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1 Introduction

Finite element methods in which two spaces are used to approximate two dif-
ferent variables receive the general denomination of mixed methods. In some
cases, the second variable is introduced in the formulation of the problem
because of its physical interest and it is usually related with some derivatives
of the original variable. This is the case, for example, in the elasticity equa-
tions, where the stress can be introduced to be approximated at the same
time as the displacement. In other cases there are two natural independent
variables and so, the mixed formulation is the natural one. This is the case
of the Stokes equations, where the two variables are the velocity and the
pressure.

The mathematical analysis and applications of mixed finite element meth-
ods have been widely developed since the seventies. A general analysis for
this kind of methods was first developed by Brezzi [13]. We also have to
mention the papers by Babuska [9] and by Crouzeix and Raviart [22] which,
although for particular problems, introduced some of the fundamental ideas
for the analysis of mixed methods. We also refer the reader to [32, 31], where
general results were obtained, and to the books [17, 45, 37].

The rest of this work is organized as follows: in Section 2 we review some
basic tools for the analysis of finite element methods. Section 3 deals with
the mixed formulation of second order elliptic problems and their finite ele-
ment approximation. We introduce the Raviart-Thomas spaces [44, 49, 41]
and their generalization to higher dimensions, prove some of their basic
properties, and construct the Raviart-Thomas interpolation operator which
is a basic tool for the analysis of mixed methods. Then, we prove optimal
order error estimates and a superconvergence result for the scalar variable.
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We follow the ideas developed in several papers (see for example [24, 16]).
Although for simplicity we consider the Raviart-Thomas spaces, the error
analysis depends only on some basic properties of the spaces and the inter-
polation operator, and therefore, analogous results hold for approximations
obtained with other finite element spaces. We end the section recalling
other known families of spaces and giving some references. In Section 4
we introduce an a posteriori error estimator and prove its equivalence with
an appropriate norm of the error up to higher order terms. For simplicity,
we present the a posteriori error analysis only in the two dimensional case.
Finally, in Section 5, we introduce the general abstract setting for mixed
formulations and prove general existence and approximation results.

2 Preliminary results

In this section we recall some basic results for the analysis of finite element
approximations.

We will use the standard notation for Sobolev spaces and their norms,
namely, given a domain €2 C IR™ and any positive integer k

H*Q)={p e L*(Q): D¢ € L*(Q) Y |a| <k},

where

d D° orly
a=(a,-,an) , laf=o0a1+-+a, an = oo

and the derivatives are taken in the distributional or weak sense.
HF(Q) is a Hilbert space with the norm given by

elFmy = D IDYGlI72()-

|| <k

Given ¢ € H*(Q) and j € IN such 1 < j < k we define V¢ by

Vigl* = > D"
laf=j
Analogous notations will be used for vector fields, i.e., if v.= (v1,---,vy)

then D*v = (D%, -+, D%,) and

V12 = S Mol and [V =37 [Viuil2
i=1 i=1



We will also work with the following subspaces of H'(Q):
Hy() = {¢ € H'(2) : ¢lon = 0},

Q) = {¢ e H(Q) : /Qgédx — 0},

Also, we will use the standard notation P}, for the space of polynomials
of degree less than or equal to k and, if x € IR" and « is a multi-index, we
will set % = 2§t -+ 20,

The letter C' will denote a generic constant not necessarily the same at
each occurrence.

Given a function in a Sobolev space of a domain 2 it is important to
know whether it can be restricted to 02, and conversely, when can a function
defined on 9N be extended to €2 in such a way that it belongs to the original
Sobolev space. We will use the following trace theorem. We refer the reader
for example to [38, 33| for the proof of this theorem and for the definition

of the fractional-order Sobolev space H2 (092).

Theorem 2.1 Given ¢ € HY(Q), where Q C IR™ is a Lipschitz domain,
there exists a constant C' depending only on € such that

In particular,

I18ll22(00) < Cllélm(0): (2.1)
Moreover, if g € H%((‘)Q), there exists ¢ € HY () such that ¢|pq = g and
191l 1) < C'HgHH%(aQ).

One of the most important results in the analysis of variational methods
for elliptic problems is the Friedrichs-Poincaré inequality for functions with
vanishing mean average, that we state below (see for example [36] for the
case of Lipschitz domains and [43] for another proof in the case of convex
domains). Assume that Q is a Lipschitz domain. Then, there exists a
constant C' depending only on the domain €2 such that for any f € H L),

1 fllz2@) < ClIV il ) (2.2)

The Friedrichs-Poincaré inequality can be seen as a particular case of
the next result on polynomial approximation which is basic in the analysis
of finite element methods.



Several different arguments have been given for the proof of the next
lemma. See for example [12, 25, 26, 51]. Here we give a nice argument
which, to our knowledge, is due to M. Dobrowolski for the lowest order
case on convex domains (and as far as we know has not been published).
The proof given here for the case of domains which are star-shaped with
respect to a subset of positive measure and any degree of approximation
is an immediate extension of Dobrowolski’s argument. For simplicity we
present the proof for the L?-case (which is the case that we will use), but the
reader can check that an analogous argument applies for LP based Sobolev
spaces (1 < p < 00).

Assume that  is star-shaped with respect to a set B C Q of positive
measure. Given an integer k > 0 and f € H**1(Q) we introduce the aver-
aged Taylor polynomial approximation of f, Q pf € Py defined by

Qrf(x ]B\/ka Y, T

where T} f(y, x) is the Taylor expansion of f centered at y, namely,

Tof(y.o) = Y 0of) E 2

la| <k

Lemma 2.2 Let Q C IR™ be a domain with diameter d which is star-shaped
with respect to a set of positive measure B C (). Given an integer k > 0 and
f € H*1(Q), there exists a constant C = C(k,n) such that, for 0 < |f] <
k41,

|Q’1 /2 B
ID°(F = QueDlly < O &IV iz @3)
In particular, if Q is conver,
IDP(f = Quaf)llza < C A PHITRf 12 (24)

Proof. By density we can assume that f € C°°(£2). Then we can write

flz) = Tpf(y,x) = (k+ 1) Z W/OIDO‘f(ty—i—(l—t)x)tkdt.

Q!
|a|=k+1



Integrating this inequality over B (in the variable y) and dividing by |B| we
have

1) = Quat@) =20 S [ pe gy (1= o)t ardy
la=k+1
and so,

d2 (k+1)

Q@Lﬂm—QhRﬂ>Fdx<c7|Bz

/ // | DO f(ty+(1—t)z )\tkdtdy) da

|a|=k+1

d2k+1
<C—— 3P / // | D f(ty+(1—t)x |2dtdy //t%dtdy

la|=k+1
/// | D f (ty+(1—t)x)|? dt dy da

laf=k-+1
(2.5)

Therefore,

Av@%@wﬂmﬁmsc|m

Now, for each «,

/Q /B /01 D f(ty + (1 — t)x)|*dt dy dx

:/Q/B/j |Daf(ty+(1—t)1:)|2dtdydm+/ﬂ/B/ll|Do‘f(ty+(1—t)x)]2dtdydx:: I+IT1

Let us call g, the extension by zero of D*f to IR®. Then, by Fubini’s
theorem and two changes of variables we have

Ig/B/O; /]Rn ]ga(ty—i-(l—t)x)]Zda;dtdy:/B/O% /]Rn 9o (1—t)2)|? dz dt dy

—// /n\ga 201 — ) " dzdt dy < 2"~ 1\3;/ D% f(2)[2 dz.

Analogously,

1 1
1< [ ] lgaty+ (1= )Pdydrda = [ [ lgalty) Py dtda
QJi JRrr QJi JRrn
1
:/// |ga(z)|2t_"dzdtdx§2”_1|Q|/|D°‘f(z)|2dz.
QJi JRr Q



Therefore, replacing these bounds in (2.5) we obtain (2.3) for 5 = 0.
On the other hand, an elementary computation shows that

DPQupf(z) = Q8D fx) VB <k

and therefore, the estimate (2.3) for |3| > 0 follows from the case § = 0
applied to DPf. O

An important consequence of this result are the following error estimates
for the L2-projection onto P,,.

Corollary 2.3 Let Q C IR"™ be a domain with diameter d which is star-
shaped with respect to a set of positive measure B C §). Given an integer
m >0, let P: L?(Q) — Py, be the L?-orthogonal projection. There exists a
constant C = C(j,n) such that, for 0 < j <m, if f € H/(), then

QY2
|f = Pfllre) < C\B|1/2 |V flr2(0)-

Remark 2.1 Analogous results to Lemma 2.8 and its corollary hold for
bounded Lipschitz domains because this kind of domains can be written as a
finite union of star-shaped domains (see [25] for details).

The following result is fundamental in the analysis of mixed finite element
approximations.

Lemma 2.4 Let Q C R" be a bounded domain. Given f € L*(Q) there
exists v € HY(Q)" such that

divv=f in{ (2.6)
and
[Vl (@) < Cllfll2 o) (2.7)
with a constant C depending only on €.

