MODELS FOR GROWTH OF HETEROGENEOUS SANDPILES VIA MOSCO
CONVERGENCE
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ABSTRACT. In this paper we study the asymptotic behavior of several classes of power-law functionals
involving variable exponents p,(-) — oo, via Mosco convergence. In the particular case p,(-) = np(-),
we show that the sequence {H,} of functionals H,, : L>(RY) — [0, +o0] given by

/ MO G e ifw e L2RN) 0 WO (RY)
H,(u) = ey 1p(T)

400 otherwise,
converges in the sense of Mosco to a functional which vanishes on the set
{u e L*(RY) : Ax)|[Vul"® <1ae z¢€ RN}

and is infinite in its complement. We also provide an example of a sequence of functionals whose Mosco
limit cannot be described in terms of the characteristic function of a subset of L?(R™).

As an application of our results we obtain a model for the growth of a sandpile in which the allowed
slope of the sand depends explicitly on the position in the sample.

1. INTRODUCTION.

The main results of this paper are concerned with the asymptotic behavior of certain power-law func-
tionals with variable exponents by means of Mosco convergence. This notion of variational convergence,
introduced by Umberto Mosco in the 1960’s [36], provides an appropriate framework for studying the
asymptotic behavior of large classes of variational problems, and has been recognized as a powerful
tool for the analysis of important problems in Calculus of Variations, Partial Differential Equations,
and their applications [5], [17], [18], [34], [37], [38], [39], [45]. We refer to Section 2 for the definition of
Mosco convergence, and to [6] for a detailed introduction to the theory.

The study of power-law functionals with variable exponents and the associated PDEs has received
a great deal of attention in recent years. Partial differential equations involving variable exponents
became popular during the last decade in relation to applications to elasticity and electrorheological
fluids [43], [42], [44]. Meanwhile, the underlying functional analytical tools have been extensively
developed and new applications, e.g. to image processing [19], have emerged. For general references
on the p(z)-Laplacian we refer to [23], which includes a thorough bibliography, and to [33], a seminal
paper where many of the basic properties of variable exponent spaces were established. The delicate
regularity properties of p(z)-harmonic functions have been established in [1] and [2].

Recent results on the asymptotic behavior of power-law functionals are motivated by applications to

the study of dielectric breakdown, electrical resistivity, and polycrystal plasticity (see, e.g., [31], [7], [8]).
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The asymptotics in the works just cited is undertaken in the framework of De Giorgi’s I'-convergence
[21], [22].

In the present paper we are interested in applications to models of difussion in sandpiles (which are
governed by parabolic problems), and we adopt instead the Mosco convergence as the main tool to
study the asymptotic behavior of the functionals involved.

To give an idea of the type of convergence results which we pursue in the sequel, let us consider, for
each n € N, the functionals H,,, Hs, : L*(RY) — [0, +00] defined by

/ ) [Vu(z)|"P®) dz if u € L2(RN) 0 WEO(RN),
R

(1.1) Hp(u) = v np(z)
400 otherwise,
and
0 if \Mz)|V P@) <1 ae zeRY,
(1.2) Hoo (u) = if AMz)|Vu(x)|P™ <1 ae. x
400 otherwise.

Here p : RY — (1,00) is a bounded function and A € L>®(RY) is such that 0 < o < A(z) < 3 a.e.

x € RY. With this notation, one of our results (see Section 4 for details) can be stated as follows:
H,, converges in the sense of Mosco to Hy.

Let us now recall some known results on evolution problems. The limiting behavior as p — oo of

solutions to the quasilinear parabolic problem

(1.3) Upt — Dpvp = f in (0,7) x RV,
. vp(z,0) = up(z) in RV,

was investigated in [26] (see also [4]). Here, f is nonnegative, and represents a given source term
which is interpreted physically as adding material to an evolving system within which mass particles

are continually rearranged by diffusion. Let us consider the functional

1
/ [Vo(y)|P dy if uwe L2(RY)nWwhP(RY),
Fy(v):=4¢ PJa
+00 if uwe L2(RN)\ WhP(RN).
The problem (1.3) has the standard reformulation
[ —vpt = 0F,(vp) a.e. t€(0,7),
v(z,0) = up(x) in RV,

where 0F), denotes the subdifferential of F}, (see Section 2 for the precise definition).
In [26], assuming that ug is a Lipschitz function with compact support satisfying ||Vuo|| poo@ny < 1,
and for f a smooth nonnegative function with compact support in [0, 7] x RY, it is shown that there

exists a sequence p; — +oo and a limit function vy, such that, for each T' > 0,

Up; — Voo a.e. and in L2(RY x (0,7)),
Duv,; = Dvsg, Up, 1 — Voot weakly in  L2(RY x (0,7)).
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Moreover, v, is a solution to the problem

(1.4) f(t) = Voot € OF 5 (voo(t)) ae. te (0,7),
Voo (,0) = up(x) in RY,
where
0 if |Vo| <1,
Foo(v) = # 1ve] <
+00 otherwise.

The limiting problem (1.4) governs the movement of a sandpile, with vy (¢, ) describing the amount
of sand at the point x at time ¢, under the main assumption that the sandpile is stable if the slope is
less or equal than one and unstable if not.

