TOTALLY DISCRETE EXPLICIT AND SEMI-IMPLICIT EULER
METHODS FOR A BLOW-UP PROBLEM IN SEVERAL SPACE
DIMENSIONS.

PABLO GROISMAN

ABSTRACT. The equation uy = Au + uP with homegeneous Dirichlet bound-
ary conditions has solutions with blow-up if p > 1. An adaptive time-step
procedure is given to reproduce the asymptotic behvior of the solutions in the
numerical approximations. We prove that the numerical method reproduces
the blow-up cases, the blow-up rate and the blow-up time. We also localize
the numerical blow-up set.

1. INTRODUCTION.

We study the behavior of an adaptive time step procedure for the following
parabolic problem

up = Au + uP in Qx[0,7),
(1.1) u(z,t) =0 on 900 x [0,T),
u(z,0) = up(z) >0 on €.

Here p is superlinear (p > 1) in order to have solutions with blow-up. We assume
ug is regular and  C R? is a bounded smooth domain in order to guarantee that
u € C%'. A remarkable fact in this problem is that the solution may develop singu-
larities in finite time, no matter how smooth ug is. For many differential equations
or systems the solutions can become unbounded in finite time (a phenomena that
is known as blow-up). Typical examples where this happens are problems involving
reaction terms in the equation like (1.1) where a reaction term of power type is
present and so the blow-up phenomenum occurs in the sense that there exists a fi-
nite time 7" such that lim; 7 [|u(-, t)||cc = +00 if the initial data is large enough (see
[24, 25] and references therein). The blow-up set, which is defined as the set com-
posed of points = € €2 such that u(x,t) — +oo ast — T, is localized in thin regions
of Q, in [28] is proved that the (d—1) dimensional Hausdorff measure of the blow-up
set is finite. The blow-up rate at these points is given by u(z,t) ~ (T — t)fp%l,
moreover

. 1 1 a
I (T =)= flu( )@ = Cp, Cp = (p—l>
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(see [16, 17]).

Hereafter we use the notation f(t) ~ g(t) to mean that there exist constants
¢, C' > 0 independent of ¢ such that

cg(t) < f(t) < Cy(t).

We remark that these results hold if p is subcritical (p < 92 if d > 3). For

supercritical p the solutions may present different behaviors. For that reason we
assume 1 < p < g%g along the rest of the paper. However the asymptotic properties

of the numerical schemes described above hold for every p > 1, this is a difference
between the continuous solutions and their approximations.

Since the solution u develops a singularity in finite time, it is relevant to study
the asymptotic behavior (close to the blow-up time) of numerical approximations
for this kind of problems.

The first works that address this topic are [22, 23], where the authors analyze
finite differences schemes for problem (1.1) with Q@ = (0,1) and p = 2. They study
totally discrete schemes with a uniform spatial mesh and they adapt the time step
with an explicit Euler method. They prove that in case that both the numerical
approximations and the continuous solution blow up, the numerical blow-up times
converge to the continuous one as the parameter of the method goes to zero.

A similar result is proved in [11] for the more general case p > 1 and also a
propagation result is shown: if the initial datum is symmetric and increasing in
[0,1/2] then x = 1/2 is the only blow-up point. It is proved that if z = 1/2 is a
point of the mesh then this is the only numerical blow-up point if p > 2, but if
p = 2 the blow-up propagates to the adjacent nodes (the adjacent nodes also blow
up).

An adaptive in space algorithm is developed in [7]. This method refines the mesh
as time goes forward using the scale invariance of solutions to this equation. The
authors use this scheme to conjecture a second term in the asymptotic expansion
of the solution.

In [8, 9, 10, 20] the so called moving mesh methods are developed. They also
make use of the scaling invariance. They use a spatial mesh that is modified as time
goes forward. The nodes are moved according to a moving mesh partial differential
equation in such a way that the mass is uniformly distributed at any time. Although
these methods are frequently used, they just work in the one dimensional case.

Semidiscrete schemes are considered in [2, 3] for Q = (0,1). The spatial variable
is discretized while time remains continuous. The authors prove convergence of the
method in regions where the solution is regular as well as conditions that ensure
the presence of blow-up in the numerical scheme (p > 1 and some hypotheses on
the initial data). They also prove convergence of the numerical blow-up times in
some situations.

The same scheme is considered in [18], where the authors find the blow-up rate
and the blow-up set of the numerical solutions and prove that they reproduce the
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theoretical ones. They also prove that the numerical solutions blow up if the theo-
retical one does and if the parameter of the method is small enough. Convergence
of the blow-up times is also proved without any further assumptions.

In [4, 14] the authors consider the heat equation in an interval with a nonlinear
Neumann condition at the boundary. They find conditions that guarantee the
presence of blow-up in the numerical approximations (that differs with the ones for
the continuous problem) and convergence of the method and the numerical blow-up
times. They consider semidiscrete schemes ([14]) and totally discrete schemes using
Euler and Runge-Kutta methods ([4]).

Other works that deserve being mentioned are [5, 15, 21, 27]. The survey [6]
summarizes the results contained in most of these articles.

