en un espaio de Hilbertseparable H. Como onjunto, Σ∞ := exp(HR). Como la exponenial es analítiaes fáil ver que Σ∞ es abierto en HR (Proposiión II.3).La métria que introduimos en Σ∞ (II.4) es similar a la métria que hae de lasmatries inversibles y positivas un espaio simétrio:
〈X,Y〉

p
=
〈

Yp−1,p−1X
〉

2
para p ∈ Σ∞ y X,Y ∈ HR,donde < α+a,β+b >2= αβ+2tr(b∗a). Con esta métria la variedad Σ∞ tieneiv



una derivada ovariante (II.5) dada por
∇XY = X(Y)−

1

2

(

Xp−1Y +Yp−1X
)donde X(Y) denota derivaión del ampo Y en la direión de X (derivaión hehaen el espaio lineal HR); la urvatura seional (4) está dada por la fórmula

Rp(X,Y)Z = −
1

4
p
[[

p−1X,p−1Y
]

,p−1Z
]donde [x,y] = xy−yx denota el onmutador usual de operadores en L(H)En (IV.9) probamos existenia y uniidad de urvas minimizantes:Teorema 1 Pongamos ‖X‖p = ‖p−1

2 Xp−1
2‖2 y L(α) =

∫1
0 ‖α(t)‖ 
α(t) dt. Sidist(p,q) = inf {L(α) : α ⊂ Σ∞, αessuave, α(0) = p,α(1) = q}entones la urva γpq(t) = p
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2 es el amino mas orto en

Σ∞ que une p on q; es mas,dist(p,q) = L(γpq) = ‖ ln(p
1
2 q−1p

1
2 )‖2 ≡ ‖ 
γpq(t)‖γpq(t)Probamos (III.5) que los ampos de Jaobi a lo largo de geodésias γ son onvexos(en el sentido siguiente: t 7→ ‖J(t)‖γ(t) = 〈J(t), J(t)〉γ(t) es una funión onvexa),y omo un orolario (III.6), obtenemosTeorema 2 La funión real t 7→ dist(γ(t),δ(t)) es onvexa para ualquierpar de geodésias γ,δ ∈ Σ∞.Como onoemos la expresión de las geodésias, onoemos la expresión para laexponenial Riemanniana Expp : TpΣ∞ → Σ∞, que está dada porExpp(v) = p

1
2 exp(p−1

2 vp−1
2

)

p
1
2 = pep−1vEsta funión es un Cω-difeomor�smo (analítio) sobreyetivo para ada p (IV.6),y lo mismo se aplia para la restriión de Expp al �brado tangente de ualquiersubvariedad errada y geodésiamente onvexa M ⊂ Σ∞.v



También probamos (IV.11) que la suma de los ángulos internos de ualquiertriángulo geodésio en Σ∞ es menor o igual que π (que es una ondiión de nopositividad para la urvatura seional); probamos explíitamente que la ur-vatura seional es no positiva en la Proposiión III.3.Como un orolario de todas estas desigualdades, obtenemosTeorema 3 La variedad Σ∞ on la distania geodésia es un espaio métrioompletoEn la seión V, reordamos algunas de�niiones y una serie de resultados sobreonjuntos errados y geodésiamente onvexos, que son la ategoría de subva-riedades para los uales el teorema de proyeión (Teorema 5) se aplia. Enpartiular, se tiene el siguiente resultado:Resultado Supongamos que m es un subespaio errado del tangente talque
[X, [X,Y]] ∈ m siempre que X,Y ∈ mEntones M = exp(m) ⊂ Σ∞ on la métria induida es una subvariedaderrada y geodésiamente onvexa.Este resultado se debe prinipalmente a Mostow [Mos55℄ (aunque Pierre de laHarpe sugiere que su demostraión se extiende trivialmente a operadores Hilbert-Shmidt en [Har72℄). Es debido a este resultado (que por otra parte araterizatodas las subvariedades que pasan por 1 on esta propiedad de onvexidad)que uno está en ondiiones de a�rmar que estos onjuntos onvexos existen enabundania (ver el Corolario V.11).En partiular, ualquier subálgebra (errada) de los operadores Hilbert-Shmidtda lugar a un ejemplo de subvariedad onvexa. Otros ejemplos se obtienen on-siderando el onjunto de operadores que atúan en un subespaio determinado de

H. En la seión V.2.1 damos una lista extensa (pero por supuesto no ompleta)de onjuntos onvexos.En la seión V.3 adoptamos el punto de vista de Élie Cartan, y estudiamoslas subvariedades onvexas de M omo espaios simétrios homogéneos para laaión de un grupo de operadores inversibles GM. Este grupo es el grupo de Lievi



más pequeño que ontiene a M (dentro del grupo de los operadores inversiblesde la forma λ+a on a Hilbert-Shmidt y λ un esalar). El resultado prinipalde esta seión es el Teorema IV de más abajo (V.29). A lo largo de todo elmanusrito, usamos GL(B ) para denotar el grupo de elementos inversibles de unálgebra de Banah B ; asimismo esribimos U (B ) para denotar el gupor de ele-mentos unitarios. La notaión I0(M) se utilizará para referirnos a la omponentearoonexa de la identidad del grupo de isometrías de M.Teorema 4 Si M = exp(m) es onvexa y errada, y GM ⊂ GL(HC) es elsubgrupo de Lie on álgebra de Lie gM = m⊕ [m,m], entones(a) P(GM) = M, on lo ual M es un espaio homogéneo para GM.(b) Para ada g =| g | ug (su desomposiión polar de Cauhy) en GM, setiene | g |=
√

gg∗ ∈ M ⊂ GM, y además ug ∈ K ⊂ GM donde K es el sub-grupo de Lie de isotropía K = {g∈GM : gg∗ = 1} on álgebra de Lie k =

[m,m]. En partiular, GM tiene una desomposiión polar
GM ≃ M×K = P(GM)×U(GM)() M = P(GM) ≃ GM/K(d) M tiene urvatura seional no positiva.(e) Para g ∈ GM, onsideremos Ig(r) = grg∗. Entones I : GM → I0(M).(f) Tomemos p,q ∈ M, y de�namos g = p

1
2 (p−1

2 qp−1
2 )

1
2 p−1

2 ∈ GM. En-tones Ig es una isometría en I0(M) que mapea p en q, es deir GMatúa transitivamente e isométriamente en M.En la seión VI enuniamos y demostramos el teorema prinipal sobre existeniay uniidad de la geodésia minimizante entre un punto y un onvexo (VI.9):Teorema 5 Sea M una subvariedad errada y geodésiamente onvexa de
Σ∞ . Entones para ada punto p ∈ Σ∞, existe una únia geodésia normal
γp que une p on M tal que

Long(γ) = dist(p,M)vii



Es más, esta geodésia es ortogonal a M, y si ΠM : Σ∞ → M es la funiónque asigna a p el otro extremo de γp en M, entones ΠM es una funiónontrativa para la distania geodésia.Como un orolario direto (VI.13), obtenemos una desomposiión polar paraelementos inversibles relativa a una subvariedad onvexa dada. Esta desom-posiión se asemeja fuertemente a la desomposiión de Iwasawa (ver [Hel62℄)para grupos de Lie:Teorema 6 Supongamos que M = exp(m) ⊂ Σ∞ es una subvariedad erraday onvexa. Entones para todo g ∈ GL(HC) existe una fatorizaión úniade la forma
g = pevu, donde p ∈ M,v ∈ m⊥,u ∈ U (HC) es un operador unitario.La funión g 7→ (p,ev,u) es una biyeión analítia que da un isomor�smo

GL(HC) ≃ M× exp(m⊥)×U (HC)La seión VII trata algunas apliaiones del teorema de fatorizaión. Cuandoéste se aplia a la variedad de operadores diagonales (VII.2), se obtiene unadesomposiión de los operadores positivos omo un produto de un operadordiagonal positivo y la exponenial de un operador autoadjunto odiagonal:Teorema 7 Tomemos un operador A (Hilbert-Shmidt y autoadjunto) talque 1+ A > 0. Entones existen: un operador D estritamente positivo ydiagonal (perturbaión de un múltiplo de la identidad por un operador deHilbert-Shmidt) y un operador autoadjunto Hilbert-Shmidt V (de diagonalnula) tales que vale la siguiente fatorizaión:
1+A = D eVDEs más, D y V son los únios on las propiedades menionadas que haenválida esta fatorizaión, y la funión que asigna 1+A 7→ (D,V) es analítiareal. viii



Una apliaión direta (VII.4) de este último teorema nos da una demostra-ión alternativa de una ya onoida fatorizaión para matries (Teorema 3 delartíulo [Mos55℄ por G.D. Mostow, ver también el Teorema 1 del artíulo [CPR91℄por G. Corah, H. Porta y L. Reht)Resultado Tomemos una matriz positiva e inversible A ∈ M+
n. Entonesexisten únias matries D,V ∈ Mn tales que D es diagonal y estritamentepositiva, V es autoadjunta y tiene diagonal nula, y vale la siguiente fórmula:

A = D eVDLas funiones A 7→ D y A 7→ V son analítias reales.Un orolario partiularmente agradable (VII.3) de los Teoremas 6 y 7 es el sigu-iente. Esta desomposiión es omparable a la desomposiión de Iwasawa paragrupos de Lie de dimensión �nita, ver [Hel62℄:Teorema 8 Para todo g ∈ GL(HC), existe una únia fatorizaión
g = dewu,donde d es un operador diagonal, positivo e inversible de HC, w es unoperador autodjunto on diagonal nula de HC, y u es un operador unitariode HC.En la seión VIII disutimos una foliaión de odimensión uno del espaio to-tal dada por hojas erradas y totalmente geodésias. El espaio tangente deada hoja es el onjunto de todos los operadores Hilbert-Shmidt autoadjuntos(onjunto que de aquí en más abreviaremos HSh). Las hojas también resultanparalelas en el sentido siguiente: la distania entre dos hojas es onstante y estádada por la longitud de ualquier geodésia que sea simultáneamente ortogonala ambas (VIII.4).Probamos que la urvatura seional es trivial para 2-planos vertiales on res-peto a la foliaión (Proposiión VIII.5), y también (VIII.6) que Σ∞ es isométriaal produto direto de dos subvariedades ompletas y totalmente geodésias:ix



Σ1 = exp(HSh) y Λ (la subvarieda de esalares positivos). Es deir, hay unisomor�smo Riemanniano
Σ∞ ≃ Σ1×ΛLa hoja Σ1 ontiene a la identidad, y su espaio tangente es el onjunto de opera-dores Hilbert-Shmidt autoadjuntos, así que toda vez que sea posible trabajamosdentro de Σ1 para evitar la manipulaión inneesaria de esalares.La versión intrínsea del teorema de fatorizaión toma una forma más simpleen Σ1; basándonos en resultados de la seión V, se lee:Teorema 9 Supongamos que m ⊂ HSh es un subespaio errado tal que

[x, [x,y]] ∈ m para todo x,y ∈ mEntones para ualquier a ∈ HSh existe una únia desomposiión de laforma ea = ex ev exdonde x ∈m, y v ∈HSh veri�a tr(vz) = 0 para todo z ∈m. El operador x esel únio minimizante en m de la apliaión
y 7→ tr

(ln2(ea/2e−yea/2)
)No podemos dejar de señalar que este resultado es un análogo en dimensiónin�nita de un teorema de G.D. Mostow para matries [Mos55℄.En la seión VIII.2, onstruimos una inlusión topológia del espaio M+

n dematries positivas e inversibles (de n×n) en Σ1 (esta inlusión también puedehallarse -aunque on otro formalismo- en [AV03℄). La inlusión resulta erraday geodésiamente onvexa; en (VIII.10) sólo onsideramos elementos p ∈ Σ1 ymostramos otra apliaión del teorema de fatorizaión:Teorema 10 Si identi�amos M+
n on el primer bloque de la representaiónmatriial de los operadores Hilbert-Shmidt (en ualquier base ortonormalpre�jada), entones para todo operador positivo e inversible eb (b es Hilbert-x



Shmidt y autoadjunto) existe una únia fatorizaión de la formaeb =

( eA 0

0 1

) exp{( e−A 0

0 1

)(

On×n Y∗

Y X

)}

En la seión IX, bosquejamos la demostraión de la inlusión de las variedadessimétrias del tipo no ompato en M+
n (este resultado se debe a Patrik Eberlein,ver [Eb85℄). Esta inlusión junto on la inlusión isométria de M+

n en Σ1(seión VIII.2) nos da el siguiente resultado:Teorema 11 Para ualquier variedad simétria M del tipo no ompatoexiste una inlusión de M en Σ1 que es un difeomor�smo entre M y unavariedad errada y geodésiamente onvexa de Σ1. Esta inlusión preservael tensor métrio en el siguiente sentido: el pull-bak en M del produtointerno de Σ1 resulta ser un múltiplo onstante y positivo del produtointerno de M, en ada omponente irreduible de de Rham. Identi�ando
M on su imagen, M fatoriza Σ∞ via la apliaión ontrativa ΠM.En la seión X, para un operador ea ∈ Σ1 �jo, onsideramos la aión del grupounitario de L(H) mediante la onjugaión g 7→ geag∗; también onsideramos laaión (mediante la misma onjugaión) del grupo de operadores unitarios queson perturbaiones esalares de operadores Hilbert-Shmidt. La órbita para losdos grupos no es neesariamente el mismo onjunto (Ejemplo X.5). Reordemosque utilizamos U (B ) para denotar el grupo de unitarios del álgebra de Banahinvolutiva B .Disutimos ondiiones neesarias y su�ientes para que la órbita Ω tenga unaestrutura analítia de subvariedad (aquí Ω denota la órbita para alguno de losdos grupos menionados). Una respuesta parial al problema está dada por elTeorema 12 (X.6) y el Teorema 13 (X.3), que a�rman:Teorema 12 Si la C∗-álgebra generada por a y 1 es de dimensión �nita, en-tones la órbita de ea para la aión del grupo de unitarios Hilbert-Shmidtadmite una estrutura analítia de subvariedad de Σ∞.xi



Teorema 13 La órbita de ea para la aión del grupo de unitarios de L(H)admite una estrutura analítia de subvariedad de Σ∞ si y sólo si la C∗-álgebra generada por a y por 1 es de dimensión �nita.Los resultados de la seión X.2 están vinulados on el estudio de las geodésiasde Ω para las diferentes métrias Riemannianas que este onjunto admite. Enla seión X.2.1 miramos la órbita omo subespaio del espaio Eulídeo de losoperadores Hilbert-Shmidt; mostramos que para ualquier h autoadjunto, laurva
γ(t) = eitheae−ithes una geodésia de Ω siempre que ea − 1 es un proyetor ortogonal y h esodiagonal en la representaión asoiada a este proyetor (X.11).También demostramos que, para ualquier ea, estas urvas son las geodésiasusuales de Σ1 sólo en el aso trivial, es deir, uando se reduen a un punto(esta es la Proposiión X.9); en partiular, uando la órbita es onsiderada omosubvariedad del espaio Eulídeo de los operadores Hilbert-Shmidt, se dedueque la misma no es geodésia en ninguno de sus puntos (en el aso en que ea −1es un proyetor).En la seión X.2.2 onsideramos la órbita de un operador ea omo subvariedadRiemanniana Ω⊂ Σ1; el resultado prinipal es el Teorema XII que enuniamos aontinuaión (X.14). A lo largo de este manusrito, usaremos [ , ] para denotarel onmutador usual de operadores. Estos resultados son válidos para la órbitapor la aión de ualquiera de los dos grupos U (L(H)) o U (HC), ya que las dosaiones induen la misma subvariedad de Σ1 uando ea−1 es un proyetor (estose demuestra en el Lema X.7):Teorema 14 Supongamos que ea = 1+A on A un proyetor ortogonal, y

Ω ⊂ Σ1 es la órbita unitaria de ea. Entones1. Ω es una subvariedad Riemannian de Σ12. TpΩ = {i[x,p] : x ∈ HSh} y TpΩ⊥ = {x ∈ HSh : [x,p] = 0}xii



3. La aión del grupo unitario es isométria en Ω, es deirdistΩ (upu∗,uqu∗) = distΩ (p,q)para ualquier operador unitario u ∈ L(H).4. Para ualquier v = i[x,p]∈ TpΩ, la exponenial de la variedad está dadapor ExpΩ
p (v) = eighg∗

pe−ighg∗donde p = geag∗ y h es la parte odiagonal de g∗xg (en la repre-sentaión matriial asoiada al proyetor A, ver la Proposiión X.11).En partiular, la exponenial está de�nida en todo el tangente de laórbita.5. Si p = geag∗, q = weaw∗, y h es un operador odiagonal, autoadjuntotal que w∗geih onmuta on ea, entones la urva
γ(t) = eitghg∗

pe−itghg∗es una geodésia de Ω ⊂ Σ1, que une p on q.6. Si tomamos h ∈ HSh, entones L(γ) =
√

2
2 ‖h‖

27. La exponenial ExpΩ
p : TpΩ → Ω es sobreyetiva.En la última seión onluimos el manusrito on algunas preguntas pendientesy omentarios.
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PreedentesEn su tesis dotoral de 1955, "In�nite Dimensional Manifolds and MorseTheory" [MA65℄, J. MAlpin estableió los fundamentos de la geometríaRiemanniana en dimensión in�nita. Entre otros resultados relevantes, probóque una variedad de Hilbert de urvatura seional no positiva tiene unaexponenial Riemanniana que es un isomor�smo entre el tangente y la va-riedad para ualquier punto p∈M. También probó que la exponenial tienediferenial expansiva en ualquier punto: este resultado está íntimamenteonetado on la onvexidad de los ampos de Jaobi y de la distania geo-désia, dos hehos que juegan un papel entral en las onstruiones de estemanusrito.La onvexidad de la distania geodésia y los ampos de Jaobi en var-iedades modeladas por álgebras de operadores es objeto de estudio en variostrabajos de G. Corah, H. Porta y L. Reht [CPR92℄, [CPR94℄. La onvex-idad de la distania en el ontexto de operadores aotados positivos puedepensarse omo una reinterpretaión de la lásia desigualdad de Segal paraoperadores en L(H): ‖ex+y‖ ≤ ‖ex/2eyex/2‖.Basándose en la onstruión lásia de una estrutura Riemanniana parael onjunto M+
n de matries positivas e inversibles (la primera publiaiónsobre el partiular paree ser el artíulo [Mos55℄ de G.D. Mostow), E. An-druhow y A. Varela muestran en un artíulo reiente [AV03℄ omo los ope-xv



radores Hilbert-Shmidt on el produto interno dado por la traza proveenun maro onveniente para la onstruión de una variedad Hilbertiana Σ∞que resulta ser una variedad de Hadamard en el sentido lásio (Riema-nniano). Este manusrito está basado en la menionada onstruión. Vertambien [Har72℄ por P. de la Harpe.El teorema de fatorizaión de este manusrito tiene preedentes obviosen la desomposiión polar de Cauhy para operadores, pero también abemenionar el artíulo [CPR91℄ por Corah et al. (ver también [Mos55℄).En un artíulo de H. Porta y L. Reht [PR94℄ se demuestra un resultadode desomposiión similar pero en el ontexto de C∗-álgebras y esperanzasondiionales.En [Eb85℄, Patrik Eberlein muestra omo ualquier espaio simétrio Mdel tipo no ompato puede ser inluido topológiamente en P(g) (los ope-radores positivos inversibles que atúan en el álgebra del Lie del grupo deisometrías de M). Esta inlusión da un onjunto errado y geodésiamenteonvexo, y resulta una isometría en el siguiente sentido: si g∗ es el pull-bakde la métria de P(g), entones g∗ es un múltiplo onstante de la métriade M en ada omponente irreduible de de Rham de M.La onexión entre el espetro de un operador, y la existenia de una estru-tura homogénea redutiva para la órbita del operador en uestión ha sidoobjeto de estudio a través de los años para diversos autores, inluyendoAndruhow, Dekard, Fialkow, Raeburn y Stojano� en [DF79℄, [AFHS90℄,[Rae77℄, [AS89℄, [AS91℄, [Fial79℄ and [AS94℄. En partiular, [DF79℄ pareeser el primer estudio sistemátio del tema.La geometría de los espaios homogéneos redutivos que apareen natu-ralmente en álgebras de Banah ha sido extensamente estudiada, y men-ionaremos sólo algunos artíulos: Corah, Porta y Reht estudian el espa-io de idempotentes en ([PR87a℄, [PR87b℄, [CPR93b℄, [CPR90b℄), el on-junto de operadores positivos inversibles es tratado en [CPR92℄, [CPR93a℄,[AV03℄, y el espaio de elementos relativamente regulares en [CPR90a℄.xvi



Banderas generalizadas (grassmanianas, et) son también estudiadas porAndruhow, Durán, Mata-Lorenzo, Reht, Stojano�, y Wilkins en [ARS92℄,[DMR00℄, [DMR04a℄, [DMR04b℄, [Wilk90℄. Las isometrías pariales se es-tudian en [AC04℄, la esfera de un módulo de Hilbert se trata en [ACS99℄,y los pesos en álgebras de von Neumann algebras han sido estudiados porAndruhow y Varela en [AV99℄.
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I Introdution
I.1 Hadamard manifoldsA Hadamard manifold is a Riemannian manifold whih is simply onneted, om-plete, and has nonpositive setional urvature. From the topologial viewpoint,it is a very simple objet.However, (see [Eb96℄) for any manifold M of nonpositive setional urvature,the higher homotopy groups (πk(M), k ≥ 2) vanish, and M an be expressed asa quotient spae of a Hadamard manifold (the universal overing of M) and asuitable dekgroup of isometries of the overing whih is isomorphi to π1(M).The geometry of nonpositevely urved spaes is indeed rih and has applia-tions in many other branhes of mathematis, suh as harmoni maps ([Cor92℄,[GS92℄, [KS93℄, [MSY93℄), 3-manifolds and Kleinian groups ([MS84℄, [Gab92℄, 1