Proof. Let B € IR™ be a ball containing €2 and ¢ be the solution of the
boundary problem
Ap=f inB
{ 6=0 ondB (2:8)
It is known that ¢ satisfies the following a priori estimate (see for example
[36])
91l zr202) < CllflL2()

and therefore v = V¢ satisfies (2.6) and (2.7). O



Remark 2.2 To treat Neumann boundary conditions we would need the ex-
istence of a solution of divv = f satisfying (2.7) and the boundary condition
v-n =0 on I0. Such a v can be obtained by solving a Neumann problem
in Q for smooth domains or convexr polygonal or polyhedral domains. For
more general domains, including arbitrary polygonal or polyhedral domains,
the existence of v satisfying (2.6) and (2.7) can be proved in different ways.
In fact v can be taken such that all its components vanish on 02 (see for
example [2, 7, 30]).

A usual technique to obtain error estimates for finite element approxima-
tions is to work in a reference element and then change variables to prove
results for a general element. Let us introduce some notations and recall
some basic estimates.

Fix a reference simplex T c R™. Given a simplex T' C IR, there exists
an invertible affine map F : T — T, F(z) = Az + b, with A € R™*"™ and
beR™

We call hr the diameter of T and pr the diameter of the largest ball
inscribed in T (see Figure 1). We will use the regularity assumption on the
elements, namely, many of our estimates will depend on a constant ¢ such

that
h

or <o (2.9)
F by
_— >
Figure 1

It is known that (see [19]), for the matrix norm associated with the
euclidean vector norm, the following estimates hold:

h hz
JAl <% and A<t (2.10)
Pz pr
With any ¢ € L2(T) we associate ¢ € L2(T) in the usual way, namely,
$(z) = $(@) (2.11)



where ©z = F(2).

We end this section by recalling the so-called inverse estimates which are
a fundamental tool in finite element analysis. We give only a particular case
which will be needed for our proofs (see for example [19] for more general
inverse estimates).

Lemma 2.5 Given a simplex T there exists a constant C' = C(a,k,n,f)
such that, for any p € Py(T),

C
IVPlzzery < 5 lIpllz)-

Proof. Since Py(T) is a finite dimensional space, all the norms defined on
it are equivalent. In particular, there exists a constant C' depending on k
and T such that

for any p € Pp(T).
An easy computation shows that

Vp = AiTﬁﬁ

where A~7T is the transpose matrix of A~!. Therefore, using the bound for
| A= given in (2.10) together with (2.12) and (2.9) we have

/|vp|2dx:/AyA—TﬁpmdetAmg ||A‘1||2/A\@ﬁ|2|detA|d§c
T T T
h2. h2. h2
gC’—QT/A]ﬁ|2\detA|d£:C—2T/ p? de < cﬁ%/ pPde. O
Pr JT Pt JT ht Jr

3 Mixed approximation of second order elliptic
problems

In this section we introduce the mixed finite element approximation of sec-
ond order elliptic problems and we develop the a priori error analysis. We
consider the so called h-version of the finite element method, namely, fixing
a degree of approximation we prove error estimates in terms of the mesh



size. We present the error analysis for the case of L? based norms (following
essentially [24]) and refer to [27, 34, 35| for error estimates in other norms.

As it is usually done, we prove error estimates for any degree of approx-
imation under the hypothesis that the solution is regular enough in order
to show the best possible order of a method. However, the reader has to be
aware that, in practice, for polygonal or polyhedral domains (which is the
case considered here!) the solution is in general not smooth due to singu-
larities at the angles and therefore the order of convergence is limited by
the regularity of the solution of each particular problem considered. On the
other hand, for domains with smooth boundary where the solutions might
be very regular, a further error analysis considering the approximation of
the boundary is needed.

Consider the elliptic problem

—div(aVp)=f inQ
{ p=0 on 0N (3.1)

where Q C IR"™ is a polyhedral domain and a = a(z) is a function bounded
by above and below by positive constants.
In many applications the variable of interest is

u=—aVp

and then, it could be desirable to use a mixed finite element method which
approximates u and p simultaneously. With this purpose, problem (3.1) is
decomposed into a first order system as follows:

u+aVp=0 inQ
divu=f inQ (3.2)
p=0 on 0N

To write an appropriate weak formulation of this problem we introduce
the space
H(div,Q) = {v e L*(Q)" : divv € L*(Q)}

which is a Hilbert space with norm given by
VI div ) = IVIZ20) + I1div viiz(q).
Defining pu(x) = 1/a(z), the first equation in (3.2) can be rewritten as

pu+Vp=0 in Q.



Multiplying by test functions and integrating by parts we obtain the stan-
dard weak mixed formulation of problem (3.2), namely,

(3.3)

Jopu-vder — [opdivvde =0 Vv e H(div,Q)
fqqdivude = [ fgdz Vg € L*(9)

Observe that the Dirichlet boundary condition is implicit in the weak
formulation (i.e., it is the type of condition usually called natural). Instead,
Neumann boundary conditions would have to be imposed on the space (es-
sential conditions). This is exactly opposite to what happens in the case of
standard formulations.

The weak formulation (3.3) involves the divergence of the solution and
of the test functions but not arbitrary first derivatives. This fact allows us
to work on the space H(div,2) instead of the smaller H'(£2)" and this will
be important for the finite element approximation because piecewise poly-
nomials vector functions do not need to have both components continuous
to be in H(div, ), but only their normal component.

In order to define finite element approximations to the solution (u, p) of
(3.3) we need to introduce finite dimensional subspaces of H(div,(2) and
L?(Q)) made of piecewise polynomial functions.

For simplicity we will consider the case of triangular elements (or its
generalizations to higher dimensions) and the associated Raviart-Thomas
spaces which are the best-known spaces for this problem. This family of
spaces was introduced in [44] in the two dimensional case, while its extension
to three dimensions was first considered in [41]. Since no essential technical
difficulties arise in the general case, we prefer to present the spaces and the
analysis of their properties in the general n-dimensional case (although, of
course, we are mainly interested in the cases n = 2 and n = 3). Below we
will comment and give references on different variants of spaces.

First we introduce the local spaces, analyze their properties and con-
struct the Raviart-Thomas interpolation.

Given a simplex 7' € IR", the local Raviart-Thomas space [44, 41] of
order k > 0 is defined by

RT(T) =Pr(T)" 4+ 2 Pr(T) (3.4)

In the following lemma we give some basic properties of the spaces
RT(T). We denote with F;, i = 1,---,n + 1, the faces of a simplex T
and with n; their corresponding exterior normals.

10



Lemma 3.1 a) dimRT(T) = n(kzn) + (’”Z’l)

b) If ve RTi(T) then, v-n; € Py(F;) for i=1,---,n+1
c) If v.e RTy(T) is such that divv = 0 then, v € P}
Proof. Any v € R7(T) can be written as

v=w+uzx Z aqr® (3.5)
|a|=k

with w € P}

Recall that dim Py, = (kz") and that the number of multi-indeces o such
that |a| = k is (*777"). Then, a) follows from (3.5).

Now, the face F; is on a hyperplane of equation = - n; = s with s € IR.
Therefore, if v =w 4 xp with w € P}’ and p € Py, we have

V', =w-n,+z-mnp=w-n;,+specpP

which proves b).

Finally, if divv = 0 we take the divergence in the expression (3.5) and
conclude easily that a, = 0 for all @ and therefore ¢) holds. O

Our next goal is to construct an interpolation operator

r: HY(T)" — RTy

which will be fundamental for the error analysis. We fix k and to simplify
notation we omit the index k in the operator.

For simplicity we define the interpolation for functions in H(T)" al-
though it is possible (and necessary in many cases!) to do the same con-
struction for less regular functions. Indeed, the reader who is familiar with
fractional order Sobolev spaces and trace theorems will realize that the de-
grees of freedom defining the interpolation are well defined for functions in
Hs(T)", with s > 1/2.

The local interpolation operator is defined in the following lemma.

Lemma 3.2 Given v € HY(T)", where T € IR" is a simplex, there exists a
unique Ilpv € RT (T) such that

/HTV'nz’pdeZ/ v-n;ppds Vpp € Pp(Fy), i=1,---,;n+1 (3.6)
Fi :

k3

11



and, if k > 1,

/THTV “Pr-1dr = /TV “Pr-1dr Vpr-1 € Pr_1(T) (3.7)

Proof. First, we want to see that the number of conditions defining IIpv
equals the dimension of R7 (7). This is easily verified for the case k = 0,
so let us consider the case k > 1.

Since dim Py (F;) = (kJrZ*l), the number of conditions in (3.6) is

-1
# of faces x dim Py (F;) = (n+1) <k —H]Z )

On the other hand, the number of conditions in (3.7) is

. " _ [kE+n-—1
dim Py (T) —n< ko1 )

Then, the total number of conditions defining IIpv is

(n+1)<k+2_1> +n<kzzl>

Therefore, in view of a) of Lemma (3.1), we have to check that

k+n k+n-—1 k+n—1 k+n—1
() () () ()

or equivalently,
k+n\ (k+n—-1 n kE+n—-1
k N k k—1

which can be easily verified.
Therefore, in order to show the existence of IIrv, it is enough to prove
uniqueness. So, take v € R7(T') such that

/v-nipde:O Vpr € Pr(F;), i=1,---,n+1 (3.8)

(3

12



and
/T V- Dr_idz =0 Vpp_y € Pl (T) (3.9)

From b) of Lemma 3.1 and (3.8) it follows that v -n; = 0 on F;. Then,
using now (3.9) we have

/ (divv)?dz = —/ v-V(divv)dz =0
T T
because V(divv) € Pp {(T). Consequently divv = 0 and so, from c) of
Lemma 3.1 we know that v € P;'(T).