The development and analysis of numerical methods for this kind of problems in
several space dimensions are much less developed than the one dimensional case. In
fact, numerical methods for this problem in dimension d > 2 with rigorous proofs
of the their asymptotic properties are rare in the literature.

In this paper we introduce and analyze totally discrete explicit and semi-implicit
methods for this problem in several space dimensions. For these methods we prove

e They reproduce the blow-up cases: if the continuous solution blows up in
finite time, the same occurs with the numerical solution for small choices
of the parameters of the method.

e They have the correct blow-up rate.

e The numerical blow-up times converge to the theoretical one (we can only
prove an iterated limit and just for the explicit scheme).

e The localization of the numerical blow-up set.

As a first step to introduce the method we propose a method of lines: we dis-
cretize the space variable but the time variable ¢ remains continuous. In this stage
we consider a general method with adequate assumptions. More precisely, we as-
sume that for every h > 0 small (h is the parameter of the method), there exists a
set of nodes {x1,...,2x} C Q (N = N(h)), such that the numerical approximation
of u at the nodes xy, is given by

U(t) = (ui(t),...,un(t)).

That is, ug(t) stands for an approximation of u(zy,t). We assume that U is the
solution of the following ODE

(1.2) MU' (t) = —AU(t) + MUP,
with initial data given by ug(0) = ug(zk). In (1.2) and hereafter, all operations
between vectors are understood coordinate by coordinate.

The precise assumptions on the matrices involved in the method are:

(P1) M is a diagonal matrix with positive entries my.

(P2) A is a nonnegative symmetric matrix, with nonpositive coefficients off the

diagonal (i.e. ag; <0 if k # i) and agg > 0.
(P3) 320, ani = 0.
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Taking into account (P1), the ODE (1.2) can be written as
N
mpu(t) = =Y agiui(t) + mpud(t), 1 <k <N,
i=1

with initial data u(0) = ug(zk).

As an example, we can consider a linear finite element approximation of prob-
lem (1.1) on a regular acute triangulation of Q (see [12]). Let V}, be the subspace
of H}(Q) consisting of piecewise linear functions on the triangulation. The finite
element approximation wuy, : [0,7},) — V}, verifies for each ¢ € [0,T})

/Q((uh)tv)I - —/Qvuhvw/ﬂ((uh)%)f,

for every v € Vj,. Here (-)! stands for the linear Lagrange interpolate at the nodes
of the mesh. The vector U(t), the values of up(-,t) at the nodes xy, verifies a system
like (1.2). In this case M is the lumped mass matrix and A is the stiffness matrix.
The assumptions on the matrices M and A hold as we are considering an acute
regular mesh. We observe that in this case u; = U”.

As another example, if  is a cube, 2 = (0,1)¢, we can use a semidiscrete finite
differences method to approximate the solution u(z,t) obtaining an ODE system
of the form (1.2).

We also need some kind of convergence result for the scheme, we will state the
precise hypotheses concerning convergence in the statement of each theorem. Fi-
nally, in the Appendix we prove an L convergence theorem under the consistency
assumption. The possible convergence assumptions are

(H1) For every 7 > 0 [|u — unl|~@x[0,7—-)) — 0 as h — 0.

(H2) [lu —unllgi(o)(t) — 0 as h — 0 for a.e. ¢

Once the ODE system is obtained, the next step is to discretize the time variable
t. In [4] the authors suggest an adaptive in time step procedure to deal with the
heat equation with a nonlinear boundary condition. They analyze explicit Euler
and Runge-Kutta methods, however all these methods have to deal with restrictions
in the time-step. In this work we first analyze an explicit Euler method and next
we introduce a semi-implicit scheme in order to avoid the time-step restrictions.
We use U’ = (uj,...,ul) for the values of the numerical approximation at time
t;, and 7; = t;41 — t;. When we consider the explicit scheme, U7 is the solution of

MUY = MUJ + 1; (—AU7 + M(U7)?)

(3) U(0) = uf,
or equivalently, if we denote 8ui+1 = %(uiﬂ — ui)
N
- , , .
(1.4) mpou), = — 26%1% +mp(up)?, 1<i<N

u) = ug(zy), 1<k<N+1.
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While for the implicit scheme U7 is the solution of

w5 MU+ = MU — 7; (AU 4 M(UY)P)
' U(0) = ul.

Observe that (P1)-(P3) ensure that (M + 7;4)~! is well defined.

Also note that the scheme is not totally implicit since the nonlinear source u?
is evaluated at time ¢/ while the stiffness matrix A is evaluated a time #/*1. This
mixture makes the scheme free of time-step restrictions while the explicit evalua-
tion of (U7)P avoids to solve a nonlinear system in each step that could lead to
nonuniqunes or even to nonexistence (see [26]).