I INTRODUCTION[Can93℄, [CJ94℄, [Min94℄, [MM96℄, [Otal96℄, [Gab97℄, [Otal98℄, [Min99℄, [Kap01℄,[GMT03℄), struture theory and rigidity ([Ball85℄, [BBE85℄, [BBS85℄, [BS97℄,[EH90℄, [BB95℄, [Lee97℄), high dimensional topology ([FH81℄, [FJ93℄, [CGM90℄),hyperboli groups and quasi onformal geometry ([Gro87℄, [Pan89℄, [BM91℄,[RS94℄, [Sela95℄, [Bow98a℄, [Bow98b℄, [BP99℄, [BP00℄ and [HK98℄), geometri andombinatorial group theory ([Gro87℄, [DJ91℄, [Sh95℄, [CD95℄, [BM97℄, [KL97a℄,[KL97b℄ and [Esk98℄) and dynamis ([Cro90℄, [Otal90℄, [BCS95℄, [BFK98℄).The lassial treatises [Hel62℄ by Sigurdur Helgason and [BGS85℄ by Wallmanet al., the introdution to the geometry of spaes of the nonompat type byPatrik Eberlein [Eb96℄, or the expository survey by the same author [Eb89℄ollet many of the relevant fats onerning the geometry of these objets, suhas the Law of Cosines, orthogonal projetions, onvexity of the distane funtion,the onstrution of the boundary spae, and rank rigidity theorems.Let's fous brie�y on six basi results whih are valid (see [Hel62℄) in anyHadamard manifold M of �nite dimension:1. The exponential map Expp : TpM → M is a di�eomorphism for eah p∈M.2. For eah pair p,q ∈ M there exists a unique normal (i.e. unit speed),minimizing geodesi from p to q.3. For any geodesi triangle in M whose sides are geodesis of length a, b and
c, we have the Hyperboli Law of Cosines, whih states:

c2 ≥ a2 +b2 −2abos(θ), where θ is the angle opposite to c4. The sum of the interior angles of any suh triangle is at most π.5. For any pair of geodesis α, β in M, the funtion
f(t) = dist(α(t),β(t))is a real onvex funtion.6. Let C be a onvex losed subset of M. Then for eah p ∈ M there exists aunique point ΠC(p) ∈ C suh thatdist(p,ΠC(p)) ≤ dist(p,q) for any q ∈ C2



I.1. Hadamard manifoldsIn the Riemannian ontext, the point ΠC(p) is alled the foot of the per-pendiular from p to C.The notions of ompleteness as metri spae and ompleteness in the geodesisense are intimately related by Hopf-Rinow's theorem. Sine this theorem is falsein in�nite dimensions (see [Atkin75℄, [Atkin97℄), ompatness of neighbourhoodsof M seems to be relevant for these results to hold true. However, statements
1 through 6 are known to be valid in the setting of nonpositively urved spaes(whih are metri spaes where some geodesi triangle omparison inequality isvalid). In partiular, the proof of existene of a unique distane-realizing point forany losed onvex set (without assuming loal ompatness of neighbourhoods)an be found in [Jost97℄.We will go in an alternate diretion, in order to extend these results to a manifold
Σ∞ whih is loally isomorphi to an in�nite dimensional Hilbert spae (in fat,the real part of a Banah algebra B ). The manifold Σ∞ is simply onneted,omplete, and has nonpositive setional urvature; moreover, Σ∞ = GL+(B ) is asymmetri spae in the usual Riemannian sense. All the tools of the Riemanniangeometry will be at hand, and we will be able to explore relationships betweenthe Banah algebra and the geometry of the manifold.For instane, we will prove that the unique minimizing geodesi that realiesdistane between a point and a onvex set must be orthogonal to that set, ob-taining in this way a deomposition theorem for operators, with many immediateappliations.The �rst result of the list will be apparent from the de�nition of Σ∞; to provethe seond, the third, the fourth and the �fth we will have to ollet some fatsfrom the existing literature of geometry on spaes of operators.The spae Σ∞ is symmetri and nonpositively urved, and universal in thisategory in the sense that every symmetri spae of the nonompat type an be(almost) isometrially embedded as a geodesially onvex, losed submanifold.Though we will not need it along this manusript, it should be noted that thegeneral lassi�ation theory of L∗-algebras (see [Sh60℄ and [Sh61℄ by J.R.Shue,[CGM90℄ by Mira, Martin and González, or [Neh93℄ by E. Neher) provides a gen- 3



I INTRODUCTIONeral abstrat framework for this manifold and its onvex submanifods: the realpart of any L∗-algebra an be naturally embedded as a onvex losed submanifoldof Σ∞.I.2 The main resultsA few words about notation: we will use greek haraters α,β,δ, . . . to denote realand omplex numbers, and apital haraters Σ,Λ,∆,Ω, . . . to denote manifolds.The �rst haraters of the alphabet a,b,c,d, · · · will be reserved for Hilbert-Shmidt operators and as usual, p,q,r,s, . . . will be used for points (in Σ∞);sometimes we will use apital letters A,B,C,D, . . . to stress the fat that thispoints are positive invertible operators in the unitized Banah algebra of Hilbert-Shmidt operators. The apital letters X,Y,Z,W,. . . will be used sometimes todenote selfadjoint operators (tangent vetors) in the mentioned Banah algebra.German haraters a,k,m,p, . . . will be used as ustomary in Lie group theory todenote Lie algebras (or to denote ertain subspaes of Lie algebras). Throughout,Expp will denote the exponential of the Riemannian manifold at the point p,and we will use exp instead of Exp1, whih is the usual exponential of operators.Now we outline the organization and main results of this work (previous resultsare mentioned as suh, and new results are Theorem 1, Theorem 2, . . . troughTheorem 14):In setion II, we introdue some notation and reall a few results we will needfor the onstrution of a Hilbert manifold of in�nite dimension Σ∞, whih isomplete, simply onneted and has nonpositive setional urvature.The ambient spae for most of the omputations is the Banah spae with traeinner produt HR = {λ+a}, where λ is a real number and a is a selfadjoint Hilbert-Shmidt operator ating on a separable Hilbert spaeH. As a set, Σ∞ := exp(HR).The exponential is an open mapping so Σ∞ is open in HR (Proposition II.3).The metri we introdue (II.4) resembles the metri of the positive invertiblematries when they are regarded as symmetri spae:
〈X,Y〉

p
=
〈

Yp−1,p−1X
〉

2
for p ∈ Σ∞ and X,Y ∈ HR,4



I.2. The main resultswhere < α+a,β+b >2= αβ+ tr(b∗a). With this metri the manifold Σ∞ hasovariant derivative (II.5) given by
∇XY = X(Y)−

1

2

(

Xp−1Y +Yp−1X
)where X(Y) denotes derivation of the vetor �eld Y in the diretion of X (per-formed in the ambient spae HR); the setional urvature (4) is given by

Rp(X,Y)Z = −
1

4
p
[[

p−1X,p−1Y
]

,p−1Z
]where [x,y] = xy−yx denotes the standard ommutator of operators in L(H)In Theorem I (IV.9) we prove that the unique geodesi for the onnetion in-trodued is given by an expliit formula whih involves only the starting andendpoints of the urve:Theorem 1 Set ‖X‖p = ‖p−1

2 Xp−1
2‖2, and L(α) =

∫1
0 ‖α(t)‖ 
α(t) dt. Ifdist(p,q) = inf {L(α) : α ⊂ Σ∞, α is smooth , α(0) = p,α(1) = q}then the urve γpq(t) = p

1
2

(

p−1
2 qp−1

2

)t
p

1
2 is the shortest path joining p to

q in Σ∞; moreover,dist(p,q) = L(γpq) = ‖ ln(p
1
2 q−1p

1
2 )‖2 ≡ ‖ 
γpq(t)‖γpq(t)We prove (III.5) that Jaobi �elds along geodesis γ are onvex (in the sensethat the real map t 7→ ‖J(t)‖γ(t) = 〈J(t), J(t)〉γ(t) is onvex), and as a orollary(III.6), we getTheorem 2 The real map t 7→ dist(γ(t),δ(t)) is onvex for any pair of geo-desis γ,δ ∈ Σ∞.Sine we know the formula for the geodesis, we also know that the Riemannianexponential Expp : TpΣ∞ → Σ∞ is given byExpp(v) = p

1
2 exp(p−1

2 vp−1
2

)

p
1
2 = pep−1v 5



I INTRODUCTIONThis map is a Cω di�eomorphism onto Σ∞ for eah p (IV.6), and the same istrue for the restrition of Expp to the tangent bundle of any geodesially onvex,losed submanifold M of Σ∞.A orollary for all these inequalities isTheorem 3 The manifold Σ∞ with the geodesi distane is a omplete met-ri spaeWe also prove (IV.11) that the sum of the inner angles of any geodesi triangle in
Σ∞ is less or equal than π, whih is nonpositive onstrain on setional urvature;we prove expliitly that setional urvature is nonpositive in Proposition III.3.In setion V, we reall some de�nitions and fats about losed, geodesially on-vex subsets, whih are the submanifolds where the projetion theorem (Theorem5) applies. In partiular, we have the following resultResult Assume m is a losed subspae suh that [X, [X,Y]] ∈ m whenever
X,Y ∈ m. Then M = exp(m) ⊂ Σ∞ with the indued metri is a losed, geo-desially onvex submanifold.This result is mainly due to Mostow [Mos55℄ (though Pierre de la Harpe skethesthe proof for Hilbert-Shmidt operators in [Har72℄), and it shows that there areplenty of this sets (see Corollary V.11).In partiular, any losed abelian subalgebra of Hilbert-Shmidt operators pro-vides an example of a onvex submanifold. Other examples are provided byoperators ating on �xed subspaes of H. In setion V.2.1 we give a list ofonvex sets; this list is exhaustive but by no means omplete.In setion V.3 we take Élie Cartan's viewpoint, and study onvex submanifolds
M as homogeneous symmetri spaes for the ation of a onvenient group GM.This group is the smaller Lie group -inside the invertible operators of the Banahalgebra- ontaining M. The main result is Theorem IV below (V.29). Through-out, GL(B ) stands for the group of invertible elements in the Banah algebra Band I0(M) for the onneted omponent of the identity of the group of isometriesof M :6



I.2. The main resultsTheorem 4 If M = exp(m) is onvex and losed, and GM ⊂ GL(HC) is theLie subgroup with Lie algebra gM = m⊕ [m,m], then(a) P(GM) = M, so M is a homogeneous spae for GM.(b) For any g =| g | ug (Cauhy polar deomposition) in GM, we have
| g |=

√
gg∗ ∈ M ⊂ GM, and also ug ∈ K ⊂ GM where K is the isotropyLie subgroup K = {g ∈GM : gg∗ = 1} with Lie algebra k = [m,m]. In par-tiular, GM has a polar deomposition

GM ≃ M×K = P(GM)×UGM() M = P(GM) ≃ GM/K.(d) M has nonpositive setional urvature.(e) For g ∈ GM, onsider Ig(r) = grg∗. Then I : GM → I0(M).(f) Take p,q ∈ M, and set g = p
1
2 (p−1

2 qp−1
2 )

1
2 p−1

2 ∈ GM. Then Ig is anisometry in I0(M) whih sends p to q, namely GM ats transitivelyand isometrially on M.In setion VI we state and prove the main result about uniqueness and existeneof the minimizing geodesi (VI.9):Theorem 5 Let M be a geodesially onvex, losed submanifold of Σ∞.Then for every point p ∈ Σ∞, there is a unique normal geodesi γp joining
p to M suh that L(γp) = dist(p,M).This geodesi is orthogonal to M, and if ΠM : Σ∞ → M is the map thatassigns to p the end-point of γp, then ΠM is a ontration for the geodesidistane.As a orollary (VI.13), we obtain a polar desomposition relative to any �xedonvex submanifold. This deomposition resembles the Iwasawa deompositionof (�nite dimensional) Lie groups, see [Hel62℄: 7



I INTRODUCTIONTheorem 6 Assume M = exp(m) ⊂ Σ∞ is a losed, onvex submanifold.Then for any g ∈ GL(HC) there exists a unique fatorization of the form
g = pevu, where p ∈ M,v ∈ m⊥,u ∈ U (HC) is a unitary operator.The map g 7→ (p,ev,u) is an analyti bijetion whih gives an isomorphism

GL(HC) ≃ M× exp(m⊥)×U (HC)Setion VII deals with a main appliation of the fatorization theorem. Whenapplied to the manifold of diagonal operators (VII.2), provides a deomposi-tion of positive operators as a produt of a diagonal positive operator and theexponential of a odiagonal, selfadjoint operator:Theorem 7 Take any selfadjoint Hilbert-Shmidt operator A suh that
1 + A > 0. Then there exist a diagonal, stritly positive Hilbert-Shmidtperturbation of the identity D and a selfadjoint Hilbert-Shmidt operator Vwith null diagonal suh that the following fatorization holds:

1+A = D eVDMoreover, D and V are unique and the map 1+A 7→ (D,V) is real analyti.A straightforward appliation (VII.4) of the last theorem is an alternative proofto an already known deomposition for matries (Theorem 3 of the paper [Mos55℄by G.D. Mostow, see also Theorem 1 of the paper [CPR91℄ by Corah, Porta andReht)Result Fix a positive invertible matrix A ∈ M+
n. Then there exist uniquematries D,V ∈ Mn, suh that D is diagonal and stritly positive, V issymmetri and with null diagonal, and the following formula holds

A = D eVDMoreover, the maps A 7→ D and A 7→ V are real analyti.A nie orollary (VII.3) of Theorems 6 and 7 is the following; this deompositionis lose to the Iwasawa deomposition [Hel62℄ of (�nite dimensional) Lie groups:8



I.2. The main resultsTheorem 8 For any g ∈ GL(HC), there is a unique fatorization
g = dewu,where d is a positive invertible diagonal operator of HC, w is a selfadjointoperator with null diagonal in HC and u is a unitary operator of HC.In setion VIII, we disuss a foliation of odimension one of the total spae bytotally geodesi, losed leaves. The tangent spae of eah leaf is the Banahspae of selfadjoint Hilbert-Shmidt operators (shortly, HSh). The leaves arealso parallel in the sense that geodesis that have minimal length among thosewhih join them are orhogonal to both of them (Proposition VIII.4).We prove that setional urvature is trivial along vertial 2-planes (PropositionVIII.5), and also (VIII.6) that Σ∞ is isometri to the diret produt of theomplete and totally geodesi submanifolds Σ1 = exp(HSh) and Λ (the positivesalars), i.e.

Σ∞ ≃ Σ1×ΛThe leaf Σ1 ontains the identity and its tangent spae is the set of selfadjointHilbert-Shmidt operators, so whenever it is possible, we work inside Σ1 to avoidthe manipulation of salars.The intrinsi version of the deomposition theorem takes a simpler form; basedupon the results of setion V, it reads:Theorem 9 Assume m ⊂ HSh is a losed subspae suh that
[x, [x,y]] ∈ m for any x,y ∈ mThen for any a ∈ HSh there is a unique deomposition of the formea = ex ev exwhere x∈m, and v∈HSh is suh that tr(vz) = 0 for any z∈m. The operator

x is the unique minimizer in m of the map
y 7→ tr

(ln2(ea/2e−yea/2)
) 9



I INTRODUCTIONThis is an in�nite dimensional analogue of a theorem of G.D. Mostow for matries[Mos55℄.In setion VIII.2, we embed the spae M+
n of positive invertible n×n matriesin Σ1 (this embedding an also be found in [AV03℄). This embedding is losedand geodesially onvex; in (VIII.10) we only onsider elements p∈ Σ1 and showanother appliation of the main theorem:Theorem 10 If we identify M+

n with the �rst blok of the matrix representa-tion of the Hilbert-Shmidt operators (in any �xed orthornomal basis), forany positive invertible operator eb (b is Hilbert-Shmidt and selfadjoint)there is a unique fatorization of the formeb =

( eA 0

0 1

) exp{( e−A 0

0 1

)(

On×n Y∗

Y X

)}In setion IX, we sketh the proof of the inlusion of symmetri manifolds ofthe nonompat type in M+
n (this result is due to P. Eberlein, see [Eb85℄). Thisresult together with the embedding of M+

n in Σ1 (see setion VIII.2) gives usTheorem 11 For any symmetri manifold M of the nonompat type thereis an embedding into Σ1 whih is a di�eomorphism betwen M and a losed,geodesially onvex submanifold of Σ1. This map preserves the metri ten-sor in the following sense: if we pull bak the inner produt of Σ1 to M,then this inner produt is a (positive) onstant multiple of the inner produtof M (on eah irreduible de Rham fator of M). Assuming we identify Mwith its image, M fatorizes Σ∞ via the ontrative map ΠM.In setion X, for �xed ea ∈Σ1, we onsider the ation of the full unitary group of
L(H) by means of the onjugation g 7→ geag∗, and also the ation of the unitariesthat are Hilbert-Shmidt perturbations of a salar multiple of the identity. Theorbit ating with either group is not neessarily the same set (Example X.5).Throughout, U (B ) stands for the unitary group of the involutive Banah algebra
B .10



I.2. The main resultsWe disuss whether the orbit Ω an be given an analyti struture of subman-ifold; this question is partially answered by Theorem 12 (X.6) and Theorem 13(X.3), whih state:Theorem 12 If the C∗-algebra generated by a and 1 is �nite dimensional,then the orbit of ea with the ation of the Hilbert-Shmidt unitaries an begiven an analyti submanifold struture.Theorem 13 The orbit of ea under the ation of the full unitary groupof L(H) an be given an analyti submanifold struture if and only if the
C∗-algebra generated by a and 1 is �nite dimensional.The results of setion X.2 are related to the study of the geodesis of the orbit
Ω, with di�erent Riemannian metris. In setion X.2.1 we immerse the orbitin the Eulidean spae of Hilbert-Shmidt operators and we give it the induedmetri: we show that for any selfadjoint h, the urve

γ(t) = eitheae−ithis a geodesi of the orbit whenever ea − 1 is an orthogonal projetor and h isodiagonal in the representation assoiated to ea −1. This is Proposition X.11.We also show that, for any ea, these urves are the usual geodesis of Σ1 onlyif they are onstant urves (this is Proposition X.9); in partiular, when theorbit is regarded as a submanifold of the Eulidean spae of Hilbert-Shmidtoperators, this submanifold is not geodesi in any of its points whenever ea −1is an orthogonal projetor.In setion X.2.2 we take a peak at the geodesis of the orbit of ea as a Riemanniansubmanifold Ω⊂ Σ1; the main result is Theorem XII below (X.14). Throughout
[ , ] stands for the usual ommutator of operators, and these results are validfor the ation of any of the groups U (L(H)) or U (HC) beause they indue thesame manifold in Σ1 (this is proved in Lemma X.7):Theorem 14 Assume ea = 1+A with A an orthogonal projetor, and Ω⊂Σ1is the unitary orbit of ea. Then1. Ω is a Riemannian submanifold of Σ1. 11



I INTRODUCTION2. TpΩ = {i[x,p] : x ∈ HSh} and TpΩ⊥ = {x ∈ HSh : [x,p] = 0}.3. The ation of the unitary group is isometri, namelydistΩ (upu∗,uqu∗) = distΩ (p,q)for any unitary operator u ∈ L(H).4. For any v = i[x,p] ∈ TpΩ, the exponential map is given byExpΩ
p (v) = eighg∗

pe−ighg∗where p = geag∗ and h is the odiagonal part of g∗xg (in the matrixrepresentation of Proposition X.11). In partiular, the exponentialmap is de�ned in the whole tangent spae.5. If p = geag∗, q = weaw∗, and h is a selfadjoint, odiagonal operatorsuh that w∗geih ommutes with ea, then the urve
γ(t) = eitghg∗

pe−itghg∗is a geodesi of Ω ⊂ Σ1, whih joins p to q.6. If we assume that h ∈ HSh, then L(γ) =
√

2
2 ‖h‖

27. The exponential map ExpΩ
p : TpΩ → Ω is surjetive.In the last setion we end the exposition with some open questions and remarks.