Therefore, for each i = 1,--- ,n+ 1, the component v - n; is a polynomial
of degree k on T which vanishes on F;. Therefore, calling A; the barycentric
coordinates associated with T' (i.e., \;(z) = 0 on F}), we have

Vo, = \iQr—1

with gx—1 € Pr—1(T). But, from (3.9) we know that

/TV ‘n;pp_1dr =0 Vpp_1 € Pr1(T)

and choosing pr_1 = qr_1 we obtain

/ \igi_y dx = 0.
T

Therefore, since \; does not change sign on 7', it follows that ¢x_; = 0 and
consequently v-n; =0in T for i = 1,---,n+ 1. In particular, there are n
linearly independent directions in which v has vanishing components and,
therefore, v = 0 as we wanted to see. O

Figure 2 shows the degrees of freedom defining II7 for k =0 and £ =1
in the two dimensional case. The arrows indicate normal components values
and the filled circle, values of v (and so it corresponds to two degrees of
freedom).

To obtain error estimates for the mixed finite element approximations
we need to know the approximation properties of the Raviart-Thomas inter-
polation IIp. The analysis given in [44, 49] makes use of general standard
arguments for polynomial-preserving operators (see [19]). The main differ-
ence with the error analysis for Lagrange interpolation is that here we have
to use an appropriate transformation, known as the Piola transform, which
preserves the degrees of freedom defining Il7v.

13



Figure 2: Degrees of freedom for R7y and R7 in IR?

The Piola transform is defined in the following way. Given two domains
ﬁ, Q C IR™ and a bijective map F : Q— Q, let DF be the Jacobian matrix
of F and J := det DF. Assume that J does not vanish at any point, then,
we define for v € L2(Q)"

1~ e
v(z) = |J(£)’DF(.$)V($)
where x = F(Z). Here and in what follows, the hat over differential operators
indicates that the derivatives are taken with respect to z.

We recall that scalar functions are transformed as indicated in (2.11)
(we are using the same notation for the transformation of vector and scalar
functions since no confusion is possible).

In the particular case that F' is an affine map given by AZ + b we have

J =det A and )
v(z) = mA\?(:%). (3.10)
In the next lemma we give some fundamental properties of the Piola
transform. For simplicity, we prove the results only for affine transforma-
tions, which is the useful case for our purposes. However, it is important to
remark that analogous results hold for general transformations and this is

important, for example, to work with general quadrilateral elements.

Lemma 3.3 Ifv € H(div,T) and ¢ € HY(T) then

/divvgbda::/AcTi;ffgﬁd:%, (3.11)
T T

14



/Tv-wdx:/fv-%d:e (3.12)

and
/ v-ngbds:/j-ﬁg{sdg. (3.13)
oT oT
Proof. From the definition of the Piola transform (3.10) we have
1 R -1 1 NN —1 1 NP -1
Dv(z) = mAD(V o F7 )(x) = mADv(x)DF (x) = mADv(x)A
Then,
di tr D 1t(AlA)AA_1) LiDe = Laive
ivv =trDv = —tr(ADv = —trDv = —divv
/] /] /]

and therefore (3.11) follows by a change of variable.
To prove (3.12) recall that

Vo =A"TVg.
Then,
/v~v¢da;:/AAv-A*T%d@:/j-%d@.
T T

T

Finally,(3.13) follows from (3.11) and (3.12) applying the divergence theo-
rem. O

Remark 3.1 The integral over 0T in the pre})z'ous lemma has tlo be under-
stood as a duality product between v-n € H™2(9T) and ¢ € H2(9T).

We can now prove the invariance of the Raviart-Thomas interpolation
under the Piola transform.

Lemma 3.4 Given a simplexr T € R"™ and v € HY(T)" we have
;v = [pv. (3.14)

Proof. We have to check that I_I/T\V satisfies the conditions defining IV,
namely,

/Aff;\r-ﬁiﬁkd§:/Afr-ﬁiﬁkd§ Vpr € Pu(Fy), i=1,---,n+1, (3.15)
F; ;

2
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where F; = F~1(F}), and

STV piydi = [ v b di Vi € P(D) (3.16)

~

Given py € Pi(F;) we have

/A\Afﬁlﬁkdé:/ V-Ilipkds. (3.17)
F; i

Indeed, this follows from (3.13) by a density argument. We can not apply
(3.13) directly because the function obtained by extending py by zero to the
other faces of T is not in H2 (0T') and, therefore, it is not the restriction to
the boundary of a function ¢ € H'(T). However, we can take a sequence of
functions ¢; € C§°(F;) such that ¢; — pg in L?(F}) and, since the extension
by zero to 0T of ¢; is in H%(E?T), there exists ¢; € H(T) such that the
restriction of ¢; to F; is equal to ¢;. Therefore, applying (3.13) we obtain,

/A\A’~fliqud§:/FV‘niqj‘d8

and therefore, since v-n; € L2(F};), we can pass to the limit to obtain (3.17).
Analogously we have

/AH/T\Voﬁiﬁde’:/ IIpv - n; pi ds.
Fi Fi

and therefore (3.15) follows from condition (3.6) in the definition of IIpv.

~

To check (3.16) observe that, for py_1 € P;'_(T'), we have

/AH/T\V-f)k_ld;f::/ |J|A " v - [J|A  pr_q || da
T T

:/HTV-\J]A_TA_lpk,ldx:/v-\J]A_TA_lpk,ld:r:/A(/-f)k,l di
T T T

where we have used condition (3.7) and that |J|A~TA™py_y € P! (T). O
We can now prove the optimal order error estimates for the Raviart-
Thomas interpolation.

Theorem 3.5 There exists a constant C' depending on k, n and the requ-
larity constant o such that, for any v.€ H™(T)" and 1 <m < k+1,

IV = vl 2gry < CHEIV™V 20y, (3.18)

16



Proof. First we prove an estimate on the reference element T. We will
denote with C a generic constant which depends only on k, n and T. For
each face F of T let {p]}1<]<N be a basis of Py (F;) and let {pm, }1<m<m be
a basis of P! (T"). Then, associated with this basis we can introduce the
Lagrange-type basis of R7, (IA“), {gbé-, ¥} defined by

[\¢;'nip§:5ir6js ) /A¢§"pm:07
7 T
v ¢, r=1,---n+1 , 4s=1,----N , m=1,---'M
and
/j:wm'pfz(smﬁ v Ymemy =0
Vo om =1 M , i=1--n+1
Then,

N M
vt ) ok () + ﬁv'm m(2).
Z(/Fi 7)o@+ 3 ([vpu)in(@
Now, from the trace theorem (2.1) on T’ we have
’ /ﬁ V- nipé" < 6'||{’||H1(f)
Clearly, we also have
‘/TV Pu| < Cl¥l ez,

In both estimates the constant C depends on bounds for the polynomials p§-

and p,, and then, it depends only on k, n and T.
Therefore, using now that HW I 27 and 1t | 12(F) Are also bounded by

a constant C' we obtain
HHf‘A’H]ﬁ(f) < CH‘A’HHl(f)' (3.19)
Using now the relation (3.14) and making a change of variables we have

/T|HTV\2dx:/f|J|_2|AHf\7\2|J| dig\J|‘1||A||2/f\Hf</|2di=
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Then, using the bound for ||A]| (2.10) and (3.19) we obtain
2 1 h 12 7n Da12 g
/\HTv] dx < |J] T{/A|v| da;+/A\Dv| ai}  (3.20)
T Pz T T

but, since v = [J|A™'v and Dv = |J|A~'DvA, using the bounds for ||A|
and ||A7Y| (2.10),

h= ~ h= h
VI<|J-Ev) and DY <|J]-EF Dy
PT pT P7
and so, it follows from (3.20), changing variables again, that

Tev|Ze < G2 |2 "2y 2
V72 < s IVIZ2y + = I1DVII72 7y g-
Pr Pr

Therefore, from the regularity hypothesis (2.9) we obtain
[Ty L2(ry < C{||VHL2(T) + hTHDVHL2(T)} (3.21)

where the constant depends only on f, k, n and the regularity constant o.
Now we use a standard argument. Since P;'(T) C R7T (T') we know that
II7q = q for all g € P}}(T) and then

[v=Lrv||L2(r) = [[V—a—r(v=a)|l2r) < C{llv=dll2(r)+hr||D(v—a)| 21}

where the constant depends on that in (3.21). Therefore, we conclude the
proof applying Lemma 2.2. O

Let us now introduce the global Raviart-Thomas finite element spaces.
Assume that we have a family of triangulations {73} of Q, i.e., Q@ = Uper, T,
such that the intersection of two triangles in 7}, is either empty, or a vertex, or
a common side and h is a measure of the mesh-size, namely, h = maxrc7, hr.

We assume that the family of triangulations is regular, i.e., for any T €
Ty, and any h, the regularity condition (2.9) is satisfied with a uniform o.

Associated with the triangulation 7, we introduce the global space

RT}C('Z;L) = {V S H(diV,Q) : V‘T S RTk(T) VT € ’Th} (3.22)

When no confusion arises we will drop the 7, from the definition and call
RT the global space. A fundamental tool in the error analysis is the
operator
I, : H(div,Q)n [[ H'(T)" — RT}
TET;,
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defined by
yvlr =rv VT €7,

We have to check that IIpv € R7 k. Since by definition IIpv € RT(T), it
only remains to see that IIv € H(div, ).