Now we choose the time steps 7; = t;41 —t; in order to reproduce the asymptotic
behavior. For different time-stepping strategies for this kind of problems see [1, 5,
11, 22, 23, 26]. We fix A small and take

A

(wj)p

T; = s

where
N
w! = E miu;,
k=1

This choice for the time step is inspired by [4]. In that work the authors develop
an adaptive procedure that adapts the time step in a similar way but using the
maximum (L*°-norm) instead of w? (L'-norm). In their problem the maximum
is fixed at the right boundary node (i.e. [|U7| = ug\,ﬂ). In this problem, the
maximum (the node & such that ui = ||U?||«) can move from one node to another
as j increases. So the techniques used in [4] to study the behavior of ||U7||» do not
apply here.

The motivation for this time-step is that, as will be shown, the behavior of w’
is given by
It ~ (wj)p.
Hence, with our selection of 7; we can obtain
W~ w! 41w = w4+ X~ w4+ (1A,
and we obtain the asymptotic behavior of w’, which is, as we will see, similar to

the one for the continuous solution.

Then we study the asymptotic properties of the numerical schemes. We say that
a solution of (1.3) (or (1.5)) blows up if

oo
lim [|U7]|o0 = oo, and Thy = ZTJ < 0,
j—oo ‘
j=1
we call T, \ the numerical blow-up time. Here || - [|o stands for the usual infinity

norm in RV .

To describe when the blow-up phenomena occurs in the discrete problem we
introduce the following functional ®;, : RY — R.
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1
o, (U) = (AU, U) — (——MUP M1),
W(U) = (AUU) = (= )

where 1 = (1,1,...,1)T. The functional ®;, is a discrete version of
t 2 t p+1
D (u)(t) = / [Vuls, ) ds — / (uls, )" ds.
) 2 o pt+l

The functional ® characterizes the solutions with blow-up in the continuous
problem: in [13, 16] is proved that u blows up at time T if and only if ®(u)(t) — —o0
as t — T. Here we prove a similar result for the discrete functional ®; and use this
fact to prove that if the continuous solution has finite time blow-up, its numerical
approximation also does when the parameters of the method are small enough.

Next we study the asymptotic behavior of the numerical approximations: if U7
is a numerical solution with blow-up at time T}, ) its behavior is given by

U [loo ~ (T — 7)1/ @70

Moreover, the numerical schemes reproduce the constant C,, in the sense that

, _ TN
i i — /) — o = (7> =T
jinolo 1I§I}€a§XN e (T ) C p—1
The functional ®;, is also useful to deal with the behavior of the numerical blow-
up times. Unfortunately we can only prove the convergence of an iterated limit,
lim lim Ty, =T.
B0 A A
By means of the numerical blow-up rate we observe a propagation property for
blow-up points. We prove that the nodes adjacent to those that blow-up as fast as
the maximum may also blow-up (opposite to the continuous problem), but they did
it with a slower rate. The number of adjacent nodes that also blow up is determined
only by p and is independent of h and .

In other words, if we call B*(U) the set of nodes k such that

lim w(Tix — )07 =G,

J

then the number of blow-up points that do not lie in B*(U) depends (explicitly)
only on the power p.

We split the paper in two parts, the first one deals with the explicit scheme, in
the second one the analysis for the implicit method is developed.

2. THE EXPLICIT SCHEME

The main tool in our proofs is a comparison argument, so we first prove a lemma
which states that this comparison argument holds. Since we need restrictions in
the time-step to prove this lemma they are essential for every result in this section.
That is not the case for the implicit scheme.
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Definition 2.1. We say that (Z7) is a supersolution (resp.: subsolution) for (1.3)
if verifies the equation with an inequality > (<) instead of an equality.

Lemma 2.1. Assume the time step verifies

.My
Tj < min —.
1<i<N ay;

Let (Uj), (U7 a super and a subsolution respectively for (1.3) such that U° < UO,

then U’ < T’ for every j.

Proof: Let Z =U’ — U’ , by an approximation argument we can assume that we
have strict inequalities in (1.3), then (Z7) verifies

Mozt > —AZi + M(({T)P — (U7)P,
A > 0.

If the statement of the Lemma is false, then there exists a first time titl and a
node zj such that zi“ < 0. At that time we have

A7 > (=S | =) el + @) - (W)’ | 20,
k ik
a contradiction. O

2.1. Blow up in the numerical scheme. In this section we find conditions to
guarantee blow-up in (1.4). We begin with some lemmas.

Since the matrix A is symmetric (property (P2)), there exists a basis of eigen-
vectors for the following eigenvalue problem

Api = \iM ;.
We call n = n(h) the greatest eigenvalue of this problem, that is
0< X <n(h), 1<i<N.
Lemma 2.2. For every y € RY there holds
(Ay,y) < n(h){(My,y).

Proof: As the matrix M defines a scalar product in RY, we can assume that the
eigenvectors ¢; are normalized such that

(M;, ¢5) = bs.
Let y e RN,y = Zfil a;¢;, then

N N
(Ay,y) = <ZamM¢nZ%¢j>
i=1 j=1

N
= Za?)\i<M¢ia¢i>

i=1

< nh)(My,y).
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Lemma 2.3. There exists a constant k that depends only on h such that U7 > k
for some jo implies that (U7);>1 blows up in finite time.

Remark 2.1. The constant k can be computed, in fact

N 1 . p=2
(2 Ei7k:1 ag;) P71 (ming my) »—1

(S pey mi)P?