12



I.3. PreedentsI.3 PreedentsIn his 1955 PhD. Thesis "In�nite Dimensional Manifolds and Morse The-ory" [MA65℄, J. MAlpin set the foundations of the Riemannian geometryin in�nite dimensions. Among other relevant results, he proved that a non-positively urved Hilbert manifold M has a Riemannian exponential whihis an isomorphism for eah p ∈ M, and that this exponential has an ex-pansive di�erential at any point. This result is deeply onneted with theonvexity of the Jaobi �elds and the geodesi distane, two fats that laydeeply in the ore of this manusript.Convexity of Jaobi �elds and the geodesi distane (in manifolds mod-eled on L(H)) was studied by G. Corah, H. Porta and L. Reht [CPR92℄,[CPR94℄. In this ontext of positive invertible operators of L(H), onvexityan be thought of as a reinterpretation of Segal's lassial inequality foroperators: ‖ex+y‖ ≤ ‖ex/2eyex/2‖.Based upon the lassial onstrution of a Riemannian struture on theset M+
n of positive invertible n×n matries, (the �rst publiation on thesubjet seems to be the paper [Mos55℄ by G.D. Mostow), E. Andruhowand A. Varela show in a reent paper [AV03℄ how the Hilbert-Shmidtoperators HS with inner produt given by the trae provide a onvenientframework for the onstrution of a Hilbert manifold Σ∞ modeled on thereal Hilbert spae HSh, that turns out to be a Hadamard manifold in thelassial (Riemannian) sense of the term. This manusript is based uponthe mentioned onstrution. See also [Har72℄ by P. de la Harpe.The deomposition theorems have obvious preedents in the polar deompo-sition of operators, but we should also mention the splitting of the positiveset of a matrix algebra (see [Mos55℄ by Mostow, [CPR91℄ by Corah et al.)and the paper by Porta and Reht [PR94℄ whih deals with C∗-algebras andonditional expetations. 13



I INTRODUCTIONIn [Eb85℄, Patrik Eberlein shows that any symmetri manifold M of thenonompat type an be embedded in P(g) (the positive invertible opera-tors ating in the Lie algebra of the group of isometries of M) as a losed,geodesially onvex submanifold. This embedding is isometri in the fol-lowing sense: if g∗ is the pull bak of the metri of P(g) on M, then g∗ isa onstant multiple of the metri of M on eah irreduible de Rham fatorof M.The relationship between the spetrum of an operator, and the existeneof a homogeneous redutive struture for the orbit of that operator hasbeen systematially studied through the years by diverse authors, inludingAndruhow, Dekard, Fialkow, Raeburn and Stojano� in [DF79℄, [AFHS90℄,[Rae77℄, [AS89℄, [AS91℄, [Fial79℄ and [AS94℄. In partiular, [DF79℄ seemsto be the �rst systemati approah to the subjet.The geometry of the homogeneous redutive spaes whih appear naturallyin Banah and C∗-algebras has been extensively studied, and we shouldmention a few artiles: Corah, Porta and Reht study the spae of idempo-tents in ([PR87a℄, [PR87b℄, [CPR93b℄, [CPR90b℄), the set of positive invert-ible operators is treated in the papers [CPR92℄, [CPR93a℄ and [AV03℄, andthe spae of relatively regular elements in a Banah Algebra in [CPR90a℄.Generalized �ags (grassmanians, spetral measures, et) are also studiedby Andruhow, Durán, Mata-Lorenzo, Reht, Stojano�, and Wilkins in[ARS92℄, [DMR00℄, [DMR04a℄, [DMR04b℄ and [Wilk90℄. Partial isome-tries are studied in [AC04℄, the sphere of a Hilbert module is treated in[ACS99℄, and weights on von Neumann algebras are studied by Andruhowand Varela in [AV99℄.
14



II The Main Objets InvolvedThe framework of this manusript is the von Neumann algebra L(H) of boundedoperators ating on a omplex, separable Hilbert spae H.II.1 Hilbert-Shmidt operatorsThroughout, HS stands for the bilateral ideal of Hilbert-Shmidt operators of
L(H): this is the ideal of ompat operators with singular values lying in ℓ2.Reall that HS is a Banah algebra without unit when given the norm

‖a‖2 = 2 tr(a∗a)
1
2 = 2





∑

i≥1

〈aei,aei〉





1
2

15



II THE MAIN OBJECTS INVOLVEDwhere {ei}i∈N is any given orthonormal basis of H. The reader an �nd many ofthe statements we will use about trae operators and trae ideals in [Simon89℄.In L(H) we onsider some Fredholm operators:
HC = {a+λ : a ∈ HS, λ ∈ C},the omplex linear subalgebra onsisting of Hilbert-Shmidt perturbations ofsalar multiples of the identity. This algebra is not norm losed, in fat, itslosure in the uniform norm of L(H) is the set of ompat perturbations of salarmultiples of the identity.There is a natural Hilbert spae struture for this subspae, where salar oper-ators are orthogonal to Hilbert-Shmidt operators, whih is given by the innerprodut
〈a+λ,b+β〉

2
= 4tr(ab∗)+λβThe algebra HC is omplete with this norm, for the Hilbert-Shmidt operatorsare omplete with the trae inner produt.Remark II.1. Another natural (but not quadrati) norm is given by the formula

‖a+λ‖1 = 2 tr(a∗a)
1
2 + | λ |With this norm HC beomes a Banah algebra, that is

‖(a+λ)(b+β)‖1 ≤ ‖a+λ‖1‖b+β‖1However, we will use the norm de�ned by the inner produt, that is
‖a+λ‖

2
=
√

‖a‖2
2

+ | λ |2 =
(

4tr(a∗a)+ | λ |2
)1

2Both norms are equivalent, but ‖ · ‖
2
provides an Eulidean struture for HC.We also use the term Banah algebra for a normed algebra B where the sumand produt are ontinuous operations; this is slightly di�erent from the usualde�nition (see Rikart [Rik60℄ or Guihardet [Guih67℄).16



II.2. Some basi geometrial fatsThe model spae that we are interested in is the real part of HC:
HR = {a+λ : a∗ = a, a ∈ HS, λ ∈ R},whih inherits the struture of real Banah spae, and with the same innerprodut, beomes a real Hilbert spae.Remark II.2. For this inner produt, we have (by yliity of the trae)

〈XY,Y∗X∗〉
2

= 〈YX,X∗Y∗〉
2

for any X,Y ∈ HC, and also
〈ZX,YZ〉

2
= 〈XZ,ZY〉

2
for X,Y ∈ HC and Z ∈ HRWe will use HSh to denote the losed subspae of selfadjoint Hilbert-Shmidtoperators. In HR, onsider the subset

Σ∞ := {A > 0,A ∈ HR}This is the set of invertible operators a+λ suh that σ(a+λ) ⊂ (0,+∞), with
a selfadjoint and Hilbert-Shmidt, λ ∈ R.Note that, sine a is ompat, then 0 ∈ σ(a), whih fores λ > 0 beause

σ(a+λ) ⊂ (0,+∞) ⇐⇒ σ(a) ⊂ (−λ,+∞)Our main referene for standard fats about funtional analysis, operator alge-bras and funtional alulus is the four volume treatise of Funtional Analysisby Mihael Reed and Barry Simon, [RS79℄.II.2 Some basi geometrial fatsThe following result is elementary, but we will give a proof anyway to get a tasteof the nature of the objets involved, see also Corollary V.12:Proposition II.3. Σ∞ is an open set of HR.Proof. Consider the analyti exponential map exp : HC → HC that assigns
A 7→ eA =

∑ An

n! 17



II THE MAIN OBJECTS INVOLVEDThe restrition of exp to HR is well de�ned beause for every Hilbert-Shmidt,selfadjoint operator and every real λ we an write ea+λ = b+β, where
b = eλ ∑ ak

k!
and β = eλObviously, β is real and b is selfadjoint; moreover b lies in HS beause the latteris a bilateral ideal in L(H), and b = a ·c for a bounded operator c.We laim that Σ∞ = exp(HR). One inlusion has already been proved. To provethe other, apply the funtional alulus to the funtion g(x) = ln(x) and theoperator b+β ∈ Σ∞. Sine this operator is positive, the logarithm has the formof a series; an argument similar to the one we used for the exponential showsthat ln(β+b) = λ+a, with λ real and a Hilbert-Shmidt (and selfadjoint). Thisproves that the logarithm gives a loal analyti inverse of exp, so exp maps onto.The proof of our initial assertion follows from general results about Banahalgebras and analyti maps: any analyti map (from a Banah algebra intoitself) with an analyti loal inverse is loally open, and as a onsequene, Σ∞ =exp(HR) ⊂ HR is open.Remark II.4. For p ∈ Σ∞, we identify TpΣ∞ with HR, and endow this manifoldwith a (real) Riemannian metri by means of the formula

〈X,Y〉
p

=
〈

p−1X,Yp−1
〉

2

=
〈

Xp−1,p−1Y
〉

2where 〈α+a,β+b〉2 = αβ+4tr(b∗a). Throughout, ‖X‖2
p

:= 〈X,X〉
p
, whih anbe rewritten as

‖X‖2
p

= ‖p−1
2 Xp−1

2‖
2

=
〈

Xp−1,p−1X
〉

2

=
〈

p−1X,Xp−1
〉

2

,and is the norm of tangent vetors X ∈ TpΣ∞.Lemma II.5. Covariant derivative in Σ∞ (for the metri introdued in Re-mark II.4) is given by the expression
(∇XY)p = {X(Y)}p −

1

2

(

Xpp−1 Yp +Ypp−1 Xp

) (1)18



II.2. Some basi geometrial fatswhere X(Y) denotes derivation of the vetor �eld Y in the diretion of X(performed in the linear spae HR).Proof. Note that ∇ is learly symmetri and veri�es all the formal identitiesof a onnetion; the proof that this is the Levi-Civita onnetion relays on theompatibility ondition between the onnetion and the metri,
d

dt
〈X,Y〉γ =

〈

∇ 
γX,Y
〉

γ
+
〈

X,∇ 
γY
〉

γwhere γ is a smooth urve in Σ∞ and X,Y are tangent vetor �elds along γ. Thisidentity is straightforward from the de�nitions for both terms and the yliityof the trae.Euler's equation ∇ 
γ 
γ = 0 reads �γ − 
γγ
−1 
γ = 0, (2)and

γpq(t) = p
1
2

(

p−1
2 qp−1

2

)t
p

1
2 (3)is the unique solution of Euler's equation with γ(0) = p and γ(1) = q.These urves look formally equal to the geodesis between positive de�nite ma-tries (regarded as a symmetri spae), and we will prove (Theorem IV.9 ) thatthe unique minimizing geodesi (i.e. the shortest path) joining p to q is givenby the urve above.Lemma II.6. The metri in Σ∞ is invariant under the ation of the group ofinvertible elements: if g is an invertible operator in HC, then Ig(p) = gpg∗is an isometry of Σ∞.Proof. Note that drIg(X) = gXg∗ for any X ∈ TrΣ∞, so

‖gXg∗‖2
grg∗ =

〈

gXg∗(g∗)−1r−1g−1,(g∗)−1r−1g−1gXg∗
〉

2

=

=
〈

gXr−1g−1,(g∗)−1r−1Xg∗
〉

2

=
〈

Xr−1, r−1X
〉

2

= ‖X‖2
r 19



II THE MAIN OBJECTS INVOLVEDwhere the third equality in the above equation follows from Remark II.2 (naming
X = gXr−1, Y = g−1).

20



III Loal Struture
III.1 The urvature tensorProposition III.1. The manifold Σ∞ has a urvature tensor given by thefollowing ommutant of operators:

Rp(X,Y)Z = −
1

4
p
[[

p−1X,p−1Y
]

,p−1Z
] (4)Proof. This follows from the de�nition R (X,Y) = ∇X∇Y −∇Y∇X −∇[X,Y] (here

∇ stands for the ovariant derivative) together with the formula for ∇ given inLemma 1.De�nition III.2. A Riemannian submanifold M⊂Σ∞ is �at at p∈M if se-tional urvature vanishes for any 2-subspae of TpM. M is a �at manifold21



III LOCAL STRUCTUREif it is �at at any p ∈ M.A Riemannian submanifold M ⊂ Σ∞ (with the indued metri) is geodesiat p ∈ M if geodesis of the ambient spae starting at p whih have initialveloity in TpM, are also geodesis of M. M is a totally geodesi manifoldif it is geodesi at any p ∈ M. Equivalently, any geodesi of M is also ageodesi of the ambient spae Σ∞.Obviously, in this ontext urvature and ommutativity are related; the followingproposition makes this relation expliit:Proposition III.3. Assume M ⊂ Σ∞ is a submanifold. Assume further that
M is �at and geodesi at p ∈ M. Then, if X,Y ∈ TpM, p−1

2 Xp−1
2 ommuteswith p−1

2 Yp−1
2Proof. Sine M is geodesi at p, the urvature tensor is the restrition of the ur-vature tensor of Σ∞. Set X = p−1

2 Xp−1
2 , Y = p−1

2 Yp−1
2 . Then a straightforwardomputation shows that

〈Rp(X,Y)Y,X〉p = −
1

4

{
〈

XY2,X
〉

2

−2〈YXY,X〉
2
+
〈

Y2X,X
〉

2

}Now X,Y ∈ HR, so X = λ+a, Y = β+b, and the equation redues to
〈Rp(X,Y)Y,X〉p = −

1

2

{
tr(a2b2)− tr((ab)2)

} (5)The Cauhy-Shwarz inequality for the trae tells us that urvature at p ∈ Σ∞is always nonpositive, and it is zero if and only if a and b ommute. Henewhenever M is �at, X and Y ommute for any pair of tangent vetors X,Y ∈ TpMas stated.
Corollary III.4. Setional urvature of Σ∞ is everywhere nonpositive.
22



III.2. Convexity of the Jaobi �eldsIII.2 Convexity of the Jaobi �eldsLet J(t) be a Jaobi �eld along a geodesi γ of Σ∞. That is, J is a solution ofthe di�erential equation
D2J

dt2
+Rγ(J, 
γ) 
γ = 0 (6)Next we show that the norm of a Jaobi �eld is onvex. If X,Y ∈ HR are regardedas tangent vetors of Σ∞ at the point p, then the following ondition (whih is anon positive setional urvature ondition) holds (see Proposition III.3 above):

〈Rp(X,Y)Y,X〉p ≤ 0. Then
1

2

d2

dt2
〈J, J〉γ =

〈

D2J

dt2
, J

〉

γ

+

〈

DJ

dt
,
DJ

dt

〉

γ

=

= −〈Rγ(J, 
γ) 
γ,J〉γ +

〈

DJ

dt
,
DJ

dt

〉

γ

≥ 0In other words, the smooth funtion t 7→ 〈J, J〉γ is onvex.But more an be said: the norm of the Jaobi �eld (and not of the square ofthe norm just noted) is a onvex funtion.Proposition III.5. Let γ be a geodesi of Σ∞ and J a Jaobi �eld along γ.The map t 7→ ‖J‖γ = 〈J, J〉
1
2
γ is onvex.Proof. Clearly, is su�es to prove this assertion for a �eld J whih does notvanish. By the invariane of the onnetion and the metri under the ation ofthe group of invertible operators, it su�es to onsider the ase of a geodesi

γ(t) = etX starting at 1 ∈ Σ∞ (X ∈ HR). For the �eld K(t) = e−tX/2J(t)e−tX/2the Jaobi equation translates into
4�K(t) = K(t)X2 +X2K(t)−2XK(t)X. (7)We may assume (sine salars are orthogonal to Hilbert-Shmidt operators) that

J ⊂ HSh. In this ase, 〈J, J〉1/2
γ = tr(γ−1Jγ−1J)1/2 = tr(K2)1/2 = ‖K‖2Let us prove therefore that the map t 7→ f(t) = ‖K(t)‖2 is onvex, for any (nonvanishing) solution K of (7). Note that f(t) is smooth, and 
f = tr(K2)−1/2tr(K 
K).23



III LOCAL STRUCTUREThen �f = −tr(K2)−3/2tr(K 
K)2 + tr(K2)−1/2{tr( 
K2)+ tr(K�K)}.We multiply this expresion by tr(K2)3/2 to obtain
tr(K2)3/2�f(t) = −tr(K 
K)2 + tr(K2)tr( 
K2)+ tr(K2)tr(K�K). (8)The �rst two terms add up to a non negative number. Indeed,

tr(K 
K)2 ≤ tr(K2)tr( 
K2)by the Cauhy-Shwarz inequality for the trae. Therefore, it su�es to showthat tr(K�K) is non negative. Using (7),
tr(K�K) =

1

4
{tr(K2X2)+ tr(KX2K)−2tr(KXKX)} =

1

2
{tr(K2X2)− tr(KXKX)}.This number is positive, again by the Cauhy-Shwarz inequality:

tr(KXKX) = tr((XK)∗KX) ≤ tr((XK)∗XK)1/2tr((KX)∗KX)1/2 = tr(K2X2)Corollary III.6. If γ and δ are geodesis, the map f : t 7→ dist(γ(t),δ(t)) is aonvex funtion of t.Proof. Distane between γ(t) and δ(t) is given by the geodesi αt(s), obtainedas the s variable ranges in a geodesi square h(s,t) with verties in the startingand ending points of γ and δ, namely {γ(t0),δ(t0),γ(t1),δ(t1)}Taking the partial derivative along the diretion of s gives a Jaobi �eld J(s,t)along the geodesi βs(t) = h(s,t) and it also gives the speed of αt. Hene
f(t) =

∫1

0

‖∂αt

∂s
(s)‖αt(s)ds =

∫1

0

‖J(s,t)‖h(s,t)dsThis equation states that f(t) an be written as the limit of a onvex ombinationof onvex funtions ui(t) = ‖J(si, t)‖h(si,t), so f must be onvex itself.
24



III.2. Convexity of the Jaobi �eldsLemma III.7. The following inequality holds for any X,Y ∈ HR:dist(eX,eY) = ‖ ln(eX/2e−YeX/2
)

‖2 ≥ ‖X−Y‖2 (9)Proof. Take γ(t) = etx, δ(t) = ety and f as in the previous Corollary (by theorthogonality of salars we may assume that x,y ∈ HSh). Note that f(0) = 0,hene f(t)/t ≤ f(1) for any 0 < t ≤ 1; hene lim
t→0+

f(t)/t ≤ f(1). We assert that
f(t)/t =

1

t
‖ ln(etx/2e−tyetx/2

)

‖2 = tr

(

[

1

t
ln(etx/2e−tyetx/2

)

]2
)1/2

,sine
1

t
ln(etx/2e−tyetx/2

)

=
d

dt
|t=0 ln(etx/2e−tyetx/2

)and the logarithm of β(t) = etx/2e−tyetx/2 an be approximated uniformly bypolinomials pn(β) =
∑

k αn,kβk for t lose enough to zero (β(0) = 1). Then
d
dtβ |t=0= x−y, and we obtain the desired inequality.
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III LOCAL STRUCTURE.
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IV Global Struture
IV.1 The exponential mapRemark IV.1. We will use the notation Expp : TpΣ∞ → Σ∞ to denote the ex-ponential map of Σ∞. Note that Expp(V) = p

1
2 e p

− 1
2 V p

− 1
2 p

1
2 . Rearranging theexponential series we get a simpler expressionExpp(V) = p ep−1V = eVp−1

pA straightforward omputation also shows that for p,q ∈ Σ∞ we haveExp−1
p (q) = p

1
2 ln(p−1

2 qp−1
2 )p

1
2We will prove that the di�erential of the Riemannian exponential is an analyti27



IV GLOBAL STRUCTUREisomorphism; this is a standard result and we follow [Lang95℄, [MA65℄:Lemma IV.2. Let γ be a geodesi suh that γ(0) = p, 
γ(0) = V. Let J be aJaobi �eld along a geodesi γ, with J(0) = 0 and 
J(0) = ∇ 
γJ(0) = W ∈ TpΣ∞ =

TV (TpΣ∞). Then, for any t ∈ R>0

1

t
J(t) = d

(Expp

)

tV
(W)Proof. Take F(t,s) = Expp (t(V + sW)). Then Fs is a geodesi for eah s and

F0 = γ. Let K be the Jaobi �eld along γ given by d
ds |s=0F. Then

K(t) = d
(Expp

)

tV
(tW) = t d

(Expp

)

tV
(W)Clearly K(0) = 0; on the other hand if we divide by t and take limit for t → 0+,we get 
K(0) = d

(Expp

)

0
(W) = Id(W) = W. By the uniqueness of the Jaobi�elds along geodesis, it must be that K = J.Remark IV.3. If J,K are Jaobi �elds along a geodesi γ, then

〈(

∇ 
γJ
)

(t),K(t)
〉

γ(t)
=
〈

J(t),
(

∇ 
γK
)

(t)
〉

γ(t)
+Cfor some real onstant C. This follows easily di�erentiating the above expressionand using the derivation property of the ovariant derivative.Lemma IV.4. The exponential map Expp : TpΣ∞ → Σ∞ has an expansivedi�erential, namely

‖d
(Expp

)

V
(W)‖Expp(V) ≥ ‖W‖pfor any p ∈ Σ∞, V ∈ TpΣ∞ and W ∈ TV (TpΣ∞) = TpΣ∞.Proof. From the de�nition of the exponential map and the metri, together withLemma IV.2 and the onvexity of the Jaobi �elds.
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IV.1. The exponential mapLemma IV.5. Take p∈Σ∞, V ∈ TpΣ∞. Set q=Expp(V), Y = −P
q
p(V) (namely

Y = − 
γ(1) if γ(t) = Expp(tV)). Then
〈

d
(Expp

)

V
(W),Z

〉

q
=
〈

W,d
(Expq

)

Y
(Z)
〉

pProof. Let J(t) be the Jaobi �eld along γ suh that J(1) = 0 and ∇ 
γJ(1) = Z;let K(t) be the Jaobi �eld along γ suh that K(0) = 0, 
K(0) = ∇ 
γK(0) = W. ByRemark IV.3,
〈(

∇ 
γJ
)

(1),K(1)
〉

γ(1)
=
〈

J(1),
(

∇ 
γK
)

(1)
〉

γ(1)
+C = 0+C = Cwhere C equals

〈(

∇ 
γJ
)

(0),K(0)
〉

γ(0)
−
〈

J(0),
(

∇ 
γK
)

(0)
〉

γ(0)
= −

〈

J(0),
(

∇ 
γK
)

(0)
〉

γ(0)Take L the unique Jaobi �eld along β(t) = γ(1 − t) suh that L(0) = 0 and
∇ 
βL(0) = Z. Then L(t) = J(1− t), so J(0) = L(1) and we get

〈Z,K(1)〉γ(1) = −〈L(1),W〉γ(0)Sine γ(0) = p and γ(1) = q = Expp(V), Lemma IV.2 gives the result.Corollary IV.6. The Riemannian exponential Expp : TpΣ∞ → Σ∞ has a Cωdi�eomorphism for any p ∈ Σ∞; in partiular, exp : HR → Σ∞ is a Cω dif-feomorphism.Proof. By Lemma IV.4, for eah p ∈ Σ∞ and eah V ∈ TpΣ∞, the di�erentialmap A = d
(Expp

)

V
is injetive, has losed range and a bounded inverse on itsrange. By Lemma IV.5, the adjoint map A∗ = d

(Expp

)

V

∗ equals d
(Expq

)

−Y
,whih has the same property. Now Ran(A) = Ran(A) = Ker(A∗)⊥ = {0}⊥, hene

A is surjetive. Using the inverse map theorem for Banah manifolds [Lang95℄,we obtain the result.
29



IV GLOBAL STRUCTURECorollary IV.7. If d expX denotes the di�erential at x of the usual expo-nential map X 7→ eX, then the following inequality holds for any X,Y ∈ HR:
‖d expX(Y)‖eX = ‖e−X

2 d expX(Y)e−X
2 ‖ ≥ ‖Y‖2Proof. Rewriting the inequality of Lemma IV.4 above for p = 1, V = X and W = Ywe obtain the result.Corollary IV.8. For any X∈HSh, the map TX : Y 7→ e−X/2dexpX(Y)e−X/2 isbounded, selfadjoint for the 2-inner produt (when restrited to HSh) andinvertible. The inverse is ontrative i.e

‖T−1
X (Z)‖2 ≤ ‖Z‖2Proof. The map is learly bounded and invertible, the bound for the inversefollows from the proof of the previous Lemma. To prove that it is selfadjoint,note that

< TX(Y),Z>2= tr(ZTX(Y))= tr



e−X/2
∑

n≥0

1

n!

