EIGENVALUES FOR A NONLOCAL PSEUDO p—LAPLACIAN
LEANDRO M. DEL PEZZO AND JULIO D. ROSSI

ABSTRACT. In this paper we study the eigenvalue problems for a nonlocal
operator of order s that is analogous to the local pseudo p—Laplacian. We
show that there is a sequence of eigenvalues \,, — oo and that the first one is
positive, simple, isolated and has a positive and bounded associated eigenfunc-
tion. For the first eigenvalue we also analyze the limits as p — oo (obtaining
a limit nonlocal eigenvalue problem analogous to the pseudo infinity Lapla-
cian) and as s — 1~ (obtaining the first eigenvalue for a local operator of
p—Laplacian type). To perform this study we have to introduce anisotropic
fractional Sobolev spaces and prove some of their properties.

1. INTRODUCTION

Our main goal is to introduce a nonlocal operator that is a nonlocal analogous to
the local pseudo p—Laplacian, A, yu + A, ,u (here the subindexes z and y denote
differentiation with respect to the x € R™ and y € R™ variables respectively). The
local pseudo p—Laplacian appears naturally when one considers critical points of
the functional F(u) = [, |[Voul? + [V ul? dedy. See [5, 14, 25, 33, 34]. On the
other hand, recently, it was introduced a nonlocal p—Laplacian that is given by

[v(z) = v(y) P (v(z) —v(y)) i
|z — y|~t+ps

(—A)u(z) = 2 PV.

P I

Rk

the symbol P.V. stands for the principal value of the integral. We will omit it in
what follows. For references involving this kind of operator we refer to [9, 16, 18,
23, 24, 26, 29, 30, 32, 31] and references therein.

Here, we introduce the following nonlocal operator that we will call the nonlocal
pseudo p—Laplacian,

Lo p(u)(z,y) = 2/ lu(z,y) — u(z, y)|P~2(u(z,y) — u(%il/))dz

|z — z|ntsp

n

I R LA R U RGP

y—
The natural space to consider when one deals with the operator L, is given by

WEP(R™T™) = {u € LP(R™™): [u]];vsyp(Rner) < oo} ,
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where for p < +o0,

(2 )P
[u ]W&P(R7L+rr1, = /]Rner /n o= Z|n+sp dzdzdy

P
/ / u(@, w)| dwdzdy
Rrtm Jrm |y w|m+SP
and for p = +o0,

s = { BED L 4 )

o — 2]
Sup{|u(x,|1:{}):s|§;ﬂ,w)| (@) £ (wi)}}.

In this paper, we deal with the eigenvalue problem for this operator, ‘that is, given
a bounded domain 2 we look for pairs (A, u) such that A € R and v € W*?(Q)\ {0}
are such that u is a weak solution of

L:S,Pu(x? y) = )\|’U,(IE7 y)\p*2u(x7 y) in Qa
u(z,y) =0 in Q¢ =R\ Q.
Here W*P(Q) = {u € WSP(R"™): 4 = 0 in Q°}. We will study the Dirichlet
problem for this operator in a companion paper.
We impose the following assumptions on the data:
Al. Qis a bounded Lipschitz domain in R*+™;
A2. s€(0,1), and p € (1, +00).
Under these conditions we have the following result.
Theorem 1.1. There exists a sequence of eigenvalues A\, such that A, — +00 as

n — +oo. Moreover, every eigenfunction is in L (R™™™). The first eigenvalue
(the smallest eigenvalue) is given by

”u Lr(Q)

This eigenvalue A1 (s, p) is simple, isolated and an associated eigenfunction is strictly
positive (or negative) in ).

[ es—
A1(s,p) ::inf{W(RH weWHP(Q),uz0y.

Next, we analyze the limit as s — 17 of the first eigenvalue obtaining that there is
a limit that is the first eigenvalue of a local operator that involve two p—Laplacians
(one in the x variables and another one in y variables).

Theorem 1.2. Let Q is bounded domain in R*T™ with smooth boundary, and fix
p € (1,00). Then

lim (1 - S))‘l(svp) = )\1(1,]?)
s—1—

(1.1) . { ,pHv uHLP(Q + Kmp
nf

|vyu‘|ip(9)

fu € Wol’p(Q),u;éO},

||u||L1J(Q)

where the constant K, , > 0 depends only on n and p, while K, , > 0 depends only
on m and p.
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Observe that the limit value, Ai(1,p), is the first eigenvalue of the following
eigenvalue problem

—KnpAp st — Ky pAp yu = MulP~2u in Q,
u=0 on Of.

Concerning the limit as p — oo (for a fixed s) for the first eigenvalue we have
the following result.

