SUBRESULTANTS IN MULTIPLE ROOTS

CARLOS D’ ANDREA, TERESA KRICK, AND AGNES SZANTO

ABSTRACT. We extend our previous work on Poisson-like formulas for
subresultants in roots to the case of polynomials with multiple roots
in both the univariate and multivariate case, and also explore some
closed formulas in roots for univariate polynomials in this multiple roots
setting.

1. INTRODUCTION

In [DKS2006] we presented Poisson-like formulas for multivariate subre-
sultants in terms of the roots of the system given by all but one of the input
polynomials, provided that all the roots were simple, i.e. that the ideal gen-
erated by these polynomials is zero-dimensional and radical. Multivariate
resultants were mainly introduced by Macaulay in [Mac1902|, after ear-
lier work by Euler, Sylvester and Cayley, while multivariate subresultants
were first defined by Gonzalez-Vega in [GLV1990, GLV1991], generalizing
Habicht’s method [Hab1948]. The notion of subresultants that we use in
this text was introduced by Chardin in [Chal1995].

Later on, in [DHKS2007, DHKS2009], we focused on the classical uni-
variate case and reworked the relation between subresultants and double
Sylvester sums, always in the simple roots case (where double sums are
actually well-defined). This is also the subject of the more recent articles
[RS2011, KS2012]. As one of the referees of the MEGA’2007 conference
pointed out to us, working out these results for the case of polynomials with
multiple roots would also be interesting.

This paper is a first attempt in that direction. We succeed in describing
Poisson like formulas for univariate and multivariate subresultants in the
presence of multiple roots, as well as to obtain formulas in roots in the
univariate setting for subresultants of degree 1 and of degree immediately
below the minimum of the degrees of the input polynomials: the two non-
trivial extremal cases in the sequence of subresultants. We cannot generalize
these formulas for other intermediate degrees, and it is still not clear for us
which is the correct way of generalizing Sylvester double sums in the multiple
roots case.

The paper is organized as follows: In Section 2 we recall the definitions
of the classical univariate subresultants and Sylvester double sums, and of
the generalized Wronskian and Vandermonde matrices. We then show how
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the Poisson formulas obtained in [Hon1999] for the subresultants in the
case of simple roots extend to the multiple roots setting by means of these
generalized matrices. We also obtain formulas in roots for subresultants in
the two extremal non-trivial cases mentioned above. In Section 3 we present
Poisson-like formulas for multivariate subresultants in the case of multiple
roots, generalizing our previous results described in [DKS2006].

Acknowledgements: We wish to thank the referee for her/his careful read-
ing and comments. A preliminary version of these results was presented at
the MEGA 2009 Conference in Barcelona. Part of this work was done at the
Fields Institute in Toronto while the authors were participating in the Fall
2009 Thematic Program on Foundations of Computational Mathematics.

2. UNIVARIATE CASE: SUBRESULTANTS IN MULTIPLE ROOTS

2.1. Notation. We first establish a notation that will make the presentation
of the problem and the state of the art simpler.

Set d,e € N and let A := (al,...,ad) and B := (61,...,65) be two
(ordered) sets of d and e different indeterminates respectively.

For m,n € N, set (di,...,dn) € N™ and (e1,...,e,) € N” such that
di+---+dn,=dand e; + -+ e, =e¢, and let

A= ((al,dl); oo (am, dm)) and B := ((ﬂh e1);.- ;5 (Bn, en))
(these will be regarded as “limit sets” of A and B when roots are packed
following the corresponding multiplicity patterns).

We associate to A and B the monic polynomials f and g of degrees d and
e respectively, and the set R(A, B), where

e

d
f@) =[]z —ai) and g(x):=[](=- B,
=1

j=1
RAB = [ (u-8)= ][ 9l
1<i<d,1<j<e 1<i<d

with natural limits when the roots are packed

F@)=][(z—a)® and g(x):=]](=- B,
i=1 =1

RAB =[] (u-8p%s= ] g™

1<i<m,1<j<n 1<i<m

2.2. Subresultants and Sylvester double sums. We recall that for 0 <
t <d<eor0<t<d= e, the t-th subresultant of the polynomials
f=aqgx?+---+ap and g = ba® + - - - + by, introduced by J.J. Sylvester in
[Sylv1853], is defined as
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d+e—2t
ag - T gl (e—t—1) " f(2)
: . e—t
St ,9) 1= v e r (o)
: : d—t
be - b1 2%g(z)

with ay = by = 0 for £ < 0. When t = 0 we have Sres;(f,g) = Res(f, g).

In the same article Sylvester also introduced for 0 < p < d,0 < q < e the
following double-sum expression in A and B,

R(A', B') R(A\ A, B\B')

p,q . — / !
SylvP4(A, B;x) : > Re, A) R, B) 5o 1 ) BB B\B)'
A'CA,B'CB
|[A"|=p, |B'|=¢q
where by convention R(A’, B’) =1if A’ =0 or B’ = (). For instance
(1) Syv™(A,B;z) =R(A,B)= [[ (ci—B;) =Res(f,g).