∑

p+q=n−1

XpYXqe−X/2Z



=

=
∑

n≥0

1

n!

∑

p+q=n−1

tr(e−X/2XpYXqe−X/2Z) =

=
∑

n≥0

1

n!

∑

p+q=n−1

tr(Xpe−X/2Ye−X/2XqZ) =

=
∑

n≥0

1

n!

∑

p+q=n−1

tr(e−X/2XqZXpe−X/2Y) = tr(TX(Z)Y) =< Y,TX(Z) >2IV.2 The shortest path and the geodesi distaneWe measure urves in Σ∞ using the norms in eah tangent spae, namely
L(α) =

∫1

0

‖ 
α(t)‖α(t) dt (10)30



IV.2. The shortest path and the geodesi distaneWe de�ne the distane between two points p,q ∈ Σ∞ as the in�mum of thelenghts of smooth urves in Σ∞ joinint p to q, namelydist(p,q) = inf {L(α) : α ⊂ Σ∞, α is smooth, α(0) = p, α(1) = q}For any pair of elements p,q ∈ Σ∞, we have the smooth urve γpq ⊂ Σ∞

γpq(t) = p1/2
(

p−1/2qp−1/2
)t

p1/2joining p to q (whih is the unique solution of the Euler equation in Σ∞). Astraightforward omputation shows that
‖ 
γpq(t)‖γpq(t) ≡ ‖ ln(p1/2q−1p1/2)‖2 = L(γpq)Theorem IV.9. Let a,b ∈ Σ∞. Then the geodesi γab is the shortest urvejoining a and b in Σ∞, if the length of urves is measured with the metride�ned above (10).Proof. Let α be a smooth urve in Σ∞ with α(0) = a and α(1) = b. We mustompare the length of α with the length of γab. Sine the invertible group atsisometrially for the metri, it preserves the lengths of urves. Thus we mayat with a−1/2, and suppose that both urves start at 1, or equivalently, a = 1.Therefore γ1b(t) := γ(t) = etX, with X = lnb. The length of γ is then ‖X‖2.The proof follows easily from the inequality proved in Corollary IV.7. Indeed,sine α is a smooth urve in Σ∞, it an be written as α(t) = eβ(t), with β = lnα.Then β is a smooth urve of selfadjoint operators with β(0) = 0 and β(1) = X.Moreover,

L(γ) = ‖X‖2 = ‖X−0‖2 = ‖
∫1

0


β(t) dt‖2 ≤
∫1

0

‖ 
β(t)‖2 dtOn the other hand, by the mentioned inequality,
‖ 
β(t)‖2 ≤ ‖e−β(t)

2 dexpβ(t)( 
β(t))e−β(t)
2 ‖2 = ‖dexpβ(t)( 
β(t))‖eβ(t) = ‖ 
α(t)‖α(t)31



IV GLOBAL STRUCTUREThus,
L(γ) ≤

∫1

0

‖ 
α(t)‖α(t) dt = L(α)Remark IV.10. The geodesi distane indued by the metri is given bydist(a,b) = ‖ ln(a−1/2ba−1/2
)

‖2Corollary IV.11. The sum of the inner angles of any geodesi triangle in
Σ∞ is less or equal than πProof. The previous remark, inequality (9) in Lemma III.7, together with theinvariane of the metri for the ation of the group of invertible operators, leadsto

l2i ≥ l2i+1 + l2i−1 −2li+1li−1 os(αi) (11)squaring both sides of the inequality. Here li (i=1,2,3) are the sides of anygeodesi triangle and αi is the angle opposite to li. These inequalities show thatwe an onstrut an Eulidian triangle in the a�ne plane with sides li. For thisEulidian triangle with angles βi (opposite to the side li) we have
l2i = l2i+1 + l2i−1 −2li+1li−1 os(βi)This equation together with inequality (11) imply that the angle βi is biggerthan αi for i = 1,2,3. Adding the three angles we have
α1 +α2 +α3 ≤ β1 +β2 +β3 = πAs a orollary of these inequalities we obtain the ompleteness of the metrispae (Σ∞,dist), where dist is the geodesi distane:Proposition IV.12. Σ∞ is a omplete metri spae with the distane induedby the minimizing geodesis.32



IV.2. The shortest path and the geodesi distaneProof. Consider a Cauhy sequene {pn} ⊂ Σ∞. Again by virtue of inequality(9) of Lemma III.7, Xn = ln(pn) is a Cauhy sequene in HR. Sine Hilbert-Shmidt operators are omplete with the trae norm, there is a vetor X ∈ HRsuh that Xn → X in the trae norm. As the inverse map, the exponential map,the produt and the logarithm are all analyti maps with respet to the traenorm, dist(pn,eX) = ‖ ln(eX/2e−XneX/2)‖2 → 0 when n → ∞.
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IV GLOBAL STRUCTURE.
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V Convex SubmanifoldsConvex sets are partiulary useful in geometry, and play a major role in thetheory of hyperboli (i.e. nonpositevely urved) spaes.V.1 De�nitionsDe�nition V.1. A set M⊂ Σ∞ is geodesially onvex (also totally onvex, oronvex) if given any two points p,q ∈ M, the unique geodesi of Σ∞ joining
p to q lays entirely in M.Note that onvex sets are onneted. We refer the reader to Chapter IV, Setion5 of [SakT96℄ for a disussion of the di�erent kinds of onvex (strong, loal, total)Riemannian objets. However, in our ontext, all de�nitions agree, beause Σ∞35



V CONVEX SUBMANIFOLDSis omplete and for any two points there exists a unique normal (i.e. unit speed)geodesi joining them (whih is learly minimizing).De�nition V.2. A Riemannian submanifold M ⊂ Σ∞ is omplete at p ∈ Mif ExpM
p is de�ned in the whole tangent spae and maps onto M. We saythat M is a omplete manifold if it is omplete at any pont.Remark V.3. Note that M is geodesi at p if and only if ExpM

p = Expp. Inpartiular ExpM
p is de�ned in the whole TpM. So if M is geodesi at p, then Mis omplete at p if and only if for any point q ∈ M, there is a geodesi γ of Mjoining p to q (in other words, if ExpM

p = Expp maps onto M).Remark V.4. Σ∞ is omplete; moreover, Expp is a di�eomorphism onto Σ∞ foreah p ∈ Σ∞. The reader should be areful with other notions of ompleteness,beause, as C.J. Atkin shows in [Atkin75℄ and [Atkin97℄, Hopf-Rinow's theoremdoes not neessarily hold in (in�nite dimensional) Banah manifolds.These previous notions are strongly related, as the following proposition shows:Proposition V.5. Let M ⊂ Σ∞ be a Riemannian submanifold of Σ∞ (withthe indued metri). Then
M geodesially onvex ⇐⇒ M omplete and totally geodesiProof. The proof of (⇐) is trivial; let's prove (⇒). To see that M is omplete,take p,q ∈ M. Then there exists a geodesi α of Σ∞ joining p to q, α ⊂ M.Among urves in M joining p to q, α is the shortest. So α is a ritial point ofthe variational problem in M, hene a geodesi of M. To see that M is totallygeodesi, take γ a geodesi of M joining p to q. By virtue of the onvexity,there is a geodesi α of Σ∞ joining p to q; by the preeding argument α is alsoa geodesi of M. We an assume that q is lose enough to p for the exponentialmap of M to be an isomorphism, and in this situation, geodesis are unique, so

α = γ is a geodesi of Σ∞.
36



V.2. An intrinsi haraterization of onvexityRemark V.6. The reader should be aware of the fat that the onept of on-vexity is strong, and ompletely general (M does not need to have the induedsubmanifold metri, in fat, for the de�nition of geodesially onvex to makesense, it is not neessary for M to have any manifold struture at all).
V.2 An intrinsi haraterization of onvexityAs always, [ , ] denotes the usual ommutator of operators in L(H). To deal withonvex sets the following de�nition will be useful:De�nition V.7. We say that a subspae m ⊂ HR is a Lie triple system if
[[A,B],C] ∈ m for any A,B,C ∈ m.Remark V.8. Note that whenever a,b,c are selfadjoint operators, d = [a, [b,c]]is also a selfadjoint operator. So, for any algebra of operators a⊂ HC, m = Re(a)is a Lie triple system in HR. This is also true for a Lie algebra of operators a.Remark V.9. Assume M ⊂ Σ∞ is a submanifold suh that 1 ∈ M, and M isgeodesi at p = 1. Then T1M is a Lie triple system, beause the urvaturetensor at p = 1 is the restrition to T1M of the urvature tensor of Σ∞, and
R1(X,Y)Z = −1

4 [[X,Y],Z].This partiular ondition on the tangent spae turns out to be strong enough toensure onvexity; this result is standard:Theorem V.10. Assume m ⊂ HR is a losed subspae, set M = exp(m) ⊂ Σ∞with the indued topology and Riemannian metri.If m is a Lie triple system, then p,q ∈ M ⇒ pqp ∈ MProof. As Pierre de la Harpe pointed out, the proof of G.D. Mostow for ma-tries in [Mos55℄ an be translated to Hilbert-Shmidt operators without anymodi�ation: we give a sketh of the proof here. We assume p = eX, q = eY with
X,Y ∈ HSh. 37



V CONVEX SUBMANIFOLDSSet DX :HS→HS, DX = LX −RX, the di�erene between left and right multipli-ation by X in HS (whih is learly a bounded linear operator from HS to HS).First we establish the identity
TX(Y) = sinhc(DX/2)(Y) (12)where TX is the map from Corollary IV.8, and sinhc(Z)=

sinh(Z)
Z =

∑
n≥0

Z2n

(2n+1)!is an entire funtion. Note that sinhc(Z) = eZ−e−Z

2Z . To prove (12), we take deriv-ative with respet to t in the identity X(t)eX(t) = eX(t)X(t), where X(t) = X+tY;after rearranging the terms we ome up with
(eDX/2 − e−DX/2

)

Y = DX ◦TX(Y)Note that if DX were invertible, we would be set; this is learly not the ase.However, D2
X = DX◦DX is selfadjoint when restrited to HSh, and sine TX is alsosefaldjoint (f Corollary IV.8), the operator T = TX −sinhc(DX/2) is selfadjointon HSh (note that sinhc(Z) involves only even powers of Z). The equation abovesays that we have proved that DX ◦ T(Y) = 0 for any Y ∈ HS; in other words Tmaps HSh into {X} ′ = {b∈HSh : bX=Xb}. A straightworward omputation showsthat Tb = 0 for any b ∈ {X} ′, whih proves equation (12) sine T is selfadjoint.Now for X,Y ∈ m onsider the urve eα(t) = etXeYetX. Clearly α(0) = Y ∈ m;we will prove that α obeys a di�erential equation in HSh whih has a �ow thatmaps m into m, and with that we will have eα(1) = eXeYeX ∈ em = M.Di�erentiating at t = t0 the equation yields to

Xeα(t0) + eα(t0)X = dexpα(t0)( 
α(t0)) =
d

ds
|s=0 exp(α(t0)+ s 
α(t0)) =

= eα(t0)/2Tα(t0)( 
α(t0))eα(t0)/2 = eα(t0)/2 · sinhc(Dα(t0)/2)( 
α(t0)) · eα(t0)/2Note that sinhc(Z) is invertible whenever Z is a bounded linear operator, andalso that the power series for Zcoth(Z/2) involves only even powers of Z; hene
α = senhc−1(Dα/2)◦ (e−α/2Xeα/2 + eα/2Xe−α/2) =

= senhc−1(Dα/2)◦ (Reα/2Le−α/2 +Re−α/2Leα/2)X =38



V.2. An intrinsi haraterization of onvexity
= senhc−1(Dα/2)◦ (Deα/2 +De−α/2)(X) =

= senhc−1(Dα/2)◦ (eDα/2 + e−Dα/2)(X) =

= Dα oth(Dα/2)(X) =
∑

n

cnD2n
α X =

=
∑

n

cnD2
α ◦ · · · ◦D2

α(X) = F(α)Sine D2
Z(X) = [Z, [Z,X]], F(Z) =

∑
n cnD2n

Z (X) an be regarded as a map from mto m, and sine it is learly an analyti map of HS into HS, it ful�lls a Lipshitzondition. Now the unique solution must be α(t) = ln(etXeYetX) ⊂ m. Heneeα(1) = pqp ∈ M and the laim follows.Corollary V.11. Assume M = exp(m) ⊂ Σ∞ as above, and m is a Lie triplesystem. Then M is geodesially onvex.Proof. Take p,q ∈ M. Then p = eX, q = eY with X,Y ∈ m. If we set r =e−X/2eYe−X/2, then r ∈ M beause e−X/2 and eY are in M. Moreover, Z =ln(r) ∈ m. But the only geodesi of Σ∞ joining p to q is
γ(t) = eX/2etZeX/2, so γ ⊂ MCorollary V.12. Assume m⊂HR is a losed abelian subalgebra of operators.Then the manifold M = exp(m)⊂Σ∞ is a losed, onvex and �at Riemanniansubmanifold. Moreover, M is an open subset of m and an abelian Banah-Lie group.Proof. The �rst assertion follows from the fat that m is a Lie triple system.Curvature is given by ommutators, hene M is �at. Sine m is a losed subal-gebra, eX =

∑
Xn

n! ∈ m for any X ∈ m, so M ⊂ m. That M is open in m followsfrom Corollary IV.6.Corollary V.13. Assume M = exp(m) is losed and �at. If M is geodesi at
p = 1, then M is a onvex submanifold. Moreover, M is an abelian Banah-Lie group and M is an open subset of m. 39



V CONVEX SUBMANIFOLDSProof. If M is geodesi and �at at p = 1, T1M = m is abelian (by PropositionIII.3). Now we an apply the previous orollary.The de�nition of symmetri spae we adopt is the usual de�nition for Riemannianmanifolds, see the book [Hel62℄ by Sigurdur Helgason:De�nition V.14. A Hilbert manifold M is alled a globally symmetri spaeif eah point p ∈ M is an isolated �xed point of an involutive isometry
sp : M → M. The map sp is alled the geodesi symmetry at p.Theorem V.15. Assume M = exp(m) is losed and geodesially onvex. Then
M is a symmetri spae; the geodesi symmetry at p ∈ M is given by
sp(q) = pq−1p for any q ∈ M. In partiular, Σ∞ is a symmetri spae.Proof. Observe that, for p = eX, q = eY , sp(q) = eXe−YeX; this shows that spmaps M into M. To prove that sp is an isometry, onsider the geodesi αV of
M suh that α(0) = q and 
α(0) = V . Then α(t) = qetq−1V and

dq(sp)(V) =
d

dt
|t=0(sp ◦αV) = −pq−1Vq−1pSine M has the indued metri, ‖pq−1Vq−1p‖2

pq−1p
= ‖V‖2

q by Lemma II.6(with g = pq−1). In partiular, dpsp = −id, so p is an isolated �xed point of spfor any p ∈ M.Theorem V.10 and its orollaries imply that Σ∞ (as any symmetri spae) on-tains plenty of onvex sets; in partiularRemark V.16. We an embed isometrially any k-dimensional plane in Σ∞ as ageodesially onvex, losed submanifold: take an orthonormal set of k ommutingoperators (for instane, �x an orthonormal basis {ei}i∈M of H, and take pi =

ei⊗ei, i = 1, · · · ,k), now take the exponential of the linear span of this set . Inthe languaje of symmetri spaes, we are saying that rank(Σ∞) = +∞.Following the usual notation for symmetri spaes, we set I0(M)=the onnetedomponent of the identity of the group of isometries of M.40



V.2. An intrinsi haraterization of onvexityRemark V.17. Assume 1 ∈ M ⊂ Σ∞ is losed and onvex. Then, sine anyisometry ϕ is uniquely determined by its value at 1∈M and its di�erential d1ϕ,
I0(M) arries a natural struture of Banah-Lie group (this result was proved byJ. Eells in the mid 60's, [Eells66℄). Moreover, the Lie algebra of I0(M) identi�esnaturally whith the Killing vetors of M. We an be more preise in this ontext:take ϕ ∈ I0(M), and onsider

ϕ (q) = ϕ(1)
1
2 ·ϕ(q) ·ϕ(1)

1
2 .Note that d1ϕ is a unitary operator of T1M = m (with the natural Hilbert-spae struture), so there is an inlusion J : I0(M) →֒ M×U (L(m)) given by

ϕ 7→ (ϕ(1),d1ϕ). We will see later that the unitary operators of the form x 7→
gxg∗ (inner automorphisms) are enough to at transitively on M (g must be in
GM, see Theorem V.29).Theorem V.18. Assume M = exp(m) is losed and geodesially onvex. Then
I0(M) ats transitively on M.Proof. Take p = eX, q = eY two points in M and γ(t) = petp−1V the geodesijoining p to q. Note that p = γ(1) = pep−1V = evp−1

p. If we onsider the urveof isometries ϕt = sγ(t/2) ◦ sp, sine ϕ0 = id, then ϕt ⊂ I0(M). Now
ϕ1(p) = e1

2Ve−XeXe−X e1
2Ve−XeX = eVe−XeX = qwhih proves that I0(M) ats transitively on M.Remark V.19. If M = exp(m) is losed and onvex, in partiular it is geodesiat p for any p ∈ M, so TpM = Exp−1

p (M) = {p
1
2 ln(p−1

2 qp−1
2 )p

1
2 : q ∈ M} (seeRemark IV.1). This observation together with Theorem V.10 proves the identi-�ation

TpM = p
1
2 (T1M)p

1
2 = p

1
2 mp

1
2From previous identi�ations of the tangent spae it follows easily (see RemarkII.2) that an operator V ∈ HR is orthogonal to M at p (that is, V ∈ TpM⊥) if41



V CONVEX SUBMANIFOLDSand only if
〈

p−1
2 Zp−1

2 , V
〉

2

=
〈

p−1
2 V p−1

2 ,Z
〉

2

= 0 for any Z ∈ mIn partiular, T1M⊥ = m⊥ = {V ∈ HR : 〈V,Z〉
2

= 0 for any Z ∈ m}.Remark V.20. Note that when m is a losed ommutative assoiative subalgebraof HR, p
1
2 = eX/2 ∈ m, whih also iplies that the map Y 7→ p

1
2 ·Y ·p1

2 is a linearautomorphism of m; so TpM = m = T1M in this ase (for any p ∈M). This alsofollows easily from Corollary V.12. Clearly,
TpM⊥ = T1M⊥ = m⊥ for any p ∈ MRemark V.21. Assume M ⊂ Σ∞ is geodesially onvex. Then, if γ is the geo-desi joining p to q, the isometry ϕt = sγ(t/2) ◦sp translates along the urve γ,namely

ϕt(γ(u)) = p e t
2p−1V ·p−1 ·p eup−1V ·p−1 ·p e t

2p−1V =

= p e t
2p−1V · eup−1V · e t

2p−1V = p e(u+t)p−1V = γ(u+ t)Now take any tangent vetor W ∈ Tγ(u)M, and set
W(t) := (dϕt)γ(u)(W) = e t

