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Abstract. Let R be a real closed field. We prove that the number of semi-

algebraically connected components of a real hypersurface in Rn defined by a
multi-affine polynomial of degree d is bounded by 2d´1. This bound is sharp

and is independent of n (as opposed to the classical bound of dp2d´ 1qn´1 on

the Betti numbers of hypersurfaces defined by arbitrary polynomials of degree
d in Rn due to Petrovskĭı and Olĕınik, Thom and Milnor). Moreover, we show

there exists c ą 1, such that given a sequence pBnqną0 where Bn is a closed ball

in Rn of positive radius, there exist hypersurfaces pVn Ă Rnqną0 defined by
symmetric multi-affine polynomials of degree 4, such that

ř

iď5 bipVnXBnq ą

cn, where bip¨q denotes the i-th Betti number with rational coefficients. Finally,

as an application of the main result of the paper we verify a representational

stability conjecture due to Basu and Riener on the cohomology modules of
symmetric real algebraic sets for a new and much larger class of symmetric

real algebraic sets than known before.

1. Introduction

We fix a real closed field R. For any closed semi-algebraic set S Ă Rn, we denote
by bipSq the dimension of the i-th homology group HipSq with rational coefficients
(the i-th Betti number of S)1. We will denote

bpSq “
ÿ

iě0

bipSq.

In particular, b0pSq equals the number of semi-algebraically connected components
of S.

The problem of proving upper bounds on the Betti numbers of a real algebraic
variety V Ă Rn in terms of the degrees of polynomials defining V is a very well-
studied problem in real algebraic geometry. Before stating the classical result in
this direction it is useful to first introduce some notation that we are also going to
use later in the paper.

Notation 1.1. For P a finite subset of RrX1, . . . , Xns, B a semi-algebraic subset
of Rn, we denote by ZpP, Bq the set of common zeros of P in B. If P “ tP u,
will denote ZpP, Bq by ZpP,Bq. If φ is a quantifier-free formula in the first order
theory of the reals (i.e. a Boolean combination of atoms of the form P ě 0, P P
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1Since we only consider homology and cohomology groups of semi-algebraic sets with rational

coefficients we have HipSq – HipSq for any closed semi-algebraic set S by the universal coefficients

theorem [25, page 243].
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RrX1, . . . , Xns), then we will denote by Rpφ,Bq the semi-algebraic subset of B
defined by φ.

An upper bound on the sum of the Betti numbers of a real algebraic set in
Rn in terms of the degrees of its defining polynomials was proved by Petrovskĭı
and Olĕınik [24], Thom [26], and Milnor [22]. However, the proof of this result
actually proves an a priori stronger result, namely a bound on the Betti numbers
of the intersection of the real algebraic set with any closed Euclidean ball in Rn

(see for example the proof of Proposition 7.28 in [6]). In order to make explicit this
distinction we introduce the following notation.

Definition 1.1. Let B “ pBnqną0 be a sequence of closed semi-algebraic subsets
of Rn, and F “ pFnqną0, a sequence where Fn Ă RrX1, . . . , Xns for each n ą 0.
We define for each p ě 0,

βF,B,ppnq “ max
PPFn

˜

ÿ

iďp

bipZpP,Bnqq

¸

,

βF,ppnq “ βF,pRnqną0,ppnq,

and also define,

βF,Bpnq “ βF,B,npnq,

βFpnq “ βF,npnq.

We next observe that under certain conditions on B and F, βF,B,ppnq (respec-
tively, βF,Bpnq) is an upper bound on βF,ppnq (respectively, βFpnq).

Following the notation in Definition 1.1:

Proposition 1.1. Suppose that for each n ą 0, Bn is a closed and bounded convex
semi-algebraic set having dimension n, and Fn is closed under translations X ÞÑ

X ´ x, x P Rn, and scalings X ÞÑ λ ¨X,λ P R. Then,

βF,ppnq ď βF,B,ppnq, for p ě 0, and

βFpnq ď βF,Bpnq.

Proof. Since Fn is stable under translations and dimBn “ n, one can assume
that Bn contains the origin in its interior. As Bn is convex, this implies that for
λ ą 0, λ ¨ Bn is an increasing family of semi-algebraic sets (increasing with λ),
Rn “

Ť

λą0 λ ¨ Bn, and each λ ¨ Bn is a closed and bounded semi-algebraic set. It
follows from the conic structure theorem at infinity of semi-algebraic sets (see for
instance [6, Proposition 5.49]) that there exists λ0 ą 0, such that ZpP, λ0 ¨Bnq is a
semi-algebraic deformation retract of ZpP,Rnq.

Now let P0 “ P pλ0 ¨X1, . . . , λ0 ¨Xnq P Fn. Then, ZpP0, Bnq is semi-algebraically
homeomorphic to ZpP, λ0 ¨Bnq. Hence,

bppZpP0, Bnqq “ bppZpP,R
nqq, for p ě 0,

bpZpP0, Bnqq “ bpZpP,Rnqq.

This proves both inequalities in the proposition. �

Remark 1.1. The inequalities in Proposition 1.1 can be strict. Take for example,

F “ pRrX1, . . . , Xnsď2qną0
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(where RrX1, . . . , Xnsďd denotes the subset polynomials of degree at most d), and

B “ pr´1, 1snqną0.

Then for n ě 2,

βF,0pnq “ 2,

βF,B,0pnq ě 2n.

The first equation is obvious. For the second inequality, consider

Pn “
n
ÿ

i“1

X2
i ´ n.

Then, ZpPn, Bnq “ t´1, 1un, and thus b0pZpPn, Bnqq “ 2n.

The theorem of Petrovskĭı and Olĕınik [24], Thom [26], and Milnor [22] can now
be restated as follows.

Theorem 1 (Petrovskĭı and Olĕınik [24], Thom [26], and Milnor [22]). For each
n ą 0, let Bn be a closed Euclidean ball in Rn of positive radius, and

Fd “ pRrX1, . . . , Xnsďdqną0 .

Then,

βFd,Bpnq ď dp2d´ 1qn´1.

Using Proposition 1.1 one immediately obtains from Theorem 1 the following
corollary.

Corollary 1.

(1) βFd
pnq ď dp2d´ 1qn´1.

Note that the upper bound in (1) grows exponentially in n for d fixed. Another
point to note is that the proofs of the upper bounds on the sum of the Betti numbers
in (1) ultimately rely on bounding the number of critical points of certain Morse
functions. As such it does not give any additional information on a specific Betti
number (say the zero-th Betti number). In fact the problem of proving bounds on
individual Betti numbers which are better than the bounds on the sum of all Betti
numbers is of great interest in real algebraic geometry. One of the main results in
this paper (Theorem 2 below) furnishes such a bound (on the zero-th Betti number)
for a special class of real algebraic hypersurfaces in Rn that we define below.

1.1. Multi-affine polynomials. We consider real algebraic varieties in Rn defined
by polynomials of a special shape.

Definition 1.2. We call P P RrX1, . . . , Xns a multi-affine polynomial if for every
i, 1 ď i ď n, degXi

P ď 1. We denote the subset of multi-affine polnomials in
RrX1, . . . , Xnsďd by Ad,n, and the sequence pAd,nqną0 by Ad.

Real multi-affine polynomials occur in several applications. For example, multi-
affine polynomials appear in computational complexity theory, since every element
of the coordinate ring,

RrBns “ RrX1, . . . , Xns{pX1pX1 ´ 1q, . . . , XnpXn ´ 1qq,

of the Boolean hypercube, Bn “ t0, 1un, can be represented by a multi-affine poly-
nomial. The degree of the unique multi-affine polynomial representing a Boolean
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function f : Bn Ñ t0, 1u is called the degree of f , and is used as a measure of
complexity of f [23].

The multi-affine polynomial

PM “
ÿ

I

XI P RrX1, . . . , Xns,

where for I Ă r1, ns, XI denotes the monomial
ś

iPI Xi, and where I varies over the
bases of a matroid M, is called the basis generating polynomial of M. Its properties
(such as real stability) play an important role in the study of matroids, for instance
in the spectacular recent works by Anari et al. [4] and Brändén and Huh [13].
However, the topology of the real hypersurfaces they define has not been studied
much to the best of our knowledge. In this paper we prove quantitative results
on certain topological invariants (Betti numbers) of real hypersurfaces defined by
multi-affine polynomials of any fixed degree.