The model described above has been extensively studied in [26], [27], [30], [40] and [41] (see also [3],
[4], [10], [11], [24] and, for numerical approximations, [28] and [29]). As an application of our Mosco-
convergence results we extend this to models which take into account the fact that the admissible slopes
may depend explicitly on the spatial location due, e.g., to the presence of heterogeneities (different types
of sand at different places in the sandpile). When one considers, for example, the functional H,, defined
by (1.1) on the Hilbert space L?(RY), the associated PDE reads as

(L.5) { (un)e + div (A (2)" |V, ["P@)=2Vay,) = f a.e. te (0,7),

un(0) = ug.
In this case, general results from [5] and [16] give
Up — U in C([0,T] : L*(RY)),
where w is the solution to the problem

{ ur + OHoo(u) 3 f a.e. te(0,7),
U(O) = Uuo,

and where H,, : L>(R™) — [0, +o0] is given by (1.2). The above limiting problem can be seen as a
model for the growth of a sandpile where the critical slope of the sand depends on the spatial location.

In fact, note that the pointwise restriction in the definition of H., reads as

1/p(x)
[Vu(x)| < <)\(1$)> =: A(z) a.e. z € RV,

We refer to Section 6 for some explicit examples of solutions to this evolution problem.

The paper is organized as follows: in Section 2 we collect some preliminary results and introduce the
notation which will be used in the sequel; in Section 3, for a general sequence of variable exponents, we
prove our first Mosco-convergence result; Section 4 deals with the particular case of variable exponents
that will be of interest when studying the heterogeneous sandpile model; Section 5 contains an example
of a Mosco limit of power-law functionals which is not given by the characteristic function of a set;

finally, in Section 6 we apply our result to analyze the new sandpile model.
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2. PRELIMINARIES.

In this section we set up the notation which will be used throughout, and we present some preliminary
results. We refer to [23], [33] and the survey [32] for more details. Given Q2 C RY and p: Q — (1, 00)

a function in L>(Q), the variable exponent Lebesgue space LP(*)(Q) is defined as follows:

Lp(z)(Q) = {u : 0 — R measurable : / |u(g;)|p(5") dr < —i—oo} 7
Q

p(z)
dr <15,.

and it is endowed with the norm

|| p(z) := inf {7’ >0 : /
Q

The variable exponent Sobolev space W1r(*) (Q) is given by
Wire)(Q) = {u e LP@(Q) : |Vu| € LP@(Q)} ,

[l = inf {T >0 : /Q <‘WT($) p@)) do < 1} .

is a norm on this space. We denote by Wol’p(w)(Q) the closure of C§°(Q) in W1P(E)(().
For any function p as above, we define

ulz)

T

and

T

p(z)
_|_

p~ :=ess inf p(z), and pT = esssup p(z).
Sy zeQ
In this paper we will only deal with functions p which satisfy 1 < p~ < p™ < oco. The following result

is well-known (see, e.g., [33]).

Proposition 1. (i) The spaces (LP®(Q), ]+ |y ), (WH@(@), |- 1) and (W5 (@), || -]1) are
separable and reflexive Banach spaces.
(ii) Holder inequality holds:

1 1 :
w|de < [ — 4+ —— ) |ulpw|v] iy, ¥V ue LPP(Q),V ve LP @(Q),
[ hurlde < (4 o Y laloly () ()
p(z)
p(z)—1°

where p (x) :=

Next, we recall the definition of Mosco-convergence. If X is a metric space, and {A,,} is a sequence

of subsets of X, we define

liminf Ay, :={z € X : Jz, € 4, z, — «}, and limsup A4, :={x € X : Tz, € Ay, T, — x}.

n—oo n—oo

If X is a normed space, we denote by s — lim and w — lim the above limits associated, respectively, to
the strong and to the weak topology of X.

Definition 1. Let H be a Hilbert space. Given ¥,V : H — (—o0, +00] convez, lower-semicontinuous
functionals, we say that V,, converges to ¥ in the sense of Mosco if

(2.1) w — lim sup Epi(¥,,) C Epi(¥) C s — lim inf Epi(¥,,),

n—o0 n—oo
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where Epi(¥,,) and Epi(V) denote the epigraphs of the functionals V,, and V, defined by

Epi(¥,) == {(u,\) € L2RY) xR : A\ > W, (u)}, and Epi(¥) := {(u,\) € L2RY) xR : A > U(u)}.

Remark 1. We note that (2.1) is equivalent to the requirement that the following two conditions are

simultaneously satisfied:

(2.2) Vue DY) FJu, € D(V,,) : up, —u and ¥(u) > limsup ¥, (uy,);
n—oo
(2.3) for every subsequence {ny}, ¥(u) < limkinf U, (ux) whenever u, — u.

Here D(V) :={u e H : ¥(u) < oo} and D(¥,) :={u e H : ¥,(u) < oo} denote the domain of ¥

and ¥, respectively.

3. A RESULT FOR GENERAL SEQUENCES OF VARIABLE EXPONENTS py (7).

Consider a sequence {p,} C L*®(RY) with essinf,cgn po(x) > 1 for each n € N, satisfying the

conditions
(3.1) D, =ess inf p,(xz) — oo as n — oo,

z€RN
and
(3.2) there exists a real constant v > 1 such that p := ess sup p,(z) < p,, for all n € N.

z€RN

Let

/ Pn()

P, (z) = ————.
In particular, (3.1) and (3.2) imply that we have

1+ L

(3.3) p, — land (pf)rm —1asn— .