2Vp−1 ·W · e t
2p−1VThen W(t) is the parallel translation of W from γ(u) to γ(u+t); namely ∇ 
γ W ≡

0 (this follows from a straightforward omputation using equation (II.5))We onlude that the map (dϕt)γ(u) : Tγ(u)M → Tγ(u+t)M gives parallel trans-lation along γ, namely (dϕt)γ(u) = Pt+u
u (γ). In partiular, sine q = γ(1) =

p
1
2 ep− 1

2 Vp
1
2 p

1
2 ,
W 7→ p

1
2 (p−1

2 qp−1
2 )

1
2 p−1

2 ·W ·p−1
2 (p−1

2 qp−1
2 )

1
2 p

1
2gives parallel translation from TpM to TqM.Remark V.22. It should also be noted that the exponential map of M (whenever

M is a onvex submanifold) is the restrition to TpM of the exponential map42



V.2. An intrinsi haraterization of onvexity
Expp : TpΣ∞ → Σ∞, hene it is a Cω di�eomorphism from TpM to M for any
p ∈ M; in partiular, when M = exp(m), exp : m → M is a Cω di�eomorphism.V.2.1 A few examples of onvex setsWe list several Lie triple systems of HR; for some of them we show in thismanusript an expliit fatorization theorem. The general fatorization theorems(Theorem VI.11, Theorem VI.12 and Theorem VI.13) apply for any of these (tobe preise, to their losures in the trae norm):1. For any subspae s ⊂ HR, the subspae ms = {X ∈ HR : [X,Y] = 0 ∀ Y ∈ s} isa Lie triple system.2. In partiular, for any Y ∈ HR, mY = {X ∈ HR : [X,Y] = 0} is a Lie triplesystem.3. The family of operators in HR whih at as endomorphisms of a losedsubspae S ⊂ H form a Lie triple system in HR.4. Any norm losed abelian subalgebra of HR is a Lie triple system, in parti-ular(a) The diagonal operators (see setion VII). This is a maximal abelianlosed subspae of HR, hene the manifold ∆ (whih is the exponentialof this set) is a maximal �at submanifold of Σ∞.(b) The salar manifold Λ = {λ ·1 : λ ∈ R>0} is the exponential of the Lietriple system R ·1 ⊂ HR.() For �xed a ∈ HSh, the real part of the losed algebra generated by a,whih is the losure in the 2-norm of the set of polynomials in a.5. The real part of any Lie subalgebra of HC is a Lie triple system (in parti-ular: the real part of any assoiative Banah subalgebra).6. Any real Banah-Lie algebra g with a ompatible Riemannian produt in-variant under inner automorphisms has a omplexi�ation whih leads to43



V CONVEX SUBMANIFOLDSthe struture of an L∗-algebra, and any L∗-algebra an be embedded as alosed Lie subalgebra of HS (see [CGM90℄ and [Neh93℄).7. If G is a simply onneted semisimple loally ompat Lie group, then anyirreduible representation of C∗(G) into L(H) maps CK(G) (the ontinousfuntions with ompat support) into HS (see [Bag69℄). This inlusion isalso true for any irreduible subrepresentation of the left regular represen-tation of a unimodular group G.V.3 Convex manifolds as homogeneous spaesDe�nition V.23. A Banah-Lie group is a group G together with a ompat-ible Banah manifold struture. If G is a Banah-Lie group, we say K ⊂ Gis a Lie subgroup if K is a subgroup of G whih is also a split-embeddedsubmanifold (hene a losed subgroup) of G.We reall (for a proof, see for instane [Lang95℄ or [Lar80℄) a result for quotientsof Banah-Lie groups:Theorem V.24. Let G be an analyti Banah-Lie group, and K a Banah-Lie subgroup. Then on the left osets spae G/K there exists a uniqueanalyti manifold strutture suh that the projetion is a submersion. Theanonial ation G×G/K → G/K is analyti.For any Banah algebra B , we will denoteGL(B ) the group of invertible elements.Note that this group has a natural struture of manifold as an open set of thealgebra, so GL(B ) is always a Banah-Lie group with Lie algebra B .Remark V.25. The group GL(HC), having the homotopy type of the indutivelimit of the groups GL(n,C) (see [Har72℄, setion II.6) is onneted; moreover,there is a homotopy equivalene
GL(HC) ≃ S1×S1×SU(∞)Here SU(∞) stands for the indutive limit of the groups SU(n,C)44



V.3. Convex manifolds as homogeneous spaesThe following result is standard in �nite dimension (see for instane, [Hel62℄);we say that G is a selfadjoint subgroup of GL(HC) (G∗ = G) if g∗ ∈ G whenever
g ∈ G. Note that G is selfadjoint i� g∗ = g, where g denotes the Lie algebra ofthe Lie group G.We will use | x |=

√
xx∗ to denote the modulus of an element x ∈ B (as usual, Bis an involutive Banah algebra).Theorem V.26. Fix a onneted Lie subgroup G⊂GL(HC) suh that G∗ = G.Let P be the analyti map

P : GL(HC) → GL(HC) where g
P7−→gg∗ =| g |2If K denotes the isotropy group of P (namely K = P−1(1)∩G with the induedanalyti struture), then g = p⊕ k, where k is the Lie algebra of K and p arethe selfadjoint elements of g. In partiular, K is a Lie subgroup of G.Proof. Note that σ(g) = g∗ is involutive so its di�erential at g = 1 gives aninvolution Θ of g that indues the desired splitting of the Lie algebra of G. Now

K is a Lie subgroup beause the Lie algebra splits.Remark V.27. For M = exp(m) a geodesially onvex losed manifold in Σ∞,onsider
[m,m] = span{[A,B] : A,B ∈ m} =

{
∑

i∈F

[Ai,Bi] : Ai,Bi ∈ m; F a �nite set}Note that all the operators in [m,m] are skewadjoint. Set gM = m⊕ [m,m]. Then
gM is a losed Lie subalgebra of HC beause m is a Lie triple system (see [Hel62℄).Sine HC is a Hilbert spae and gM is losed, the Lie algebra splits: it followsthat gM is integrable (see [Lang95℄). Let GM be the onneted Lie subgroup of
GL(HC) orresponding to the Lie algebra gM.Sine (A+[B,C])∗ = A+[C,B] for any A,B,C∈m, then M⊂GM and G∗

M = GM.It is also lear that k = [m,m] (in the notation of Theorem V.26). GM is thesmallest Lie group ontaining M. 45



V CONVEX SUBMANIFOLDSThe elements of M are indeed the positive elements of GM, and the elementsof K the unitary operators of GM; we prove it below. Note that when m is anabelian Lie subalgebra, gM = m and also GM = M ⊂ m is an open set.Lemma V.28. With the notation of the previous remark and the hypothesisof Theorem V.26, we have P(GM) ⊂ M.Proof. Sine gM splits, there are neighbourhoods of zero Um ⊂ m and Uk ⊂ k =

[m,m] suh that the map Xm + Yk 7→ eXmeYk is an isomorphism from Um ⊕Ukonto an open neighbourhood VM of 1 ∈ GM. Clearly, the group generated by
VM is open (and losed) in GM, and so is the whole of GM. So, for any g∈GM,

g = (eX1eY1)α1 · · ·(eXneYn)αnfor some selfadjoint operators Xi ∈Um, some skewadjoint operators Yi ∈Uk, and
αi = +1.Now eXeYeX ∈ M whenever X,Y ∈ m (see Theorem V.10), so mere inspetionof the expression for P(g) = gg∗ shows that P(g) will be in M if we an provethat eYeXe−Y ∈ M whenever X ∈ m and Y ∈ k (namely, if we an prove that
kMk∗ ⊂ M for any k ∈ K). It will be enough to show this holds for X ∈ m and
Y =

∑
i[Ai,Bi] ∈ [m,m] beause M is losed. We assert that this is true, but toavoid umbersome notations we write the proof for Y = [A,B]. The proof of thegeneral ase is idential.Consider the map F : HR → HR given by F(z) = [[A,B],z]. Sine F maps m into

m, the �ow of F in m stays in m, so the ordinary di�erential equation 
X(t) =

F(X(t)) has unique solution in m if X(0) ∈m is given (see [Lang95℄). Take α(t) =e t[A,B]X e−t[A,B]. Then α(0) = X ∈ m; moreover
α(t) = e t[A,B][[A,B],X] e−t[A,B] = [[A,B],e t[A,B]X e−t[A,B]] = F(α(t))whih proves that α(t) ∈ m for any t ≥ 0. In partiular,
α(1) = e [A,B]X e−[A,B] ∈ m46



V.3. Convex manifolds as homogeneous spaesAs e [A,B] is a unitary operator, exponentiating both sides leads toe [A,B]eX e−[A,B] ∈ MThe previous lemma will be used to prove the �rst of the following results:Theorem V.29. If M = exp(m) is onvex and losed, and GM ⊂ GL(HC) isthe onneted Lie subgroup with Lie algebra gM = m⊕ [m,m], then(a) P(GM) = M, so M is a homogeneous spae for GM.(b) For any g =| g | ug (Cauhy polar deomposition) in GM, we have
| g |=

√

gg∗ ∈ M ⊂ GM,and also ug ∈ K ⊂ GM where K is the isotropy Lie subgroup
K = {g ∈ GM : gg∗ = 1} with Lie algebra k = [m,m]In partiular, GM has a polar deomposition

GM ≃ M×K = P(GM)×U(GM)() M = P(GM) ≃ GM/K(d) M has nonpositive setional urvature.(e) For g ∈ GM, onsider Ig(r) = grg∗. Then I : GM → I0(M).(f) Take p,q ∈ M, and set g = p
1
2 (p−1

2 qp−1
2 )

1
2 p−1

2 ∈ GM. Then Ig is anisometry in I0(M) whih sends p to q, namely GM ats transitivelyand isometrially on M.Proof. Sine any p ∈ M is the exponential of some X ∈ m, we get p = P(eX/2),whih proves that M ⊂ P(GM); the other inlusion is given by Lemma V.28.To prove (b), note that P(GM) = M = exp(m); namely for any g ∈ GM, gg∗ =

P(g) ∈ M; hene gg∗ = eX0 for some X0 ∈ m whih implies that | g |= eX0/2 ∈
M ⊂ GM. By de�nition, ug =| g |−1 · is an element of GM (and learly ug ∈ K).47



V CONVEX SUBMANIFOLDSStatement () follows from Theorem V.26, Remark V.27 and statement (b).The assertion in (d) follows from (a) and the fat that M is totally geodesi,together with equation (5) in the proof of Proposition III.3.To prove (e) , note that Ig is an isometry of M beause M has the induedmetri so Lemma II.6 applies; from Lemma V.28 we dedue that kMk∗ ⊂ M forany k ∈ K; from Theorem V.10 and statement (b) follows easily that Ig maps Minto M; sine GM is onneted, we have the assertion.Statement (f) follows from statement (e) and the proof of Theorem V.18.From folk results (or from the lassi�ation of L∗-algebras, see [Neh93℄ and[CGM90℄) follows that
[HS,HS] = HS and [HSh,HSh] = iHSh,so taking m = HR = R⊕HSh we get k = iHSh, hene gM = R⊕HS = HC/iR,hene

GΣ∞ = GL(HC)/S1 = {α+a ; α ∈ R>0, a ∈ HS and −α /∈ σ(a)}In the preeding line σ(a) denotes the spetrum of a as an element of L(H).Clearly P(GΣ∞) = P(GL(HC)) = Σ∞ sine any positive invertible operator has aninvertible square root. On the other hand it is also obvious that the isotropygroup K equals U (HC) (the unitary group of HC, see setion X), soCorollary V.30. There is an analyti isomorphism given by polar deom-position
Σ∞ ≃ GL(HC)/U (HC)The manifold of positive invertible operators Σ∞ is a homogeneous spaefor the group of invertible operators GL(HC), whih ats isometrially andtransitively on Σ∞.This last statement is well known, and Theorem V.29 an be seen as a naturalgeneralization in this ontext.48



VI Fatorization TheoremsCombining the usual theory of Hadamard manifolds with some ad-ho tehniquesfor the in�nite-dimensional ontext, we shall prove that given a geodesiallyonvex losed submanifold M of Σ∞, there is a unique geodesi γ joining p and
M, suh that the length of γ is exatly the distane between p and M.VI.1 Geodesi projetionWe will use the �rst and seond variation formulas for urves in Riemannianmanifolds; we refer the reader to [Lang95℄.Proposition VI.1. Let M be a geodesially onvex subset of Σ∞, and let
p ∈ Σ∞. Then there is at most one normal geodesi γ of Σ∞ joining p and49



VI FACTORIZATION THEOREMS
M suh that L(γ) = dist(p,M). In other words, there is at most one point
q ∈ M suh that dist(p,q) = dist(p,M).Proof. Suppose there are two suh points, q and r ∈ M, joined by a geodesi
γ3 ∈M, suh that L(γ1) =dist(p,q) = L(γ2) =dist(p,r) = d(p,M). We onstruta proper variation of γ ≡ γ1, whih we all Γs.The onstrution follows the �gure below, where

σs(t) = σ(s,t) = p
1
2

[

p−1
2 q

1
2

(

q−1
2 rq−1

2

)s
q

1
2 p−1

2

]t

p
1
2is the minimal geodesi joining p with γ3(s).

Γ(s,t) =





σ(s,t) if 0 ≤ t ≤ 1

γ3 (s(2− t)) if 1 ≤ t ≤ 2Note that
γ(t) = Γ(0,t) =

{
σ(t,0) if 0 ≤ t ≤ 1

q if 1 ≤ t ≤ 2
=

{
γ1(t) if 0 ≤ t ≤ 1

q if 1 ≤ t ≤ 2so 
γ(t) =

{ 
γ1(t) if 0 ≤ t ≤ 1

0 if 1 ≤ t ≤ 2Also note that the variation vetor �eld (whih is a pieewise Jaobi �eld forthe urve γ) is given by equations
V(t) =

∂Γ

∂s
(t,0) =






∂σ
∂s (t,0) if 0 ≤ t ≤ 1

(2− t) 
γ3(0) if 1 ≤ t ≤ 2If ∆i 
γ denotes the jump of the tangent vetor �eld to γ at ti, namely 
γ(t+
i )−
γ(t−

i ), and Γ is a proper variation of γ, then the �rst variation formula for50



VI.1. Geodesi projetion
γ : [a,b] → Σ∞ reads

‖ 
γ‖ d

ds
|
s=0

L(Γs) = −

∫b

a

〈V(t),Dt 
γ(t)〉dt −

k−1∑

i=1

〈V(ti),∆i 
γ〉where Dt stands for the ovariant derivative.In this ase, Dt 
γ is zero in the whole [0,2], beause γ onsists (pieewise) ofgeodesis. The jump points are t0 = 0, t1 = 1 and t2 = 2, so the formula reduesto
‖ 
γ‖ d

ds
|
s=0

L(Γs) = −〈V(1),∆1 
γ〉Thus, we get
〈 
γ3(0), 
γ1(1)〉 =

d

ds
|
s=0

L(Γs)‖ 
γ‖Reall that γ3 ⊂ M, and that γ1 is minimizing. Then the right hand term iszero, whih proves that γ1 and γ3 are orthogonal at q. Similarly, γ2 and γ3 areorthogonal at r.Hene, the sum of the three inner angles of this geodesi triangle is at least π.It follows from Lemma IV.11 that the angle at p must be null, whih proves that
γ1 and γ2 are the same geodesi, and uniqueness follows.Now, we onsider the problem of the existene of the minimizing geodesi. Wean rephrase the problem in the following way:Theorem VI.2. Let M be a geodesially onvex submanifold of Σ∞, and p apoint of Σ∞ not in M. Then existene of a geodesi joining p with M suhthat L(γ) = dist(p,M) is equivalent to the existene of a geodesi joining pwith M with the property that γ is orthogonal to M.Proof. In fat, the existene of suh a geodesi is equivalent to the existene of apoint qp ∈ M suh that dist(p,M) = dist(p,qp), and we will show that if q ∈ Mis a point suh that γqp is orthogonal to M at q, then dist(q,p) = dist(M,p).The other impliation follows from the uniqueness theorem.For this, onsider the geodesi triangle generated by p,q and d, where d is anypoint in M di�erent form q. As γqp is orthogonal to TqM, it is, in partiular,51



VI FACTORIZATION THEOREMSorthogonal to γqd. Then, by virtue of the hyperboli Cosine Law (equation(11)), we have
L(γdp)2 ≥ L(γqp)2 +L(γqd)2 > L(γqp)2whih implies dist(q,p) < dist(d,p).We onlude that the existene problem is equivalent to the question:Is NM, the normal bundle of M, di�eomorphi to the whole Σ∞, via theexponential map?The answer to the loal version of this question is yes, by virtue of the inversefuntion theorem. The reader an �nd the Banah spae version of suh theoremin [Lang95℄.Lemma VI.3. Set E : NM → Σ∞, the map whih assigns (q,V) 7→ Expq(V).Then there is an open neighbourhood M ⊂ Ωǫ ⊂ Σ∞ suh that Ωǫ ⊂ E(NM)and Ωǫ is Cω di�eomorphi to the open tube {(p,V) : ‖V‖p < ǫ} ⊂ NM.Proof. With the proper identi�ations, the di�erential of E at (1,0) ∈ NM isthe identity map beause T1M⊕T1M⊥ = T1Σ∞. The inverse map theorem givesa loal neighbourhood, and the invariane of the metri for the maps Ip : X 7→

p
1
2 Xp

1
2 (p ∈ M) gives the desired tube.Remark VI.4. Clearly E(NM)⊂Σ∞ is the set of points in Σ∞ with the followingproperty: there is a point q ∈ M suh that dist(q,p) = dist(M,p).Note that the map ΠM : E(NM) → M, whih assigns to p ∈ E(NM) the uniquepoint q ∈ M suh that dist(q,p) = dist(M,p) is injetive. This map is obtainedvia a geodesi that joins p and M, and this geodesi is orthogonal to M, thereforewe will all ΠM(p) the foot of the perpendiular from p to M.Theorem VI.5. The map ΠM is a ontration, namelydist(ΠM(p),ΠM(q)) ≤ dist(p,q)52



VI.1. Geodesi projetionProof. We may assume that p,q /∈ M, and that ΠM(p) 6= ΠM(q). If γp is ageodesi that joins ΠM(p) to p and γq is a geodesi that joins ΠM(q) to q, set
f(t) = dist(γp(t),γq(t))Note that f(0) = d(ΠM(p),ΠM(q)) and f(1) = dist(p,q). We also know that f isa onvex funtion of t (Corollary III.6). If we prove that f ′(0) ≥ 0, it will followthat f is monotone inreasing, and we will have proved the assertion.Take a variation σ(t,s), being σt(s) the unique geodesi joining γp(t) to γq(t).Then σ(t,0) = γp(t), σ(t,1) = γq(t), σ(0,s) = γ(s) is the geodesi joining ΠM(p)to ΠM(q) (whih is ontained in M by virtue of the onvexity), and �nally σ(1,s)is the geodesi joining p to q. This onstrution is better shown in the following�gure:

Note that f(t) = L(σt). We apply the �rst variation formula to this partiular
σ, to get

‖ 
γ‖ d

dt
|
t=0

L(σt) = −

∫1

0

〈V(s),Ds 
γ(s)〉ds + 〈V(1), 
γ(1)〉− 〈V(0), 
γ(0)〉The fat that γ is a geodesi and observation of the �gure above redues theformula to
‖ 
γ‖ f ′(0) = −〈V(1),− 
γ(1)〉+ 〈−V(0), 
γ(0)〉Looking at the �gure also shows that V(0) = 
γp(0), V(1) = 
γq(0). Realling thatthe angles at M are right angles, we get f ′(0) = 0. 53



VI FACTORIZATION THEOREMSRemark VI.6. In the preeding proof, f ′(0) = 0 implies that it is exatly inthis geodesi joining the projetions that the distane between the projetinggeodesis is minimal. This is related with the fat that Σ∞ is a symmetrimanifold. There is an alternate proof for the fat that f ′(0) = 0, whih involvesnothing but a little bit of the Riesz funtional alulus; we inlude it beausewe think the proof shows in what extent this result an be translated to otheralgebras of operators suh as a von Neumann algebra with a faithful trae (wherethe Riemannian struture is not neessarily omplete in the metri sense). SeeRemark XI.5. For simpliity we assume that M = exp(m) where m ⊂ HSh is alosed Lie triple system.Proof. Let's onsider the square of the distane funtion
f2(t) = dist2(γp(t),γq(t)) = dist2(ExpΠM(p)(tV),ExpΠM(q)(tW))Naming r = ΠM(p), s = ΠM(q), reall that

γp(t) = r
1
2 etr

− 1
2 Vr

− 1
2
r

1
2 γq(t) = s

1
2 ets

− 1
2 Ws

− 1
2
s

1
2Sine V ∈ (TrM)⊥ and W ∈ (TsM)⊥, we have

< V,r
1
2 Xr

1
2 >r= tr

(

Xr−1
2 Vr−1

2

)

= 0 for any X ∈ m = T1M and
< W,s

1
2 Ys

1
2 >s= tr

(

Ys−1
2 Ws−1

2

)