Finally, elementary symmetric polynomials, as well as linear combinations of
them, furnish examples of multi-affine polynomials. This last class of polynomials,
which are multi-affine as well as symmetric, will appear again later in the paper.

2. Main Results

We now state the main results proved in this paper in the following three sub-
sections.

2.1. Bound on the zero-th Betti number. Our first result is a bound on the
number of semi-algebraically connected components of hypersurfaces in Rn defined
by multi-affine polynomials which is independent of n. More precisely, we prove
the following theorem.

Theorem 2.
βAd,0pnq ď 2d´1.

Example 2.1 (Sharpness). The bound in Theorem 2 is sharp: for d, n P N, let
P “ X1 . . . Xd ´ 1 P Ad,n. Then, b0pZpP,R

nqq “ 2d´1.

Remark 2.1. Unlike the proof of Corollary 1 above, we will prove Theorem 2
directly without first proving a bounded version.

2.2. Varieties defined by more than one polynomials and higher Betti
numbers. A remarkable property of the bound in Theorem 2 is that it is indepen-
dent of n (unlike the bound in (1)). However, there are two restrictive features of
the bound in Theorem 2 that are worth pointing out.

(a) The bound applies only to varieties defined by a single multi-affine polynomial.
Note that the usual trick in real algebraic geometry of reducing the number of
polynomials defining a variety to one by taking a sum of squares does not work
well with the class of multi-affine polynomials. The square of a multi-affine
polynomial is no longer necessarily multi-affine.

(b) The bound in Theorem 2 applies only to the zero-th Betti number (as opposed
to the sum of all the Betti numbers).

It is natural to ask whether one could improve Theorem 2 by removing the
restrictions (a) and (b). We show that this is not possible if we want to have an
upper bound that is independent of n (in the case of restriction (b) our result only
applies to the bounded version – see Theorem 3).
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We first address (a). We construct below a sequence of examples each involving
three multi-affine polynomials in RrX1, . . . , Xns of degree at most 4, such that the
number of connected components of the real variety they define grows with n. In
order to construct these polynomials we need to introduce some notation.

Notation 2.1. For n P N and ` P Z with ` ě ´1, we denote by σ`,n P RrX1, . . . , Xns

the `-th elementary symmetric polynomial in X1, . . . , Xn defined as follows:

‚ σ´1,n “ 0,
‚ σ0,n “ 1,
‚ σ`,n “

ř

1ďi1ă¨¨¨ăi`ďn
Xi1 . . . Xi` for 1 ď ` ď n,

‚ σ`,n “ 0 for ` ą n.

It is clear that for n P N, n ě 1 and ` P Z with ` ě ´1, σ`,n is multi-affine. Also,
for 0 ď ` ď n,

σ`,n “ Xnσ`´1,n´1 ` σ`,n´1.

Notation 2.2. For `, n P N, we denote by N`,n the `-th power sum polynomial,

N`,n “ X`
1 ` ¨ ¨ ¨ `X

`
n.

When the value of n is clear from the context, we will simply write σ` to denote
σ`,n and N` to denote N`,n.

Example 2.2. Consider any fixed value of k P N. For n ě k, consider P1, P2, P3 P

RrX1, . . . , Xns of degree bounded by d “ 4:

P1pXq “ σ1pXq ´ k,

P2pXq “ σ2pXq ´
1
2kpk ´ 1q,

P3pXq “ p4k ´ 6qσ3pXq ´ 4σ4pXq ´
1
2kpk ´ 1q2pk ´ 2q.

Using the Newton identities

N1 “ σ1,

N2 “ N1σ1 ´ 2σ2,

N3 “ N2σ1 ´N1σ2 ` 3σ3,

N4 “ N3σ1 ´N2σ2 `N1σ3 ´ 4σ4,

for x P ZptP1, P2, P3u,R
nq we have

N1pxq “ k,

N2pxq “ k,

and
ÿ

1ďiďn

x2i pxi ´ 1q2 “ N4pxq ´ 2N3pxq `N2pxq

“ p4k ´ 6qσ3pxq ´ 4σ4pxq ´
1

2
kpk ´ 1q2pk ´ 2q

“ 0.
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This implies that ZptP1, P2, P3u,R
nq is a finite set with

`

n
k

˘

points: each point is
an element of t0, 1un with exactly k coordinates equal to 1 and n ´ k coordinates
equal to 0. Therefore

b0pZptP1, P2, P3u,R
nqq “

ˆ

n

k

˙

cannot be bounded only in terms of d “ 4 (independently from n).

Example 2.2 shows that it is impossible to obtain a bound on the number of
semi-algebraically connected components of a real variety in Rn defined by three
multi-affine polynomials which is independent of n. We do not know if such a bound
exists for a real variety defined by two multi-affine polynomials of degree at most
d.

We now address (b). We first introduce a notation.

Notation 2.3. For 0 ď d ď n we denote

Σd,n “

#

P P RrX1, . . . , Xnsďd | P “
ÿ

0ďiďd

aiσi,n, ai P R, 0 ď i ď d

+

.

Moreover, we denote Σd “ pΣd,nqną0.

It is natural to wonder whether one can obtain a bound on βAd
pnq that is inde-

pendent of n. We prove the following theorem which rules out a bound independent
of n for the intersection of these hypersurfaces with bounded closed balls.

Theorem 3. There exists a constant c ą 1 having the following property. Let
B “ pBnqną0, where each Bn is a symmetric (i.e. stable under the standard action
of Sn on Rn), convex, closed and bounded semi-algebraic subset of Rn containing
the origin in its interior. Then for n ą 1,

βΣ4,B,5pnq ą cn.

In particular, since for each d, n ą 0, Σd,n Ă Ad,n, we also have for n ą 1,

βA4,B,5pnq ą cn.

Remark 2.2. The proof of Theorem 3 uses two different ingredients and will
be given in Section 3.2. First, it uses representation theory of the symmetric
group. Second, it uses a certain spectral sequence argument originally used by
Agrachev [3, 2], and later by other authors [10, 1, 20] for proving upper bounds
on the Betti numbers of semi-algebraic sets defined by quadratic inequalities (in
the non-symmetric situation). We use it in this paper for proving lower bounds
on the maximum Betti numbers occurring in a family symmetric real varieties (i.e.
for proving existence of symmetric real varieties with large Betti numbers). This
technique of proof might be of independent interest for proving lower bounds on
the maximum possible Betti number of real varieties defined by other families of
(symmetric) polynomials than those we consider in this paper.

Remark 2.3. Also, note that proving existence of real varieties with maximum
possible Betti numbers is a well studied problem in real algebraic geometry (see
[17, 12]). Theorem 3 is distinguished from these results because of several reasons.

(a) The results in the papers cited above are about real projective or more generally
toric varieties, while we study real affine varieties in this paper.
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(b) The asymptotics in the above cited papers are for fixed n, with the degree of
the polynomial tending to infinity. In this paper, we consider the degree to be
fixed and let n be large.

(c) Finally, it is not clear if the method of “combinatorial patchworking” used in
[17, 12] can be used to construct real symmetric varieties having large Betti
numbers.

2.3. Stability conjecture. We now describe a connection between the results
stated above with the study of the cohomology groups of symmetric semi-algebraic
sets as modules over the symmetric group.

2.3.1. Some background. The symmetric group Sn acts on Rn by permuting coordi-
nates. We say that a semi-algebraic subset S Ă Rn is symmetric if it is stable under
this action. The action of Sn on a closed symmetric semi-algebraic set S Ă Rn

induces an action on the cohomology H˚pSq, giving H˚pSq the structure of a finite
dimensional Sn-module.

Remark 2.4. Note that if H is a finite-dimensional Sn module (over Q), HompH,Qq
has a canonically defined induced Sn-module structure, and is isomorphic to H as
an Sn-module. 2

Also, using the universal coefficient theorem, we have that for any closed semi-
algebraic set S Ă Rn, HipSq – HompHipSq,Qq. If S is additionally symmetric,
then we have that HipSq –Sn

HipSq.