Let p : RN — [—1/\/§, 1/\/5] be a function with the property that there exists ¢ > 1 such that
p € LI(RN). We note that such functions exist: x4 =0 and p(x) = %\;ﬁm) are just two examples.
For n € N, consider the functionals F}, : L2(R") — [0, 4-0c] defined by
1
Fy(u) = /RN po(@)

400 otherwise,

(1(2)? + |Vu(@) )" dz ifu e L2RN) 0 WhenO(RN),

and F, : L2(RY) — [0, +00] defined by

F (u)_{ 0 i Vu(@)] < VT— (@) ae. v € RV,

+o00 otherwise.

Theorem 1. The sequence F,, converges in the sense of Mosco to F.
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Proof. We will first show that (2.2) holds, that is

Vu e D(Fy) Fu, € D(F,) : up —u and Foo(u) > limsup F, (uy,).

n—oo

Note that, since u € D(Fx), we have u € L3(RY), with |Vu(z)] < /1 — pu(z)? ae. z € RY and
Foo(u) = 0.

We claim that v € L>®(RY). To see this, first note that by an approximation argument we may
assume that u is smooth and that ||Vu||pec@ny) # 0 (otherwise u = ¢ and since u € L*(RN), u = 0).
Fix z9 € RY such that |u(zg)| > V|| oo vy If there is no such zg, then |u| < [[Vu| foo@ny in RV,
and thus there is nothing to prove. For any y € By(xg), we have

[lu(y)] = fu(zo)ll < [uly) = u(zo)| < [[Vull oo wm)ly = 2ol < [[Vull poo ).

This gives
lw(y)| = lu(zo)| — IVullpoomnvy Yy € Bi(zo).
Therefore,
2
oy = [ Py [ (o)~ 9wl a)
Bi(zo) Bi(zo)
2
= (lu(@o)l = IVull o (ay ) 1B1(O)]
Thus,
”UHL2(RN)
lu(xo)| < 1B, (0)[1/2 + IVl oo mavy.-

We conclude that u € L>®(RY), as claimed.
Next, let ® be a smooth function compactly supported in By (0) such that 0 < ® < 1 in By(0)\ B1(0),
® =1in B1(0) and [|[V®|, < C. For each n € N, define

X

o) = (1= ) (7).

with R, and e, to be chosen later, satisfying
(3.4) R, — 0 and ¢, — 0 as n — oo.

Let us now define the sequence vy, := ug,. It is clear that v, € D(F,) and, in view of (3.4),

/ lu — v,|?dx = / \u—vn|2dx+/ lu — vy, |*dx
RN RN\Bg,, (0) Br, (0)

< 4/ lu|?dx +5,21/ lul?dz — 0 as n — oco.
RN\Bg,, (0) Br,, (0)

n

On the other hand,

Vo (2)| = |Vu(@)on(x) + u(z) V()| = ‘Vu(m)(l )@ <;) +u(z)(l —e,) VO (;) Ri .
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Therefore, using the fact that V@ = 0 in Bg,(0), and since 0 < ® < 1, |[V®| < C in the whole RY,
Vu| < /1 —p2 <1ae. in RV, we get
(1—ey)

[Vup(z)] < (1 - En)XBp, (0)(T) + <(1 —&n) + CHUHLOO(RN) R ) XBayr, (0\Bg, (0)(Z)-

Hence,

Vo (2)[P) < 1XBg, 0)(T) + 1XByp, (0)\Bx, (0) ()

provided that we choose R,, — oo and &, — 0 such that

(1—ep)
<(1—€n)+CHUHLoo(RN) R <1

n

This can be achieved if
(1—ey)
R, ’
which clearly holds for n € N large enough if we impose (in addition to (3.4)) that

en > Cllull oo mm)

(3.5) enRy — 00 as n — oo.

Taking into account the previous estimates, and since by (3.1) we have max{4,q} < p, forn € N
sufficiently large, we get

1 1
Fr(vn) = /R v o) W@V Ven@) Py de < /R « ) H@ o+ X, 0 @) do
1

S/RN (@ )Ql’n(m)/Q(’H( )|Pn + XBan, ()(33)) da

[ (Ve n>%*w>dx-kjf L g

p'fl Ban (0) pn(x)
RN
[ (V)" do+ O 05 n -,
pn Pn
provided that we choose R, such that
N
(3.6) R—f—>0asn—>oo
Pn
This shows that limsup Fy,(v,) < 0 = F(u), and thus (2.2) holds. Now, observe that the choices

n—oo

1 1

Rp:=(p,)2y  and &= (p,) W,
ensure that (3.4), (3.5), and (3.6) are satisfied.
It remains to show that, whenever u,, € D(F,,) is such that u,, — u weakly in L>(R") as k — oo,

then liminf F),, (upn, ) > Foo(u).
k—o0

To proceed further, we cover RY with a countable number of open and bounded domains € (not
necessary disjoint) with |Q| = 1 . Fix such an Q. Let z € Q be a Lebesgue point for /A% + [Vu|? €
LY(Q). Then, for each r > 0 sufficiently small, we have B,(x) C Q.