1<i<d,1<j<e

We note that Sylv”?(A, B; x) only makes sense when «; # o and 3; # 3; for
i # j, since otherwise some denominators in Sylv”9(A, B; x) would vanish.

The following relation between these double sums and the subresultants
(for monic polynomials with simple roots f and g) was described by Sylvester:
for any choice of 0 < p < d and 0 < ¢ < e such that t := p + ¢ satisfies
t<d<eort=d< e, one has

~1
(2) Sres(f, g) = (—1)Pld=D) <;) SylvP9(A, B; x).

This gives an expression for the subresultant in terms of the differences of
the roots —generalizing the well-known formula (1)— in case f and g have
only simple roots. However, when the roots are packed, i.e. when we deal
with A and B, the expression for the resultant is stable, i.e.

Res(f.g) = [[  (ai—5p)™,

1<i<m, 1<j<n

while not only there is no simple expression of what Sres;(f,g) is in terms
of differences of roots but moreover there is no simple definition of what
Sylv”4( A, B; x) should be in order to preserve Identity (2). Of course, since

Sres;(f,g) is defined anyway, Sylv”?(A4, B; x) could be defined as the result

SylvP4(4, B; z) = (—1)"4 (;) Sresy(f,9)

but this is not quite satisfactory because on one hand this does not clarify
how Sres; behaves in terms of the roots when these are packed, and on the
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other hand, Sylv?(A, B;x) is defined for every 0 < p < dand 0 < g <e
while Sres; is only defined for ¢ := p 4+ ¢ < min{d, e}.

In what follows we express some particular cases of the subresultant of
two univariate polynomials in terms of the roots of the polynomials, when
these polynomials have multiple roots. These are partial answers to the
questions raised above, since we were not able to give a right expression
for what the Sylvester double sums should be, even in the particular cases
we could consider. Nevertheless the results we obtained give a hint of how
complex it can be to give complete general answers, at least in terms of
double or multiple sums, see Theorem 2.7 below.

2.3. Generalized Vandermonde and Wronskian matrices. We need
to recall some facts on generalized Vandermonde and Wronskian matrices.

Notation 2.1. Setu € N. The generalized Vandermonde or confluent (non-
necessarily square) uxd matriz V,,(A) associated to A = ((041, dy);. .. (am, dm)) ,
[Kal1984], is

d
VU(Z) = Vu((al, dl); ey (am,dm)) = Vu(al,dl) PN Vu(am,dm) u
where
d;
1 0 0 0
(67 1 0 PN 0
2
Vu(ai; dz) = Oti 2041' 1 e 0 u
it (=D (e . (gTh)al "

with the convention that when k < j, (];) oI = 0.

7

When d; = 1 for all i, this gives the usual Vandermonde matriz V,(A).

When u = d, we omit the sub-index u and write V(A) and V(A).
For example

1 0 0 [1 O
a 1 0|8 1

V((,3);(8,2)=| o 22 1 |p* 28
a® 3a® 3a |3 352
at 40 602 | pt 458
and
1 0 0 1 0
V(@3 (3.2)=| a 1 0 g 1
a? 2a 1 B2 23

The determinant of a square confluent matrix is non-zero, and satisfies,

[Ait1939),
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det (V(4)) = H (o — ;)%
1<i<j<m
In the same way that the usual Vandermonde matrix V(A) is related to
the Lagrange Interpolation Problem on A, the generalized Vandermonde
matrix V(A) is associated with the Hermite Interpolation Problem on A
[Kal1984]: Given {y;j,,1 < i < m,0 < j; < d;}, there exists a unique
polynomial p of degree deg(p) < d which satisfies the following conditions:

plar) =0y1o, plaa)=Uyi1, ..., ph=Y(ay)=(di — D11,
p(am) = O!ym,07 p/(am) = 1!ym,la ey p(dm_l)(am) = (dm - 1)!ym,dm71-
d—1

This Hermite polynomial p = ag+a1x+---+aq_1c
solution of

is given by the only

(ao al ... ad,l) : V(Z) = (yl,O Y11 .- ym,dmfl)

(here the right vector is indexed by the pairs (i, 7;) for 1 <i <m,0 < j; < d;)
and satisfies

d 1
1
T
(3)  det (V(A))p(z) = — det V(A) oy
L1
Y10 Y11 - Ymdm—1| 0 |1

The polynomial p can also be viewed in a more suitable basis, where the
corresponding “Vandermonde” matrix has more structure. We introduce
the d polynomials in this basis.