General facts from group representation theory then tell us that the Sn-module
H˚pSq admits a canonically defined isotypic decomposition as a direct sum of sub-
Sn-submodules, each of which is a multiple of a certain irreducible Sn-module.
The irreducible Sn-modules are well studied, and they are in bijection with the
finite set of partitions of the number n – the module corresponding to the partition
λ $ n will be denoted by Sλ in what follows, and is called the Specht-module
corresponding to λ (see the book [19] for the precise definitions of these objects).
We will use the following notation.

Notation 2.4. For any finite dimensional Sn-module H, 3 and λ “ pλ1, . . . , λ`q $
n, we will denote by Hλ the isotypic component corresponding to the Specht module
Sλ in H. Thus, the isotypic decomposition of H is the direct sum decomposition

H –Sn

à

λ$n

Hλ,

and each Hλ –Sn
mλSλ, where mλ ě 0. We will denote multλpHq “ mλ.

Thus the isotypic decomposition of H˚pSq gives a canonically defined direct sum
decomposition (direct sum in the category of Sn-modules)

(2) HipSq –Sn

à

λ$n

mi,λpSqSλ,

where

mi,λpSq “ multλpH
ipSqq.

2This is a consequence of the fact that the group Sn is ambivalent; every element is conjugate

to its inverse.
3The choice of H to denote the representation is deliberate since all the Sn-modules considered

in this paper will be of the form H˚pV q or H˚pV q for some symmetric real algebraic set V .
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The dimension of the Specht module Sλ, has a simple expression (see for example
[19, Theorem 2.3.21]

(3) dimSλ “
n!

ś

i,j hi,jpλq
,

where
hi,jpλq “ λi ` λ

1
j ´ i´ j ` 1,

and λ1 is the transpose of λ. 4 Note that these dimensions can be exponentially big
even for relatively simple partitions (say the partition pn{2, n{2q for even n). For
a symmetric semi-algebraic set S Ă Rn, knowing the multiplicities mi,λpSq, λ $ n,
allows one to compute the dimension of HipSq, and thus the i-th Betti number of
S (using Eqn. (3)).

The partition pnq $ n having length one plays a special role. The corresponding
Specht-module Spnq is the one dimensional trivial representation of Sn, and the
isotypic component of HipSq corresponding to the partition pnq is thus isomorphic
to the fixed part HipSqSn of HipSq, which in turn is isomorphic to HipS{Snq (see
[7] for details and subtleties regarding these isomorphisms). We will use this last
fact later in the paper (in the proof of Proposition 3.3).

The decomposition of the cohomology modules of a closed semi-algebraic set
S Ă Rn defined by symmetric polynomials having degrees at most d into isotypic
components was studied in [7] and [11] where several results are proved. One
important result is a severe restriction on the partitions that are allowed to appear
in the isotypic decomposition of the cohomology – which cuts down the possibilities
for the allowed partitions from exponential to polynomial (for fixed d). The following
theorem is a slightly simplified version of Theorem 4 in [11] and will be used in the
proof of our new stability result (Theorem 5 below).

Theorem 4. [11] Let d ě 2, and V Ă Rn be a real variety defined by symmetric
polynomials of degree bounded by d. Then, for all λ $ n, if mi,λpV q ą 0, then

lengthpλq ă i` 2d´ 1.

Independent of the above results, the phenomenon of representational and ho-
mological stability (see for example [15]) is an active topic of research in algebraic
topology. One basic phenomenon of (homological) stability that motivates this
study is the fact that for any fixed p, and any compact and oriented manifold X,
bppCnpXqq, where CnpXq is the ordered n-th configuration space of X, is eventually
given by a polynomial in n. The space CnpXq admits an Sn action which induces
an Sn-module structure on HppCnpXqq. The homological stability is then a conse-
quence of the stability of the multiplicities of certain Specht modules in HppCnpXqq
for large n. All the above can be put in a much broader context of the category of
FI-modules. However, we do not need this generality for the application that we
discuss below.

Inspired by the representational stability phenomenon, the following conjecture
was made in [7] about the growth rate of the multiplicities of the Specht modules in
the cohomology modules of certain natural sequences of symmetric semi-algebraic
sets. We state this conjecture below. But in order to do so we first need to introduce
some definitions.

4Since hi,jpλq in the above formula is equal to the length of the hook with corner in the box

pi, jq in the Young diagram of λ, the formula (3) is often called the hook length formula.
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We let

Λn “ RrX1, . . . , Xns
Sn

denote the graded ring of invariant polynomials, with natural graded homomor-
phisms Λn`m Ñ Λn obtained by setting Xn`m, . . . , Xn`1 to 0. We denote by

Λ “ proj lim Λn

(where the limit is taken in the category of graded rings), and denote by

φn : Λ Ñ Λn

the graded homomorphisms induced by the limit (see [21, pages 18-19]).
By a standard abuse of notation, after dropping n from the subscript, we will

consider the symmetric polynomials σ`, N` (see Notation 2.1 and Notation 2.2) as
elements of the ring Λ.

More precisely, for every `, n ě 0, we have

φnpσ`q “ σ`,n,

φnpN`q “ N`,n.

Now, suppose I “ pf1, . . . , fkq is a finitely generated ideal of Λ. Then, I defines
in a natural way symmetric real algebraic sets

VnpIq “ Zerpφnpf1q, . . . , φnpfkqq Ă Rn, n ą 0.

For any fixed partition λ “ pλ1, . . . , λ`q $ d, we denote for n ě λ1 ` d

tλun “ pn´ d, λ1, . . . , λ`q.

(Note that the above definition of the sequence of partitions

ptλ “ pλ1, . . .q $ dunqněλ1`d

is standard in the asymptotic study of representations of Sn as n Ñ 8 (see for
example [16, Eqn. (6.3.1)]).)

We are now in a position to state the the conjecture made in [7].

Conjecture 1. [7] For any fixed p ě 0, mp,tλunpVnpIqq (see (2) for definition) is
eventually given by a polynomial in n.

The evidence in favor of Conjecture 1 is a little sparse. It was verified in the
following very special case in [7].

Let λ “ pλ1, . . . , λ`q $ d, and I Ă Λ the ideal generated by the symmetric
function N4´2N3`N2 P Λ. In this case, for which for each n ą 0, the corresponding
real algebraic set VnpIq equals Bn “ t0, 1un. We have for all large enough n (see
[7, Remark 5.3]),

(4) mi,tλunpVnpIqq “

"

n´ 2λ1 ` 1, if i “ 0 and lengthpλq ď 1,
0 otherwise.

Notice that the right hand side of Eqn. (4) is a polynomial in n for any fixed λ.
In this paper we verify Conjecture 1 for an infinite class of ideals. Instead

of considering just the ideal generated by a very particular linear combination of
Newton symmetric functions as above, we are able to handle all principal ideals in Λ
which are generated by arbitrary linear combinations of the elementary symmetric
functions.

We prove the following theorem.
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Theorem 5. Let f “
řd
i“0 aiσi P Λ be a linear combination of the elementary

symmetric functions σi P Λ, 0 ď i ď d, and let I “ pfq. Then, for any partition
λ and n large enough, m0,tλunpVnpIqq equals 0 if lengthpλq ą 0, and stabilizes to a
(possibly non-zero) constant if lengthpλq “ 0 (i.e when λ is the empty partition).

Remark 2.5. Theorem 5 verifies Conjecture 1 for ideals generated by one linear
combination of elementary symmetric functions, with p “ 0. Note that in compari-
son to the special case of Conjecture 1 proved in [7], the family of ideals that we are
able to handle (while still being principal) is considerably larger. It should also be
noted that Theorem 5 proves a strong form of Conjecture 1 for the principal ideals
that we consider in this paper – in that the multiplicities of the Specht modules
corresponding to tλun actually stabilize to a constant (not just a polynomial in n).
In general such a strong version of Conjecture 1 cannot hold as exhibited in Eqn.
(4).

Remark 2.6. Note that the limit

lim
nÑ8

m0,tλunpVnpIqq

which exists by Theorem 5 can be strictly bigger than 1. For instance, we will show
at the end of Section 3.3 that if f “ σ2 ´ 1, g “ σ3 ´ σ1, I “ pfq, J “ pgq, λ “ pq,
then

lim
nÑ8

m0,tλunpVnpIqq “ 2,

lim
nÑ8

m0,tλunpVnpJqq “ 3.