For each open set w C RY and each ny € N, define

nk,u = {xew \/,u +|vunk(1’)|2>1} and w,, :{xew \/M +Vunk(m)|2§1}.
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We have
/ \/Iu(y)l2 + [V, (y)* dy = / \/Iu(y)l2 + [V, (y) Pdy
By (z) (Br (@)t
+f VIR + Vi, () Pdy
(Br (@)

-1 Ppy—1

/2 Pn p—
< (/ (1)1 + [V, () 2) " dy) CBr(@))d
(BT‘(J")):'L_]wM

1 ot 1
/2 Py _ pi
+ (/ ()P + 1V, (9)P)” o/ dy) [(Br ()l "
(Br(x))nkyu
1 L Pny, —1
n (y)/2 Prk + n
< pﬁ/ (@) + [V, () 2)" 7 dy | [(Bre(@)f, ul "
( “J 8@, P () ( W) b
o ot _1
+(on [ L ()2 + T, RO ) (B )] 7
" B @)y Pric (W) * ol
o Py ~1 1 Py, 1
= = + _ ¥
< (piank(unk))pnk |(BT(33))1J{,€,M| e+ (pj{ank(unk))pnk ’(Br(m))nk,ﬂ e
Since
. .
lim sup (P, Py (1)) "+ < 1 and lim sup (P By () P <1,
we obtain that
1 Pry, 1 1 Py 1
: = = £ _ s
hZHSUP (P, Fny (uny ) " ’(Br(w));zrk,u‘ P (P, Fy (uny ) 7 [(Br (@), ol " | < [Br()];
and hence
(3.7) fimsup | VR Ve, WP ay <18, @)

In view of (3.1), we have that 2 < p,,, for sufficiently large & € N. Thus, using the classical Holder’s

inequality we deduce that

2 Py, —2
/]Vunk(a:)\2 de < (/ |V, (x)[Pre da:) Frk Q| Prw
Q Q
2
_ — Pn
= ( / [Vt ()P da + / |Vt () [P d:r> *
720 QTJer,O
2 2
<

(1 * /Q |vunk (l‘) ’pnk(w) dl‘) " = (1 + p;li_ank (Unk)) a :

It follows that the sequence {Vuy, } is bounded in L2(Q;RY). Since u,, — u weakly in L?(RY),
we deduce that {u,, } is bounded in L?(Q). Overall, {uy,, } is bounded in W12(Q), and thus we may
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extract a subsequence (not relabelled) such that u,, — u weakly in W2(Q). Using a well-known lower

semicontinuity result we find

VIR + VP dy < tmint [ Sl T )P

By (z

which implies, in view of (3.7), that

1
|B(z)] /Br(m) VIn()P + [Vu(y)]? dy < 1.

Since almost every z € Q is a Lebesgue point for /A2 + |Vul|2, passing to the limit » — 0 in the above
inequality yields v/|u(2)[2 + [Vu(z)[2 < 1 for a.e. x € Q, that is, [Vu(z)| < /1 — p(z)? for a.e. z € Q.

Since RY is covered by a countable number of sets of type € it follows that |[Vu(z)| < /1 — p(z)?
for a.e. x € RY. Hence, Fy(u) = 0, and we deduce that likniioréf Fp, (un, ) > Foo(u). This concludes the
proof of Theorem 1. O

Remark 2. The limiting functional in Theorem 1 coincides with the one obtained in the case of
constant exponents, p,(z) = n. Hence, in this case, the presence of the variable exponents does not
induce any particular spatial dependence in the limit. This fact is even more transparent if we focus

our attention on the particular case where y = 0: the functionals Fj, are then given by

/ t )|Vu(a:)|p”(’”) dr ifue L2(RN) N WheO(RN),
RN Pn\T

400 otherwise,
and the limiting functional F, becomes
0 if |Vu(z) <1ae zeRY,
{ 400 otherwise.

This observation is the starting point for the study undertaken in the next section.

4. THE CASE py(z) = np(x).

In this section we consider the particular case p,(z) = np(z), and we work with a sequence of

functionals which will allow us to obtain a more involved dependence on x in the Mosco limit.

Theorem 2. Let p: RY — (1,00) be a bounded function, and let A € L°(RY),0 < a < \(x) < 3 for
a.e. x € RN, For each n € N, consider the functionals H,, Hy : L2(RYN) — [0, +00] defined by

/ Az) V()| de if u e L2RN) N WhO(RN),
Hy(u) = RN 1p(7)
400 otherwise,

and

+00 otherwise.

Hoo(u) = { 0 if M@)|Vu(@)P®) <1ae zeRY,

Then H,, converges in the sense of Mosco to Hy.
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Proof. We divide the proof into two parts.
I. First, we show that
Vu € D(Hy) Fu, € D(Hy) : up — u and Hoo(u) > limsup Hy (uy,).

n—oo

Let u € D(Hy), that is, u € L*(RY) and A\(z)|Vu(z)[P®) <1 a.e. z € RY, in which case Hyo(u) = 0.
We proceed as in the proof of Theorem 1. Let {e,}, {R,} be the two sequences defined by

R, = (np_)ﬁ and En = (np_)_ﬁ,

so that (3.4), (3.5), and (3.6) hold. Further, let ®,p, be as in the proof of Theorem 1, and define
u, € L2(RN) N WhO (RN) by wu,, := up,. Then, u, — u in L*(R"), and we have

@) 7 [V ()] = M@) 70 Va(@)pn(z) + M@) 7 u(@) V()|

(4.1) — A(@) T Va(@)(1 — en)® (gﬂ) + @) T u(@)(1 — e0) VD (};) };n .