First we observe that a piecewise polynomial vector function is in H (div, )
if and only if it has continuous normal component across the elements
(this can be verified by applying the divergence theorem). But, since v €
H(div, ), the continuity of the normal component of II;v follows from b)
of Lemma 3.1 in view of the degrees of freedom (3.6) in the definition of II7.

The finite element space for the approximation of the scalar variable p
is the standard space of, not necessarily continuous, piecewise polynomials
of degree k, namely,

PUT) = {q € L*(Q) - qlr € PL(T): VT € Tp} (3.23)

where the d stands for “discontinuous”. Also in this case we will write only
P,f when no confusion arises. Observe that, since no derivative of the scalar
variable appears in the weak form, we do not require any continuity in the
approximation space for this variable.

In the following lemma we give two fundamental properties for the error
analysis.

Lemma 3.6 The operator 11, satisfies
/ div(v —IIpv) gdx =0 (3.24)
Q

Vv € H(div,Q) N [lrer, HY(T)" and Vq € P{. Moreover,
divRT ) = Py (3.25)

Proof. Using (3.6) and (3.7) it follows that, for any v € HY(T)" and any
q € Py (T)a

/div(v—HTv)qda::—/(V—HTV)~qux+/ (v—1II7v) -ng=0
T T aT

thus, (3.24) holds.

It is easy to see that div R7;, C 73,?. In order to see the other inclusion
recall that from Lemma 2.4 we know that div : H'(Q)" — L2(f) is surjec-
tive. Therefore, given g € P{ there exists v € H'(Q)" such that divv = q.
Then, it follows from (3.24) that divII,v = ¢ and so (3.25) is proved. O
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Introducing the orthogonal L2-projection P, : L*(2) — 73,?, properties
(3.24) and (3.25) can be summarized in the following commutative diagram
HY(Q)" 2 12(q)
th lPh (3.26)
RT, &% pé  —0
where, to simplify notation, we have replaced H(div,Q)N[[req H HT)" by
its subspace H'(Q)".

Our next goal is to give error estimates for the mixed finite element
approximation of Problem 3.1, namely, (s, ps) € RT x P{ defined by

{ Jopruy -vde — [gppdivvdz =0 Vv e RTy (3.27)

Joqdivu,dz = [, fgdz Vg e Py

It is important to remark that, although we are considering the par-
ticular case of the Raviart-Thomas spaces on simplicial elements, the error
analysis only makes use of the fundamental commutative diagram property
(3.26) and of the approximation properties of the projections Il and Pj,.
Therefore, similar results can be obtained for other finite element spaces.

Lemma 3.7 If u and uy, are the solutions of (3.3) and (3.27) then,

[u—uplr2) < (1 + llall Loy llull Lo @) [un — Tpull z2(0)

Proof. Subtracting (3.27) from (3.3) we obtain the error equations

/,u(u—uh)'vdx—/(p—ph)divvd:c:O Vv e RTy (3.28)
Q )

and,
/ qdiv(u—up)dz =0 Yqe P (3.29)
Q

Using (3.24) and (3.29) we obtain

/ qdiv (TIyu — uy) dz =0 Vg € P
Q
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and, since (3.25) holds, we can take ¢ = div (IIyu — uy) to conclude that
div (Hhu - uh) =0.

Therefore, taking v = IIyu — uy, in (3.28) we obtain
[ ra=un) - (= ) do =0
and so,
[TTpu — uh”%%m < llallze(q) /QM (ITpu — u)(Ipu — uy) do

< lall oo (@ |ll oo () [Tpu — | L2y [TTnu — up | 2(q)

and we conclude the proof by using the triangle inequality.O
As a consequence, we have the following optimal order error estimate for
the approximation of the vector variable u.

Theorem 3.8 If the solution u of Problem 3.2 belongs to H™(Q)", 1 <

m < k + 1, there exists a constant C' depending on ||al| L), |t/ (), ¥,
n and the reqularity constant o, such that

u = unllr2 () < CR™[V™ ][ 12(q)

Proof. The result is an immediate consequence of Lemma 3.7 and Theorem
3.5.0

In the next theorem we obtain error estimates for the scalar variable p. We
will use that

v = vl r2(0) < ChlIVigi@ Vv e H'(Q) (3.30)
which follows from a particular case of Theorem 3.5. In particular,
IThvl2 ) < Clvla (o) (3.31)

Lemma 3.9 If (u,p) and (up,pn) are the solutions of (3.3) and (3.27),
there exists a constant C' depending on |||z (), [|ptllL=(), k, n,  and the
reqularity constant o, such that

1P = pallLe) < Clllp — Papllz2(o) + [l — Ipullp2(0) } (3.32)
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Proof. From (3.25) we know that for any ¢ € P there exists wj, € RT,
such that divwj, = q. Moreover, it is easy to see that wy can be taken such
that

IWallL2) < Cllgll2q)- (3.33)

Indeed, recall that w;, = II,w where w € H'(Q) satisfies divw = ¢ and
IWlla1) < Cllallr2) (from Lemma 2.4 we know that such a w exists).
Then, (3.33) follows from (3.31).

Now, from the error equation (3.28) we have

/(Php—ph)divvdx:/(u—uh)vdz Vv € RT
Q Q
and so, taking v € V} such that divv = P,p — p;, and

IVIiz2) < CllPrup — pallz2()

we obtain

1Php = prll72(q) < Cllu = anll 20y | Pap — prll 2o

which combined with Lemma 3.7 and the triangular inequality yields (3.32).0
As a consequence, we obtain an error estimate for the approximation of
the scalar variable p.

Theorem 3.10 If the solution (u,p) of Problem 3.2 belongs to H™(2)™ x
Hm(Q) 1 <m < k+1, there exists a constant C depending on ||al|Le(q)
Il oo ()» k, m and the regularity constant o, such that

12 = prllr2) < CR™{IV™ullL20) + [IV"PllL2() } (3.34)

Proof. The result follows immediately from Theorem 3.8, Lemma 3.9 and
the error estimates for the L?-projection given in (2.3). ©

For the case in which () is a convex polygon or a smooth domain and
the coefficient @ is smooth enough to have the a priori estimate

12l 2() < Coll L2 (3.35)

we also obtain a higher order error estimate for |[Pyp — pul[z2(q) using a
duality argument.
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Lemma 3.11 If a € Wh°(Q) and (3.35) holds, there exists a constant C
depending on ||allyw1.0(q), [[1llL(q), k, n, Q and Cy such that

1Php = prllr2 (@) < Ch{llu —uplp2(q) + [|div (u —up)l[20))  (3.36)

Proof. We use a duality argument. Let ¢ be the solution of

div(aV¢) = Ppp—pr,  in Q2
¢=0 on 0f)

Using (3.24), (3.25), (3.28), (3.29), and (3.30) we have,

1Pip=pnlia@) = [ (Pup=pn) div (aVe) do = [ (Pup=pn) div 114 (a¥6) da

— [ = pn) divIIy(@Ve) da = [ plu—w)- (I (aVe) ~ aVo) do
Q Q

—l—/Q(u—uh)-Vgtdm:/Q,u(u—uh)'(Hh(anb)—aV(b) clgc—/Q div (u—up)(¢p—Pro) dx

< Cllu—up| 2@ hlléll g2 + Clldiv (a —up) |l 2 bl 51 ()

where for the last inequality we have used that a € W1H*°(Q). The proof
concludes by using the a priori estimate (3.35) for ¢. O

Theorem 3.12 If a € Wh(Q), (3.85) holds, u € H*'(Q)" and f €
H*1(Q), there exists a constant C depending on lallwi.eo ), 11l zoe(), &,
n, 0 and Cy such that

1Pup = pall 2y < CREP2{IV* | 2 ) + IVFH fll 2 ()} (3.37)

Proof. The second equation in (3.27) can be written as divuy, = Py f. Then
we have

div(u—up) = f— Pf

and, therefore, the theorem follows from Theorem 3.8 and Lemma 3.11 and
the error estimates for the L2-projection given in (2.3). O

The estimate for ||Pyp — ppllr2(q) given by this theorem is important
because it can be used to construct superconvergent approximations of p, i.e.,
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approximations which converge at a higher order than pj (see for example
[11, 48])

For the sake of clarity we have presented the error analysis for the
Raviart-Thomas spaces which were the first ones introduced for the mixed
approximation of second order elliptic problems. However, as we mentioned
above, the analysis makes use only of the existence of a projection IIj satis-
fying the commutative diagram property and on approximation properties of
II;, and of the L2-projection on the finite element space used to approximate
the scalar variable p.

For the particular case of the Raviart-Thomas spaces the regularity as-
sumption (2.9) can be replaced by the weaker “maximum angle condition”
(see [1] for k =0 and n = 2,3, [28] for k = 1 and n = 2 and [29] for general
k>0 and n=2).

The Raviart-Thomas spaces were constructed in order to approximate
both vector and scalar variables with the same order. However, if one is
more interested in the approximation of the vector variable u, one can try
to use different order approximations for each variable in order to reduce the
degrees of freedom (thus reducing the computational cost) while preserving
the same order of convergence for u provided by the R7 . spaces. This is the
main idea to define the following spaces which were introduced by Brezzi,
Douglas and Marini [16]. Although with this choice the order of convergence
for p is reduced, estimate (3.37) allows to improve it by a post-processing of
the computed solution [16].