Proof: Recall the definition of w’/ = Zgzl mkui,, and observe that verifies

N N N
Jj+1 J _ . o ) J\p
w = w -7 E E api] + 7; E my (uy,)
k=1

k=11i=1

v

N N N )
w =7y ul Y an (Y m) (W)
=1 k=1 k=1
N N
j j =P e
> w — 7|V || Z ari + (Y my) T (w?)
ik=1 k=1
= w+ T; (—cle + CQ(U}j)p) ,

N
i k=1 Oki

where ¢; = =2~ e

we have

So if wio > (@)1/(1)—1)

C2

. . Co .
w]0+1 > ’LUJO—Fij(’LUJO)p

Applying this inequality inductively we obtain for j > jo
w? > w® + A — jo).
Hereafter c,c;, C, C;, etc. are constants that may depend on h but do not depend

on A or the time variables. They may change from one line to another in the course
of the proofs.

We have proved w’/ — 0o as j — oo. It remains to check that > 7; < oo, to do
that we observe that

o A < A
T ()P T (w0 4 eA(j — o))P
and
i . A < /00 # ds < oo.
= (wio +cA(j —jo))? ~— Jo (wio + cAs)P
This completes the proof. ([l

Remark 2.2. In the course of the proof of the above Lemma we also proved w’? > cj
for j large enough.

Now we are going to prove the reverse inequality to obtain the asymptotic be-
havior of ||U7 |-
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Lemma 2.4. If (U?) is unbounded then
107 ]loo ~ w? ~ j

Proof: The relation ||U7]| ~ w’ holds since they define equivalent norms in R¥.
So we just have to prove w? < C'j. Observe that

N N N
Jj+1 J _ . oy . J\p
w = w TJZZaklui—ﬁ—TJka(uk)
i=1

i=1 k=1

N

< w Yy m(u)?
k=1

< w4+ CTj(wj)p

= w +CA

Proceeding as before we get w/ < w® 4+ C\j < Cj, as we wanted to prove. [

Theorem 2.1. Assume the time step 7; verifies the restriction
2
p(wit1)P=1 +n(h)’
Then positive solutions of (1.4) blow up if there exists jo such that ®,(U%) < 0.

(21) T <

Remark 2.3. We remark that the condition ®,(U%) < 0 is similar to the one
for the blow-up phenomena in the continuous problem, in fact for the continuous
problem u blows up if and only if ®(u)(tg) < 0 for some to > 0.

Proof: First we observe that ®,(U7) decreases with j, in order to do that we take
inner product of (1.3) with U/+! — U7 to obtain

0 = (lM(UJ'+1 —U7) + AU? — M(U7 )P, U7t — U7)
Tj
= 1 (MOUIT QUITY) + &y (UITY) — &y, (U7) — %<AU”1, Uity
L 1 L 1 ) ) )
+ (AU, U7t — (AU U7) — §<Mp(fj)p_l, (UIT —U9)?).
Hence we obtain,

O, (UIT) — @y, (UY)

Jj+1\p—1 ) ] 2 ‘ ‘

< n—(y% — D(MOUT, QU 4+ ZL (AU, U+
Jj+1yp—1 ) ) )

< Tj(ij(w 5 ) + 77(};)7-7 _ 1)<M8UJ+178U]+1> <0,

due to Lemma 2.2 and the restriction in the time step 7; (2.1). Actually ®5,(U7T1) <
®;,(U7) unless (U7) is independent of j. So, ®, is a Lyapunov functional for (1.3).
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Next we observe that the steady states of (1.3) have positive energy. Let (W7) = W
be a stationary solution of (1.3), then

0=—AW + MWP.

Multiplying by W/2 we obtain,

1
(aw,wy + 2L L e wy

0 = > pal

1
2
> —d(W).

Assume (U7);>1 is a bounded solution of (1.3), then there exists a subsequence
that we still denote (U7) that converges to a steady state W with positive energy.

As @1, (U7) decreases and there exists jo such that ®5,(U%°) < 0 then ®,(W) < 0,
a contradiction. We conclude that (U7) is unbounded and (Lemma 2.3) has finite
time blow-up. O

Corollary 2.1. Assume the time-step restriction of the above theorem and the
convergence hypotheses (H1), (H2). Let ug an initial data for (1.1) such that u
blows up in finite time T. Then (U?) blows up in finite time Ty for every h,
A = A(h) small enough. Moreover

lim lim Ty, =T

B0 a0
Remark 2.4. If the fully-discrete method converges in H}(Q) a.e. t then \ can be
chosen independent of h.

Proof: If u blows up in finite time T then (see [13, 16])

d)(u)(t)z/glvu(;’t)l ds—/Q(u(;’i))er ds — oo (t /).

Hence we have ®(u)(tp) < 0 for some to < T. Let jo = jo(h,A) be the first j
such that t70 > ¢;. Note that the existence of jy is guaranteed by the convergence
theorem for small h, A (see the Appendix). Now we use the convergence of (U?) to
up, in [0,%0] and (H1) to see that

lim lim ®,(U%) = & :

lim lim n(U7°) (u)(to)
So for h, A = A(h) small enough we get ®;,(U7°) < 0 and so, by the above theorem
(U7) blows up.