Since V& =0 in Bg, (0), 0 < ® <1, |[V®| < C, and )\(m)ﬁ|Vu(:L‘)| <1ae. z€RY wededuce that

there exists a constant Cy > 0 such that

(1 —ep)
R

n

_1
AN@)?@ [Vup(z)| < (1 —en)XBg, 0)(2) + <(1 —¢en) + C1)u|o > XBar, (0)\Brg, (0) (T)-

Since €, — 0 and ¢, R,, — 00 as n — oo we have, for n € N sufficiently large,

(1 —ep)
R

n

(1 —-ep)+ Cilulo <1

Hence,
A2)| Vg ()P < XByg, (0)(2) a.e. T € RV,

Thus, there exists a constant Co > 0 such that, for n € N sufficiently large,

n N
Hp(un) = / MO G ()P i < / L e N
RN 1p() Bar,, (0) np(z) np np-

We deduce that limsup H,,(uy,) = 0 = Hoo(u).

n—oo

II. Let u € L*(RY). We will show that Ho(u) < liminf H, (u,) whenever {u,} C L?(RY) is such
that u, — u weakly in L?(RM).

We may assume, without loss of generality, that u, € L>(RY) N W1m()(RN), and that we have

(4.2) liminf H, (u,) = lim H,(u,) < +00.
n—oo n—oo

Let {; : j =1,2,---} be a collection of open sets with sufficiently smooth boundaries such that
n

Q;|=1VjeN, and |J Q; =R". Fix j € N, and let ¢ > 2 be arbitrary. For n € N sufficiently large,
j=1
we have

(4.3) /Q [Vt (@) < 2]V (/0
J



MODELS FOR GROWTH OF HETEROGENEOUS SANDPILES VIA MOSCO CONVERGENCE 11

and note that if ||V, |? > 1, we obtain

lnp() /g

+ n +
q np “Ja . np(x) g, <« P / Az) np(z) g < Py
IVl fy < / V()" Vde < o [y Ve @ de < o H )

Thus,

+\ 4/mP”
[[Vtn| pp(y/q < max {1, <npn ) Hn(un)q/”p_} _
o

In view of (4.2) and (4.3) we deduce that {Vu,} is bounded in L7(2;; RY). Since u, — u weakly in
L*(RY) and ¢ > 2 we have that the sequence {u,} is bounded in L9({;). Hence, {u,} is bounded in
W14(Q;), and we may extract a subsequence (not relabelled), such that u, — u weakly in Wh4(Q;).
In particular, for each j € N fixed, we have Vu € Lq(Qj,]RN) for all ¢ > 2. Thus, since A € L>®(RY),
we obtain that A(-)|Vu(-)|P) € L}(;). Let = € Q; be a Lebesgue point for this map, and let r > 0 be
small enough so that B,(z) C ;. We have (by arguments similar to those following (5.7) in the proof

of Theorem 3 in the next section)

(4.4) / Ay)|Vu(y )|P )dy <hm1nf/ A(y)IVun(y)|p(y)dy.
r(z) By ()

On the other hand,using Holder’s inequality,

/B WVl PO dy < IAC) V()P o5, @ | Br ()| D7

np A" |G @ @) B, () =D/
< (ot [ Sy ) 1B, @)

< (anan(un))l/” |Br(x)|(n71)/n

Passing to the limit as n — oo we deduce that

lim sup /B ATy < B

n—oo

Taking into account (4.4), we obtain
Bo@)] / )| Vu(y)|PWdy < 1.

Since z € Q; was a Lebesgue point for A(-)|Vu(-)[P0), we have that \(z)|Vu(z)[P®) < 1. Thus, this
inequality holds for a.e. x € Q; (j = 1,2,---). Since {Q;},en is a countable covering of RY, we deduce
that \(z)|Vu(z)[P® <1 for a.e. z € RN. We conclude that Hy,(u) = 0, and thus

H(u) < liminf Hy (uy,).

n—oo

This concludes the proof. O
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5. AN EXAMPLE OF A NONDEGENERATE MOSCO LIMIT

The aim of our next result is to show that a suitable scaling of our previous energy (with A = 1)

gives rise to a nondegenerate Mosco-limit.

Theorem 3. Let p : RN — (1,00) be a bounded function. For n € N, consider the functionals
Gy Goo 1 L2(RY) — [0, +00] defined by

1 1/n
( / qu(x)wp@ dz) ifu € L2(RN) N wineC) (RN,
RN

400 otherwise,

Gn (“) =
and

+o0 otherwise.

Then Gy converges in the sense of Mosco to G, i.€. the following hold:

(5.1) Vu e D(Gx) Fuy, € D(Gy) @ up —u and Goo(u) > limsup Gy, (uy);

n—oo

(5.2)  for every subsequence {ny}, Goo(u) < lign inf G, (ur) whenever u, — u weakly in L*(RY).
—00

Proof. 1. We show first that (5.1) holds. Let u € D(Goo). Then, Goo(u) = || [VulP) || oo (pry and
u € L2(RN), |Vu| € L®°(RY). A similar proof to the one given in Theorem 1 shows that we can obtain
estimates for |u(x)| in terms of ||ul[p2gny and || [Vul || @ny). Next, let @, en, Ry, ¢n, vn be defined
as in the proof of Theorem 1. We have v, € L>(RY) n Wbh()(RN) = D(G,,), and the same proof as
in Theorem 1 shows that v, — u in L2(RY).

It remains to show that Goo(u) > limsup G, (v,). To this aim, we establish first the following: for

any ¢ > 0 there exists §(¢) > 0 such that
(5.3) (14 ¢)P@) — (@) < 2@ L (14 5())P", VaeRY, Vie>o0.