In the examples below, we will define the local spaces for each variable.
It is not difficult to check that the degrees of freedom defining the spaces
approximating the vector variable guarantee the continuity of the normal
component and therefore the global spaces are subspaces of H(div,(2).

Forn =2,k > 1 and T a triangle, the space BDM/(T) is defined in the
following way:

BDM(T) = PA(T) (3.38)

and the corresponding space for the scalar variable is Py_1(T).
Observe that
dim BDMy(T) = (k+ 1)(k + 2).

For example, dim BDM1(T') = 6 and dim BDMs(T') = 12. Figure 3 shows
the degrees of freedom for these two spaces. The arrows correspond to de-
grees of freedom of normal components while the circles indicate the internal
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Figure 3: Degrees of freedom for BDM; and BDM,

degrees of freedom corresponding to the second and third conditions in the
definition of Il below.

In what follows, ¢;, i = 1,2,3 are the sides of T, by = A1A2A3 is a
“bubble” function and, for ¢ € H(Q),

d¢p  0¢
curlg = (a—y,—%>

The operator 117 for this case is defined as follows:
/ v - n;p, ds = / v -n;prds Vpr € Pr(4;), 1=1,2,3
fi Zi

/THTV “Vpp_1dx = /TV - Vpg_1dr Vpr_1 € Pr_1(T)

and, when k > 2

/ IIpv - curl (brpg—2) dz = / v - curl (brpi—2) dz Vpr—o € Pr_o(T)
T T

The reader can check that all the conditions for convergence are satisfied
in this case. Property (3.24) follows from the definition of IIy and the proof
of its existence is similar to that of Lemma 3.2. Consequently, the same
arguments used for the Raviart-Thomas approximation provide the same
error estimate for the approximation of u that we had in Theorem 3.8 while
for p we have

Ip = pull2) < CR™{IV™al|2q) + V™Dl 22}
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1 < m < k and the estimate does not hold for m = k+ 1 i.e., the best order
of convergence is reduced in one with respect to the estimate obtained for
the Raviart-Thomas approximation.

However, with the same argument used in Lemma 3.36 it can be proved
that , for £ > 2,

1Pop — prll2(q) < C{hllu — up|lr2() + A2 |div (u — w2}

indeed, since P is the orthogonal projection on 77,?71 and kK —1 > 1, this
follows by using that

16 — Pruollz2(0) < Ch2 (|9l 20y (3.39)

in the last step of the proof of that lemma.
Therefore, for k£ > 2, we obtain the following result analogous to that in
Theorem 3.37

1Pup = prllr2) < CREP2{|IVA | o) + VP £l 120}

On the other hand, if £ = 1, (3.39) does not hold (because in this case P},
is the projection over piece-wise constant functions). Then, in this case we
can prove only

[Prp — pallz2@) < ChQ{HVUHB(Q) + IVl )

As we mentioned before, these estimates for || P,p — pa||r2(q) can be used to
improve the order of approximation for p by a local post-processing.

Several rectangular elements have also been introduced for mixed ap-
proximations. We recall some of them (and refer to [17] for a more complete
review).

First we define the spaces introduced by Raviart and Thomas [44]. For
nonnegative integers j, k we call 9y, ,,, the space of polynomials of the form

k m
q(z,y) =D > agz'y’
i=0 j=0

then, the R7 ;(R) space on a rectangle R is given by

RTk(R) = Qpy1,6(R) X Qppt1(R)
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Figure 4: Degrees of freedom for R7y and R7;

and the space for the scalar variable is Qx(R). It can be easily checked that
dimRT,(R) =2(k+ 1)(k + 2).

Figure 4 shows the degrees of freedom for £k =0 and k£ = 1.
Denoting with ¢;, i = 1,2, 3, 4 the four sides of R, the degrees of freedom
defining the operator IIp for this case are

/ IIrv - n;pi dl = / V - 1Pk dl Vpr € Pk(&), 1=1,2,3,4
Zi ei
and (for k > 1)

[ v d= [ v gude Vo, € Quai(R) x Qua-a(R)
R R

Our last example in the 2-d case are the spaces introduced by Brezzi,
Douglas and Marini on rectangular elements. They are defined for £ > 1 as

BDM;(R) = P2(R) + (curl (zF1y)) + (curl (zy* 1))
and the associated scalar space is Pr_1(R). It is easy to see that
dim BDMy(R) = (k+1)(k +2) + 2.

. The degrees of freedom for k = 1 and k& = 2 are shown in Figure 5.
The operator Il is defined by

/ HTv-nipkdﬁz/ v-nppdl Vpp € Pr(4;), i=1,2,3,4
Zl‘ ei
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Figure 5: Degrees of freedom for BDM; and BDM,

and (for k > 2)

/RHTV - Pr_gdr = /RV Pr_2dz Vpj_2 € Pi_o(R)

The RT as well as the BDMj spaces on rectangles have analogous
properties to those on triangles. Therefore, the same error estimates ob-
tained for triangular elements are valid in both cases.

More generally, one can consider general quadrilateral elements. Given
a convex quadrilateral @), the spaces are defined using the Piola transform
from a reference rectangle R to (). Let us define for example the Raviart-
Thomas spaces R7 (Q).

Let R = [0,1] x [0, 1] be the reference rectangle and F' : R — @ a bilinear
transformation taking the vertices of R into the vertices of Q. Then, we
define the local space R7 i (R) by using the Piola transform, i.e., if x = F(2),
DF is the Jacobian matrix of F' and J = |det DF,

1
J(2)

RT(Q)={v:Q —R?: v(z) = DF(2)v(2) with v € RT(R)}.
Also in this case similar error estimates to those obtained for triangular
elements can be proved under appropriate regularity assumptions on the

quadrilaterals. The analysis of this case is more technical and so we omit
details and refer to [5, 37, 49].

3-d extensions of the spaces defined above have been introduced by Ned-
elec [41, 42] and by Brezzi, Douglas, Durédn and Fortin [14]. For tetrahedral
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elements the spaces are defined in an analogous way, although the construc-
tion of the operator Il requires a different analysis (we refer to [41] for the
extension of the R7 spaces and to [42, 14] for the extension of the BD My,
spaces). In the case of 3-d rectangular elements, the extensions of R7, are
again defined in an analogous way [41] and the extensions of BDM [14]
can be defined for a 3-d rectangle R by

BDDF(R) = P} + ({curl (0,0, zy 1251, i=0,... k})

+({curl (0, 2" 'yz"*1 0), i=0,...,k})
+{{curl (z"19*72,0,0), i=0,...,k})

where now we are using the usual notation curlv for the rotational of a
three dimensional vector field v.

All the convergence results obtained in 2-d can be extended for the 3-d
spaces mentioned here. Other families of spaces, in both 2 and 3 dimen-
sions which are intermediate between the R7 and the BDM spaces were
introduced and analyzed by Brezzi, Douglas, Fortin and Marini [15].

Finally, we refer to [10] for the case of general isoparametric hexahedral
elements.

4 A posteriori error estimates

In this section we present an a posteriori error analysis for the mixed finite
element approximation of second order elliptic problems. For simplicity, we
will assume that the restriction of the coefficient a in (3.1) to any element
of the triangulation is constant. If not, higher order terms corresponding to
the approximation of ¢ arise in the estimates.

For simplicity, we prove the results for the approximations obtained by
the Raviart-Thomas spaces and in the two dimensional case. However, sim-
ple variants of the method can be applied for mixed approximations in other
spaces, in particular, for all the spaces described in the previous section.

We introduce error estimators of the residual type for both scalar and
vector variables and prove that the error is bounded by a constant times
the estimator plus a term which is of higher order (i.e., what is usually
called “reliability” of the estimator). We also prove that the estimator is
less than or equal a constant times the error. This last estimate (usually
called “efficiency” of the estimator) is local, more precisely, the error in one
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element 7' can be bounded below by the estimators in the same triangle plus
the estimators in the elements sharing a side with T'.

It is well known that several mixed methods are related to non-conforming
finite element approximations (see [6]). In particular the lowest order Raviart-
Thomas method corresponds to the non-conforming linear elements of Crouzeix-
Raviart (see also [40]).

A posteriori error estimates were obtained first for the Crouzeix-Raviart
method by using a Helmoltz type decomposition of the error (see [23]). The
same technique has been applied for mixed finite element approximations in
[4, 18]. In [4] only the vector variable is estimated while in [18] both variables
are estimated, but to estimate the scalar variable the a priori estimate (3.35)
was assumed to hold. In particular, this hypothesis excludes non-convex
polygonal domains. We refer also to [3, 39] for related results.

Our analysis for the vector variable follows the approach of [4, 18], while
for the scalar variable we present a new argument which does not require
the a priori estimate (3.35).

We will use the following well-known approximation result. We denote
with P, the standard continuous piece-wise polynomials of degree k + 1.
For any ¢ € H'(Q2) there exists ¢, € Pg,; such that

16— énlloe < I IVE] a7 (4.1)

and,
1/2
16 = dullor < CITI2|V 6]l oz (4.2)

where T is the union of all the elements sharing a vertex with T (we can
take for example the Clément approximation [21] or any variant of it (see
for example [37, 47]).