Now we turn our attention to the blow-up times. In [18] it is proved that the
blow-up time of the semi-discrete solutions (solutions of (1.2)), that we denote T},
converges to T as h — 0. That work deals just with Q = (0,1) and a finite element
method but the arguments are very similar. We sketch the proof for the sake of
completeness.

Using similar arguments to the ones above, it can be seen that if the continuous
solution blows up then for every h small enough the semidiscrete solution U(t) also
does. Hence we can assume that the semidiscrete solution U(t) is large enough in
order to verify



ADAPTIVE NUMERICAL METHOD 11

d

2 (MU(0),U(1) = 2(MU'(1),U(1) =
2(=AU(t),U(t)) +2(MUP(t),U(t)) =
—4®,,(U(1)) + 255 11)<MUp<t)7U(t)>z

pt1

e @)+ 22D v, v

Integrating between ty and T} we obtain

(Th, —to) < ¢ —.
(=@n(Ul(to))) »*r

-

Here C' depends only on p.

Given € > 0, we can choose L large enough to ensure that

()5
L/ 2

As u blows up at time T" we can choose 7 < 5 such that

—®(u(-, T —7) > 2L.

If h is small enough,
-9, (U(T—-71)) > L,

and hence

l\D\(")

-

c c
L= (T-m) < <(—<I>h(U(T T)))”l> = <L+) :

Therefore,
T, —T| < |Ty, — (T —7)| + |7| < e.

We have proved limy,_,q T, = T, so we just have to prove that for fixed h

lim Th A= Th.
A—0

To do that we observe that from Lemma 2.3 there exists jg, that does not depend
on A such that for j > jg

w! > w4+ eA(j — jo),

hence
Tia=t! = Y n=) (wl)?
I=j+1 I=j+1
- A /°° A
< : - < , - ds
- l—zj;rl (wio 4 eA(l — jo))P i (wio 4 eX(s — jo))P

1 [ 1 1 /1
f/ —ds < f/ — ds.
¢ Jwioex(i—jo) 5 € Juwio 8P

This holds for any jg large enough and for every j > jo. In particular we get
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1 [
Th)\—tj S*/ — ds.

C Jwi SP

This inequality is very useful since gives a bound (independent of \) for the
distance to the numerical blow-up time in terms of w’?. Hence, given € > 0 we can
choose K large enough in order to have

Next we choose 7 < § such that ) mpuy (T, — 27) > 2K (recall that the vector
(up(t),...,un(t)) is the solution of the semidiscrete scheme). For A = A(h, 7) small
enough we get, from (H2), that w/ > K for every j such that T}, =27 <t/ < T}, —7.
We choose one of those j and compute

Tiy = Tal < Ty =] + [t/ = T
1 [>1
< - —ds + 27
cJig SP
< ¢
This completes the proof. O

2.2. Blow-up rate. In this section we study the asymptotic behavior of numerical
solutions with blow-up.

Theorem 2.2. Let up \ a discrete solution with numerical blow-up at time Ty, y,
then

U flo ~ (Thn — )M/ ®=1.
Furthermore

‘ ‘ 1 1/(p—1)
lim U7 oo (T n — 7)Y/ P71 = € = (> '
J—00 p — 1
We want to remark that this is the behavior of the continuous solutions with
blow-up.
Proof: We know from Lemma 2.3 that w? =} mkui verifies
wItl > wl + e,

so we have

(Th,)\_tj) = Z Tj = Z (w/;)p

k=j+1 k=j+1

< /jw@)ds
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Here w(s) is the linear interpolant of w’ (w(j) = w’), hence for j < s < j + 1 we
have w'(s) = w’™ —w? > ¢\, and so

[T [T e L (1)
5w T S xS pmny \wi )

or equivalently

[U7]loe < Co? < O(Thp = #7) 170
The reverse inequalities can be handled in a similar way to obtain

U [log ~ w? ~ (Thp — 7)1/ @D
Next we look for the constant C, in the asymptotic behavior of the numerical
solution, to do that we change variables. Let (Y7) be defined by
yizui(Th7,\—tj)l/(p_l) 1<k<N.
In the sequel of the proof we will use Ayﬁl to denote

Jj+1 J
Yo —Yi

i/ (Tpx —t7)’

This can be thought as 7;/(Th » — t7) to be the time step in the new variables.
With this notation the new variables verify

L N
. T\ — tith) =1 _ .
mpAyl Tt = _%(Th,)\ —t7) Z ariy]
(Thp —t7) 7T i=1
+m (Th,A — tj—'rl)’“f1 (yj)p
¥ (Thx — =t k
T\ —t J ) )
( h,A )mkuk ((Th,/\ _ t]—&-l)p%l _ (Th,k _ tg)ﬁ) ,
Tj
yg = (Th)\)l/(p_l)uO(l‘k), 1<k<N-+1.