= 0 for any Y ∈ m = T1M

(13)Now we use the formula dist(eA,eB) = ‖ ln(eA/2e−BeA/2)‖2 for A = ln(γp(t))and B = ln(γq(t)), to write
f2(t) = ‖ ln(γ

1
2
pγ−1

q γ
1
2
p)‖2

2 = tr

(ln2(γ
1
2
pγ−1

q γ
1
2
p)

)Now assume that C is a simple, positively oriented urve in C, around the spe-trum of α0 = r
1
2 s−1r

1
2 . Then we an use the Cauhy formula to alulate ln2(a)54



VI.1. Geodesi projetionfor any element a ∈ HC suh that σ(a) ⊂ int(C), namelyln2(a) =
1

2πi

∫

C

ln2(z)(z−a)−1dz (14)Naming α(t) = γ
1
2
p(t)γ−1

q (t)γ
1
2
p(t), this formula holds true for α0 = α(0) and for

α(t) for t su�iently small, sine α is a smooth funtion of t and the spetrumis a lower semiontinuous funtion.Note that
f2(t) = tr

(

γ−1
2 (t)γ

1
2 (t) ln2(α(t))

)

= tr
(

γ−1
2 (t) ln2(α(t))γ

1
2 (t)

)but for X invertible in HC, Xg(a)X−1 = g(XaX−1) for any element a ∈ HC andany analyti funtion g in a neighbourhood of σ(a); this follows from formula(14) above and the identity X(z−a)−1X−1 = (z−XaX−1)−1. This leads to
f2(t) = tr

(ln2
[

γp(t)γ−1
q (t)

])

=
1

2πi

∫

C

ln2(z)tr

[

(

z−γp(t)γ−1
q (t)

)−1
]

dzby the linearity of the trae.Now we ompute f ′(0); note �rst that γp(0)γ−1
q (0) = rs−1 and also that

d

dtt=0
γp(t)γ−1

q (t) = −Vs−1 + rs−1Ws−1Using the iliity of the trae we get
d

dtt=0
f2(t) = −

1

2πi

∫

C

ln2(z)tr

[

(

z− rs−1
)−2

(−Vs−1 + rs−1Ws−1)

]

dz =

= tr

[(

−
1

2πi

∫

C

ln2(z)
(

z− rs−1
)−2

dz

)

(

−Vs−1 + rs−1Ws−1
)

]Now we integrate by parts the �rst fator inside the trae, and what we obtain(sine d
dzln2(z) = 2 ln(z)z−1 = 2z−1 ln(z) and C is a losed urve) is

2f(0)f ′(0) = tr









1

2πi

∫

C

2 ln(z)z−1
(

z− rs−1
)−1

dz





(

−Vs−1 + rs−1Ws−1
)



=55



VI FACTORIZATION THEOREMS
= −tr









1

2πi

∫

C

2 ln(z)z−1
(

z− rs−1
)−1

dz



Vs−1



+

+tr









1

2πi

∫

C

2 ln(z)z−1
(

z− rs−1
)−1

dz



rs−1Ws−1



So, by iliity of the trae and linearity,
2f(0)f ′(0) = −

1

2πi

∫

C

2 ln(z)z−1 tr

[

s−1
(

z− rs−1
)−1

V

]

dz+

+
1

2πi

∫

C

2 ln(z)z−1 tr

[

s−1
2

(

z− rs−1
)−1

rs−1Ws−1
2

]

dzNow we use the identities
r

1
2 (z− r

1
2 s−1r

1
2 )−1r−1

2 = (z− rs−1)−1 = s
1
2 (z− s−1

2 rs−1
2 )−1s−1

2to arrive to the expression
2f(0)f ′(0) = −

1

2πi

∫

C

2 ln(z)z−1 tr

[

s−1r
1
2

(

z− r
1
2 s−1r

1
2

)−1
r−1

2 V

]

dz+

+
1

2πi

∫

C

2 ln(z)z−1 tr

[

(

z− s−1
2 rs−1

2

)−1
s−1

2 rs−1
2 s−1

2 Ws−1
2

]

dz=

= −2tr
[

s−1r
1
2 r−1

2 sr−1
2 ln(r

1
2 s−1r

1
2 )r−1

2 V
]

+

+2tr
[ln(s−1

2 rs−1
2 )s

1
2 r−1s

1
2 s−1

2 rs−1
2 s−1

2 Ws−1
2

)

=

= −2tr
[ln(r

1
2 s−1r

1
2 )r−1

2 Vr−1
2

]

+2tr
[ln(s−1

2 rs−1
2 )s−1

2 Ws−1
2

]

=

= 0+0 = 0by the orthogonality relations (13), naming X = ln(r
1
2 s−1r

1
2 ) (reall that M isonvex), and Y = ln(s−1

2 rs−1
2 ). Sine we assumed that r 6= s, we have f(0) 6= 0,whih proves that f ′(0) = 0.56



VI.1. Geodesi projetionLet's get bak to our problem: we wish to prove that E(NM) = Σ∞. We will dothat by proving that it is both open and losed in Σ∞. First we to prove that itis open:Lemma VI.7. For λ ∈ [1,+∞), set ηλ : E(NM) → E(NM) by ηλ(Expp(V)) =Expp(λV). Then E(NM) = ∪
λ≥1

ηλ(Ωǫ), and eah ηλ : Ωǫ → Σ∞ is a Cωdi�eomorphism with its image.Corollary VI.8. The set E(NM) is open in Σ∞.Let's prove the Lemma; the geometri idea of the proof is due to Porta and Reht[PR94℄:Proof. Clearly ∪λ≥1ηλ(Ωǫ) ⊂ E(NM). On the other hand, if r = Expp(V) and
‖V‖p < ǫ then r ∈ Ωǫ = η1(Ωǫ). We may assume that ‖V‖p ≥ ǫ; taking λ =

‖V‖p/c for any c < ǫ does the job.We will prove that, for any λ ≥ 1 and r ∈ Ωǫ, d(ηλ)r : TrΣ∞ → Tηλ(r)Σ∞ is alinear isomorphism, and this will prove the assertion. Take α ⊂ Ωǫ a geodesisuh that α(0) = r and 
α(0) = X. Sine α is a geodesi, we have dist(α(t), r) =

t‖ 
α(0)‖r for t ≥ 0 (see setion IV.2). Set β(t) = ηλ ◦α; then β(0) = ηλ(r) and
β(0) = d(ηλ)r (X). Clearly dist(β(t),ηλ(r)) ≤ Lt
0(β) =

∫t
0 ‖ 
β(s)‖β(s)ds. On theother hand, dist(ηλ(α(t)),ηλ(r)) ≥ dist(α(t), r) = t‖X‖rwhere the inequality omes from the proof of Theorem VI.5, sine λ ≥ 1. If weput together these two inequalities and divide by t, we get

1

t

∫t

0

‖ 
β(s)‖β(s)ds ≥ ‖X‖rand taking limit for t → 0+ gives
‖d(ηλ)r (X)‖ηλ(r) ≥ ‖X‖rNow set Aλ = I−1

ηλ(r)
◦d(ηλ)r ◦ Ir, where the maps Ip : V 7→ p

1
2 Vp

1
2 are linearisomorphisms (see Lemma II.6). If we onsider Aλ : T1Σ∞ → T1Σ∞ = HR, whatthe inequality above says is that ‖Aλ(X)‖2 ≥ ‖X‖2 for any X ∈ HR. 57



VI FACTORIZATION THEOREMSClearly η1 = idΩǫ
and d(η1)r = idTrΣ∞; sine the map (λ,r) 7→ ηλ(r) is analytifrom R>0 ×Ωǫ to Σ∞, there is an open neighbourhood of 1 ∈ R suh that Aλis an isomorphism. Assume Aλ is invertible for λ ∈ [1,m): then ‖A−1

λ ‖L(HR) ≤ 1for any λ ∈ [1,m). Sine Am = lim
λ→m−

Aλ (in the operator norm of L(HR)) and
‖AmA−1

λ −1‖ ≤ ‖Am −Aλ‖< 1 if λ is lose enough to m, we get that AmA−1
λ isinvertible, thus Am is invertible. Sine the maps Ip are isomorphisms, we haveproved that d(ηλ)r is an isomorphism for any λ ≥ 1, for any r ∈ Ωǫ.Now we are ready to prove the main result of this setion:Theorem VI.9. Let M be a geodesially onvex, losed submanifold of Σ∞.Then for every point p ∈ Σ∞, there is a unique normal geodesi γp joining

p to M suh that L(γp) = dist(p,M).Moreover, this geodesi is orthogonal to M, and if ΠM : Σ∞ → M is the mapthat assigns to p the end-point of γp, then ΠM is a ontration for thegeodesi distane.Proof. The theorem will follow one we prove that E(NM) = Σ∞. But sine
Σ∞ is onneted and E(NM) is open, it is enough to prove that E(NM) is alsolosed.Let p ∈ E(NM). There exist points qn ∈ M, Vn ∈ TqnM⊥ suh that

p = lim
n

pn = lim
n

Expqn
(Vn)Now observe that qn = ΠM(pn), so dist(qn,qm) ≤ dist(pn,pm). As {pn} on-verges to p, it is a Cauhy sequene. It follows that {qn} is also a Cauhysequene; sine M is losed (and then omplete), there must exist a point q ∈Msuh that q = lim

n
qn. We assert that dist(p,q) = dist(p,M). First observe thatdist(p,qn) ≤ dist(p,pn)+dist(pn,qn)and dist(pn,qn) = dist(pn,M), sodist(p,qn) ≤ dist(p,pn)+dist(pn,M)Taking limits gets us to the inequality dist(p,q) ≤ dist(p,M), whih shows that58



VI.1. Geodesi projetionthe distane between p and M is given by dist(p,q). This onludes the proof.Note that Σ∞ deomposes as a diret produt: with the ontration ΠM, we andeompose Σ∞ by piking, for �xed p,1. the unique point q = ΠM(p) suh that dist(p,q) = dist(p,M)2. a vetor Vp normal to TqM suh that the geodesi in Σ∞ with this initialveloity starting at q passes through p.Note that Vp = Exp−1
ΠM(p)

(p), and also ‖Vp‖p = dist(p,M).Sine the exponential map is an analyti funtion on both of its variables (reallthat, for any q ∈ Σ∞, and any V ∈ HR, Expq(V) = qeq−1V), we getTheorem VI.10. The map p 7→ (ΠM(p),Vp) is the inverse of the exponentialmap (q,Vq) 7→ Expq(Vq), and it is, in fat, a real-analyti isomorphismbetween the manifolds NM and Σ∞.This is a remarkable global analogue of the (linear) orthogonal deomposition oftangent spaes; we an read the theorem in a di�erent fashoin if we reall thatall points and tangent vetors are operators. This theorem is inspired mainly bythe results on C∗-algebra deompositions [CPR91℄Theorem VI.11. Fix a losed, geodesially onvex submanifold M of Σ∞.Take any operator A ∈ Σ∞. Then there exist operators C ∈ Σ∞,V ∈ HR suhthat C ∈ M, V ∈ TCM⊥, and:
A = CeC−1V (15)Moreover, C and V are unique, and the map A 7→ (C,V) (whih maps Σ∞ →

NM) is a real analyti isomorphism between manifolds.Naming B = C
1
2 , W = C−1

2 VC−1
2 , equation (15) reads

A = BeWB 59



VI FACTORIZATION THEOREMSfor unique B,W.Using the tools of setion V, we an restate the theorem in terms of intrinsioperator equations (see [Mos55℄ for the �nite dimensional analogue):Theorem VI.12. Assume m ⊂ HR is a losed Lie triple system. Then forany operator A ∈ HR, there exist unique operators X ∈ m, V ∈ m⊥ suh thatthe following deomposition holds:eA = eX eV eXThe operator X is the unique minimizer in m of the map
Y 7→ ‖ ln(eA/2e−YeA/2)‖2As a orollary, we obtain a polar desomposition relative to any �xed onvexsubmanifold. This deomposition resembles the Iwasawa deomposition of (�nitedimensional) Lie groups, see [Hel62℄:Theorem VI.13. Assume M = exp(m)⊂Σ∞ is a losed, onvex submanifold.Then for any g ∈ GL(HC) there exists a unique fatorization of the form

g = eXeVu where X ∈ m, V ∈ m⊥ and u ∈ U (HC) is a unitary operator.The map g 7→ (eX,eV ,u) is an analyti bijetion whih gives an isomorphism
GL(HC) ≃ M× exp(m⊥)×U (HC)Proof. Sine gg∗ ∈ Σ∞, we an write gg∗ = eXe2VeX with X ∈ m and V ∈ m⊥.Setting u = (eXeV)−1g = e−Ve−Xg we have

uu∗ = e−Ve−Xgg∗e−Xe−V = 1 and also u∗u = g∗e−Xe−Ve−Ve−Xg = 1Hene u is a unitary operator and g = eXeVu. This fatorization is uniquebeause if g = eX1eV1u1 = eX2eV2u2, then gg∗ = eX1e2V1eX1 = eX2e2V2eX2, so
X1 = X2, V1 = V2 and then u1 = u2.
60



VII Some Appliations
VII.1 PreliminariesWe will use the fatorization theorem in several ways; for onveniene we �rststate the following lemma, whih we will be useful on several oasions:Lemma VII.1. (the generalized exponential formula): for the exponentialmap in Σ∞, we haveExpα+a(β+b) = (α+a)e(α+a)−1(β+b) = (α+a)[1+(α+a)−1(β+b)+ · · · ]

= (α+a)

[

1+
β

α
+

1

2

(

β

α

)2

+ · · ·+k

]

= α eβ/α +kwhere α eβ/α ∈ R and k is a Hilbert-Shmidt operator. 61



VII SOME APPLICATIONSWe need some remarks before we proeed with the main appliations. Fix anorthonormal basis of H.1. The diagonal manifold ∆ ⊂ Σ∞ we de�ne below is losed and geodesiallyonvex.
∆ = {d+α > 0 : d is a diagonal Hilbert-Shmidt operator and α ∈ R}This is due to the fat that the diagonal operators form a losed abeliansubalgebra (see Propositions III.3 and Corollary V.12 ).2. If p0 ∈ ∆, then Tp0

∆ = {α+d; α ∈ R, d a diagonal operator} = T1∆ by Re-marks V.19 and V.20.3. Consider the map A 7→ AD = the diagonal part of A. Then(a) For Hilbert-Shmidt operators we have AD =
∑

i

piApi where on-vergene is in the 2-norm (and hene in the operator norm); here
pi = ei ⊗ ei = 〈ei, ·〉ei is the orthogonal projetion in the real linegenerated by ei(b) (AD)D = AD() tr
(

ADA
)

= tr((AD)2)(d) tr(ADB) = tr(AB) if B is diagonal4. The salar manifold Λ = {λ ·1 : λ ∈ R>0} is geodesially onvex and losedin Σ∞, with tangent spae R ·1 ⊂ HR5. A vetor V = µ+u ∈ Tp0
∆⊥ if and only if µ = 0 and uD = 0. This followsfrom: Remarks V.19 and V.20, the fat that µ+uD ∈ Tp0

∆, and Remark(3) of this list.VII.2 The fatorization itselfTheorem VII.2. (in�nite dimensional diagonal fatorization): Take anyselfadjoint Hilbert-Shmidt operator a. Then there exist a real salar λ >62



VII.2. The fatorization itself
0, a positive invertible Hilbert-Shmidt diagonal operator d and a Hilbert-Shmidt selfadjoint operator with null diagonal V suh that the followingformula holds:

a+λ = (d+λ)e(d+λ)−1V = (d+λ)
1
2e(d+λ)

− 1
2 V(d+λ)

− 1
2

(d+λ)
1
2Moreover (for �xed λ) d and V are unique and a+λ 7→ (d,V) (wih maps

Σ∞ → N∆) is a real analyti isomorphism between manifolds.Proof. Let λ = ‖a‖∞+ǫ, for any ǫ > 0. Then p = a+λ∈Σ∞, and Π∆(p) = d+α.The operator d satis�es our requirements. Now pik the unique V ∈ Td+α∆⊥suh that Expd+α(V) = p, this operator V has zero diagonal beause of remark(5) above. As a onsequene of the 'exponential formula' (Lemma VII.1), α = λ,for in this ase, β = 0.This theorem an be rephrased saying that, given a selfadjoint Hilbert-Shmidtoperator a, for any λ ∈ R>0 suh that a+λ > 0, one has a unique fatorization
a+λ = D eWDwhere D = (λ+d)

1
2 > 0 is a diagonal operator and W = D−1VD−1 is a selfadjointoperator and has null diagonal.Corollary VII.3. For any g ∈ GL(HC), there is a unique fatorization

g = deWu,where d is a positive invertible diagonal operator of HC, W is a selfadjointoperator with null diagonal in HC and u is a unitary operator of HC.Proof. It is a onsequene of the previous remark together with Theorem VI.13.We now observe that, for �nite (stritly positive) matries, we ould hoose λ = 0(in a sense we will make preise) beause any matrix has �nite spetrum. Withthis observation in mind, we an state and prove a �nite dimensional analogue of63



VII SOME APPLICATIONSthe fatorization theorem, whih has a simpler form. We should remark that (inthis partiular ase) this result is exatly Theorem 3 of [Mos55℄ by G.D. Mostow(see also [CPR91℄ by Corah, Porta and Reht). The only thing to remark isthat the geometri intrepretation of the splitting is rystal lear in this ontext,beause the diagonal matrix D is the losest diagonal matrix to A, and V is theinitial diretion of the geodesi starting at D whih joins D to A. We will usethe standard notation
M+

n = {M ∈ C
n×n : Mt = M†, σ(M) ⊂ (0,+∞)}The dagger (†) stands for omplex onjugation of the oe�ients of M.We will use Mn to denote the tangent spae of M+

n at Id; reall that M+
n isopen in Mn, and also that Mn an be identi�ed with the hermitian matries of

R
n×n.Theorem VII.4. (�nite dimensional diagonal fatorization): Fix a positiveinvertible matrix A ∈ M+

n. Then there exist unique matries D,V ∈ Mn,suh that D is diagonal and stritly positive, V is symmetri and with nulldiagonal, whih make the following formula hold:
A = D eVDMoreover, the maps A 7→ D and A 7→ V are real analyti.Proof. We will prove the result using blok produts. For this, hoose an ortho-normal basis of H, and write Hilbert-Shmidt operators as in�nite matries. Inthis way we an embed M+

n in Σ∞, by means of the map that sends A to the�rst n×n blok:
A →

(

A 0

0 1

)

= a+1, where a =

(

A−1 0

0 0

)

∈ HShNote that a+1 = A+P(KerA)⊥ , and that a+1 > 0 beause A > 0.Using the in�nite dimensional theorem, we an fatorize a+1 = deVd, where V =

d−1Wd−1 and W is orthogonal to the diagonal submanifold ∆⊂Σ∞. Obviously,
d =

(

D 0

0 D∞

)
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VII.2. The fatorization itselfbut note that V = ln(d−1(a+1)d−1
) so

V = ln( D−1AD−1 0

0 D−2
∞

)

=

( ln(D−1AD−1) 0

0 ln(D−2
∞ )

)whih shows that the desired V (the �rst blok of V) has the desired properties,as V has them. Now a+1 = deVd reads
(

A 0

0 1

)

=

(

D 0

0 D∞

)exp{(
V 0

0 ln(D−2
∞ )

)}(
D 0

0 D∞

)

=

=

(

D 0

0 D∞

)( eV 0

0 D−2
∞

)(

D 0

0 D∞

)

=

(

D eVD 0

0 1

)and omparing the �rst bloks, we have the laim.Remark VII.5. In [AV03℄ Andruhow and Varela prove that there is a natural,�at embedding of M = M+
n into Σ∞ (Proposition 4.1 and Remark 4.2). Thisembedding makes M+

n a losed, geodesially onvex submanifold of Σ∞. We willpostpone a projetion theorem for this submanifold for the sake of simpliity.See Theorem VIII.10
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VIII A Foliation of Codimension OneIn this setion we desribe a foliation of the total manifold, and show how totranslate the results from previous setions to a partiular leaf (the submanifold
Σ1). We begin with a desription of the leaves.VIII.1 The leaves ΣλReall that we write HSh (hermitian Hilbert-Shmidt operators) to denote thelosed vetor spae of operators in HR with no salar part. We de�ne the follow-ing family of submanifolds (for �xed λ ∈ R>0):

Σλ = {a+λ ∈ Σ∞, a ∈ HSh}Observe that Σλ∩Σβ = /0 when λ 6= β, sine a+λ = b+β implies a−b = β−λ.67



VIII A FOLIATION OF CODIMENSION ONEIn this way, we an deompose the total spae by means of these leaves,
Σ∞ =

∐

λ>0

ΣλTheorem VIII.1. The leaves Σλ are losed and geodesially onvex subman-ifolds of Σ∞.Proof. The fat that the projetion ΠΛ is a ontrative map implies that Σλ islosed, one must only observe that Σλ = Π−1
Λ (λ).To show that Σλ is onvex we reall that, by virtue of the 'exponential formula'(Lemma VII.1), for any real λ > 0 and any p ∈ Σλ, there is an identi�ation viathe inverse exponential map at p, TpΣλ = HSh.Remark VIII.2. Take δ+ c ∈ Ta+λΣλ