We will use the notation curl¢ introduced in the previous section for
¢ € HY(Q) and for v € H'(Q)? we define

81)2 81)1
rotv=—— —

ox oy

Also, for a field v such that its restriction v|p to each T" € 7}, belongs to
HY(T)? we will denote with rot ;v the function such that its restriction to
T is given by rot (v|r).

For an element T, let Ep be the set of edges of T" and ¢ be the unit
tangent on ¢ oriented clockwise. For an interior side ¢, [uy, - t], denotes
the jump of the tangential component of up, namely, if T} and T, are the
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triangles sharing ¢, and ¢; and 2 the corresponding unit tangent vectors on
¢ then

[up - t], = wplr, - 61 — wp|m, - 61 = a7y - 61+ wp|7, - to.
We define

I [u,-t], if £¢0Q
7 2wy, -t if £ C OO

We now introduce the estimator for the vector variable and prove the
efficiency and reliability of this estimator.
The local error estimator is defined by

Moeet,r = |T|||rot huhHQL2(T) + ) \£|||J£H2L2(e)
leEp

and the global one by,

2 _ 2
Nvect = Z nvect,T‘
TeT,

The key point to prove the reliability of the estimator is to decompose
the error by using a generalized Helmholtz decomposition given in the next
lemma.

Lemma 4.1 If the domain Q is simply connected and v € L*(Q)?, there
exist € HY(Q) and ¢ € H' () such that

v =aV1y + curl¢ (4.3)

and
Vol 20 + VY2 ) < Clivlize ) (4.4)

with a constant C' depending only on a.

Proof. To obtain this decomposition we solve the problem
div (aVy) =divv

with ¢ € Hg (), namely, 9 satisfies

/avw-vgz/v-vg Ve € HY(Q).
Q Q
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In particular, choosing & = 1 we obtain
IVYlz2) < Cllviize) (4.5)

Now, since

div (v —aVy) =0,

and the domain is simply connected, there exists ¢ € H'(Q2) such that (4.3)
holds.
Moreover, observe that (4.4) follows easily from (4.5) and (4.3). O

Theorem 4.2 If Q) is simply connected and the restriction of a to any T €
Ty is constant, there exists a constant C1 such that

lu —wapl|r20) < Cr{nvect + Rl f = Pofllr2@)}- (4.6)

Proof. For ¢ € H'(2) we have

/,uu'curlgzﬁdw:/Vp-curl¢dac:0.
Q Q

Analogously, for ¢, € P; |, curl¢, € RTy and therefore, using the first
equation in (3.27),

puy, - curl ¢y, dr = 0.
Q

Then,
/Q,u(u— up) - curlpdr = —/ wuy, - curl (¢ — ¢p) dx

:—Z{/roth puy) (¢ — ép,) dar—i—/ puap -t (o — ¢h)ds}

T
— ZT:{/TOthMuh)((b ¢n)dx + 5 EGXE: /qub ¢h>d8}

Then, if ¢, € Pg,, is an approximation of ¢ satisfying (4.1) and (4.2),
applying the Schwarz inequality we obtain

/Q,u (u—up) - curl pdz < Cnyeet|d)1,0- (4.7)

On the other hand, if ¢ € H} () we have
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/u(u—uh)-avwdx:/(u—uh)~V1/)da:
Q Q

— [diva—w)vde= [ (f=Paf)vdu= [ (f = Paf) (b~ Pry) do
Q 0 0
and, therefore, using that

[ = Papll L2y < CRIIVY| L2

which follows immediately from Corollary 2.3, we obtain

[ @=w)-Vode <Chlf = Ptz Vel (43)
Using now Lemma 4.3 for v = u — u; we have
u—uy =aVy +curlg
with ¢ € H}(Q) and ¢ € H'(Q2) such that
[VollL2) + [IVYllL2@) < Cllu — apl[2(q)- (4.9)
Then,
=l < O [ pla—w)-curlodo+ [ (u—w,) Vode}

and therefore (4.6) follows immediately from (4.7), (4.8) and (4.9).
To prove the efficiency we will use a well-known argument of Verfiirth
[50, 52]. In our case this argument will make use of the following lemma.

Lemma 4.3 Given a triangle T and functions qp € L*(T) and, for each
side £ of T, py € L2({), there exists ¢ € Pyy3(T) such that

Jrorde = [pqrrdx Vr € Pr(T)
Jopsdx = [,pesdx Vs € Pri1(0) Y € Er, (4.10)
¢=0 at the vertices of T
Moreover,
_1 _1
IVllr2ery < C{TI 2 llarlirey + D 172 Ipellr20)} (4.11)
LeET
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Proof. The number of conditions is

(k+2)(k+1)
2

(k+2)(k+7)

dim Py (T) + 3 dim Pyy (£) = 5

+3(k+2) =
while the dimension of the subspace of Py, 3 of polynomials vanishing at the
vertices of T is

(k+4)(k+5) _,__ (k+2)(k+7)

. T)— 3=
d1mPk+3( ) 3 B D)

Therefore, (4.10) is a square system and so it is enough to show the unique-
ness. So, assume that

Jpordr=0 Vr € Pr(T)
Jypsdr =0 Vs € Pry1(0) VI € Ep (4.12)
¢=0 at the vertices of T.

Since ¢ vanishes at the vertices of ¢, it follows from the second condition in
(4.12) that ¢ = 0 on the sides of T'. Then,

¢ = AAAgT with r € Py

and, therefore, it follows from the first condition in (4.12) that ¢ = 0. O
We will call Dr the union of T with the triangles sharing a side with it.

Theorem 4.4 If the restriction of a to any T € Ty, is constant, there exists
a constant Co such that, for any T € Ty,

Nvect, T < CQHU - uhHL2(DT)- (413)

Proof. We apply Lemma 4.3 on T and its neighbors T;, i = 1,2,3 (we
assume that T" does not have a side on 0f2, trivial modifications are needed
if this is not the case). In this way we can construct ¢ € H} (D7) vanishing
at the vertices of T' and T;, i = 1,2, 3 and such that

/ prdr = —/ |T| rot ,(pup,) rdx Vr € Pr(T) (4.14)
T T

/qbsdx = —/\E\Jgsda: Vs € Pry1(0) VL€ Er, (4.15)
L L
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/ brdr—=0  VrePy(T) (4.16)
T;
and

/qbsd:c =0 Vs € Pr+1(€) on the other two sides of T;.  (4.17)
14

Since ¢ vanishes at the boundary of Dy we can extend it by zero to obtain
a function ¢ € HE (). Then,

/Q,u(u—uh)-curlgbd:n:—Z{/Troth(uuh)¢dx+; Z /EJggbds}.

T leET
(4.18)
But,
rot p(pup)|r € Pe(T) and  Jy € Pryi(0),

therefore, we can take r = rot (uuy) and, for each ¢ € Ep, s = Jp in (4.14)
and (4.15) respectively to obtain

/T rot 4 (puy) ¢ dx = —|T||[rot yuy |2y

and

> [ Jesds == 3 16l il

leEr leET

Analogously, using now (4.15), (4.16), (4.17), we obtain

/roth(,uuh)qﬁdx:O , 1=1,2,3

7

and

S [Tods =01l o i=1.23
leEr, ¢

where £ =T NT;.
Therefore, recalling that ¢ vanishes outside Dy, it follows from (4.18)
that

ngect,T = / p(u—up)-curlgde
Dr

and so,
Moeer,w < Cllu—upl2(0) IVl 22(Dy)-
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But, using (4.11) we have

1 1
IVl L2(nry < CUTIZ [[rot n(pan) |2y + D W21 Jell 2} < Ctuect,r
(eBr

and therefore (4.13) holds. O
To estimate the error in the scalar variable p we introduce the local
estimator

Neser = I TIVapn + punlZaery + D 1l Ipalel 200
leEr

where [ps], denotes the jump of py, across the side £ if ¢ is an interior side
or [pn], = 2py if £ C 0N and, for a function ¢ such that its restriction to
each T € Tj, belongs to H'(T) we denote with Vjq the function such that
its restriction to 7" is given by V(q|r)

Then, the global estimator is defined as usual by

2 _ 2
Nesc = Z 7765(:,T .
TeT),

The next lemma shows that the error in the scalar variable is bounded
by 7nese plus the error in the vector variable.

Apart from (3.18) we will use the following error estimate which can be
obtained in a similar way.

If 7 is a side of an element 1" we have

1
I(v = TLrv) -l 20 < CUE VY 20y (4.19)
Lemma 4.5 There exists a constant C' such that

Ip = prllr2) < C{Mese + [0 — upl[ 2 }-

Proof. By Lemma 2.4 we know that there exists v € H'(Q2)? such that
divv=p—pp (4.20)

and
VIl @) < Cllp — pallr2(o) (4.21)

with a constant C' depending only on the domain.
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Then,
Ip—pnllZ20) :/Q(P—Ph) diVVdfC:/Q(p—Ph)diV (v—Ipv) der/ﬂ(p—Ph)diVHthx
(4.22)
:/Q(p—ph)div (v—TI,v) dx—/ﬂu(u—uh)(v—ﬂhv) dﬂ:+/ﬂ,u(u—uh)-vd:c.