Notation 2.2. For1l <i<m we set
fi= H(JU — ;)%
J#i
and, for 0 < k; < d;,
f _

Fik = e (@ — )i f.

k3

Then, in this basis, the polynomial p = ZZ ki aLkiﬁ, i, 18 given by the only
solution of

(10 @11 - amdp—1) - V'(A) = (Y10 Y11 - - - Ymdm—1)

where
d1 dm
14 (a1, d1) 0 0 d1
V'(A) = 0 - 0 :
0 0 | V(am,dm) | dm
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with
d;
_ — @=T .
Filas) Filas) L
7 £ ()
Viiew. d 0 Jile) @2
(nd)=| .
0 0 filow)
and satisfies
d 1
f10
_ f1 1
det (V/(4)) plr) = — det V'(A) |
fm dp—1
Y10 Y11 - Ymdm—1 0 1
We note that
det(V'(A) = [] File)"
1<i<m
m(m—1) . 2 m(m—1) —
=(=1)" = ( 11 (aj—an¢%) = (=1)" = det(V(A4))>2.
1<i<j<m

In particularp =), i YijiPiji where for 1 <7 < m, 0 < j; < d;, the basic
Hermite polynomials p; j, are the unique polynomials of degree deg(p; j,) < d
determined by the conditions for 1 < /¢ <m, 0 < q; < dp,

{ P (ag) = it for £=iand g = j;,

4
@ pgffi) (ay) =0 otherwise.

When A = A = (al, ...,0aq), then, denoting f; := f,, we have

— 1
pi,O:Hx e fi for 1<i<d,
ga O fiai)

while for A = (o, d),

prj=(@—a) =f; for 0<j<d

The following proposition generalizes these two extremal formulas.
Proposition 2.3. Fix 1 <i<m and 0 < j <d;. Then
1 di—1—j . dg 1+kz) B
P =T s kZ_o (-1) > ;[ ~o | T
= koAbt =k £

where ki + -+ + 74:\@ + -+ ky, denotes the sum without k;. (When m =1,

the right expression under brackets is understood to equal 1 for k =0 and 0
otherwise.)



SUBRESULTANTS IN MULTIPLE ROOTS 7

Proof. Applying for instance [Sp1960, Th. 1], we first remark that

di—1—j 1 /1\® B
Pij= Y. Fl () () fijy-
AN

Then we plug into the expression the following, given by Leibnitz rule for
the derivative of a product:

dg 1+k4)

1\ ® N
<fz> (az> = (_1) k! Z H a _042 dr&-ke

kvt it =k (F

O

The basic Hermite polynomials enable us to compute the inverse of the
confluent matrix V' (A):

d d
%y di coefficients of p; 1

V(A= : where V*:= : 4 1<i<r
vy dm coefficients of p; g4,

(here the coefficients of p; j, () are written in the monomial basis 1, z, ... z¢~1).

Now we set the notation for a slight modification of a case of generalized
Wronskian matrices.

Notation 2.4. Set u € N. Given a polynomial h(z), the generalized Wron-
skian (non-necessarily square) u x d matric Wy, (A) associated to A =

((0417651) - (Qm, dm)) 18

d
Wh,u(Z) = Wh,u((al, dl); ey (am, dm)) = Whvu(al, dl) ce Wh,u(am, dm) u
where
d;
@D (a,
h(a;) W) ... w
A "o (zh) i~V (as)
Whu(ei, di) = (zh)'(az) (Zh).(%) o
_ ] u— ) Zufl (;iifl) a; “
(= h)(e) (2" hY(as) ... )

When u = d, we omit the sub-index u and write Wy,(A).
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For example for h(z) = x — 2z and A = (, 3),

3
T — —1 0
Wy—z(0,3) = Wy, 3(a,3) =| ax — a? T — 20 -1 |3
o’z —ao® 2ax—302 z-3a

The determinant of a square Wronskian matrix is easily obtainable perform-
ing row operations in the case of one block, and by induction in the size of
the matrix in general:

det (W,(A)) = ( H (aj — ai)didj>h(@1)d1 o h(ogm )4,

1<i<j<m

2.4. Subresultants in multiple roots. In this section, we describe ex-
plicit formulas we can get for the non-trivial extremal cases of subresul-
tants in terms of both sets of roots of f = (z — a1)™ -+ (z — ayp)® and
g=(x—p1)"(z— B withd = 31" d; and e = 37 ej. More
precisely, we present formulas for Sres;(f,g) for the cases t = d —1 < e
(Proposition 2.6 below) and t = 1 < d < e (Theorem 2.7). We will de-
rive them from Theorem 2.5 below, a generalization of [Hon1999, Th. 3.1]
and [DHKS2007, Lem. 2] which includes the multiple roots case (and is also
strongly related to a multiple roots case version of [DHKS2009, Th. 1]). The
main drawback of this approach to obtain formulas for all cases of t is the
fact that submatrices of generalized Vandermonde matrices are not always
generalized Vandermonde matrices, so in general their determinants cannot
be expressed as products of differences. This is why the search for nice
formulas in double sums in the case of multiple roots is more challenging.

Theorem 2.5. Set 0 <t<d<eor0<t<d=e. Then

|

Sres; (F,5) = (—1)% det (V(A)) " det | Vier(A) | | en

Wg,d_t(A) 0| d-t

Vis1(4) 0 S|
= (—1)¢ det (V(A)) " det (V(B)) " det x

Vd—&—e—t(z) Vd+e—t(B) 0 | dte—t

where ¢ ;== max{e (mod 2),d — t (mod 2)}.
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Proof. The proof is quite similar to the proofs of Lemmas 2 and 3 in [DHKS2007],
replacing the usual Vandermonde and Wronskian matrices by their general-
ized counterparts. We will thus omit the intermediate computations.