We want to prove that |[|[Y7||oc — C,. To do that, we first observe that

. Tpy—t 1
im — =
j—oo Th x — ti+1 ’
since
| < Ty —t _ Dkl Th I - = B A (wiThyp )
T D -ttt 3T Do Cf(with)p=l

Now assume there exists ¢ > 0 and a subsequence that we still denote (yj,) such
that y] > C), + ¢ for some k = k(j). Then for those y; we have
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. 1
WP =y > —.
(Y3) p— 177 s

We also know from the blow-up rate that the new variables yf are bounded and
so, we obtain for j large enough

(2.2)

. . 1 . . T, y —tit1 T
Ay > 64 my ((y@p - y,i) T N e L
P — (Th)\—tj)l’*l
> 6.

This means that actually yi > C), +¢ for every j large and consequently (2.2) is
verified for all those j. So yj is unbounded, a contradiction.

If we assume yi < C,, — ¢ arguing along the same lines we obtain that yi verifies

. 1
. Ty — ) e=1 . 1 )

mkAyiH < d+ mk% (y3)? ——,

(Th)\*t])l’*l p—

my <(Th»* — ) (Th,AEj)pll_l>

Y - - -
PP\ (Tyr — )77 (Thp — )71

IN

. 1 .
20+C <(yi)p i 1yi> :
This shows that either yi — 0 as j — oo or mkAyiH < —9, which means that
y}, is not bounded from below (this is not possible).

We conclude that if yfc does not converge to zero, then converges to C),. As the
blow-up rate implies that for every j

Y lloe > ¢,
we have 4 ' '
lim [[Y7loo = lim U7 oo(Th,x — )PV = G,
J—00 Jj—o0
as we wanted to prove. 0

2.3. Blow-up set. Now we turn our attention to the blow-up set. We consider the
set B*(U) composed of those nodes that blow-up like ||U7]| s, that is

B(0) = {ks Tim ul (Tix — )0 = ¢, }.

We study the behavior of the nodes adjacent to this set, then we repeat the
procedure with these last nodes.

Definition 2.2. We define G to be the graph with vertices in the nodes and we say
that two different nodes are connected if and only if a;; # 0. We consider the usual
distance between nodes measured as a graph, see [19]. Finally, we denote by d(k)
the distance of the node xy to B*(U).
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We prove that ufc blows up if and only if d(k) < K, where K depends only on p.
Theorem 2.3. Assume the time step verifies 7; < 7, (1 <i < N). Then the blow-

up propagates outside B*(U) in the following way: let K = { }, the solution of

1

(1.3) blows up ezxactly at K nodes near B*(U). More preciselyp:l
ul, — 400 — d(k) < K.

Moreover, if d(k) < K, the asymptotic behavior of ui is given by

wj, ~ (Typ — 7)1 T

if d(k) # 5ty and if d(k) = ;15

p

)

ui ~ ln(Th7,\ - tj).

Proof of Theorem 1.4 We want to show that the blow-up propagates K nodes
around B*(U), we begin with a node xy such that d(k) = 1. We claim that the
behavior of ), is given by

P20 p< 2
ufc ~ < Inj if p=2
C if p>2,

to prove that we will show that

‘ J
wh =A E STs_1,
s=1

which has the behavior described above, can be used as super and subsolution for
an equation verified by u), choosing A appropriately.

We observe that ui satisfies

N
mkauffl = — Z a;“-ug + mk(ui)p
i=1
~ D107 oo — 2, + Do(uf)”,
mg
for some constants I';. In other words, there exists constants ¢;,C; > 0,47 = 1,2
such that for j large enough

. . a . .
(2.3) ultt < Cj — 2wl 4 Co(ul)?
my,
and
. . a . .
(2.4) Qul™ > epj — mL:qu + co(ug,)?

Now we observe that if A and j are large enough, wi‘ verifies

owly = A +1)

. a . .
> (1 — mil’:w; + Cy(wly)P,
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since (w’))?/j — 0 as j goes to infintiy. Hence w’, is a supersolution for (2.3) and
SO _ _

uh <
(a comparison principle like Lemma 2.2 holds for this equation and can be proved
in the same way) On the other hand if we choose A small we get

owly, = A(+1)
. Gkk j
< o - —Ewh + ()P,

My

Hence now we can use wi as a subsolution for (2.4) to handle the other inequality.
Therefore
ul ~w’
k A

We observe that if p < 2 the node xy is a blow-up node and we also have the
blow-up rate for this node (uj, ~ j7P+2). If p > 2 this node is bounded. Next
we assume p < 2 (if p > 2 it is easy to prove that every node k with d(k) > 1 is
bounded) and we are going to find the behavior of a node, that we still denote k,

such that d(k) = 2. That is, it is not adyacent to B*(U) and it is adyacent to a
node wich has the behavior j P12,

Now let )
J
w) =A Z Tes P2,

s=1
and observe that ufc verifies
N
mpdul ™ = = " agiu] +myg(uf)? ~ TP - :%:ui +To(ul)P.
That is, for j large Wezzelwe
(2.5) oultt < Oy - %’:ui + Cy(ul)P

and a
J+1 ‘—p+2 kk  j J
oup,™ > c1j P — -y, + ca(uy,)?