But using that
/ pdiv (v —IIpv)dz —/ pu- (v —IIpv)der =0
Q Q
and integrating by parts on each element we have

/ (p—pp)div (v —pv) dx — / pwlu—uy) - (v —1Ipv)de
Q Q

= Z {/ Vipn-(v—IIv) da:—/ ph(V—HhV)-nds+/ pap-(v—II,v) da:}
Ter, /T aT T

= T;—h {/T(Vhph + puy) - (v —Ipv)de — ;eezE:T /g [[ph]](v —II,v) - nds}.

Therefore, the Lemma follows from this equality and (4.22) using the Schwarz
inequality and the error estimates (3.18) and (4.19). O

Using now the results for the vector variable we obtain the following a
posteriori error estimate for the scalar variable.

Theorem 4.6 If Q) is simply connected and the restriction of a to any T €
Ty is constant, there exists a constant Cg such that

1P = prllzz) < Cs{nese + Noeet + 2 f — Pufllz2)} (4.23)

Proof. This result follows immediately from Theorem 4.6 and Lemma 4.5.0

To prove the efficiency of 7es. we first prove that the jumps involved in
the definition of the estimator can be bounded by the error plus the other
part of the estimator.

Lemma 4.7 There exists a constant C such that
1
2 Tprlll 2oy < CLllp—prllL2(py) e a—ap| L2py) HEV npr+punll 2, }

where Dy is the union of the triangles sharing £.
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Proof. If ¢ € Ep, it 1follovvs from the regularity assumption on the
meshes that |[¢| ~ hp ~ |T|2. Now, since p is continuous we have

I Iprlll 220y = llpn — Pl 20
and so, applying the trace inequality (2.1), we obtain
1
112 [ Tprlll 2oy < Clllpn = Plli2(py) + [ VR (PR = P)IlL2(Dy) b

< C{llpn = pllrz(p,) + I Vapr + puallL2p,) }
< C{llpn — pllr2pyy + NIV ipR + pugll2p,) + [lln(a —ap)|lL2(p,) }

concluding the proof because p is bounded. O
Now, in order to bound ||Vpy, + pu| 12(7) by the error we will use again
the argument of Verfiirth.

Lemma 4.8 There exists a constant C such that

1 1
IT2(|Vipr + punl g2y < C{T2 0= wnllp2(ry + [P — pullee(ry}  (4.24)

Proof. Using again that

/,uu-vdx—/pdivvdx:O
Q Q

we have, for any v € H(T),

/u(u—uh)-vdm—/(p—ph)divvdx:—/,u,uh-vdx—i—/phdivvd:v
T T T T

:—/ ,uuh-vdx—/ Vhph-vda::—/(Vhph—k,uuh)‘vdx.
T T T

Choosing now v = —bpr(Vppp + puy,), with by € P3(T") vanishing at the
boundary and equal to one at the barycenter of T', we obtain

/,u(u—uh)-vdx—/(p—ph)divvdz:/ |V apn + pap|?br dz. (4.25)
T T T

But, since Vppp + pup € Pri1(T), a standard argument (equivalence of
norms in a reference element and an affine change of variables) gives

/T \Vipn + pup |2 dz < C’/T |V hpn + pug|?br de,
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which together with (4.25) and the Schwarz inequality yields

1 Vion + Muh"%Q(T) < C{fu— uhHO,T||V||L2(T) +[lp —ph||L2(T)||VV||L2(T)}
(4.26)

but, since by is bounded by a constant independent of T" we know that
IVllz2ry < ClIVapR + pag |l 2o
and, by a standard inverse inequality,
_1
IV L2y < CIT| "2 IVapn + papl z2er)

and, therefore, (4.24) follows from (4.26). O
Collecting the lemmas we can prove the efficiency of the estimator nesc.

Theorem 4.9 If the restriction of a to any T € Ty, is constant, there exists
a constant Cy such that, for any T € Ty,

1
Nese,r < Ca{|T 2|0 —unllL2(pyy + Ip — Prllz2(pr) (4.27)

Proof. This result is an immediate consequence of Lemmas 4.7 and 4.8. O
Putting together the results for both estimators we have the following a
posteriori error estimate for the mixed finite element approximation.

We define

2 _ 2 2 2 _ 2
nr = nvect,T + nesc,T and n = Z -
TeT,

Theorem 4.10 If Q s simply connected and the restriction of a to any
T € 7Ty, is constant, there exist constants Cs and Cg such that

nr < Cs{lla —unllLe(py) + Ip — prllzor)

and

lu—unlz2) + Ip — prll2) < Ce{n + hllf — Pufllr2)}-

Proof. This result is an immediate consequence of Theorems 4.2, 4.4, 4.6
and 4.9. O
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5 The general abstract setting

The problem considered in the previous sections is a particular case of a
general class of problems that we are going to analize in this section. The
theory presented here was first developed by Brezzi [13]. Some of the ideas
were also introduced for particular problems by Babuska [9] and by Crouzeix
and Raviart [22] We also refer the reader to [32, 31] and to the books [17,
45, 37].

Let V' and @ be two Hilbert spaces and suppose that a(, ) and b(, ) are
continuous bilinear forms on V' x V and V x @) respectively, i.e.,

la(u, v)] <lall|[ullv]olly  VueV.VveV

and
(v, @) < [bllllvllvlielle YveV, Vge@

Consider the problem: given f € V' and g € Q' find (u,p) € V x Q
solution of

a(u,v) + b(v,p) = (f,v) YoeV
{ b(u,q) =(9.q9)  VgeQ (51)

where (., .) denotes the duality product between a space and its dual one.
For example, the mixed formulation of second order elliptic problems
considered in the previous sections can be written in this way with

V =H(iv,Q) , Q=L*Q)

and
a(u,v):/uu-vda: , b(v,p):/pdivvdx.
Q Q

The general problem (5.1) can be written in the standard way

c((u,p), (v,q)) = (f,v) +(9,9) V(v,q) €V xQ (5.2)

where c is the continuous bilinear form on V' x ) defined by

c((u, ), (v, q)) = alu, v) + b(v, p) + b(u, g).

However, the bilinear form is not coercive and therefore the usual finite
element error analysis can not be applied.
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We will give sufficient conditions (indeed, they are also necessary al-
though we are not going to prove it here, we refer to [17, 37]) on the forms a
and b for the existence and uniqueness of a solution of problem (5.1). Below,
we will also show that their discrete version ensures the stability and optimal
order error estimates for the Galerkin approximations. These results were
obtained by Brezzi [13] (see also [17] were more general results are proved).

Introducing the continuous operators A : V — V', B :V — @’ and its
adjoint B* : Q — V' defined by,

(Au, v)yrxyv = a(u,v)
and
(Bv,q)g'xq = b(v,q) = (v, B*q)vxv

problem (5.1) can also be written as

*, : /
{Au—l—Bp—f in V (5.3)

Bu=g in @
Let us introduce W = KerB C V and, for g € Q’,
W(g)={veV: Bv=g}

Now, if (u,p) € V x @ is a solution of (5.1) then, it is easy to see that
u € W(g) is a solution of the problem

a(u,v) = (f,v) Yve W (5.4)

We will find conditions under which both problems (5.1) and (5.4) are equiv-
alent, in the sense that for a solution u € W (g) of (5.4) there exists a unique
p € @ such that (u,p) is a solution of (5.1).

In what follows we will use the following well-known result of functional
analysis. Given a Hilbert space V and S C V we define S° c V' by

SO={LeV':(L,v)=0, Yve S}

Theorem 5.1 Let Vi and Vs be Hilbert spaces and A : Vi — V3 be a con-
tinuous linear operator. Then,

(Ker A)° = Tm A* (5.5)

and

(Ker A*) =Tm A (5.6)
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Proof. It is easy to see that Im A* C (Ker A)° and that (Ker A)" is a
closed subspace of V{. Therefore

ImA* C (Ker A)°.

Suppose now that there exists Ly € V{ such that Ly € (Ker A)" \ Im A*.
Then, by the Hahn-Banach theorem there exists a linear continuous func-
tional defined on V{ which vanishes on I'm A* and is different from zero on
Ly. In other words, using the standard identification between V" and V7,
there exists vy € V7 such that

(Lo,v9) #0 and (L,vg) =0 VL € Im A*.
In particular, for all v € Vo
(Avg,v) = (vg, A*v) =0

and so vg € Ker A which, since Ly € (Ker A)?, contradicts (Lo, vo) #
0. Therefore, (Ker A)° ¢ ITm A* and so (5.5) holds. Finally, (5.6) is an
immediate consequence of (5.5) because (A*)* = A. O

Lemma 5.2 The following properties are equivalent:

a) There exists 3 > 0 such that

b(v,q)
sup
vev vl

> Bllale Vee@ (5.7)

b) B* is an isomorphism from Q onto W° and,
1B qllv: = Bllale Ve @ (5.8)

¢) B is an isomorphism from W+ onto Q' and,

|Bvllgr = Blvlly  Yve W™ (5.9)

Proof. Assume that a) holds then, (5.8) is satisfied and so B* is in-
jective. Moreover I'm B* is a closed subspace of V', indeed, suppose that
B*q, — w then, it follows from (5.8) that

1B*(agn — am)llv = Bllan — amllo
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and, therefore, {¢,} is a Cauchy sequence and so it converges to some q € @
and, by continuity of B*, w = B*q € I'm B*. Consequently, using (5.5) we
obtain that Im B* = WY and therefore b) holds.