Let € > 0 be fixed. Since

lim
t—o0

1\
1+2) —1] =
(H) ]o,

it follows that there exists d(g) > 0 such that
+

1 p
<1+t> —1l<e, VYVit>o(e).
Hence
1 p(x)
(1+t> —l<e, Vt>6d(), VaeRY,

or, equivalently,
(14 6)P@ — @) < 2@ i > 6(e), Vo e RV,
On the other hand, for any z € RY and any ¢ € [0, J(¢)] we have

(14 ¢)P@) — () < (1 4 t)P+ <(1+ 5(5))10*'
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The last two inequalities show that (5.3) holds. Furthermore, (5.3) implies that for any € > 0 there
exists d(g) > 0 such that
(5.4) (a+ )P < (e +1)a"® + (1 +6())? @), vz eRN, Va, b>0.

Now, the same computations as in the proof of Theorem 1 yield that for each € RY we have

Vo, (2)] = [Vu(@)pn(x) + u(@) Ve, ()] = |Vu(z)(1 —e,)® <}§) Fu(@)(1 — ,) VD <$> 1

)

n R’I’L R’I’L

and it follows that

1—eén
Ven(@)] < Va1 = ), 0+l ) i, 018, 01

Thus,

x 1—En
V()P < (1901 = 20, 0+ Cll ey

Let € > 0 be arbitrary but fixed, and let §(¢) > 0 be such that (5.4) holds. Using the previous estimates
and (5.4) we find that for each z € RY we have

Voo (2)P@ < (14 )| V(@) P (1 - £,)PDxp,. o) +

p(x) N
XBQan)\BRn(m) , VaeRY.

. 1— En p(z)
1+ 80P Cllleqao™™ (F52) " X, 010,00

(L4 [Vl || oo vy (1 = €)X 8o, (0) +

+ 1_571 P
c? ( R, > XBap,, (0)\Br, (0)

= (14 VeV || oo @) (1 = €n)XBp, (0) +

IN

. 1— En P
(L4 &) [VulPO || oo (1 = en) + CE < R, > ] XBar,, (0)\Br, (0)>

where C; := (1 + d(¢)) max{1, C||ul| Lo (mn)}. Next, we show that for n € N sufficiently large we have

1—¢,
R,

-
. + .
(L4 )| [VulPO [l gy (1 — 0) + CP ( ) < (L4 ) [Vl [y,

or, equivalently,

1—e,\"
or (F55) < Wt elenll 19uPO gum,

This inequality holds since
lim (1+¢)e, RY = lim (1+ 5)(np_)_ﬁ(np_)% = C lim nbv—av = 00,
n—oo

n—oo n—oo
where here, and in what follows, C' > 0 is a real constant which may vary from line to line and expression
to expression. Hence, for z € RY and n € N sufficiently large, we have
V(@) [P@ < (14 &) [Vul?) || poo @)X By, (0):
which gives
V(@) < (14 )" || [Vul™) [} oo @n)X B, (0) -
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It follows that

1 () 1/n
_ np(x
() </sz np(x IV (a) dx)

1/n
< ([, gl 190 e sy, 0 )
< (1 QN B 1/n
< (2)" ar e 9 o B, )

1/n
= (1) @) VPO [y (CRY)
np—
B

1/n
- <np_> (L4 )| [VuPO || oo vy OV 22,

Since the right hand side converges to (1 + ¢)]| |Vu[P®) | oo (mvy as m — oo, we deduce that for each
€ > 0 we have
lim sup G () < (14 )| [Vl e )

n—oo

Letting € — 0, we obtain
Goo(u) > limsup G, (vy,).

n—oo

IT. We now show that (5.2) holds. Let {n;} be a given subsequence of {k}(clearly, ny > k) and
let up — u in L2(RY). Without loss of generality, we may assume that uy € W1™PC0)(RN) 0 L2(RY)
(which, in particular, implies that |Vu|P() € L™ (RY)), and that

(5.5) hkrglnf Gn, (ug) = hm Gnk(uk) =: L <o0.

We can cover the space RYY with a countable number of open sets Q; with |Q;] = 1 for each j € N, i.e.

:UQja ’QJ‘:LVJGN
j=1

4P+

qp+

Fix j € N, and let ¢ > 1 be arbitrary. For k € N sufficiently large, we have
+ p(z)gp™ nEpT 1—
Vup (@) d < |9 +/ V(@)™ de < 10 + / V(@)™ @z | oy e
Q; Q;
+ +

k
ap

ap" ap”
(5.6) <1+ (mp™) "2 Gy (ug)

J

where we have used Holder’s inequality. Thus, {Vuy} is bounded in L% (92;; RY). Since uy, — u weakly
in L2(RY) and up, — u in L'(2;), we deduce by Poincaré-Wirtinger’s inequality that {u;} is bounded
in Lqp+(Q]). Thus, {ug} is bounded in Wl’q”+(Qj). It follows that we can extract a subsequence (not
relabelled) such that u, — u weakly in W1 (€25). Since p(z) < p* for any z € Qj, W Lar™ () is
continuously embedded in WH%()(Q;), and we deduce that uy — u weakly in W()(Q,). Then [35,
Lemma 3.4] yields

(5.7) / V()| ) dz < lim inf / |V ()| 70 dz
Q]' — 00 Q]-
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An alternative argument for (5.7) is as follows: Let f : Q; x RY — [0,400) be defined by f(z,v) :=
lv|%7(*), Note that f is continuous, and that it satisfies the growth condition 0 < f(z,v) < C(1+ |v|%")
for all (z,v) € Q; x RN, Also, f(z,-) is convex for all z € ;. Since uj, — u weakly in whar™ (Q i), (5.7)

now follows from well-known weak lower semicontinuity results for functionals of the form
u |—>/ f(z, Vu(x)) dz
Q;

(see, e.g., [20]). Applying again Holder’s inequality, we find

() k() EI— Y -
/QIVUkIQP dr < /Q!Vuk\ W dr ||y e < (ngpT) e Gy () Q5]
J J

Thus, taking into account (5.5),

q
(5.8) lim sup ( / \vukwp(x)dx) < |90 lim inf G, ().

k—o0 Q; —00
Finally, using the fact that

(lim inf /
k—oo Jq.