⊥. Sine Ta+λΣλ an be identi�ed withHSh, ondition
〈δ+c,d〉a+λ = 0 ∀ d ∈ HShimmediately translates into

tr

[

(a+λ)−1

[

(δ+c)(a+λ)−1 −
δ

λ

]

d

]

= 0 ∀ d ∈ HShThis says that Ta+λΣ⊥
λ = span(a+λ); shortly TpΣ⊥

λ = span(p) for any p ∈ Σλ.Proposition VIII.3. Fix real α,λ > 0. Set Πα,λ = ΠΣλ
|Σα

: Σα → Σλ. Then1. Πα,λ(p) = λ
αp, so Πα,λ(p) ommutes with p2. Πα,λ is an isometri bijetion between Σα and Σλ, with inverse Πλ,α.3. Πα,λ gives parallel translation (see Remark V.21) along 'vertial' geo-desis joining both leaves.Proof. Notie that for a point b+α ∈ Σα to be the endpoint of the geodesi γstarting at a+λ ∈ Σλ suh that L(γ) = dist(b+α,Σλ), we must have

b+α = Expa+λ(x+c) = Expa+λ(k.(a+λ)) = ek(a+λ)68



VIII.1. The leaves Σλbeause x+ c ∈ Ta+λΣλ
⊥. From Lemma VII.1, we dedue that k = ln(α

λ

), and
a = λ

αb. So, b+α = α
λ (a+λ) and also

γ(t) = (a+λ)
(

α
λ

)tNow it is obvious that Πλ(b+α) = λ
α(b+α) and ommutes with b+α.To prove that Π is isometri, observe thatdist(Πα,λ(p),Πα,λ(q)) = dist(λ

α
p,

λ

α
q

)

= dist(p,q)by inspetion of the geodesi equation (2) of setion II and Remark II.4.That Π gives parallel translation along γ follows from q = λ
αp and Remark V.21.Proposition VIII.4. The leaves Σα, Σλ are also parallel in the followingsense: any minimizing geodesi joining a point in one of them with itsprojetion in the other is orthogonal to both of them. For any b+α ∈ Σα,dist(b+α,Σλ) = dist(Σα,Σλ) =| ln(α

λ

)

|In partiular, the distane between α,λ in the salar manifold Λ is given bythe Haar measure of the open interval (α,β) on R>0. (This was remarkedby E. Vesentini in his paper [Ves76℄ ).Proof. It is a straightforward omputation that follows from the previous results.Sine Σ∞ is a symmetri spae, urvature is preserved when we parallel-translatebidimensional planes; note also that vertial planes are ommuting sets of oper-ators, soProposition VIII.5. For any point p ∈ Σλ, setional urvature of vertial2-planes is trivial. 69



VIII A FOLIATION OF CODIMENSION ONE

Figure 1: The geodesis γ and δ are minimizing, the geodesi β is notProof. We know that p generates TpΣ⊥
λ ; take any other vetor V ∈ TpΣλ =HSh.Equation (4) of setion II says

〈Rp(p,V)V,p〉p = −
1

4

〈[[

p−1p,p−1V
]

p−1V
]

,pp−1
〉

2

= 0Theorem VIII.6. The map T : Σ∞ → Σ1×Λ , whih assigns
a+α 7→

(

1

α
(a+α),α

)is bijetive and isometri (Σ1 and Λ have the indued submanifold metri).In other words, there is a Riemannian isomorphism
Σ∞ ≃ Σ1×ΛProof. Another straightforward omputation.The previous theorems show that the geometry of Σ∞ is essentially the geometryof Σ1; in partiular, the fatorization theorem inside Σ1 has a simpler form; westate it belowTheorem VIII.7. Fix a losed, geodesially onvex submanifold M of Σ1.For any a+ 1 ∈ Σ1, there is a selfadjoint Hilbert-Shmidt operator d suh70



VIII.2. The embedding of M+
n in Σ1that d + 1 ∈ M, and a selfadjoint Hilbert-Shmidt operator V, suh that

V ∈ Td+1M⊥, whih make the following formula hold:
1+a = [1+d] e(1+d)

−1
VMoreover d and V are unique, and the map 1+a 7→ (1+d,V) (whih maps

Σ1 to NM) is a real analyti isomorphism between manifolds. Equivalently,
1+a = [1+d]

1
2 e(1+d)

− 1
2

V (1+d)
− 1

2

[1+d]
1
2The intrinsi version of the theorem reads (see Theorem V.11):Theorem VIII.8. Assume m ⊂ HSh is a losed subspae suh that

[x, [x,y]] ∈ m for any x,y ∈ mThen for any a ∈ HSh there is a unique deomposition of the formea = ex ev exwhere x∈m and v∈HSh is suh that tr(vz) = 0 for any z∈m. The operator
x is the unique minimizer in m of the map

y 7→ tr
(ln2(ea/2e−yea/2)

)

VIII.2 The embedding of M+
n in Σ1We are ready to state and prove a projetion theorem for M = M+

n (the positiveinvertible n×n matries with omplex oe�ients).First note that we an embed M+
n →֒ Σ1 for any n∈N (see the proof of TheoremVII.4). Fix an orthonormal basis {en}n∈N of H, set pij = ei ⊗ ej, and identify71



VIII A FOLIATION OF CODIMENSION ONE
Mn with the set

T =






n∑

i,j=1

a
ij

pij : a
ij

= a
ji
∈ R





⊂ HShIn this way, we an identify isometrially the manifolds M+

n with the set
P =

{eT : T ∈ T
}
⊂ Σ1and the tangent spae at eah eT ∈ P is T . P is losed and geodesially onvexin Σ1 by Corollary V.11Let's all S = span(e1, · · · ,en), S⊥ = span(en+1,en+2 · · ·). The operator P

S
isthe orthogonal projetion to S and Q

S
= 1−P

S
is the orthogonal projetion to

S⊥.Using matrix bloks, for any operator A ∈ L(S), we identify
T =

(

A 0

0 0

) and P =

( eA 0

0 1

)Remark VIII.9. There is a diret sum deomposition of HSh = T ⊕ J whereoperators in J∈ J are suh that P
S
JP

S
= 0. A straightforward omputation usingthe matrix-blok representation shows that tr(ab) = 0 for any a∈ T ,b∈ J , whihsays T ⊥ = J .So the manifolds exp(J ) and P = exp(T ) are orthogonal at 1, the unique inter-setion point.Theorem VIII.10. (projetion to positive invertible n×n matries) : Set

P ≃M+
n ⊂ Σ1 with the above identi�ation. Then for any positive invertibleoperator eb ∈ Σ1, (b ∈ HSh) there is a unique fatorization of the formeb =

( eA 0

0 1

) exp{( e−A 0

0 1

)(

On×n Y∗

Y X

)}where ea = eAP
S
+Q

S
∈ P ≃ M+

n, (a ∈ T ), X∗ = X ats on the subspae S⊥and Y ∈ L(S,S⊥).72



VIII.2. The embedding of M+
n in Σ1An equivalent expression for the fatorization iseb =

( eA/2 0

0 1

) exp{(
On×n e−A/2Y∗

Ye−A/2 X

)}( eA/2 0

0 1

)Yet another form is the following: for any p∈Σ1 exist unique V ∈HSh suh that
P

S
VP

S
= 0, and unique q∈ Σ1 suh that P

S
qQ

S
= Q

S
qP

S
= 0 and Q

S
qQ

S
= Q

Swhih make the following equation valid
p = q eVqProof. From previous theorems and the observations we made, we know thateb =

( eA/2 0

0 1

) exp{( e−A/2 0

0 1

)(

V11 V∗
21

V21 V22

)( e−A/2 0

0 1

)}( eA/2 0

0 1

)for some A ∈ L(S) and some V ∈ HSh. That V11 = 0 follows from the fat (seeRemark VIII.9) that T ⊥ = J , and V ∈ TeaP ⊥ i� tr(e−ABe−AV11) = 0 for any
B ∈ T . This says that V has the desired form.Remark VIII.11. Sine V is orthogonal to P at any point, in partiular it isorthogonal to P at 1; so 1 is the foot of the perpendiular from eV to P , or, inother words, 1 is the point in P losest to eV ; the distane between 1 and eV isexatly ‖V‖

2
.In the notation of Theorem VIII.10, ea = 1 if and only if A = 0, if and only if

V = b, and we onlude that for any b ∈HSh suh that P
S
bP

S
= 0, the point in

P losest to eb is 1. This is nothing but Remark VIII.9 in disguise.Remark VIII.12. For any b ∈ HSh, it holds true that the operatorea = eAP
Sn

+P
S

⊥
n

=

( eA 0

0 1

)

= exp( A 0

0 0

)is the '�rst blok' n×n matrix whih is losest to eb in Σ∞, and with a slightabuse of notation for the traes of L(Sn) and L(S⊥
n), we havedist(P ,eb) = dist(ea,eb) =

∣

∣

∣

∣

∣

∣

∣

∣

(

On×n Y∗

Y X

)∣

∣

∣

∣

∣

∣

∣

∣ea

=

√

‖Y e−A/2‖2

2
+‖X‖2

2
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IX Embedding Symmetri Spaesof the Nonompat Type
IX.1 A lassial resultIn a series of notes devoted to the geometry of manifolds of nonpositive setionalurvature (in partiular, [Eb85℄), Patrik Eberlein puts together a result whih'does not seem to be stated in the literature in preisely this form' (si).Eberlein shows that every symmetri (real, �nite dimensional) manifold M ofnonompat type an be realized isometrially as a omplete, totally geodesisumanifold of M+

n(R), where n = dim(M), with the preaution that one multi-plies the metri on eah irreduible de Rham fator of M by a suitable onstant.If I0(M) denotes the onneted omponent of the isometry group of M that75



IX EMBEDDING SYMMETRIC SPACES OF THE NONCOMPACT TYPEontains the identity, then G = I0(M) is a Lie group when given the ompat-open topology; if g is the Lie algebra of G, the idea of this result is based inthe representation of M into End(g). In the following paragraphs we outline themain tools an ennuniate the result.We state the de Rham deomposition theorem; for a proof see Theorem 6.11 ofChapter III in [SakT96℄Theorem IX.1. Let M be a omplete simply onneted Riemannian mani-fold. Then M is isometri to the Riemannian diret produt M0×M1×·· ·×
Mk, where M0 is Eulidean spae and the other Mi are omplete simplyonneted irreduible Riemannian manifolds. Moreover, this deompositionis unique up to order.Let (M,〈 , 〉M) be a symmetri spae of nonompat type (i.e. simply onneted,with no Eulidean de Rham fator and nonpositive setional urvature). Forthese manifolds, G = I0(M) is a semisimple Lie group (see [Eb85℄).Fix a point p∈M. Sine M is symmetri, the geodesi symmetry sp generates aninvolutive automorphism σp of I0(M), where σp(g) = sp◦g◦sp. The di�erentialof this map gives an involutive Lie algebra automorphism (see setion V of thismanusript, [Eb85℄, or [Hel62℄) Θp = dpσp : g → g; this map is haraterized bythe equation

σp

(etX
)

= e t Θp(X) for all X ∈ g and all t ∈ Rand gives a anonial deomposition of g where m identi�es with the tangentspae TpM and k = Fix(Θp).Let's denote with B : g×g → R the Killing form of G, whih maps
(X,Y) 7→ trace(adX◦adY)We de�ne an inner produt on g using the Killing form:

〈X,Y〉g = −B [Θp(X),Y] = −trace(adΘp(X)◦adY)Now we ennuniate a few fats that we prove only partially, beause they an76



IX.1. A lassial resultbe dedued from the general theory of representations (see, for instane, setion6.2, Chapter IV of [SakT96℄), or an be found in Eberlein's paper [Eb85℄. Seealso setion V.2 of this manusript.The fat that G is semisimple ensures that B is nondegenerate.By de�nition, Adg is the di�erential at Id∈G of the g-inner automorphism
αg, that is, the map whih sends φ 7→ gφg−1; sine this map �xes Id, itsdi�erential is an endomorphism of g.
G ats transitively on M, by means of the symmetries spq , where pq is themiddle point of the minimal geodesi joining p to q.This inner produt makes m ⊥ k; adX is symmetri relative to this innerprodut for any X ∈ m, and adX is skew-symmetri for any X ∈ k.Reall that adX(Z) = [X,Z]. Then adX = d

dt t=0
α
(etX

) and also AdeX =eadX.
tr(adX) = 0 for any X ∈ g. This is due to the following:1. We an span g with a basis {Ei}, suh that Θp(Ei) = ǫiEi, ǫi = +1 and

B[Ei,Ej] = ǫiδij , so 〈Ei,Ej〉g = δij2. 〈adX(Ei),Ei〉g = −B [adX(Ei),Θp(Ei)] = −ǫiB [adX(Ei),Ei]3. tr(adX) =
n∑

i=1

〈adX(Ei),Ei〉g = −
n∑

i=1

ǫiB [adX(Ei),Ei]4. B [adZ(X),Y] = −B [X,adZ(Y)] (this an be dedued using the Jaobi identitytwie)
AdG ⊂ GL(g), in fat AdG ⊂ SL(g). This a onseuene of:1. The image of the exponential map e : g → G generates G; in other words

G = ∪
n

e(g)n2. det(eA) = etrA for any linear operator A3. The two previous observations 77



IX EMBEDDING SYMMETRIC SPACES OF THE NONCOMPACT TYPEIf we denote with a dagger the adjoint whith respet to the inner produtintrodued above, then Ad†
G ⊂ SL(g) also.The inner produt 〈·, ·〉g is invariant under AdK, that is

〈AdkX,AdkY〉g = 〈X,Y〉g for any k ∈ K(K is the isotropy group of p).If q ∈ M is suh that q = g1(p) = g2(p) (gi ∈ G) then alling u = g−1
1 g2,

u is in the isotropy group K of p, and using that the inner produt is
AdK-invariant, we get

Ad†
g1

Adg1
= Ad†

g2
Adg2Moreover, Ad : G → SL(g) is injetive. This is a onseuene of the fatthat M has no Eulidean de Rham fator (see [Wolf64℄).Theorem IX.2. Fix a point p in any symmetri (real, �nite dimensional)manifold M of nonompat type. Then the map Fp : M → GL+(g) given by

q = g(p) 7→ Ad†
gAdgis a di�eomorphism with a losed, totally geodesi submanifold of GL+(g)Moreover, if we pull bak the inner produt on GL+(g) to M, this innerprodut di�ers only by a onstant positive fator from the inner produt of

M, on eah irreduible de Rham fator of M.Proof. That Ad†
gAdg is positive and invertible in End(g), and the map is wellde�ned is a onsequene of the previous observations.The proof of the theorem an be found in Eberlein's survey, Proposition 19 of[Eb85℄.

78



IX.2. A new resultIX.2 A new resultNow �x an orthonormal basis {X1, · · · ,Xn} of g and identify Xi with ei in R
n.Then we obtain an embedding Fp : M → Σ∞ whih is the omposition of the pre-vious map, the identi�ation of GL(g) with GL(n,R), and the isometri, losedand geodesially onvex embedding of M+

n(R) in Σ∞ (see setion VIII.2 of thismanusript and also setion 4 of [AV03℄ by Andruhow et al.).In this way, we an identify M with a subset of the �rst n×n blok in the matrixrepresentation of Σ∞; in the notation of setion VIII.2, M an be identi�ed witha losed and geodesially onvex submanifold of P ; remember that operators in
P have a matrix representation of the form

( eA 0

0 1

)

Theorem IX.3. For any (�nite dimensional, real) symmetri manifold Mof the nonompat type (that is, with no Eulidean de Rham fator, simplyonneted and with nonpositive setional urvature), there is an embedding
FM : M −→ Σ∞ whih is a di�eomorphism betwen M and a losed, geodes-ially onvex submanifold of Σ∞. This map preserves the metri tensor inthe following sense: if we pull bak the inner produt on Σ∞ to M, thenthis inner produt is a (positive) onstant multiple of the inner produt of
M (on eah irreduible de Rham fator of M). Moreover, FM (M) ⊂ Σ1.This theorem together with the general fatorization theorem says that, for any�nite dimensional symmetri manifoldM of the nonompat type, we an projetoperators in Σ∞ using the ontration ΠM (assuming we identify M with itsimage FM (M)).
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X Unitary OrbitsThere is a distinguished leaf in the foliation we de�ned in Setion VIII, namely
Σ1, whih ontains the identity. Moreover, Σ1 = exp(HSh). We will fous onthis submanifold sine the nontrivial part of the geometry of Σ∞ is, by TheoremVIII.6 ontained in the leaves. We won't have to deal with the salar part oftangent vetors, and some omputations will be less involved.X.1 The ation of the unitary groups U (HC) and U (L(H))We are interested in the orbit of an element 1+a ∈ Σ1 under the ation of somegroup of unitary operators.We �rst onsider the group of unitaries of the omplex Banah algebra of 'uni-81



X UNITARY ORBITStized' Hilbert-Shmidt operators. To be preise, let's all
U (HC) = {g = λ+a : a ∈ HS,λ ∈ C,g∗ = g−1}It is apparent from the de�nition that | λ |= 1 (so we an write λ = eiθ), andalso that a must be a normal operator; this de�nition an be restated (naming

g = a+λ = u+ iv+ eiθ) in the form of the following operator equation:
(u+ os(θ))2 +(v+ sin(θ))2 = 1It will be apparent from the de�nition of the ation that we will be always ableto hoose θ = 0, so g = 1+x with x a normal operator and σ(x) ⊂ S1 − 1 (here

−1 denotes translation in the omplex plane).The Lie algebra of this Lie group onsists of the operators of the form i(x+ r1)where x is a Hilbert-Shmidt, selfadjoint operator, and r is a real number, thatis
T1 (U (HC)) = iHR = {a+λ : a∗ = −a and λ ∈ i R}Sine these are the antihermitian operators of the unitized Hilbert-Shmidt alge-bra, we have T1 (U (HC)) = H ah

C . But we mentioned early that it will be enoughto onsider unitaries λ+x with λ = 1; in this ase, with a slight abuse of notation,we have an identi�ation
T1 (U (HC)) = iHShRemark X.1. The problem of determining whether a set in Σ1 an be giventhe struture of submanifold (or not) an be translated into the tangent spaeby taking logarithms; to be preise, note thatexp(uau∗) = ueau∗for any a ∈ HSh and any unitary operator u, and that this map is an analytiisomorphism between Σ1 and its tangent spae. We will state the problem inthis ontext.We �x an element a in the tangent spae (that is, a∈HSh) and make the unitary82



X.1. The ation of the unitary groups U (HC) and U (L(H))group at via the map
πa : U (HC) → HSh g 7→ gag∗De�nition X.2. Let Sa := {gag∗ : g ∈ U (HC)} be the orbit of a selfadjointHilbert-Shmidt operator.When is the orbit Sa of a selfadjoint Hilbert-Shmidt operator a submani-fold of HSh?The answer to this question an be partially answered in terms of the spetrum:Theorem X.3. If the algebra C∗(a) generated by a and 1 is �nite dimen-sional, then the orbit Sa ⊂HSh an be given an analyti submanifold stru-ture.Proof. We give the tools for onstruting the proof, and refer the reader to[AS89℄ and [AS91℄. A loal setion for the map πa is a pair (Ua,ϕa) where Uais an open neighbourhood of a in HSh and ϕa is an analyti map from Ua to

UHC
suh that:
ϕa(a) = 1

ϕa restrited to Ua∩Sa is a setion for πa, that is
πa ◦ϕa |Ua∩Sa

= idUa∩SaA setion for πa provides us with su�ient onditions to give the orbit thestruture of immerse submanifold of HSh (see Propostion 2.1 of [AS89℄). Thesetion ϕa an be onstruted by means of the �nite rank projetions in thematrix algebra where C∗(a) is represented. The �nite dimension of the algebrais key to the ontinuity (and furthermore analytiity) of all the maps involved. To�x some notation, as in Theorem 1.3 of [AS91℄, suppose n =
∑p

i=1 ni = dimC∗(a)and τ is the ∗-isomorphism
τ : C∗(a) → Mn1

(C)⊕Mn2
(C)⊕·· ·⊕Mnp(C) 83



X UNITARY ORBITSConsider the set of systems of projetions (here p2
i = pi = p∗

i,pipj = 0 for any
i 6= j):

Pn = {(p1, · · · ,pn) ∈ H n
C :

m∑

i=1

pi = 1}Denote ei
jk ∈ Mni

(C) the elementary matrix with 1 in the (j,k)-entry and zeroelsewhere, but embedded in the diret sum; take pi
jk(X) the polynomial whihmakes ei

jk = pi
jk(τ(a)), and onsider the following element in HSh: eijk = pi

jk(a)There is a neighbourhood Ua of a in HSh suh that 1 −
[ei11 −pi

11(x)
]2 hasstritly positive spetrum, beause r(x) = ‖x‖≤ ‖x‖

2
and HC is a Banah algebra(here r(x) denotes spetral radius). The map

ϕa(x) =

p∑

i=1

ni∑

j=i

pi
j1(x)Ei

11

[

1−
(

Ei
11 −pi

11(x)
)2
]−1

2

Ei
1jis a ross setion for πa, and it is analyti from Ua ⊂ HSh → UHC

sine the
pi

jk are multilinear and all the operations are taken inside the Banah algebra
HC (the omputation that proves that ϕa is in fat a ross setion for πa isstraightforward and an be found in the artile by Andruhow et al., [AFHS90℄).
Remark X.4. At �rst sight, it is not obvious if this strong restrition (on thespetrum of a) is neessary for Sa to be a submanifold of HSh. The maindi�erene with the work done so far by Dekard and Fialkow in [DF79℄, Raeburnin [Rae77℄, and Andruhow et al. in [AS89℄, [AS91℄ is that the Hilbert-Shmidtoperators (with any norm equivalent to the ‖ ·‖