Now, we observe that W9 can be isometrically identified with (W)
Indeed, denoting with P+ : V — W the orthogonal projection, for any
g € (Wh) we define § € W% by § = go Pt and it is easy to check that
g — § is an isometric bijection from (W) onto W° and then, we can
identify these two spaces. Therefore b) and ¢) are equivalent.D

Corollary 5.3 If the form b satisfies (5.7) then, problems (5.1) and (5.4)
are equivalent, that is, there erists a unique solution of (5.1) if and only if
there exists a unique solution of (5.4).

Proof. If (u,p) is a solution of (5.1) we know that v € W(g) and that it is
a solution of (5.4). It rests only to check that for a solution u € W(g) of
(5.4) there exists a unique p € @ such that B*p = f — Au but, this follows
from b) of the previous lemma since, as it is easy to check, f — Au € W0.0

Now we can prove the fundamental existence and uniqueness theorem
for problem (5.1).

Lemma 5.4 If there exists a > 0 such that a satisfies

A0) o Ly vuew (5.10)
veW ||U||V
sup alu, v) >alllly  VWweW (5.11)
ueW HUHV

then, for any g € W' there exists w € W such that
a(w,v) = (g,v) YveW

and moreover !
el < = lglw (512)

Proof. Considering the operators

A:W =W and A* W - W
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defined by
(Au, v)wrww = a(u,v) and (u, A*0)ww = alu,v),
conditions (5.10) and (5.11) can be written as
|Aullwr > aof|ullw  Yue W (5.13)

and
|A*v|lwr > afvlw  Yve W (5.14)

respectively. Therefore, it follows from (5.11) that
Ker A* = {0}.
Then, from (5.6), we have
(Ker A*) =Tm A

and so
ImA=W'.

Using now (5.13) and the same argument used in Lemma 5.7 to prove that
Im B* is closed, we can show that I'm A is a closed subspace of W’ and
consequently Im A = W' as we wanted to show. Finally (5.12) follows
immediately from (5.13).0

Theorem 5.5 If a satisfies (5.10) and (5.11), and b satisfies (5.7) then,
there exists a unique solution (u,p) € V- x Q of problem (5.1) and moreover,

1 1 all
< — / —_ —_— / .
Jully < aHva + ﬂ(1+ S Mallq (5.15)
and,
< 1 — / —(1 — / Nl
Ipllo < 50+l + 50+ gl (516)

Proof. First we show that there exists a solution u € W(g) of problem
(5.4). Since (5.7) holds we know from Lemma 5.2 that there exists a unique
ug € W+ such that Bug = g and

1
Juollv < Zllglle (5.17)
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then, the existence of u € W (g) solution of (5.4) is equivalent to the existence
of w =u —uy € W such that

a(w,v) = (f,v) —a(ug,v) Yoe W
but, from Lemma 5.4, it follows that such a w exists and moreover,

1 1 el
lwlly < A v+ llalllwollv} < A1 Flv + Z57 lgller}

where we have used (5.17).

Therefore, u = w + ug is a solution of (5.4) and satisfies (5.15).

Now, from Corollary 5.3 it follows that there exists a unique p € @ such
that (u,p) is a solution of (5.1). On the other hand, from Lemma 5.2 it
follows that (5.8) holds and using it, it is easy to check that

1
IPlle < A llv: + llalllulvy

which combined with (5.15) yields (5.16). Finally, the uniqueness of solution
follows from (5.15) and (5.16).0

Assume now that we have two families of subspaces V};, C V and Q) C Q.
We can define the Galerkin approximation (up, pp) € Vi X @, to the solution
(u,p) € V x Q of problem (5.1), i.e., (up, pp) satisfies,

a(ufmv) + b(v’ph) = <f,U> Vo € Vh (5 18)
b(uh7 q) = <gu q> vq S Qh
For the error analysis it is convenient to introduce the associated operator
By, : Vi, — @), defined by
<Bh?), q>Q'h><Qh = b(’U, q)

and the subsets of V},, W;, = Ker By, and

Wi(g) ={v eV, :Byw=g in Q}}

where g is restricted to Q.

In order to have the Galerkin approximation well defined we need to
know that there exists a unique solution (up,pn) € Vi x Qp of problem
(5.18). In view of Theorem 5.5, this will be true if there exist a* > 0 and
B* > 0 such that
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a(u,v)

sup > o |lully Vue W, (5.19)
vEWh HUHV
sup alu, v) > af|vlly Yo e W, (5.20)
uGWh ||U”V
and,
b(v, g .
aup "D > gl vge @ (5.21)
vEVh H/UHV

In fact, (5.20) follows from (5.19) since W}, is finite dimensional.

Now, we can prove the fundamental general error estimates due to Brezzi
[13].

Theorem 5.6 If the forms a and b satisfy (5.19), (5.20) and (5.21), prob-
lem (5.18) has a unique solution and there ezists a constant C, depending
only on o*, B*, ||a|| and ||b|| such that the following estimates hold. In partic-

ular, if the constants o and B* are independent of h then, C is independent
of h.

lu—unlv +[p—pnlle < C{inf lu—vly + inf [p—qlo}  (5.22)
veV), q€Qn

and, when Ker By, C Ker B

|lu—uplly < C inf [[u—vl|y (5.23)
veVy

Proof. From Theorem 5.5 we know that there exists a unique solution

(un,pn) € Vi X Qp of (5.18).
On the other hand, given (v,q) € Vj, x Qp,, we have

a(up, —v,w) + blw,pp, — q) = alu —v,w) + blw,p—q) Yw eV (5.24)

and
b(up, —v,r) =bu —v,r)  Vr € Qp. (5.25)

Now, for fixed (v, q) , the right hand sides of (5.24) and (5.25)define linear
functionals on V}, and @j which are continuous with norms bounded by

lalllu —vllv +[lblllp — qllq - and  [[bl|[ju — vy
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respectively. Then, it follows from Theorem 5.5 that, for any (v, q) € Vi xQp,

lun = vllv +llpn = dlle < Clllu =vllv +llp - dllo}

and therefore (5.22) follows by the triangular inequality.
On the other hand, we know that uj, € Wy(g) is the solution of

a(up,v) = (f,v) Yve W, (5.26)

and, since W, C W, subtracting (5.26) from (5.4) we have,
alu—up,v)=0 YveW, (5.27)
Now, for w € W,(g), up, —w € W}, and so from (5.19) and (5.27) we have

a*|lup, — wlly < sup alup — w,v) — sup a(u —w,v)

< lal/llu —wlv
vew,  lvllv vew,  lvllv

and therefore,
H [
—u <(1+—) inf Ju-w
[ = uplly < (14 —7) vl | v
To conclude the proof we will see that, if (5.21) holds then,

. ol .
inf u—wly < (14+ —) inf |lu—2v|y. 5.28
Jnt = wlly < (1420 inf flu—vly (5.29)

Given v € V},, from Lemma 5.2 we know that there exists a unique
z € Whl such that

b(z7Q) - b(u -, Q) vq € Qh

and

1z[lv —vllv

thus, w = z + v € V), satisfies Bhw = g, that is, w € Wj(g). But

lu —wlly <flu—vlly +[lzllv < (1+

)Ilu vllv

and so (5.28) holds. ©
In the applications, a very useful criterion to check the inf-sup condition
(5.21) is the following result due to Fortin [32].
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Theorem 5.7 Assume that (5.7) holds. Then, the discrete inf-sup condi-
tion (5.21) holds with a constant 3* > 0 independent of h, if and only if,
there exists an operator

I :V =V,
such that
b(v—IHv,q) =0 Yv eV, VgeQy (5.29)
and,
[pollv < Clllly  YveV (5.30)

with a constant C' > 0 independent of h.

Proof. Assume that such an operator II;, exists. Then, from (5.29), (5.30)
and (5.7) we have, for g € Qp,

b(v, q b(Ilxv, q
Blallg < sup WD) — yp TIn0-)
vev vllv wev vllv
and therefore, (5.21) holds with 5* = §/C.
Conversely, suppose that (5.21) holds with §* independent of h. Then,

from (5.9) we know that for any v € V' there exists a unique v, € Wi such
that

b(11
< Csu M
vev [[Mpo|lv

b(vn,q) =b(v,q) Vg€ Qy
and,
< lIoll
<5

Therefore, IIpv = vy, defines the required operator. O

[[onlv [o]v-

Remark 5.1 In practice, it is sometimes enough to show the existence of
the operator 11, on a subspace S C V', where the exact solution belongs,
verifying (5.29) and (5.30) for v € S and the norm on the right hand side
of (5.30) replaced by a strongest norm (that of the space S). This is in
some cases easier because the explicit construction of the operator Il re-
quires reqularity assumptions which do not hold for a general function in V.
For example, in the problem analyzed in the previous sections we have con-
structed this operator on a subspace of V. = H(div, Q) because the degrees
of freedom defining the operator do not make sense in H(div,T), indeed, we
need more reqularity for v (for example v € H*(T)") in order to have the
integral of the normal component of v against a polynomial on a face F' of T
well defined. It is possible to show the existence of 11}, defined on H(div, Q)
satisfying (5.29) and (5.30) (see [32, 46]). However, as we have seen, this
18 not really necessary to obtain optimal error estimates.
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