1
Vuﬂqp(x)dx) < limsup (/ |Vuk|qp(w)d:n> ,
k—o0 Q;

and in view of (5.7) and (5.8), we obtain that

J

1190 gagy < 1917 lim inf G, (ue).
Letting ¢ — oo, we obtain
1VuPO| Lo,y < L
The above inequality holds for each j € N, and since RN is a countable union of sets (2; we deduce that
[Vu(z)[P®) < L ae. e RV,

Thus,
VP ey < L = lin inf G (1)

This concludes the proof of Theorem 3. 0

6. A MODEL FOR SANDPILES

To identify the limit of the solutions u, of problem (1.5) (see the Introduction), we will use the
methods of Convex Analysis, and so we must first recall some terminology (see [25], [15] and [5]).

If H is a real Hilbert space with inner product (-,-) and ¥ : H — (—o00,400| is convex, then the
subdifferential of ¥ is defined as the multivalued operator 0¥ given by

veIV(u) = VY(w)—¥Y(u) > (v,w—u) YweH.
Recall that the epigraph of ¥ is defined by
Epi(V) = {(u,\) € H xR : X > U(u)}.
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Given K a closed convex subset of H, we define the indicator function of K by
0 if uwekK,
{ 400 if u¢ K.
Then the subdifferential is characterized by
veEIg(u) <= uweK and (v,w—u)<0 YVweK.

When the convex functional ¥ : H — (—o0, +0o0] is proper, lower-semicontinuous, and such that

min U = 0, it is well known (see [15]) that the abstract Cauchy problem
{ w+0U(u) 3 f,  aecte(0,T),

u(0) = uo,

has a unique solution for any f € L?(0,T; H) and ug € D(0V).
The Mosco convergence is a very useful tool to study convergence of solutions of parabolic problems.

The following theorem is a consequence of results in [16] and [5].

Theorem 4. Let ¥,V : H — (—o0,+00] be convex and lower semicontinuous functionals. Then the

following statements are equivalent:

(i) W, converges to ¥ in the sense of Mosco.

(i) (I +200,) 'y - (I +X0¥)tu VA>0, ue H.
Moreover, either one of the above conditions, (i) or (ii), imply that

(ili) for everyug € D(OV) and ugp, € D(0¥,,) such that ug, — uo, and for every fp, f € LY(0,T; H)

with frn, — f, if un(t), u(t) are solutions of the abstract Cauchy problems

(un)t + OV (upn) 3 fn a.e. t€(0,7)

{ un(0) = ug p,
and
ug + 0V (u) > f a.e. te(0,7)

{ u(0) = up,

respectively, then
Uy — U in C([0,T] : H).

Now we observe that if we take H = L?(R") and

/ ) Vu(z)["P® dz if u € L2(RN) 0 WhmeO(RN)

400 otherwise,
then the associated PDE reads:
{ (un) + div (A@)" |V, [P 2V, ) = f - ae. te(0,T)

un (0) = ug.
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In this case, in view of our Theorem 2, together with Theorem 4, we deduce that
Uy — U in C([0,T] : L*(RY)),
where w is the solution to
u + OWoo(u) 3 f a.e. t€(0,7)
{ u(0) = o,
and U, : L2(RY) — [0, +o0] is given by

{ 0 if Mz)|Vu(z)P@® <1 ae zecRN
Woo(u) = .
400 otherwise.
As already mentioned in the Introduction, this limit can be seen as a model for the growth of a sandpile
in which the critical slope of the sand depends explicitly on the spatial location. This dependence can
be explained by differences in the sand composition or humidity.

We present below, in the one-dimensional case N = 1, some explicit examples of solutions to the
limiting evolution problem in the particular case where f = &g and ug = 0, subject to pointwise
constraints on the derivatives.

First, let us consider the case in which the restriction on the derivative reads as

luz|(x) <1 for x <0, and luzg|(x) <1/2 for x >0,
that is,
1 ifz<0
|uz ()] < A(z) := _
1/2 it x > 0.
Now, let
x+ 2(t) if 0>x>—2(t)
(6.1) u(z,t) = ¢ z(t) — 3 if 2z(t) >x >0
0 otherwise,
with z(t) = /% the solution to
1
! = 0 - 0
0= O

The function u(z,t) defined by (6.1) is the unique solution to the problem

6.2) up + OWoo(u) 3 do a.e. t€(0,T)
u(0) =0,
where W, : L2(R) — [0, +00] is given by
o () = 0 if |u/(x)] < A(z)ae xzeR
400 otherwise.

Let us prove this fact. We need to show that for every v € L?(R) we have

Voo (v) > Woo(ul-,1)) +/(50 —u(+, ) (v — (-, t))de.