Let f = Z?:o a;x’, where ag = 1, and g = > =0 bjzi, where b = 1. We
introduce the following matrices of [DHKS2007]:

d+e—t d+e—t
ay ... ag bo ... be
My = e—t Mg = d—t
ag ... ad bO s be
and
dte—t dte—t
M, . p z -1 0 0
St = M e—t where M,_,:= ) ) . N P
Mg |-t z -1 0 ... 0
We have ([DHKS2007, Lem. 1)):
Sresy(F,g) = (—1)DE=1 det(S,).
Also, exactly as in the proof of [DHKS2007, Lem. 2],
d+e—t d e—t d e—t
t M,_, 0 d Wi 1(A) * t
e—t M7 Vd+eft(Z) = O M} e—t
d—t My Ide—t | e—t Wg.a—t(A) | * | d—t

This implies first the generalization of [DHKS2007, Lem. 2] to the multiple
roots case:

d 1
d
7 Ty Woon(A) | ¢ _/ a—t Vie1 (A N
det (V' (A)) Sres(f,g) = det Woaos(A) | d—t = (—1)“""det 1+1(4) N
ngd_t(A) 0 d—t

where the second equality is a consequence of obvious row and column
operations. Next, we get as in the proof of [DHKS2007, Lem. 3],

d e

1
det (V(A)) det (V(B)) Sresy (F,9) = (~1)° det| Vi+1(4) 0 gt |t
Vd+e—t(A) Vd+e—t(B) 0

d+e—t
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We note that starting from the first equality above and applying similar
arguments, we also get very simply
()
d e
Wi—(A) 0 t
VdJre,t(A) VdJre,t(B) dte—t

det (V(A)) det (V(B)) Sres(f,7) = (—1)179¢ det

As mentioned above, when ¢ = 0 the formula in roots for Sresy(f,g)
specializes well when considering Sreso(f,g). When t = d < e, the for-
mula Sresq(f,9) = [[j<i<q(® — a;) also specializes well as Sres;(f,g) =
[Ti<icm(® — @;)%. Our purpose now is to understand formulas in roots for
the following extremal subresultants, i.e for Sres; and Sres;_1, in case of
multiple roots.

e The case t = d — 1 < e: When f has simple roots, it is known (or can
easily be derived for instance from Sylvester’s Identity (2) for p = d — 1 and
g = 0) that

Sresq—1(f,9)

”M&

' d
o0 (I12222) = st

where p; is the basic Lagrange interpolation polynomial of degree strictly
bounded by d such that p;(a;) =1 and p;(c;) = 0 for j # i. In other words,
Sresy_1(f,g) is the Lagrange interpolation polynomial of degree strictly
bounded by d which coincides with g in the d values a1, ..., aq. This for-
mula does not apply when f has multiple roots, but we can show that we
get the natural generalization of this fact, that is, that Sresy_1(f,g) is the
Hermite interpolation polynomial of degree strictly bounded by d which co-
incides with g and its derivatives up to the corresponding orders in the m
values aq, ..., am:

Proposition 2.6.
m di—1 (]z

Sresq_1(f, g Z Z J pz,g“

i=1 ji=

where p; j, is the basic Hermite interpolation polynomial defined by Condi-
tion (4) or Proposition 2.3 for A.

Proof. In this case, applying the first statement of Theorem 2.5 we get

d 1
Sresq_1(F,7) = — det (V(A)) " det | Va(A) xdf_l d
W@l(A) 0 1

where when following the subindex notation of Formula (3), we note that

(Waa (), = T
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The conclusion follows by Formula (3). O

For example, when A = (a,d), we get

~ 3 (a)

Sresq_1((x (x — Oé)j7

the Taylor expansion of g up to order d — 1.

e The case t =1 < d < e: We keep Notation 2.2. When f has simple roots,
it is known (or can easily be derived for instance from Sylvester’s Identity (2)
for p=1 and ¢ = 0) that

(6) Sres1(f,g) = d 1Z<H g(a) ) — )

Qy — QO
i=1 j;ﬁlz J

_ dl J# )
- Z fila) — ).

The general situation is a bit less 0bV1ous, but in any case we can get an
expression of Sres; (f, g) by using the coefficients of the Hermite interpolation
polynomial, in this case of the whole data

AUB = ((al, di);. .5 (am,dm); (B1,e1); -5 (Bn, en)).
We note that
det (V(AU B)) = det (V(A)) det (V(B))R(B, A)
which holds even when «; = ; for some 1, j.
Theorem 2.7.

m ., q Q; d;
Sres; (f,9) = Z(—l)d_di (%)g( D ((x — )
i=1 i\Qi

dj—1+k; co—1+k
H ( J K, J) H (ez kar;nJrz)
;— auj)h . B))km
ki+-+kito 1<j<m (e — )" 1§€§n(0" B
4 kman =d;i — 1 P
(dj*l“rkj) (€£—1+k7,L+g)
i k; ke
+ min{l,d; — 1 j H + )
{1,d; — 1} . 4 (@ — o)) (s — Bo)fomse
k14 + kit 1<j<m 1<t<n
kg = di — 2 i#