The rest of the paper is devoted to the proofs of the theorems stated above.

3. Proofs of the main results

Even though theorems that we have stated in the previous section were for-
mulated over an arbitrary real closed field R, using a standard application of the
Tarski-Seidenberg transfer principle (see for example [6, Theorem 2.80]) it suffices
to prove them for R “ R. In the rest of the paper we will assume R “ R so that we
are free to use certain basic results (such as existence of Leray spectral sequence,
proper base change theorem etc.) without having to formulate these over arbitrary
real closed fields.

3.1. Proof of Theorem 2. The idea of the proof is as follows. Let

P P RrX1, . . . , Xns

be a multi-affine polynomial of degree d P N. Suppose

P pX1, . . . , Xnq “ XnQpX1, . . . , Xn´1q `RpX1, . . . , Xn´1q

with Q,R multi-affine, Q ‰ 0 and degQ “ d ´ 1. The main point of the proof is
to show that there is no semi-algebraic connected component of ZpP,Rnq included
in ZpQ,Rnq. Once this is done, b0pZpP,R

nqq is bounded by the number of semi-
algebraic connected components of the set ZpP,Rnq X pRnzZpQ,Rnqq. Finally, we
bound this last number using Theorem 6, which we prove first and might be of
independent interest.

Theorem 6. Let P P RrX1, . . . , Xns be a multi-affine polynomial of degree d P N.
The number of semi-algebraically connected components of RnzZpP,Rnq is bounded
by 2d.
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Proof. The proof is by induction on d. The result is clear for d “ 0 and d “ 1.
Suppose now d ě 2 and

P pX1, . . . , Xnq “ XnQpX1, . . . , Xn´1q `RpX1, . . . , Xn´1q

with Q,R multi-affine. Without loss of generality we suppose Q ‰ 0 and degQ “
d ´ 1. Since every semi-algebraically connected component of RnzZpP,Rnq in-
tersects RnzZpQ,Rnq, the number of semi-algebraically connected components of
RnzZpP,Rnq is bounded by the number of semi-algebraically connected components
of

pRnzZpP,Rnqq X pRnzZpQ,Rnqqq “
"

px1, . . . xnq P Rn | Qpx1, . . . , xn´1q ‰ 0, xn ‰
´Rpx1, . . . , xn´1q

Qpx1, . . . , xn´1q

*

,

which is twice the number of semi-algebraically connected components of Rn´1zZpQ,Rn´1q

or, equivalently, of RnzZpQ,Rnq. We conclude using the inductive hypothesis. �

Proof of Theorem 2. We denote by e1, . . . , en the elements of the standard basis
of Rn, and by xeiy the span of ei. For x “ px1, . . . , xnq P Rn we denote x̄ “
px1, . . . , xn´1q P Rn´1 and x̃ “ px1, . . . , xn´2q P Rn´2.

We consider first the case of P reducible in RrX1, . . . , Xns. Suppose without
loss of generality P “ P1P2 with P1 and P2 non-constant multi-affine polynomials,
P1 P RrX1, . . . , Xms and P2 P RrXm`1, . . . , Xns. Then

ZpP,Rnq “ pZpP1,R
mq ˆ Rn´mq Y pRm ˆ ZpP1,R

n´mqq

which is semi-algebraically connected and therefore, b0pZpP,R
nqq “ 1.

Now we consider the case of P irreducible in RrX1, . . . , Xns. Suppose

P pX1, . . . , Xnq “ XnQpX1, . . . , Xn´1q `RpX1, . . . , Xn´1q

with Q,R multi-affine. Without loss of generality suppose Q ‰ 0 and degQ “

d ´ 1. We will prove that there is no connected component of ZpP,Rnq included
in ZpQ,Rnq. If n “ 1 then ZpQ,Rnq “ H and we are done. From now on we
consider n ě 2. Suppose that C is a connected component of ZpP,Rnq included in
ZpQ,Rnq.

For any z P C, P pzq “ Qpz̄q “ 0, then Rpz̄q “ 0 and therefore z ` xeny Ă C.
Take now a fixed z P C and consider H ‰ I Ă t1, . . . nu of maximum cardinality

such that
z ` xei | i P Iy Ă C.

Reasoning as above we have n P I, and since P ı 0 we have #I ď n´ 1. Without
loss of generality suppose n´ 1 R I. Take

QpX1, . . . , Xn´1q “ Xn´1SpX1, . . . , Xn´2q ` T pX1, . . . , Xn´2q,

RpX1, . . . , Xn´1q “ Xn´1UpX1, . . . , Xn´2q ` V pX1, . . . , Xn´2q,

with S, T, U, V multi-affine. We consider the following cases:

‚ For every y P z ` xei | i P Iy, Spỹq “ Upỹq “ 0:
Since P pyq “ Qpȳq “ 0, then Rpȳq “ 0. Since in addition Spỹq “ Upỹq “

0, then T pỹq “ V pỹq “ 0. For w P y ` xen´1y, Qpw̄q “ Rpw̄q “ 0 and then
P pwq “ 0. This proves

z ` xei | i P I Y tn´ 1uy Ă C,

which contradicts the maximality of I.
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‚ There exists y P z ` xei | i P Iy such that Spỹq ‰ 0 and Upỹq “ 0:
Since P pyq “ Qpȳq “ 0, then Rpȳq “ 0. Since in addition Upỹq “ 0,

then V pỹq “ 0. For w P pȳ, 0q ` xen´1y, Rpw̄q “ 0 and then P pwq “
0 ¨Qpw̄q ` Rpw̄q “ 0. This proves pȳ, 0q ` xen´1y Ă C. Nevertheless, if we
take w P pȳ, 0q` xen´1y with wn´1 ‰ ´T pỹq{Spỹq we have Qpwq ‰ 0 which
is impossible.

‚ There exists y P z ` xei | i P Iy such that Upỹq ‰ 0:
Take ε ą 0 such that U does not vanish on Bpỹ, εq. Since P pyq “ Qpȳq “

0, then Rpȳq “ 0, and yn´1 “ ´V pỹq{Upỹq.
For w P Bpỹ, εq, P pw,´V pwq{Upwq, 0q “ 0 and therefore

tpw,´V pwq{Upwq, 0q |w P Bpỹ, εqu Ă C.

This implies that for w P Bpỹ, εq , Qpw,´V pwq{Upwqq “ 0 and then

UpwqT pwq “ V pwqSpwq.

Since this equality holds in the non-empty open set Bpỹ, εq, we have

UT “ V S P RrX1, . . . , Xn´2s.

Take U “ U1E and V “ V1E with E “ gcdpU, V q P RrX1, . . . , Xn´2s, then
S “ U1F and T “ V1F for some F P RrX1, . . . , Xn´2s, and

P “ XnpXn´1U1F ` V1F q `Xn´1U1E ` V1E “ pXnF ` EqpXn´1U1 ` V1q.

This contradicts the assumption of P being irreducible.

After considering all possible cases, we conclude that there is no semi-algebraic
connected component of ZpP,Rnq included in ZpQ,Rnq. This implies that b0pZpP,R

nqq

is bounded by the number of semi-algebraic connected components of the set

ZpP,Rnq X pRnzZpQ,Rnqq “
"

px1, . . . xnq P Rn | Qpx1, . . . , xn´1q ‰ 0, xn “
´Rpx1, . . . , xn´1q

Qpx1, . . . , xn´1q

*

,

which equals the number of semi-algebraically connected components of the set
pRn´1zZpQ,Rn´1qq. This number is bounded by 2d´1 by Theorem 6. �

3.2. Proof of Theorem 3. For every n ą 0, want to produce a symmetric multi-
affine polynomial P P RrX1, . . . , Xns of small degree (in fact we will take the
degree to be 4) having large Betti number (growing super-polynomially with n).
As mentioned earlier the usual trick of taking sum of squares does not work well
with multi-affine polynomials. For example, the sequence of polynomials

Pn “
n
ÿ

i“1

X2
i pXi ´ 1q2

has the property that each polynomial is symmetric, of degree 4, having sum of
Betti numbers equal to 2n (and so growing exponentially with n), but Pn is not
multi-affine.