R
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As |ug(z,t)| < A(x), © € R, we have ¥ (u(+,t)) = 0, and thus we can restrict our attention to functions
v € L*(R) such that W, (v) = 0, that is, [v/(z)| < A(z) (otherwise W, (v) = 400, and there is nothing

to prove). Hence, we are left with

/Rut(x,t)(v(w) —u(z,t))dx > v(0) — u(0,1).
Now, since
u(z,t) = { (1) it - Z(t) <z < 22(t)
0 otherwise,

we need to verify:

2z(t) 0
/ (v(z) —u(z,t)) de + / (v(z) —u(z,t)) dz > 32(t)(v(0) — u(0,1)).
0 —z(t)

We will show that

2z(t)
(6.3) /0 (v(z) —u(x,t)) dx > 22(t)(v(0) — u(0,t)),
and
0
(6.4) /_ (t)(v(;r) —u(z,t))de > z(t)(v(0) — u(0,t))

hold. The fact that (6.3) or, equivalently,

2z(t) 22(t)
/ (0(0) — v()) dz < / (w(0,1) — u(w, 1)) da,
0 0

holds follows by taking into account the fact that v satisfies [o/(z)| < A(z) = 3 for z € (0,2z(t)), and

observing that this gives
1
u(0,t) —u(z,t) = 2% > v(0) —v(z) for x € (0,22(t)).

Similarly, one can also show (6.4). We conclude that u(z,t) given by (6.1) solves (6.2).

The above discussion can be adapted to treat the general case where A is only required to satisfy
(6.5) 0<c <A(x) <ecg < 4o00.
In this case, for every z > 0 there exists s_(z) < 0 and s4(z) > 0 such that

0 s4(2)
/ A(s)ds +z =0, and—/ A(s)ds+z=0.
s—(z) 0

The solution u = u(z,t) to (6.2) (we keep the data f = dy and ug = 0) is now given by

/ A(s)ds + z(t) if s_(2(t)) <x <0
(6.6) / A(s)ds + z(t) if 0 < <sy(z(t))
otherwise,

with z = z(t) being the solution to the problem
1
Z/(t) = , Z(O) — 0
s4(2(t)) —s-(2(t))
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To prove this, we need to show, as before, that

Uoo(v) > Too(ul-, 1)) + /R((so —wy (1)) (v — u(-,t))dz ¥ v € LA(R).

Since |uy(z,t)| < A(x), we have ¥oo(u(-,t)) = 0, and thus, without loss of generality, we only consider
functions v € L?(R) such that ¥, (v) = 0, that is, [v/(z)| < A(z) (otherwise W (v) = +00, and there

is nothing to prove). Hence, we need to show that

/Rw(x,t)(v(a:) —u(z,t)) dz > v(0) — u(0,1).
Since
uy(z,t) = { # () S*(z(t)‘) <z <s4(2(1),
0 otherwise,

this reduces to showing that

5+ (=) 0
/ (v(z) = u(z,t)) dz + / (v(2) —u(x,t)) de > (s+(2(t)) — s-(2(1)))(v(0) — u(0,1)).
0 s—(2(t))

To this aim, it is enough to prove that

s4(2(1))
(6.7) /0 (v(@) — ulz,t)) do > 54 (2(t))(v(0) — u(0,1)),
and

0
(6.8) / ( (t))(v(x) —u(z,t))de > —s_(2(t))(v(0) — u(0,t))

hold. Using the fact that v satisfies [v'(z)| < A(x) for = € (0, s4(2(t)), we have
u(0,t) —u(x,t) = / A(s)ds > v(0) — v(x) for all x € (0, s4(2(1)),
0
which implies that

s+(2(t)) s+(2())
/ (v(0) —v(z))dr < / (u(0,t) — u(x,t))dx.
0 0

This shows that (6.7) holds. The remaining inequality, (6.8), follows similarly. We conclude that
u = u(z,t) given by (6.6) is the solution to (6.2) for functions A satisfying (6.5).

Finally, let us consider a nontrivial initial condition uy = ug(x) satisfying the restriction |(ug)’(z)| <
A(z). We assume again that (6.5) holds, and we keep the data f = d.

In this case, for every z > ug(0) there exists s_(z) < 0 and s4(z) > 0 such that

0 s4+(2)
/ A(s)ds +z =up(s—(z)), and — / A(s)ds + z = up(s+(2)).
s—(z) 0

The solution u = u(z,t) to (6.2) (with u(0) = ug) is given by (6.6), that is,

/z Als) ds + =(t) if s (2(t)) <@ <0,

0 X

(6.9) u(z,t) =4 _ / A(s) ds + =(#) 0 <2< sy (2(1)),
0

0 otherwise,
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but now z = z(t) is the solution to the ODE
"(t) = ! 2(0) =u
) R M

To prove this, we need to show, arguing as before, that

/Rut(x,t)(v(a:) —u(z,t))dx > v(0) — u(0,1).

Since
(1) s—(2(t) < @ < s1(2(t))

ug(x,t) = )
0 otherwise,

this reduces to showing that

s+(2(1)) 0
/ (v(z) — u(z,t)) de + / (v(2) —u(z,t)) de > (s+(2(t) — s-(2(1)))(v(0) — u(0,1)).
0 s—(2(1))

The proof of this fact runs exactly as before, we show that (6.7) and (6.8) hold, following the same
steps performed in the case ug = 0. We conclude that v = u(z,t) given by (6.9) is the solution to (6.2).
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