Proof. Setting t = 1 in Expression (5) we get

det (V(A)) det (V(B)) Sresy (F,) = (—1)“@"D* det Vire 1(A) | Vare 1(B) | dren

where

Wmf,z’l:(l’—Oq,—l,o,...,0,...,:L'—Oém,—1,0...,0).

dq dm

We expand the determinant w.r.t. the first row, and observe that when we
delete the first row and column j, the matrix that survives coincides with
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V(AU B)(dtej), the submatrix of V(AU B) obtained by deleting the last
row and column j. Therefore,

Wy—21(A) 0
Vd+e 1(A) | Vage—1(B)

= Z 1)#0)- (det (V(AUB)|(ares(y) (@ — az) + det (V(AU E)kd%@,m))),

det

where ¢(i) equals the number of the column corresponding to (1, o, . . ., ag+6_1)
in V(AU B), and ¢/(i) = ¢(i) + 1 if d; > 1 and 0 otherwise.

Now, from

det (V(AUB)|(ge.(y) = (14?9 det (V(AUB)) V(AU B) ot aser

)
det (V(AUB)l(ates(y) = (1)) det (V(AUB)) V(AU B) 5,
(by the cofactor expression for the inverse) and
det (V(AUB)) = (—1)%det (V(A)) det (V(B))R(A4, B)
we first get, since R(A, B) = [[1<jcn g(a;)%, that
Sresy (f,7) = (=1)*7'( g(0i)™) <Z VAU B) ) are(w — i) = Y _V(AUB) d+e> :
i=1

=1

We set h:= fg,and fori = 1,...,m, h; := h/(x —a;)%. In [Cs1975, 1d. 9],
it is shown that

. 1 *1)
VAVB) 0. = @ <h> &

and when d; > 1,

TR -1
VAYB)y0.ave = G2y _2 <h>

Therefore, we obtain the statement by applying Leibnitz rule

1\ ® (47%) (ke
- — (_ k1. G m4-L
(h») (1) k! . > II (z — a;)%ths 11 (x — Bg)eethmee”
‘ kit bkt kg a=k 1S5 <m 1<t<n

i
O

Note that in the case that f has simple roots we immediately recover
Identity (6) while when f = (z — a)? for d > 2, we recover Proposition 3.2
of [DKS2009]:

n (eg—1+kg)

sesi(@—a)tg) = g@ (Y (IT2gm)e-a+
ki+-+kp=d—1 (=1
n eg 1+k4)

> HQ_W)-

ki+-+kn=d—-2 (=1
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3. MULTIVARIATE CASE: POISSON-LIKE FORMULAS FOR SUBRESULTANTS

We turn to the multivariate case, considering the definition of subresul-
tants introduced in [Chal995]. Our goal is to generalize Theorem 3.2 in
[DKS2006] —that we recall below— to the case when the considered polyno-
mials have multiple roots. We first fix the notation, referring the reader to
[DKS2006] for more details.

3.1. Notation. Fixn € Nand set D; € Nfor 1 <i<n+1. Let

fz' = Z ai,awa € K[xla"'axn]v

|| <D;

be polynomials of degree D; in n variables, where a = (aq,...,qp) €
(Zso)", ™ =2t - 28, lal = a1 + -+ + oy, and K is a field of charac-
teristic zero, that we assume without loss of generality to be algebraically
closed.

Fixt € N. Let k := Hp,..p, ., (t) be the Hilbert function at ¢ of a regular
sequence of n + 1 homogeneous polynomials in n + 1 variables of degrees
Dl, ey Dn+1, i.e.

k=#{x: |a| <t a;<D;;1<i<n, and t — || < Dp41}.
We set
S:={z™,... 2"} C K[z

a set of £ monomials of degree bounded by ¢, and

As(firooos fasr) = AL ),

for the order t subresultant of fJ!,..., 7I;L+1 with respect to the family S™ =

{xM :Ef;i_'?ll', S, xR ac;_‘?kl} defined in [Cha1995]. Here, f!* denotes the ho-
mogenization of f; by the variable x4 1.

We recall that the subresultant Ag is a polynomial in the coefficients of
the fz-h of degree Hp,..p, 1 D;.1..0,.1(t — D;) for 1 <4 < n+ 1, having the
following property: As = 0 if and only if I; US" does not generate the space
of all forms of degree t in k[x1,...,zp4+1], where I; denotes the degree ¢ part
of the ideal generated by the fih’s.

By [Chal994] we know that
(7) det(Ms) = £(t) As,

where Mg denotes the Macaulay-Chardin matrix obtained from

Mfl
) [ M, ]

by deleting the columns indexed by the monomials in S, and £(t) is the
extraneous factor defined as the determinant of a specific square submatrix
of (8) (see [Chal995, Chal994, DKS2006]).