Therefore, we take an indirect approach. Suppose that B is symmetric, closed
and bounded semi-algebraic set containing Bn.

We leverage the fact that the polynomials P1, P2, P3 in Example 2.2, being linear
combinations of elementary symmetric polynomials, are each symmetric and multi-
affine. Moreover,

H0pZptP1, P2, P3u, Bqq
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as a Sn-module is easy to understand and has a Specht module occurring in it of
large dimension.

We prove (Proposition 3.2 below) using a spectral sequence argument that each
Specht module that appears in H0pZptP1, P2, P3u, Bqq must appear in at least one
of the cohomology modules H0pZpP,Bqq, . . . ,H5pZpP,Bqq for some P in the linear
span of P1, P2, P3.

Proposition 3.2 follows from a more general result (Proposition 3.1 below).
Proposition 3.1 relates the vanishing of the multiplicities of a Specht module in
the low dimensional (up to dimension 2p´ 1 for some p ą 0) cohomology modules
of the hypersurfaces defined by symmetric polynomials in any linear subspace of
symmetric polynomials, to the vanishing of the same Specht module in the zero-th
cohomology of the intersections of at most p of such hypersurfaces.

The key idea here is that if a finite group acts on the stalks of a constructible sheaf
and the isotypic component corresponding to a certain irreducible representation
is zero at all stalks, then the isotypic component of that irreducible occurs with
zero multiplicity in the cohomology of that sheaf (see Claim 3.5 in the proof of
Proposition 3.1 below).

Proposition 3.1. Let λ $ n, λ ‰ pnq, p ą 0, L Ă RrX1, . . . , Xns
Sn a linear

subspace of the vector space of symmetric polynomials, and B Ă Rn a symmetric,
convex, closed and bounded semi-algebraic set.

Suppose that for all P P L and 0 ď i ď 2p´ 1,

(5) mi,λpZpP,Bqq “ 0

(cf. Eqn. (2)).
Then, for all q, 1 ď q ď p, and P1, . . . , Pq P L,

m0,λpZptP1, . . . , Pqu, Bqq “ 0.

We will use the following lemma in the proof of Proposition 3.1.

Lemma 3.1. Suppose that V1, . . . , Vm be symmetric closed semi-algebraic subsets
of Rn. For J Ă r1,ms denote

V J “
ď

jPJ

Vj , VJ “
č

jPJ

Vj .

Then for i ě 0 and λ $ n,

(6) mi,λpVr1,msq ď
n´i
ÿ

j“1

ÿ

JĂr1,ms,cardpJq“j

mi`j´1,λpV
Jq.

Proof. The proof uses Schur’s lemma and an Sn-equivariant version of the proof
of a similar inequality in the non-symmetric case in [6, Proposition 7.33 (b)]. We
first observe that claim is obviously true when m “ 1.

The claim is now proved by induction on m. Assume that the induction hypoth-
esis holds for all m´ 1 closed, symmetric semi-algebraic subsets of Rn, and for all
i ě 0 and λ ‰ pnq.

It follows from the standard Mayer-Vietoris sequence that there is an exact
sequence where each map is Sn-equivariant.

¨ ¨ ¨ Ñ HipVr1,m´1sq ‘HipVmq Ñ HipVr1,msq Ñ Hi`1pVr1,m´1s Y Vmq Ñ ¨ ¨ ¨
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Using Schur’s lemma and restricting to the isotypic component corresponding to
Sλ we obtain an exact sequence

¨ ¨ ¨ Ñ HipVr1,m´1sqλ ‘HipVmqλ Ñ HipVr1,msqλ Ñ Hi`1pVr1,m´1s Y Vmqλ Ñ ¨ ¨ ¨

from which it follows that

(7) mi,λpVr1,msq ď mi,λpVr1,m´1sq `mi,λpVmq `mi`1,λpVr1,m´1s Y Vmq.

Applying the induction hypothesis to the closed symmetric semi-algebraic sets
V1, . . . , Vm´1, we deduce that

mi,λpVr1,m´1sq ď

n´i
ÿ

j“1

ÿ

JĂr1,m´1s,cardpJq“j

mi`j´1,λpV
Jq.(8)

Next, applying the induction hypothesis to the closed symmetric semi-algebraic
sets, V1 Y Vm, . . . , Vm´1 Y Vm we obtain

mi`1,λpVr1,m´1s Y Vmq ď

n´i´1
ÿ

j“1

ÿ

JĂr1,m´1s,cardpJq“j

mi`j,λpV
JYtmuq.(9)

We obtain from inequalities (7), (8), and (9) that

mi,λpVr1,msq ď
n´i
ÿ

j“1

ÿ

JĂr1,ms,cardpJq“j

mi`j´1,λpV
Jq,

which finishes the induction. �

Proof of Proposition 3.1. We first prove a series of claims (Claims 3.1-3.5 below).
In these claims we will use the following notation. Let P “ pP1, . . . , Pqq P L

q for
some q ě 1, and we denote

Ω “ tω “ pω1, . . . , ωqq P Sq´1 | ω1 ě 0, . . . , ωq ě 0u,

where Sq´1 denotes the unit sphere in Rq.
Following a technique introduced by Agrachev [3, 2], for ω P Ω we denote

ωP “ ω1P1 ` ¨ ¨ ¨ ` ωqPq,

and denote

SpP ,Bq “ tpω, xq P ΩˆB | ωP pxq ď 0u.

We denote by π1 : SpP ,Bq Ñ Ω and π2 : SpP ,Bq Ñ B the restrictions to
SpP ,Bq of the projection maps ΩˆB Ñ Ω and ΩˆB Ñ B respectively.

Claim 3.1.

π2pSpP ,Bqq “ tx P B |
q
ł

j“1

pPjpxq ď 0qu.

Proof of Claim 3.1. Suppose that Pjpxq ď 0, with 1 ď j ď q. Let

ωpjq “ pδ1,j , . . . , δq,jq P Ω.

Then clearly ωpjqP pxq ď 0 and hence pωpjq, xq P SpP ,Bq, proving that x P
π2pSpP ,Bqq.

Conversely, if x P π2pSpP ,Bqq, then there exists ω P Ω, such that ωP pxq ď 0.
If Pjpxq ą 0 for every j, 1 ď j ď q, then ωP pxq ą 0, since ω has at least one
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coordinate not equal to 0 and hence strictly positive. This is a contradiction. So
there exists j, 1 ď j ď q, such that Pjpxq ď 0.

This completes the proof of the claim. �

Claim 3.2. The map π2 induces an isomorphism of Sn-modules

H˚pSpP ,Bqq Ñ H˚pπ2pSpP ,Bqqq.

Proof of Claim 3.2. The map π2 is clearly Sn-equivariant. For x P π2pSpP ,Bqq,
the fiber π´1

2 pxq is a non-empty intersection of the sphere Sq´1 with the polyhedral
cone defined by the linear inequalities,

ω1 ě 0, . . . , ωq ě 0, ω1P1pxq ` ¨ ¨ ¨ωqPqpsq ď 0,

and hence is contractible. This implies that the induced map π2,˚ : H˚pSpP ,Bqq Ñ
H˚pπ2pSpP ,Bqqq is an isomorphism by the Vietoris-Begle theorem [25, page 344].

�

Claim 3.3. Eqn. (5) implies that for all P P L, 0 ď i ď 2p´ 1,

mi,λpRpP ď 0, Bqq “ 0.

Proof of Claim 3.3. The Mayer-Vietoris exact sequence in homology yields the fol-
lowing exact sequence relating the homology groups of RpP ď 0, Bq, RpP ě 0, Bq
and RpP “ 0, Bq:

¨ ¨ ¨ Ñ HipRpP “ 0, Bqq Ñ HipRpP ď 0, Bqq ‘HipRpP ě 0, Bqq Ñ HipBq Ñ ¨ ¨ ¨

Note that each arrow in the above sequence represents an homomorphism of Sn-
modules. Thus, by Schur’s lemma they restrict to give an exact sequence between
the Sλ-isotypic components. Note that since B is assumed to be convex

HipBq –Sn
Spnq, for i “ 0,

–Sn
0 for i ą 0.