2
-norm) are not a C∗-algebra. Aremarkable byprodut of Voiulesu's theorem [Voi76℄ says that, for the unitaryorbit of an operator a with the ation of the full group of unitaries of L(H), it isindeed neessary that a has �nite spetrum. For the time being, we don't knowif this is true for the algebra B = HC.Let's examine what happens when we at with the full group U (L(H)) by meansof the same ation. For onveniene let's �x the notation84



X.1. The ation of the unitary groups U (HC) and U (L(H))

Sa = {uau∗ : u ∈ U (L(H))}We will develop an example that shows that the two orbits (Sa and Sa) are,in general, not equal when the spetrum of a is in�nite. Sine a is ompatand selfadjoint, we an assume that a is a diagonal operator; that is, there's anorthonormal basis {ek} of H suh that
a =

∑

k

α
k

ek⊗ek, where ∑

k

| αk |2= tr(a∗a) < +∞

Example X.5. Take H = l2(Z), S ∈ L(H) the right shift (Sek = ek+1). Then Sis a unitary operator with S∗ek = ek−1. Pik any a of the form
a =

∑

k∈Z

rk ek⊗ek and ∑

k

| rk |2< +∞where all the rk are di�erent. (For instane, rk = 1
|k|+1

would do). Obviously,
a ∈ HSh. We a�rm that there is no Hilbert-Shmidt unitary suh that SaS∗ =

waw∗Proof. To prove this, suppose that there is an w∈UHC
suh that SaS∗ = waw∗.From this equation we dedue that S∗w ommutes with a, and given the parti-ular a and the fat that S∗w is unitary, we have

S∗w =
∑

k∈Z

ωk ek⊗ek with | ωk |= 1beause C∗(a) is maximal abelian. Multiplying by S we get to
w =

∑

k∈Z

ωk (Sek)⊗ek =
∑

k∈Z

ωk ek+1⊗ekor, in other terms, wek = ωkek+1. Sine w is a ompat perturbation of a salaroperator, w must have a nonzero eigenvetor x, with eigenvalue α = eiθ (sine85



X UNITARY ORBITS
w is also unitary); omparing oe�ients the equation αx = wx reads

αxk = ωk−1xk−1, where x =
∑

k

xkekThis is impossible beause x∈ l2(Z), but the previous equation leads to | xk |=| xj |for any k,j ∈ Z.As we see from the previous example, the two orbits do not oinide in general.For the ation of the full group of unitaries we have the following:Theorem X.6. The set Sa ⊂HSh (the orbit of the Hilbert-Shmidt operatora under the ation of U (L(H)), the full unitary group) an be given ananalyti submanifold struture if and only if the C∗-algebra generated by aand 1 is �nite dimensional.Proof. The 'only if' part goes in the same lines of the proof of the previoustheorem but being areful about the topologies involved, sine now we musttake an open set Ua ⊂ HSh suh that the map φ : Ua → U (L(H)) is analyti.But this an be done sine the polynomials pi
jk are now taken from Ua to L(H)n,and the maps + and · are analyti sine ‖x.y‖L(H) ≤ ‖x‖

2
‖y‖

2
.The relevant part of this theorem is the 'if' part. Suppose we an prove that theorbit Sa is losed in L(H). Then Voiulesu's theorem (see [Voi76℄, Proposition2.4) would tell us that C∗(a) is �nite dimensional. This is a deep result about

∗−representations, and the argument works in the ontext of L(H), but not in
HC beause the latter is not a C∗-algebra.To prove that Sa is losed in L(H), we �rst prove that it is losed in HC. Todo this, observe that if Sa is an analyti submanifold of HSh, then Sa mustbe loally losed in the ‖ · ‖

2
norm. Sine the ation of the full unitary group isisometri, the neighbourhood an be hosen uniformly, that is, there is an ǫ > 0suh that for all c ∈ Sa, the set Nc = {d ∈ Sa : ‖c−d‖

2
≤ ǫ} is losed in HSh(with the 2-norm, of ourse). This is another way of saying that Sa is losed inHSh.Now suppose an = unau∗

n → y in L(H). We laim that ‖an −y‖
2

→ 0, whihfollows from a dominated onvergene theorem for trae lass operators (see86



X.2. Riemannian strutures for the orbit Ω[Simon89℄, Theorem 2.17). The theorem states that whenever ‖an −y‖∞ → 0and µk(an)≤ µk(a) for some a∈HS, and all k (here µk(x) denotes the non zeroeigenvalues of | x |), then ‖an −y‖
2

→ 0.Observe that | an |= un | a | u∗
n so we have in fat equality of eigenvalues. Thisproves that Sa is losed in L(H) sine it is losed in HSh.We proved that, when the spetrum of a is �nite, Sa and Sa are submanifoldsof Σ1. But more an be said: Sa and Sa are the same subset of HSh (omparewith Example X.5):Lemma X.7. If a ∈ HSh has �nite spetrum, then the orbit under bothunitary groups are the same submanifold.Proof. The main idea behind the proof is the fat that, when σ(a) is �nite, aand gag∗ at on a �nite dimensional subspae of H (for any g ∈ U (L(H))). Tobe more preise, let's all S = Ran(a), V = Ran(b), where b = gag∗. Note that

V = g(S) so S and V are isomorphi, �nite dimensional subspaes of H. Naming
T = S+V this is another �nite dimensional subspae of H, and learly a and bat on T , sine they are both selfadjoint operators. For the same reason, thereexist unitary operators P,Q ∈ L(T) and diagonal operators Da,Db ∈ L(T) suhthat

a = PDaP∗, b = QDbQ∗But σ(b) = σ(gag∗) = σ(a), so Da = Db := D. This proves that b = QP∗aPQ∗(the equality should be interpreted in T). Now take PT the orthogonal projetorin L(H) with rank T , and set u = 1 + (QP∗ − 1T )PT (note the slight abuse ofnotation). Then learly u ∈ U (HC) and uau∗ = b.X.2 Riemannian strutures for the orbit ΩSuppose that there is, in fat, a submanifold struture for Sa (resp. Sa). Thenthe tangent map ( = d1πa) has image
{va−av : v ∈ B ah}, 87



X UNITARY ORBITSwhere B stands for L(H) (resp. HC). So, in this ase
TaSa( or TaSa) = {va−av : v ∈ B ah}We an go bak to the manifold Σ1 via the usual exponential of operators; wewill use the notation

Ω = eSa or Ω = eSawithout further distintion, sine the meaning will be lear from the ontext.Note that Ω = {ueau∗ : u ∈ U (B )} ⊂ Σ1 and we an identify
TeaΩ = {vea − eav : v ∈ B ah} = { i(hea − eah) : h ∈ B h}Remark X.8. For any p ∈ Ω, we have

TpΩ = {vp−pv : v ∈ B ah} and TpΩ⊥ = {x ∈ HSh : [x,p] = 0}These two identi�ations follow from the de�nition of the ation, and the equality
〈x,vp−pv〉p = 4tr

[

(p−1x−xp−1)V
]The submanifold Ω is onneted: the urves indexed by w ∈ B ah,

γw(t) = etweae−twjoin ea to ueau∗, assuming that u = ew.We an ask whether the urves γw will be the familiar geodesis of the ambientspae (equation (3) of setion II). Of ourse they are trivial geodesis if a and wommute. We will prove that this is the only ase, for any a:Proposition X.9. For any a ∈HSh, the urve γw is a geodesi of Σ1 if andonly if w ommutes with a. In this ase the urve redues to the point ea.Proof. The (ambient) ovariant derivative for γw (equations (II.5) and (2) ofsetion II) simpli�es up to weawe−a = eawe−aw or, writing w = ih (h is self-adjoint)
heahe−a = eahe−ah (16)88



X.2. Riemannian strutures for the orbit ΩConsider the Hilbert spae (H,〈 , 〉a) with inner produt
〈x,y〉a =

〈e−a/2x,e−a/2y
〉

,where 〈 , 〉 is the inner produt of H. The norm of an operator x is given by
‖x‖a = sup

‖z‖a=1

‖xz‖a = sup
‖e−a/2z‖=1

‖e−a/2xz‖∞ = ‖e−a/2xea/2‖∞beause e−a/2 is an isomorphism of H. This equation also shows that the Banahalgebras (L(H),‖ · ‖∞) and B = (L(H),‖ · ‖a) are topologially isomorphi and, asa byprodut, σB (h) ⊂ R. From the very de�nition it also follows easily that Bis indeed a C∗-algebra.A similar omputation shows that X∗B = eaX∗e−a. Note that ea is B -selfadjoint,moreover, it is B -positive. We an restate equation (16) as
hh∗B = h∗B h,This equations says that h is B -normal, so a theorem of Weyl and von Neumann(see [Dav96℄) says it an be aproximated by diagonalizable operators with thesame spetrum; sine h has real spetrum, h turns out to be B -selfadjoint . That

h is B -selfadjoint reads, by de�nition, eahe−a = h∗B = h; this proves that a and
h (and also a and w) ommute.X.2.1 The orbit Ω as a Riemannian submanifold of HShWe've shown earlier that the orbit of an element a ∈ HSh has a struture ofanalyti submanifold of HSh (whih is a �at Riemannian manifold) if and onlyif Ω = ea has a struture of analyti submanifold of Σ1.Sine the inlusion Ω ⊂ HSh is an analyti embedding, we an ask whether theurves

γw(t) = etweae−twwill be geodesis of Ω as a Riemannian submanifold of HSh (with the induedmetri). 89



X UNITARY ORBITSFor this, we notie that the geodesi equation reads �γw(t) ⊥ Tγw(t)Ω, and weuse the elementary identities 
γ = wγ−γw, �γ = w2γ− 2wγw+γw2; we get tothe following neessary and su�ient ondition using the araterization of thenormal spae at γ(t) of the previous setion:
w2γ2 −2wγwγ+2γwγw−γ2w2 = 0But observing that e−wtγ

+1 ewt = e+a , this equation transforms in the operatorondition
w2e2a −2weawea +2eaweaw− e2aw2 = 0 (17)Let's �x some notation: set ea = 1+A with A ∈HSh; then the tangent spae atea an be thought of as the subspae

TeaΩ = { i(Ah−hA) : h ∈ B h} ⊂ HShand its orthogonal omplement in HSh is (see Remark X.8)
TeaΩ⊥ = { x ∈ B h : [x,A] = 0}It should be noted that both subspaes are losed by hypothesis. Then equation(17) an be restated as

h2A2 −2hAhA+2AhAh−A2h2 = 0 (18)where h is the hermitian generating the urve
γ(t) = 1+ eithAe−ith = eitheae−ithLet's onsider the ase when A2 = A:Remark X.10. If A2 = A, A must be a �nite rank orthogonal projetor (sine

A = ea − 1 and a is a Hilbert-Shmidt operator). Hene, σ(a) must be a �niteset, and in this ase (Lemma X.7) the orbit with the full unitary group and theorbit with the Hilbert-Shmidt unitary group are the same set.To solve the problem of the geodesis ompletely, we review the work of Corah,90



X.2. Riemannian strutures for the orbit ΩPorta and Reht ([PR96℄ or, more spei�ally [CPR93a℄); we follow the idea ofsetion 4 of that artile and put the result in ontext.Observe that when A is a projetor, we have a matrix deomposition of thetangent spae of Σ1, namely HSh = A0⊕A1, where
A0 =

{(
x11 0

0 x22

)} and A1 =

{(
0 x12

x21 0

)}In this deomposition, x11 = AhA , x22 = (1−A)h(1−A) are selfadjoint opera-tors (sine h is) and also x∗12 = x21 = (1−A)hA for the same reason.Theorem X.11. Whenever A = ea −1 is a projetor, any urve of the form
γ(t) = eitheae−ith with h selfadjoint and odiagonal is a geodesi of Ω ⊂HShProof. Note that A0 = TeaΩ⊥, and A1 = TeaΩ; note also that equation (18)translates in this ontext to x11x12 = x12x22, a ondition whih is obviouslyfull�lled by h ∈ A1.Remark X.12. Equation (18) translates exatly in 'h0 ommutes with h1' when-ever h = h0 +h1 ∈ HSh, and we have

[A0,A1] ⊂ A1 [A0,A0] ⊂ A0 [A1,A1] ⊂ A0Sine the orbit under both unitary groups oinide (Remark X.10), assume thatwe are ating with G = U (B ); sine the tangent spae at the identity of thisgroup an be identi�ed with B ah, the above ommutator relationships say that
iA0⊕ iA1 is a Cartan deomposition of the Lie algebra g = B ah. It is apparentthat iA0 is the vertial spae, and iA1 is the horizontal spae (see setion IX).Moreover,

A0 ·A0 ⊂ A0 A1 ·A1 ⊂ A0 A0 ·A1 ⊂ A1 A1 ·A0 ⊂ A1Corollary X.13. If ea −1 is an orthogonal projetor, there is no point p∈Ωsuh that Ω is geodesi at p. 91



X UNITARY ORBITSX.2.2 The orbit Ω as a Riemannian submanifold of Σ1In this setion we give Ω the indued Riemannian metri as a submanifold of
Σ1, and disuss shortly the form of the geodesis and the setional urvature.Reall that ovariant derivative in the ambient spae is given by

∇ 
γ 
γ = �γ− 
γγ−1 
γand the orthogonal spae to p ∈ Ω are the operators ommuting with p, so
∇ 
γ 
γ ⊥ TγΩ if and only if�γγ−γ�γ+γ 
γγ−1 
γ− 
γγ−1 
γγ = 0 (19)This is an odd equation; we know that any urve in Ω starting at p = ea mustbe of the form γ(t) = g(t)eag(t)∗ for some urve of unitary operators g.For the partiular urves γ(t) = eitheae−ith, h(t) = ith, so 
h(t) = ih, and �h(t)≡
0; equation (19) redues to the operator equation

heahe−a +he−ahea = e−aheah+ eahe−ah (20)or X∗ = X, where X = heahe−a +he−ahea.Reall that, when the spetrum of ea is �nite, the unitary groups U (L(H)) and
U (HC) indue the same manifold Ω ⊂ Σ1.Theorem X.14. Assume ea = 1 + A with A an orthogonal projetor, and
Ω ⊂ Σ1 is the unitary orbit of ea. Then (throughout [ , ] stands for theusual ommutator of operators)(1) Ω is a Riemannian submanifold of Σ1.(2) TpΩ = {i[x,p] : x ∈ HSh} and TpΩ⊥ = {x ∈ HSh : [x,p] = 0}.(3) The ation of the unitary group is isometri, namelydistΩ (upu∗,uqu∗) = distΩ (p,q)for any unitary operator u ∈ L(H).92



X.2. Riemannian strutures for the orbit Ω(4) For any v = i[x,p] ∈ TpΩ, the exponential map is given byExpΩ
p (v) = eighg∗

pe−ighg∗where p = geag∗ and h is the odiagonal part of g∗xg (in the matrixrepresentation of Proposition X.11). In partiular, the exponentialmap is de�ned in the whole tangent spae.(5) If p = geag∗, q = weaw∗, and h is a selfadjoint, odiagonal operatorsuh that w∗geih ommutes with ea, then the urve
γ(t) = eitghg∗

pe−itghg∗is a geodesi of Ω ⊂ Σ1, whih joins p to q.(6) If we assume that h ∈ HSh, then L(γ) =
√

2
2 ‖h‖

2(7) The exponential map ExpΩ
p : TpΩ → Ω is surjetive.Proof. Statements (1) and (2) are a onsequene of Remark X.10 and TheoremsX.3 and X.6. Statement (3) is obvious beause the ation of the unitary group isisometri for the 2-norm (see Lemma II.6). To prove statement (4), take x∈HSh,and set

v = i[x,p] = i(xgAg∗ −gAg∗x) = ig[g∗xg,ea]g∗Observe that e−a = (1+A)−1 = 1−
1

2
ARewriting equation (20), we obtain

h2A−Ah2 +2AhAh−2hAhA = 0Now if y = g∗xg, take h = the odiagonal part of y; learly hA−Ah = yA−Ay,so
γ1(t) = eitheae−ithis a geodesi of Ω starting at r = ea with initial speed w = i[y,ea] = g∗vg (seeProposition X.11). Now onsider γ = gγ1g∗. Clearly γ is a geodesi of Ω starting93



X UNITARY ORBITSat p = geag∗ with initial speed v. To prove (5), note that
γ(t) = geihteae−ihtg∗ = eitghg∗

geag∗eitghg∗
= eitghg∗

peitghg∗whih shows that γ(0) = p and γ(1) = q beause w∗geihea = eaw∗geih. Toprove (6), we an assume that p = ea, and then
L(γ)2 = ‖[h,p]‖2

p = ‖[h,ea]‖2ea = 4 · tr(2heahe−a −2h2)Now write h as a matrix operator [0,Y∗,Y,0] ∈ A1 (see Proposition X.11), toobtain
tr(2heahe−a −2h2) = tr(Y∗Y) = 1

2 tr(h2),hene L(γ)2 = 2tr(h2) = 1
2‖h‖

2

2
as stated. The assertion in (7) an be deduedfrom folk results (see [Br93℄) beause q = weaw∗ and p = geag∗ are �nite rankprojetors ating on a �nite dimensional spae (see the proof of Lemma X.7).
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XI Conluding RemarksRemark XI.1. Theorem X.3 doesn't answer whether is it neessary that thespetrum of a should be �nite for the orbit to be a submanifold, when we atwith U (HC) (see Remark X.4). The problem an be stated in a very simpleform:Choose any involutive Banah algebra with identity B , take a = a∗ ∈ B .Name Sa the image of the map πa : U (B ) → B whih assigns u 7→ uau∗Is the ondition "a has �nite spetrum" neessary for the set Sa ⊂ B to belosed?Remark XI.2. The standard representation of L(H) (ating on the Hilbert-Shmidt operators by left or right produt) indues a morphism of the latter95



XI CONCLUDING REMARKSoperators into the state spae of L(H). Hyperboli geometry of states seems tobe possible in this ontext.Remark XI.3. It should be interesting to �nd an appliation of the fatoriza-tion theorem in the theory of integral equations. Suh a nonlinear fatorizationshould take the following form: if k is the symmetri kernel of the equation
(Kf)(t) =

∫

I

k(s,t)f(s)ds(namely f 7→ Kf is a selfadjoint operator of L2(I)), then �nd λ > 0 suh that Kis a positive invertible operator and �nd a onvenient LTS to projet to (forinstane: diagonal operators) then write
K = Dexp(Y)D−λwith D

1
2 the diagonal invertible operator losest to K+λ in the geodesi distane,and Y a odiagonal operator. The equation should take the form

(Kf)(t) =

∫

I

∫

I

∫

I

d(v,t)j(u,v)d(s,u)f(s)dsdudv−λf(t)If Y is small, the original equation ould be replaed by
(Df)(t) =

∫

I

d(s,t)f(s)ds−λf(t)with an error term that an be bounded using the inequalities of setion III.Remark XI.4. In several reent papers (the latest at the moment we write theselines is [CGM℄), R. Cirelli, M. Gatti and A. Manià propose a delinearizationprogram for quantum mehanis based in identifying the pure state spae with aonvenient homogeneous manifold (the in�nite projetive spae). The manifold
Σ∞ seems to be another onvenient setting for a delinearization program.
96



Remark XI.5. Assume A is a von Neumann algebra with a faithful trae τ (forinstane, the redued group algebra of a unimodular loally ompat group), and
Ah for stands for the selfadjoint elements of A . If we use GL(A ) to denote thegroup of invertible elements of A , and A + to denote the set of positive invertibleelements, then a onstrution similar to the one we made for Hilbert-Shmidtoperators an be made in order to onstrut a nonpositively urved manifold
Σ := A + with an invariant metri (under the ation of the group GL(A ) withation g 7→ gpg∗), setting

〈x,y〉2 := τ(y∗x) and 〈x,y〉p := τ(y∗p−1xp−1)The tangent spae at any point p ∈ Σ an be naturally identi�ed with Ah. Allthe results onerning urvature, onvexity of the geodesi distane, minimalityof the geodesis, geodesi triangles, and algebrai haraterization of onvexsubmanifolds of setions III, and V of this manusript hold true with proofs thatan be translated almost verbatim.One tehnial obstale that should be remarked is the following: with this in-ner produt given by a faithfull trae, the indued pre-Hilbert spae that weonstrut in Ah is not omplete. This is an obstale for the onstrution ofthe projetions, but it an be saved with a re�nement [PR94℄ of the argumentwe used in setion VI, when we proved that the set of points in Σ that an beprojeted to a onvex submanifold is open and losed in the norm topology.The natural subsets where one would be able to projet are the hermitian partof subalgebras of A . By a result of Takesaki [Tak72℄, for any subalgebra M of Athere is a onditional expetation E : A →M ompatible with the trae, namely
τ(E(x)y) = τ(xy) for any y ∈ M and any x ∈ A . In this way the kernel of theonditional expetation ats as an 'orthogonal omplement' of Mh (with respetto the trae inner produt): M ⊥

h is a losed involutive subspae of Ah.
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XI CONCLUDING REMARKS.
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