We set p:=(Dy —1)+---+ (Dy — 1) and for j > 0, 7 := Hp,..p, (j), the
Hilbert function at j of a regular sequence of n homogeneous polynomials
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in n variables of degrees D1, ..., D,. We define also

any set of 7; monomials of degree j if j > max{0,t — Dyp41 + 1}
{z%: |a|=j,0; < D;jfor 1 <i<n} if0<j<t—Dypy +1,

© 7:={

and denote with D := Dy - -- D,, the Bézout number, the number of common
solutions in K™ of n generic polynomials.
Set T := U;>07; and T* := U?_,, | 7;. Note that |7| = D. We enumerate

J=t+147"
the elements of 7 as follows: 7 = {x®,... , *P}, and assume that for
s:=|T* we have T* = {x®,...,x*} . Also set
(10)
R:={xP .. xP}={z*: |a| <t,a;<D;,1<i<n, t—|a|> Dy}

Finally, for 1 < i < n, let fZ be the homogeneous component of degree D;
of f;, and AT = A(J (fl, . .,fn) be the order j subresultant of fl, . .,fn
with respect to 7;.

3.2. Poisson-like formula for subresultants. From now on we assume
that fi,..., f, are generic in the sense they have no roots at infinity (which
implies by Bézout theorem that the quotient algebra A := K[x]/(f1,..., fn)
is a finitely dimensional K-vector space of dimension D, which equals the
number of common roots in K™ of these polynomials, counted with mul-
tiplicity, see e.g. [CLO1998, Ch. 3, Th. 5.5]), and that 7 is a basis of
A.

In [DKS2006] we treated the case of general polynomials with indetermi-
nate coefficients, which specializes well under our assumptions to the case
when the common roots &;,...,&p of fi,..., fn in K™ are all simple. Set
Z ={&,,...,&p}. We introduced the Vandermonde matrix

[231 e (23
1 D
(11) Vr(Z):=| : o | e KPXP
D o .. D
1 D

whose determinant is non zero, since 7 is assumed to be a basis of A, and
we defined

D
é’lh 5731
: : k
5’171« g‘gc
o1 a
(12) 0s(2) = : : . € KPxP,

s xs

€ fus1 (&) - €D fari(€p)

& faii(&) - € fun(€p)
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Theorem 3.1. [DKS2006, Th. 3.2] For any t € Z>o and for any S =
{xM, ..., x"} C K[z]; of cardinality k = Hp,..p, ., (t), we have

li[ X, | det (0s(2))

As(fi,. oy far1) = £ ’ m-

j=t—Dnpy1+1

In order to generalize this result to systems with multiple roots, and
obtain an expression for the subresultant in terms of the roots of the first
n polynomials fi,..., f,, we need to introduce notions of the multiplicity
structure of the roots that are sufficient to define (fi,..., f,). To be more
precise, in the case of multiple roots, the set of evaluation maps {evg : A —
K | & common root of fi,..., f,} is not anymore a basis of A*, the dual of
the quotient ring A as a K-vector space, though still linearly independent.
Hence other forms must be considered in order to describe A* and to get a
non-singular matrix generalizing V(7).

All along this section we will use the language of dual algebras to gener-
alize Theorem 3.1 for the multiple roots case (see for instance in [KK1987,
BCRS1996] and the references therein). In Theorem 3.4 below we show that
any basis of the dual A* gives rise to generalizations of Theorem 3.1, as long
as we assume that 7 is a basis of A. This is the most general setting where
a generalization of Theorem 3.1 will hold. However, this version of the The-
orem, using general elements of the dual, does not give a formula for the
subresultant in terms of the roots.

In order to obtain these expressions, we need to consider a specific basis
of A* which contains the evaluation maps described above. It turns out
that one can define a basis for A* in terms of linear combinations of higher
order derivative operators evaluated at roots of fi,..., f,. This is the con-
tent of the so called theory of “inverse systems” introduced by Macaulay
in [Mac1916], and developed in a context closer to our situation under the
name of “Grébner duality ” in [Gr1970, MMM1995, EM2007] among others.

The following is a multivariate analogue of Definition 2.4:

Definition 3.2. Let A := {Ay, ..., Ap} be a basis of A* as a K-vector
space. Gien any set E = {x*,..., %} of u monomials and given any
polynomial h € K|[x], the generalized Vandermonde matrix Vg (A) and the
generalized Wronskian matrix Wj, g(A) corresponding to E, A and h are
the following u X D matrices:

Ay(z®r) - Ap(x®?) Ay (xz®th) -+ Ap(x®h)

u b

A(z®) - Ap(z™) Ai(x®h) --- Ap(z®-h)

We modify the definition of the matrix Os(Z) in (12) as follows:
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Definition 3.3. Let S = {x™,..., "} C Klz]; be of cardinality k =
Hpy..D 1 (1), TF = U§:t+1’]} as in (9) and R as in (10). Then

D
Vs (A) k
Os(A) = Vr-(A) s € KP*P,
an+1»7€(A) T

Note that by our assumption on 7 being a basis of A and A being a
basis of A*, we have det (V7 (A)) # 0. The following is the extension of
Theorem 3.1 to the multiple roots case.