Since λ ‰ pnq, we obtain the following inequality for each i ě 0:

(10) mi,λpRpP ě 0, Bqq `mi,λpRpP ď 0, Bqq ď mi,λpRpP “ 0, Bqq.

This together with (5) implies that for 0 ď i ď 2p´ 1,

(11) mi,λpRpP ď 0, Bqq “ 0.

The claim follows from (10) and (11). �

Claim 3.4. For each ω P Ω, and 0 ď i ď 2p´ 1,

mi,λpπ
´1
1 pωqq “ 0.

Proof of Claim 3.4. Follows immediately from Claim 3.3 noting that π´1
1 pωq is

equivariantly homeomorphic to RpωP ď 0, Bq, and

ωP P spanpP1, . . . , Pqq Ă L.

�

Claim 3.5. For 0 ď i ď 2p´ 1,

mi,λpSpP ,Bqq “ 0.
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Proof of Claim 3.5. Let S “ SpP ,Bq. There exists a first-quadrant spectral se-
quence, Es,tr (the Leray spectral sequence of the map π1), converging to Hs`tpSq,
whose E2-term is given by

Es,t2 “ HspΩ, Rtπ1˚pQSqq,

where QS denotes the constant Q-sheaf on S. The sheaf Rtπ1˚pQSq is the sheaf
associated to the presheaf which associates to every open subset U Ă Ω, the Q-
vector space,

Htpπ´1
1 pUqq

(see [18, Chapter II, Proposition 5.11]). The set π´1
1 pUq is stable under the action

of Sn, and so there exists an isotypic decomposition

Htpπ´1
1 pUqq –Sn

à

µ$n

`

Htpπ´1
1 pUqq

˘

µ

(cf. Notation 2.4). Moreover, since the restriction homomorphisms of this presheaf
are all Sn-equivariant, it follows from Schur’s Lemma and the definition of the
sheafification functor (see for instance [18, page 85]) that there is a direct sum de-
composition of the sheaf Rtπ1˚pQSqq into its isotypic components Rtπ1˚pQSqqµ, µ $
n.

Thus, we have

Rtπ1˚pQSq –
à

µ$n

pRtπ1˚pQSqqµ.

Since, π1 : S Ñ Ω is a proper map, using the proper base change theorem (see
for example [18, §3, Theorem 6.2]) we obtain that for ω P Ω,

Rtπ1˚pQSqω – Htpπ´1
1 pωqq,

and for µ $ n,

(12) pRtπ1˚pQSqqµqω – Htpπ´1
1 pωqqµ.

Using Claim 3.4 we have that for each ω P Ω, and 0 ď i ď 2p´ 1,

mi,λpπ
´1
1 pωqq “ 0.

Taking µ “ λ in Eqn. 12, we have 0 ď t ď 2p´ 1,

pRtπ1˚pQSqqλqω – Htpπ´1
1 pωqqλ “ 0,

which in turn implies that

(13) Rtπ1˚pQSqqλ “ 0.

Now,

Es,t2 –Sn
HspΩ, Rtπ1˚pQSqq

–Sn
HspΩ,

à

µ$n

pRtπ1˚pQSqqµq

–Sn

à

µ$n

HspΩ, pRtπ1˚pQSqqµq

“
à

µ$n

pEs,t2 qµ,

where

pEs,t2 qµ “ HspΩ, pRtπ1˚pQSqqµq.
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The differentials dr : Es,tr Ñ Es`r,t´r`1
r in the spectral sequence Es,tr are Sn-

equivariant, and for each µ $ n using Schur’s lemma yet again, we have for r ě 2,
pEs,tr qµ is a subquotient of pEs,t2 qµ.

It follows from the above and Eqn. (13) that for 0 ď t ď 2p ´ 1, and all s ě 0
and r ě 2,

pEs,tr qλ “ 0.

This implies that for all i, 0 ď i ď 2p´ 1,

pHipSqqλ “
à

s`t“i

pEs,t8 qλ “ 0,

or equivalently,

mi,λpSq “ 0 for 0 ď i ď 2p´ 1.

�

Observe that Claims 3.2 and 3.5 together imply that for any P “ pP1, . . . , Pqq P
Lq, q ě 1, and 0 ď i ď 2p´ 1

mi,λpπ2pSpP ,Rqqq “ 0.

Rewriting the above equation using Claim 3.1 we obtain that for 0 ď i ď 2p´ 1

(14) mi,λpRp
q
ł

j“1

pPj ď 0, Bqqq “ 0.

We are now in a position to finish the proof of Proposition 3.1.
We now fix P “ pP1, . . . , Pqq P L

q, and assume that 1 ď q ď p. Observe that

Rp
q
ľ

j“1

Pj “ 0, Bq “ Rp
q
ľ

j“1

ppPj ď 0q ^ p´Pj ď 0qq, Bq.

Let

Vj “ RpPj ď 0, Bq, for j “ 1, . . . , q,

Vj “ Rp´Pj´q ď 0, Bq, for j “ q ` 1, . . . , 2q.

Now Eqn. (14) applied to the various sub-tuples of the tuple

pP1, . . . , Pq,´P1, . . . ,´Pqq P L
2q,

implies taking i “ 0 that for all J Ă r1, 2qs, mj´1,λpV
Jq “ 0, where j “ cardpJq

(noticing that j ´ 1 ď 2p ´ 1, since j “ cardpJq ď 2q ď 2p). Inequality (6) in
Lemma 3.1 now implies that

m0,λpVr1,2qsq “ m0,λpZptP1, . . . , Pqu, Bqq

“ 0.

This finishes the proof of Proposition 3.1. �

Proposition 3.2. Let B be a symmetric, convex, closed and bounded semi-algebraic
set containing Bn. For k ą 0, and n ě 2k, and each λ “ pn´ j, jq, 0 ď j ď k, there
exists P P Σ4,n, such that there exists i, 0 ď i ď 5,

mi,λpZpP,Bqq ą 0.
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Proof. Following Example 2.2 we let

P1pXq “ σ1,npXq ´ k,

P2pXq “ σ2,npXq ´
1
2kpk ´ 1q,

P3pXq “ p4k ´ 6qσ3,npXq ´ 4σ4pXq ´
1
2kpk ´ 1q2pk ´ 2q.

Then, ZptP1, P2, P3u,R
nq is equal to the subset of Bn “ t0, 1un Ă B of cardinality

`

n
k

˘

consisting of points with exactly k 1’s and n´ k 0’s amongst its coordinates.

The Sn-module structure of H0pZptP1, P2, P3u, Bqq is well-studied. It is isomor-
phic to the Young module M pn´k,kq [14, page 139] (see also [7, Example 1.19]). 5

The isotypic decomposition of the Young module M pn´k,kq is given by

M pn´k,kq –Sn

k
à

j“0

Sn´j,j

(see [14, page 141, Eqn. (3.72)]). Thus,

(15) m0,λpZptP1, P2, P3u, Bqq “ 1 ą 0,

for λ “ pn´ j, jq, 0 ď j ď k.
Now suppose for the sake of contradiction that for all P P Σ4,n, and λ “ pn´j, jq

(16) mi,λpZpP,Bqq “ 0,

for 0 ď i ď 5.
But Eqns. (16) and (15) together contradict Proposition 3.1 with L “ Σ4,n, and

p “ q “ 3. �

In the proof of Theorem 3 we will also need the following lemma which is a
straight-forward consequence of the hook formula.

Lemma 3.2. For all n P N, and λ “ pn´ tn{2u, tn{2uq $ n

dimSλ “
1

tn{2u` 1

ˆ

n

tn{2u

˙

if n is even,(17)

“
1

2ptn{2u` 2q

ˆ

n

tn{2u

˙

if n is odd.

In particular, there exists c ą 1 such that for all n ą 1,

dimSλ ą cn.

Proof. Eqn. (17) follows immediately from Eqn. 3 (hook length formula). The last
statement is a consequence of the inequality

4m

2m` 1
ď

ˆ

2m

m

˙

,

which is valid for all m ą 0. �

We are finally in a position to prove Theorem 3.