Now for A and j large, wi, verifies

owly = A(j+1)7P+2
> CjP2 — Cow’y + Ca(w))P.
Hence w’, is a supersolution for (2.5) and so
ufc < wil.
On the other hand if we choose A small we get
owly, = A(j+1)7PH2

< Pt

- CQwi& + 63(74){4)1)7
Now we can use wf;‘ as a subsolution for (2.4) to handle the other inequality. So

J J
Uy, ~ Wy
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If p < 3/2 the node z, is a blow-up node and we also have the blow-up rate for
this node (u ~ j723) If p > 3/2 this node is bounded. In the case p < 3/2 we
repeat this procedure inductively to obtain the theorem. (I

3. THE IMPLICIT SCHEME

In order to avoid the time step restrictions we now consider the semi-implicit
scheme (1.5) and prove that similar properties can be observed in this procedure.

Lemma 3. 1 Let (U’ ) (Uj) a super and a subsolution respectively for (1.5) such
that U° < i , then U7 < T’ for every j.

Proof: Let Z/ = U’ — U7, we assume that we have strict inequalities in (1.5), then
(Z7) verifies

Mozt > —AZIT 4 M(([T ) — (U7)P),

(3.1) 02

If the statement of the Lemma is false, then there exists a first time tit! and a
node zj; with ZiJrl = 1I<ni<IlN Zg+1 < 0 that verifies
_7‘_

N j+1 N

zi+1>zi—TjZWZ J+1—|—7‘(( P = (u)?) = 2, SRR Zakz>0
i=1
a contradiction.

3.1. Blow-up in the numerical scheme.

Lemma 3.2. There exists a constant k such that U¥ > k implies that U7 blows
up in finite time. Furthermore

107 ]loo ~ w? ~ j
Remark 3.1. Unfortunately in this case we are not able to prove that the constant

K does not depend on A and hence we can not prove the convergence of the numerical
blow-up times.

Proof:

i1
wtth = —TJE E il j+ +TJE my(u

k=1 i=1

w? + 7 Z my(ul,)P
k=1

< w4+ COr(w?)?

= w +C

IN

Hence w’ < Cj. To prove the reverse inequality we observe that
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N N N
Jj+1 J . PR . J\p
w = w —7 E g agiw] "+ 7 my(ug,)
k=1 i=1 k=1

w! — 7;CwI Tt 4 7Oy (w? )P

v

where
N
1-p
Ci = max 2k am, Coy = (ka>
1<i<N m;
k=1
Hence
(3.2) (1 + C1rp)wi™ > wd 4 Cyrj(w?)P.

Now we look for a subsolution of (3.2) of the form 27 = I'j. This sequence verifies
(1 -+ Cl’Tj)ZjJrl = Zj + FClTjj + F(l + Cl’Tj) S Zj + CQTj(Zj)p

ifT" > (%)1/@_1) is small. As the discrete maximum principle holds for this
equation we obtain

w! > 2 =T,
This completes the proof. O

Theorem 3.1. If ®,(U%) < 0 for some jo, then (U7);>1 blows up.

Proof: We first observe that also for this scheme ®,(U7) decreases with j. We
take inner product of (1.5) with U/t — U7

0 = (iM(Uj“ _ Uj) + AUITL M(Uj)p, Uit Uj>
Tj

. ) . . 1 ) .
= 7 (MOUIT oUTTY) 4+ @, (UTH!) — @4, (U7) + §<AUJ+17 Uit
—(AUY, U7 + (V7. 09) + S (07 —U7P2).

Hence we obtain,

2 |
O, (UTH1) — p(UF) = _Tj<MaUﬂ'+1,an+1>—%<A8UJ+1,8UJ+1>

_g<M(§j)p—l’ (Uj+1 _ Uj)2>
< 0.

The steady states of (1.5) are the same of the ones for (1.3), so they have positive
energy. Now, assume (U7) is a bounded solution of (1.5), then it has a convergent
subsequece. Its limit W is a steady state with positive energy.

As ®,(U7) decreases and there exists jo with ®,(U7°) < 0 then ®,(W) < 0, a
contradiction. We conclude that (U7) is unbounded and by Lemma 3.2 has finite
time blow-up. [l
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Corollary 3.1. Assume the convergence hypotheses (H1), (H2). Let ug an initial
data for (1.1) such that u blows up in finite time T. Then up x blows up in finite
time T x for every h, A = A(h) small enough.

Proof: If u blows up in finite time 7" then
[Vu(s, t)® / (u(s, )P
P(u)(t) = ds — ds — —o0 t ).
o= [ = [ e (.7 7)

Hence there exists a time tg < T with ®(u)(tp) < 0. Let jo = ir_lf{j (9 >ty We
use the convergence hypothesis (H1) and the convergence of (U?) to uy in [0, t] to
see that

lim lim @5 (U%) = & .
lim lim n(U7°) (u)(to)

So for h, A(h) small enough we get ®,(U7°) < 0 and so (U’) blows up. O

Next we turn our attention to the blow-up rate of the discrete solutions.