Theorem 3.4. Let (fi,....fo+1) C Klx] and T = Uj>07; specified in
(9) satisfying our assumptions, and A be an arbitrary basis of A*. For
any t € Z>o and for any S = {x",...,xV} C Klz]; of cardinality k =
HD,...Dyys (t), we have

: det (Os(A))

A L) == A ] det (V4(A))
s(fi fn+1) j:tll)_£1+1 L] Qet (Vr(A))

Proof of Theorem 8.4. The proof is similar to the proof of Theorem 3.2 in
[DKS2006], to which we refer for notations and details. Extra care must be
taken however, as we are not anymore considering the polynomials fi, ..., f,
to have simple common roots.

Using the exact same argument as in the proof of Theorem 3.2 in [DKS2006]
we can prove that

L EM) As(f1,- -, farr) det (V7 (A)) = % det(M') det (Os(A)),

where

M;
1
(13) M= |
M,

is the submatrix of (8) obtained by removing the columns corresponding the
monomials in 7. In [DKS2006] we also showed that
¢
det(M') = +£(t) ( 11 AT].),
j=t—Dypi1+1
so the claim is proved when &(t) # 0.
If £(t) = 0, we consider a perturbation “4 la Canny” as in [Can1990], i.e.
we replace f; by fix == fi + )\iUiDi € K(A)[x], where A is a new param-
eter, for 1 < ¢ < n. It is easy to see that this perturbed system has no
roots at infinity over the algebraic closure K(A) of K(A), since the lead-
ing term in A of the resultant of its homogeneous components of degrees
Dy, ..., D, does not vanish, and hence the dimension of the quotient ring
Ay = KN)[x]/(fix, -, o) as a K(X)-vector space is also equal to D.
It can also be shown (see [Canl1990]) that £)(t) # 0, where E\(t) denotes
the extraneous factor in Macaulay’s formulation applied to the polynomials
fix, 1 < i < n. Indeed, if E; is the matrix whose determinant gives £(t)
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with rows and columns ordered properly, it is easy to see that the perturbed
matrix is equal to E; + A I, where I is the identity matrix.
Therefore, the statement holds for this perturbed family:

ﬁ ~ det (OS(I‘)\))

(14)  As(fix,--o far, fop1) = £ ZjA det (V7 (Ty))

j:t_Dn+1+1
for any basis I'y of A} (here, ﬁfj)\ = A%)(}’VL)\, e ﬁ“\))
The subresultants appearing in (14) are polynomials in A, that, when eval-

uated in A\ = 0, satisfy:
AS(fl,)\a s 7fn,)\7 fn+1)|)\:() = As(fla ceey fn7 fn-‘rl)v K'Tj,)\‘)\:o

So, in order to prove the claim, it is enough to show that there exists a basis
of A} which “specializes” to A when setting A = 0, i.e. to find a basis Ay
of A} such that

=Ar, Vj.

det (OS(A,\)) B det (OS(A))

(15) det (Vr(Ay) |, det (Vr(A))’

A=0
and then to apply Identity (14) to A and to specialize it at A = 0.
We now construct the basis Ay: The monomial basis 7 = {x®,...,x*P}
of A is also a monomial basis of A, since clearly linearly independent, and
therefore it defines the dual bases {Y4,, -+, Ya, } C A" and {Ya, xs-» Yapa) C
A3, satisfying for 1 < j,k < D,

Yo () =Yg, A(®%) =1 if k=j and 0 otherwise .

We write A; = Zszl CikYq, for 1 < i < D, where ¢;; € K, and then set
Ay ={Aix, ..., Apy}, with Agy =570, CikYey n» 1 <7 < D. Note that
(16) Aia(x®) = Ay(x) = ¢;5 for 1<1i,j <D,

(17) det (V7 (Ay)) = det (V7 (A)) = det (cij)lgz‘,ng € K\ {0},

as the matrix (cij)1<ij<p is invertible. This implies that Ay is a basis of
Ax.

We claim now that, for every o € N”, there exist polynomials po and A; «,
1 <j < D,in K[\ such that

D
(18) PaN)x* =D Aja(Nz® in Ay, and pa(0) # 0.
j=1

For this, it suffices to express the monomial % in terms of the basis 7 of
Ay and take pq(A) as a common denominator when lifting the expression to
K[M][z], satisfying the condition ged (pa, Aja,1 < j < D) = 1. It is clear
that pa(0) # 0 because 7 is also a basis of A, and by assumption 0 is not a
common root of po and Aj o, 1 <5 < D.

Applying A; » to Identity (18) and A; to Identity (18) specialized at A = 0,
we then get by (16) for 1 <i < D:

D D
PaMNAin(@®) =Y cijdja(A) and pa(0)Ai(@®) = cijA;a(0).
=1 i=1
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This implies that the entries of the matrix Og(A) are the same K-linear

combinations of the quotients f;j;"zg’)\) than the entries of the matrix Os(A)

’?:’Eg))). This and Identity (17) implies (15), which proves the
statement. ]

in terms of

As we mentioned before, for an arbitrary basis A of A* the expression in
Theorem 3.4 may not provide a formula in terms of the roots of fi,..., fn.
In order to obtain one, we recall here the notion of Grébner duality from
[MMM1995].