5The Young module Mn´k,k is isomorphic to the induced module IndSn
SkˆSn´k

1Sk
b 1Sn´k

.
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Proof of Theorem 3. Since the set Σ4,n is invariant under simultaneous scaling of
variables, and using the fact that Bn is assumed to be convex, symmetric, and
contains the origin in its interior, we can assume without loss of generality that
Bn Ą Bn. It follows from Proposition 3.2 that for k ą 0, n ě 2k, and λ “ pn´k, kq,
there exists i, 0 ď i ď 5 and P P Σ4,n such that

mi,λpZpP,Bnqq ą 0.

Now choose k “ tn{2u and use Lemma 3.2. �

3.3. Proof of Theorem 5. The proof is in two steps.
We first prove (Proposition 3.3) that since the dimensions of the cohomology

modules H0ppZpφnpfq,R
nqq do not increase with n (using Theorem 2), for n large

enough they cannot have Specht modules in their isotypic decomposition which
correspond to partitions that are not equal to the trivial partition pnq or its trans-
pose 1n. We then use Theorem 4 to rule out the partition 1n. This enables us
to deduce that the H0ppZpφnpfq,R

nqq is a multiple of the trivial representation
(i.e. H0ppZpφnpfq,R

nqq “ H0ppZpφnpfq,R
nqqSn) or equivalently that each semi-

algebraically connected component of Zpφnpfq,R
nq is stable under the action of

Sn.
We next prove (Proposition 3.4 below) using Proposition 3.3 that the sequence of

numbers pb0pZpφnpfq,R
nqqną0 is non-increasing and so ultimately constant. Propo-

sitions 3.3 and Proposition 3.4 together suffices to prove Theorem 5.

Proposition 3.3. Let d, n P N with d ě 2, n ą 2d´1`1 and let P P RrX1, . . . , Xns

be a multi-affine symmetric polynomial with degP “ d. Every semi-algebraic con-
nected component of ZpP,Rnq is stable under the action of Sn. This is to say, for
every semi-algebraic connected component C of ZpP,Rnq and every α P Sn,

C “ tpzαp1q, . . . , zαpnqq | pz1, . . . , znq P Cu.

Proof. Let V “ ZpP,Rnq. First observe that H0pV qSn is isomorphic (as a vector
space) to the isotypic component of the trivial representation Spnq in H0pV q. Sec-
ond, each semi-algebraically connected component of V is stable under the action
of Sn if and only if

H0pV qSn “ H0pV q.

Thus, it suffices to prove that H0pV q is isomorphic as an Sn-module to a multiple
of trivial representation which is the same as proving that

m0,λpV q “ 0,

for λ ‰ pnq. Now it follows from Theorem 2 that

b0pV q “ dim H0pV q

“
ÿ

λ$n

m0,λpV qdimSλ

ď 2d´1.(18)

It is an easy consequence of hook formula that

(19) dimSλ “

#

1 if λ “ pnq, 1n

ě n´ 1 otherwise.

Since,
n ą 2d´1 ` 1,
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we have that

n´ 1 ě 2d´1 ` 1 ą b0pV q.

It now follows from (18) and (19) that

(20) m0,λpV q “ 0, if λ ‰ pnq, 1n.

However, since d ě 2, and hence

lengthp1nq “ n ą 2d´1 ` 1 ě 0` 2d´ 1,

it follows from Theorem 4 that

(21) m0,λpV q “ 0 if λ “ 1n.

The proposition now follows from (20) and (21). �

Lemma 3.3. Let d, n P N with n ě 2d´1 ` 1 and let P P RrX1, . . . , Xns be a
multi-affine symmetric polynomial with degP “ d. Every semi-algebraic connected
component of ZpP,Rnq intersects the hyperplane ZpXn,R

nq.

Proof. Suppose

P pX1, . . . , Xnq “ XnQpX1, . . . , Xn´1q `RpX1, . . . , Xn´1q,

QpX1, . . . , Xn´1q “ Xn´1SpX1, . . . , Xn´2q ` T pX1, . . . , Xn´2q,

with Q,R, S, T multi-affine. Notice that Q and R are symmetric as elements in
RrX1, . . . , Xn´1s and S and T are symmetric as elements in RrX1, . . . , Xn´2s. Let
C be a semi-algebraic connected component of ZpP,Rnq. We consider the following
cases:

‚ There exists z “ pz1, . . . , znq P C and 1 ď i ď n with zi “ 0:
In this case, pz1, . . . , zi´1, zn, zi`1, . . . , zn´1, 0q P CXZpXn,R

nq by Propo-
sition 3.3.

‚ There exists 1 ď i ă j ď n and z “ pz1, . . . , znq P C with zi and zj of
opposite non-zero sign:

Without loss of generality suppose zi ą 0 and zj ă 0. By Proposition
3.3, if we consider z1 which is obtained from z by swapping coordinates zi
and zj , then z1 also lies in C. Since C is semi-algebraically arc-connected,
there exists z2 “ pz21 , . . . , z

2
nq in C with z2i “ 0, and then we proceed as in

the first case.
‚ There exists z “ pz1, . . . , znq P C and 1 ď i ď n with

Qpz1, . . . , pzi, . . . , znq “ 0 :

6 Since

0 “ P pzq

“ ziQpz1, . . . , pzi, . . . , znq `Rpz1, . . . , pzi, . . . , znq,

we have that Rpz1, . . . , pzi, . . . , znq “ 0 and therefore the line z ` xeiy is in-
cluded in C. In particular pz1, . . . , zi´1, 0, zi`1, . . . , znq P C and we proceed
as in the first case.

6Here and elsewhere p¨ denotes omission.
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‚ C Ă p0,`8qn and for every z “ pz1, . . . , znq P C and 1 ď i ď n,
Qpz1, . . . , zi´1, zi`1, . . . , znq ‰ 0:

This assumption implies that for 1 ď i ď n, the polynomial

QpX1, . . . , Xi´1, Xi`1, . . . , Xnq

has a constant sign on C. Let us consider a fixed value of 1 ď i ď n and
see that for every 1 ď j ď n with j ‰ i, the polynomial

SpX1, . . . , Xi´1, Xi`1, . . . , Xj´1, Xj`1, . . . , Xnq

never vanishes on C, and it has the same sign asQpX1, . . . , Xi´1, Xi`1, . . . , Xnq.
Notice that this implies that the sign of QpX1, . . . , Xi´1, Xi`1, . . . , Xnq on
C is independent of i.

– If there exists z “ pz1, . . . , znq P C such that

Spz1, . . . , pzi, . . . , pzj , . . . , znq “ 0,

since

0 ‰ Qpz1, . . . , pzi, . . . , znq “

zjSpz1, . . . , pzi, . . . , pzj , . . . , znq ` T pz1, . . . , pzi, . . . pzj , . . . , znq,

we have that T pz1, . . . , pzi, . . . , pzj , . . . , znq ‰ 0 and therefore for every
t P R,

Qpz1, . . . , pzi, . . . , zj´1, t, zj`1, . . . znq ‰ 0.

This implies that for each t P R the point

pz1, . . . , zi´1, at, zi`1, . . . , zj´1, t, zj`1, . . . , znq

where

at “
´Rpz1, . . . , pzi, . . . , zj´1, t, zj`1, . . . znq

Qpz1, . . . , pzi, . . . , zj´1, t, zj`1, . . . znq
,

belongs to C, which contradicts the fact that C Ă p0,8qn.
– If there exists z “ pz1, . . . , znq P C such that Spz1, . . . , pzi, . . . , pzj , . . . , znq

has opposite sign to Qpz1, . . . , pzi, . . . , znq, then for t ď zj we have that

Qpz1, . . . , pzi, . . . , zj´1, t, zj`1, . . . , znq “

pt´ zjqSpz1, . . . , pzi, . . . , pzj , . . . , znq `Qpz1, . . . , pzi, . . . zj´1, zj , zj`1, . . . , znq

is different from zero since it has the same sign as

Qpz1, . . . , pzi, . . . zj´1, zj , zj`1, . . . , znq.

As before, this implies that that for each t P p´8, zjs, the point

pz1, . . . , zi´1, at, zi`1, . . . , zj´1, t, zj`1, . . . , znq

where

at “
´Rpz1, . . . , pzi, . . . , zj´1, t, zj`1, . . . znq

Qpz1, . . . , pzi, . . . , zj´1, t, zj`1, . . . , znq

belongs to C, which contradicts the fact that C Ă p0,8qn.
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Now, let us prove that if z “ pz1, . . . , znq P C and we take pz11, . . . , z
1
n´1q P

Rn´1 with z11 ě z1, . . . , z
1
n´1 ě zn´1, then Qpz11, . . . , z

1
n´1q ‰ 0 and

ˆ

z11, . . . , z
1
n´1,

´Rpz11, . . . , z
1
n´1q

Qpz11, . . . , z
1
n´1q

˙

P C.