3.2. Blow-up rate.

Theorem 3.2. Let up, » be a solution with blow-up at time T}, x, then

I (Ty  — )1/ =1)
Jax, u (Thox —t7)

Moreover

, ) 1\ V=D
li I (Thop — YD =, = [ — .
Jim - max i (Thy —t7) Cp <p_ 1)

Proof: The first part of the proof is the same as the one for the explicit scheme so
we assume we have proved

; 1
107 Nloo ~ (Thp — 7)1,
and we are going to prove the convergence of the selfsimilar variables (Y7) to C,.

Let (Y7), Ayi+1 be defined as in the previous section. In the semi-implicit scheme,
these variables verify

N

| . _ G+ (p=1)
i+l 4 }: Lt (Thr — 77
medyi = —~(Tha = 1) L et Ty = 8) D)

_ mkui((Th,,\ _ tj)l/(pfl) — (Thox — tjﬂ)l/(pfl)),

(y2)?

W = T,j/;p*1>u0<xk).

If we assume the existence of € > 0 and a subsequence such that yi > Cp +¢€ for
some k = k(j). Then for those y;, as they are bounded, we have for j large
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Pfi

p— 1yi)

V
\
>,
+
3

;v

J+1 (Tna—t7 VD
Ayy, Tt /-1

]

k

(3.3) +-1 71— (Tpa—t?THp—1 t’“)” 1~ ]
P 1yk (Th)\ t7 P 1

Hence yi > (), +¢ for every j large enough and consequently (3.3) is verified for
all those j. So yj is unbounded, a contradiction.

The case where there exists an infinite number of (j, k) with yi < Cp —¢ can be
handled in the same way to conclude that as j — oo either yi — 0 or y;. — C).
Now we use the blow-up rate to obtain

lim max yl = lim max (T — /)P V] = C,,
j—oo0 1<k<N j—oo 1<k<N

as we wanted to prove. O

3.3. Blow-up set. The propagation property for the blow-up nodes holds for the
implicit scheme and its proof is very similar. We do not include it.

4. APPENDIX

In this appendix we prove that if the general method considered for the space
discretization is consistent (see below) then the totally discrete method converges in
the L> norm. We perform the proofs for the explicit scheme, they can be extended
to the implicit one.

Definition 4.1. Let w be a regular solution of

= Aw+ f(x,t) in Qx (0,7,
w=0 on 092 x (0,T).
We say that the scheme (1.2) is consistent if for any t € (0,T — 7) it holds
N
(4.1) mpwy(xg,t) = — Z agiw(@r,t) + mef(zr,t) + prn(t),
i=1

and there exists a function p : Ry — Ry such that

max |pk,h(t)| < p(h),

te(0,T —1),
4 - for every t € ( T)

with p(h) — 0 if h — 0. The function p is called the modulus of consistency of the
method.

If we consider for example a finite differences scheme in a cube Q = (0,1)¢ c R4,
Then the modulus of consistency can be taken as p(h) = Ch2.

Theorem 4.1. Let u be a regular solution of (1.1) (u € C*1(Q2 x [0,T — 7]) and
(U7)j>1 the numerical approzimation given by (1.4). If the scheme (1.2) is con-
sistent with modulus of consistency p, then there exists positive constants C, hg, Ag
depending on ||ul| in C*Y(Q x [0,T — 7]) such that for every h < hg, X < Ao holds
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max max, ul, — u(zp,t;)] < Cp(h) + A).

Proof:
We define the error functions
el = u(xy,t;) — ul,.

By (4.1) and (1.4), these functions verify

N
mkae?fl < - Zakieg + mg (uP (zg, t5) — (ui)p) + pr(h) + Cmy,
i=1

where C'is a bound for [|us|| e (xjo,r—])- Let
to=max{t: t<T —r, maxmax|e{| <1}
7 t; <t

We will see by the end of the proof that tc = T — 7 for h, A small enough. In [0, ]
we have

N
mpdel ™ = = apie] +mup(€])P el + pu(h) + Cmyh,
=1

hence, in [0, o], B/ = (ejll7 ...763\,) satisfies

MOET < —AFEI + KMEJ + (p(h) + CA\)M1t,

(4.2) E(0) 0.

Here K is the Lipchitz constant for f(u) = u” in [0, [[u(-,T'—7)||=]. Let us now
define W7 = (w?, ..., wn(t)), which will be used as a supersolution.

w! = KTV (p(h) + CN).

It is easy to check that W7 verifies
MOWIHt > —AWI + KMWI + (p(h) + CA\)M1*,
Hence W7 is a supersolution for (4.2), and by Lemma 2.1 we get
el < ePEFVL (p(h) + CON), tj € [0,%o].
Arguing along the same lines with —E7, we obtain
ed] < BKIDT(p(h) +- CA) < Clp(h) + ), 1 € [0, o).

Using this fact, since p(h) goes to zero, we get that \ei| <1 for every t; € [0,T — 7]
for every h, A small enough. Therefore tg = T —7 for h, A small enough. This proves
the convergence of the scheme. In fact we have that for every h < hg, A < Ag

J _ | <
max max, lug, — u(xg, t;)] < Cp(h) + N).
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