For ao = (o, ..., ) € N” define the differential operator

1 Hled
apl---ap! Oxft - Oapn
and consider the ring K[[0]] := {)_oenn @ala : 0a € K}.
For 1 <i < n define the K-linear map

Oo :=

0 otherwise,

o1 - K[[0]) — K[9)): 1 (9a) = {8<1> o=

and for B = (B1,...,0,) € N" define 03 = 0 0 --- 0 ah".

A K-vector space V' C K][[0]] is closed if dimg (V') is finite and for all 3 € N"
and D € V we have og(D) € V. Note that K[[0]] and its closed sub-
spaces have a natural K [z]-module structure given by PD(f) := D(zPf) =
op(D)(f)-

Let € € K™. For a closed subspace V' C K[[0]] define

Ve(V):={f € K[z] : D(f)(§) =0, VD eV} C Klz].

Let mg C K[z] be the maximal ideal defining §. For an ideal J C mg define
Ae(J) :={D € K[[d] : D(f)(§) =0, VfeJ} c K[I].

Then the following theorem gives the so called Grobner duality:

Theorem 3.5 ([Gr1970, MMM1995)). Fiz € € K"™. The correspondences
between closed subspaces V. C K[[0]] and m¢-primary ideals Q, V — V¢(V)
and Q — A¢(Q) are 1-1 and satisfy V = De(Ve(V)) and Q = (Ve(Ae(Q)))-
Moreover,

dimg (Ag(Q)) = mult(Q) and mult(Ve(V)) = dimg (V).

We set Z :={&,...,&p} for the set of all common roots of f,..., f, in K™,
with multiplicities, and mg, C K[x] for the maximal ideal corresponding to
g for 1 <i<m.

Example 3.6. ([EM2007, Exemple 7.37])

Let f1 = 2:17196% + 595‘11, fo= 23;%3:2 + 537‘21 € Clz, y].

Then Z = {0,&,,&5,€&3,&,,&5} where 0 = (0,0) has multiplicity eleven and
¢ = (527222, 52—321) where £ is a primitive 5-th root of unity, are all simple,
1< <5,

Denote by Qo, Q¢,, 1 <1 <5, the primary ideals corresponding to the roots,
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then Ag, (Qg,) = (1) for 1 <7 < 5 and if {e1, ez} is the canonical basis of
z?,

AO(QO) :<17 a617 8627 8261 5 ae1+627 aQEQa a361 5 63627
(48461 - 5a€1+2€2)7 (48462 - 582€1+62)7 (3a2€1+3€2 - 8561 - 6562)>'

Using Grobner duality, we are now able to give an expression for the
subresultant in terms of the roots of fi,..., f,. For D € K[[0]]and & € K™,
we denote by D|g the element of A* defined as Dl¢(f) = D(f)(§). In
particular, under this notation, 1|¢ = eve.

Corollary 3.7. Using our previous assumptions, let I = (f1,..., fn) and

I=Qin---NQm

be the primary decomposition of I, where Q; is a mg -primary ideal with
di := mult(Q;). For 1 < i < mlet V; := A¢.(Q;) C KI[D]] be the corre-
sponding closed subspace, and fix a basis {D;1,...,D;q,} for Vi such that
Di,l =1. Then

A :={Diile,, - Diale, - Dmaile,, - Dmdnle,,}
s a basis of A* over K.

Note that the above choice for the dual basis A contains the evaluation
maps for the roots of I, and using this A in Theorem 3.4 gives an expression
for the subresultant in terms of the roots of I.

Example 3.8. This is a very simple example containing an expression for
a subresultant in terms of the roots.

Let f1 := x120, fo := 1’% + (:CQ — 1)2 —1, f3 := ¢cg + c1x1 + coxo, With
cp, ¢1, ca € C. Then Z = {(0,0), (0,2)} where (0,0) has multiplicity 3 and
(0,2) is simple. By computing explicitly, we check that 7 := {1, 2y, z2, 23}
is a basis of A = C[x1,z2]/(f1, f2) and that

A = {1](0,0), Pe1 |(0,0) (Des + 202e,)](0,0)> Ll0,2) }

is a basis of A*. We will use these bases to express the degree t = p = 2
subresultant A2(f1, f2, f3) with § = {22} in terms of the roots of f1, fo.

First, Ax% (f1, f2, f3) is equal to the following 6 x 6 determinant (since here
the extraneous factor is 1):

0O 0 0 1 0 O
0O 0 -2 1 0 1
B o0 0 0 1 0] 5 o
A:E%(fl? f27 f3) - det MS - det co Cs 0 0 0 == CO + 2COC2.
0 cg 0 ¢4 ¢ O
0 0 Co 0 Cl1 C9
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er hand, Theorem 3.4 gives the following expression:
0 0 2 0
cp €1 €3 Co+2c
det 0 co 2¢1 0
det Os(A) 0 0 co 2cp+dea|  4(cf+2cker)
det V- (A) 1001 4 ’
0100
detl g 9 1 2
0 00 4
using that 73 = {x3} is the degree 2 part of 7, and
L 0 01
A']‘Z(fl,fg) =det|1 0 1|=1.
010
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