We proceed by induction. Suppose that we know already that for some
1 ď i ď n, Qpz11, . . . , z

1
i´1, zi, . . . , zn´1q ‰ 0 and

ˆ

z11, . . . , z
1
i´1, zi, . . . , zn´1,

´Rpz11, . . . , z
1
i´1, zi, . . . , zn´1q

Qpz11, . . . , z
1
i´1, zi, . . . , zn´1q

˙

P C.

Then, for t ě zi,

Qpz11, . . . , z
1
i´1, t, zi`1, . . . , zn´1q “

“ pt´ ziqSpz
1
1, . . . , z

1
i´1, zi`1, . . . , zn´1q `Qpz

1
1, . . . , z

1
i´1, zi, zi`1, . . . , zn´1q

is different from zero since it has the same sign asQpz11, . . . , z
1
i´1, zi, zi`1, . . . , xn´1q.

This implies that for each t P rzi, z
1
is, the point

`

z11, . . . , z
1
i´1, t, zi`1, . . . , zn´1, at

˘

where

at “
´Rpz11, . . . , z

1
i´1, t, zi`1, . . . , zn´1q

Qpz11, . . . , z
1
i´1, t, zi`1, . . . , zn´1q

belongs to C.
Finally, take any z “ pz1, . . . , znq P C. For every t ě 0, Qpz1 `

t, . . . , zn´1 ` tq ‰ 0 and
ˆ

z1 ` t, . . . , zn´1 ` t,
´Rpz1 ` t, . . . , zn´1 ` tq

Qpz1 ` t, . . . , zn´1 ` tq

˙

P C.

This is impossible because since P is symmetric and n ě 2d´1 ` 1 ě d` 1,
it can be easily seen that degR “ d, degQ “ d´ 1 and

lim
tÑ`8

´Rpz1 ` t, . . . , zn´1 ` tq

Qpz1 ` t, . . . , zn´1 ` tq
“ ´8,

which contradicts the assumption that C Ă p0,`8qn.
‚ C Ă p´8, 0qn and for every z “ pz1, . . . , znq P C and 1 ď i ď n,
Qpz1, . . . , zi´1, zi`1, . . . , znq ‰ 0:

In this case we proceed as in the previous one.

�

From now on we consider fixed d P N and a0, . . . , ad P R with ad ‰ 0. For n ě d,
let

Pn “
ÿ

0ď`ďd

a`σ`,n P RrX1, . . . , Xns.

Proposition 3.4. The sequence pb0pZpPn,R
nqqněd is eventually decreasing, and

therefore eventually constant.

Proof. By Lemma 3.3, if n ě 2d´1 ` 1, every semi-algebraic connected component
of ZpP,Rnq intersects the hyperplane ZpXn,R

nq. Since PnpX1, . . . , Xn´1, 0q “
Pn´1pX1, . . . , Xn´1q, we have that

b0pZpPn´1,R
n´1qq ě b0pZpPn,R

nqq.

�
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Proof of Theorem 5. Theorem 5 follows from Propositions 3.3 and 3.4. �

We finish this section by showing two examples of ideals I Ă Λ such that

lim
nÑ8

m0,tλunpVnpIqq ą 1,

for λ “ pq. First, we include an auxiliary lemma.

Lemma 3.4. Let n ě 3. For x P Rn with N1pxq “ 0,

N3pxq
2 ď

pn´ 2q2

npn´ 1q
N2pxq

3.

Proof. The inequality holds if x “ 0. If x ‰ 0, we take R2 “ N2pxq and then the
inequality can be checked using Lagrange Multipliers to find the extreme values of
N3pxq subject to the restrictions N1pxq “ 0, N2pxq “ R2. �

Now let f “ σ2 ´ 1, g “ σ3 ´ σ1, I “ pfq, J “ pgq and λ “ pq. We will show that

lim
nÑ8

m0,tλunpVnpIqq “ 2,

lim
nÑ8

m0,tλunpVnpJqq “ 3.

Indeed, using Theorem 5, it is enough to show that for n ě 3, b0pφnpfq,R
nq “ 2

and b0pφnpgq,R
nq “ 3.

We take a fixed value of x P Rn with N1pxq “ σ1,npxq “ 0 and consider the
polynomials

fxptq “ σ2,npx1 ` t, . . . , xn ` tq ´ 1 “

ˆ

n

2

˙

t2 ´

ˆ

1

2
N2pxq ` 1

˙

and

gxptq “ σ3,npx1 ` t, . . . , xn ` tq ´ σ1,npx1 ` t, . . . , xn ` tq “

“

ˆ

n

3

˙

t3 ´

ˆ

n´ 2

2
N2pxq ` n

˙

t`
1

3
N3pxq.

It is clear that fx has a positive discriminant, and on the other hand, Discpgxq is
also positive since it is a positive multiple of

4

ˆ

n´ 2

2
N2pxq ` n

˙3

´ 3

ˆ

n

3

˙

N3pxq
2 ą 4

ˆ

n´ 2

2
N2pxq

˙3

´ 3

ˆ

n

3

˙

N3pxq
2 ě 0

using Lemma 3.4.
Finally, we split Rn as

Rn “
ď

xPRn,σ1pxq“0

tpx1 ` t, . . . , xn ` tq | t P Ru

and then the claim follows using the continuity of roots with respect to the coef-
ficients of a polynomial of fixed degree outside the region where the discriminant
vanishes.



24 SAUGATA BASU AND DANIEL PERRUCCI

4. Conclusion and open problems

We have proved an upper bound of 2d´1 on the number of semi-algebraically con-
nected components of a real hypersurface in Rn defined by a multi-affine polynomial
of degree d. Moreover, we have shown that no bound which grows only polynomi-
ally with n exists for the higher Betti numbers of such hypersurfaces inside a closed
ball.

Finally, we have proved a special case of a stability conjecture due to Basu and
Riener on the cohomology modules of symmetric real algebraic sets.

There are several open questions that are suggested by our results.

1. Does the upper bound in Theorem 2 extend to the bounded case? More precisely,
is there a bound on βAd,B,0pnq which is independent of n for some natural
sequence B, for example B “ pr´1, 1snqną0? At the same time it would be
interesting to extend Theorem 3 to the unbounded case. More precisely, does
there exist c ą 1, such that βAd,ppnq ą cn for some d, p ą 0?

2. Can one prove a bound on the number of connected components of a real al-
gebraic set in Rn defined by two multi-affine polynomials of degree at most d
which is independent of n? We have shown that no such bound exists for real
algebraic sets defined by three or more multi-affine polynomials. It would be
satisfactory to be able fill this gap.

3. Multi-affine polynomials that arise in practice (such as the basis generating poly-
nomial of a matroid) often have special properties such as real stability or being
Lorentzian [4, 13]). It would be interesting to study the topology of real hyper-
surfaces defined by such polynomials from a quantitative point of view.

4. The algorithmic problem of computing the number of semi-algebraically con-
nected components of a given real algebraic set in Rn has attracted wide at-
tention. The main tool for solving this problem is via computation of a one-
dimensional semi-algebraic subset (called a roadmap of V ). While there has been
a steady improvement in the complexity of algorithms for computing roadmaps
of semi-algebraic sets [5, 9, 8], the complexities of all known algorithms are
exponential in n. This is not unexpected as the number of semi-algebraically
connected components of real algebraic sets in Rn defined by polynomials of
degree at most d, grows exponentially in n in the worst case for d ą 2. However,
in this paper we have proved that the number of semi-algebraically connected
components of hypersurfaces defined by multi-affine polynomial is small. This
suggests the problem of finding a more efficient algorithm (say with polynomial
complexity) for computing this number (maybe without resorting to a roadmap
algorithm). In the symmetric case such an algorithm (with polynomial complex-
ity with the degree being considered fixed) was shown to exist in [11].
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