Theorem 1.3. It holds that
lim [A;(s,p)]"” = Aoo(s)

p—00
where
Aso(s) = inf {[u]ps.co mnsm): u € WO (R, [|ul e (o) = 1,u =0 in Q°} .
In addition, the eigenfunctions u, normalized by |luy|rr) = 1 converge along

subsequences p, — oo uniformly to a continuous limit us, that is a nontrivial
viscosity solution to

max{4;C} = max{—B; —D; A (s)u} in £,

u=0 in Q°,
with
A up ) — (). ol w) —u(z,y)
w ly —wl® w ly —wl|®
wzy) —ul@y) D = inf “229) —u(@,9)

|z —z]* z |z — 2]

C =sup
4

We can give a simple geometric characterization of the limit value A (s), this
value is related to the maximum distance (measured in a way that involves the
exponent s, see below) from one point (z,y) € Q to the boundary. In fact,

1
Aoo(s) = .
~(8) = S min (w2 Ty =)
(z,y)€Q (2,w)EN

That the limit equation is verified in the viscosity sense and involve quotients
u(z,w)—u(z,y)
ly—wl®

right framework to deal with limits of p—Laplacians as p — oo, see [4, 6, 27],
and quotients like the one mentioned above appeared in other related limits, see
[12, 23, 29]. What is remarkable in the limit equation is that it involves the limit
value Ay (s) and that the quotients that appear have perfectly identified the two
groups of variables that are present in the fractional pseudo p—Laplacian that we
introduced here.

of the form is not surprising. In fact, viscosity solutions provide the

Our results say that we can take the limits as s — 17 and as p — oo in the first
eigenvalue. With the above notations we have the following commutative diagram

((1_5))‘1(8729))1/29 E— (Al(lap))l/p

s—1—

p—)OOJ/ lp—mo
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Here
1

max min (|lz—z|+ |y —w|)’
(x,y)EQ(z,w)G@Q(‘ l |y |>

The limit
lim (A1(1,p)7? = Ase

p—00
can be obtained as in [27] using the variational characterization of A\; (1, p) given in
(1.1). We omit the details.

To end this introduction, let us comment on previous results. The limit as p — oo
of the first eigenvalue )\5 of the usual local p-Laplacian with Dirichlet boundary
condition was studied in [27, 28], (see also [5] for an anisotropic version). In those
papers the authors prove that

1

Vol 1
)\Eo = lim ()\D)l/p = inf {l Ullze ) 1V € Wol’OO(Q),v B2 O} =%

prtoo P [0l (0
where R is the largest possible radius of a ball contained in . In addition, it
was shown the existence of extremals, i.e. functions where the above infimum is
attained. These extremals can be constructed taking the limit as p — oo in the
eigenfunctions of the p—Laplacian eigenvalue problems (see [27]) and are viscosity
solutions of the following eigenvalue problem (called the infinity eigenvalue problem
in the literature)

min {|Du| — ADu, Agu} =0 inQ,
u=0 on ON.

The limit operator A,, that appears here is the oo-Laplacian given by A u =
—(D?uDu, Du). Remark that solutions to A,v, = 0 with a Dirichlet data v, = f
on 0f) converge as p — oo to the viscosity solution to Asv = 0 with v = f on
09, see [4, 6, 13]. This operator appears naturally when one considers absolutely
minimizing Lipschitz extensions in € of a boundary data f, see [2, 4]. Limits of
p—Laplacians are also relevant in mass transfer problems, see [7, 19)].

On the other hand, the pseudo infinity Laplacian is the second order nonlinear
operator given by A u = Yicr(vu) Yziw: | Ua, |2, where the sum is taken over the in-
dexes in I(Vu) = {i : |ug,| = max; |ug,|}. This operator, as happens for the usual
infinity Laplacian, also appears naturally as a limit of p—Laplace type problems.
In fact, any possible limit of u,, solutions to A,u = Zi]\il(|u%|p*2u%)xi =0,isa
viscosity solution to Asu = 0. A proof of this fact is contained in [5], where are
also studied the eigenvalue problem for this operator.

Concerning regularity, we mention [35] where it it proved that infinity harmonic
functions, that is, viscosity solutions to —Asu = 0, are C! in two dimensions
and [20, 21] where it is proved differentiability in any dimension. For the pseudo
infinity Laplacian, we refer here to solutions to Asou = 0, the optimal regularity is
Lipschitz continuity, see [34].

For references concerning nonlocal fractional problems we refer to [18, 26, 29, 30,
32, 31, 17] and references therein. For limits as p — +oo in nonlocal p—Laplacian
problems and its relation with optimal mass transport we refer to [26] (eigenvalue
problems were not considered there).
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Finally, concerning limits as p — oo in fractional eigenvalue problems, we men-
tion [9, 23, 28]. In [28] the limit of the first eigenvalue for the fractional p—Laplacian
is studied while in [23] higher eigenvalues are considered. We borrow ideas and tech-
niques from these papers. In particular, when we prove the fact that there is a limit
problem that is verified in the viscosity sense. For example, the fact that contin-
uous weak solutions to our pseudo fractional p—Laplacian are viscosity solutions
runs exactly as in [28] and hence we omit the details here.

The paper is organized as follows: In Section 2 we collect some preliminary
results; in Section 3 we deal with our eigenvalue problem and prove Theorem 1.1;
in Section 4 we analyze the limit as s — 17, Theorem 1.2; finally, in Section 5 we
study the limit as p — oo proving Theorem 1.3.

2. PRELIMINARIES

Throughout this section s € (0,1), p € (1,+00], Q is an open set of R"T™. We
henceforth use the notation:

o (2,y) = (T1,- -, Tn, Tt 1y - - -y Tpm) € R with o = (21,...,2,) € R?
and y = (anrlv'-'vl'nan) eER™;
o 02 =0 x Q;

o O, ={yeR™: (z,y) € Q}, and Q, = {x e R": (z,y) € Q};

e BN (z,r) denotes the ball of N—ball of radius 7 and center x, and wy
denotes the (IV — 1)—dimensional Hausdorff measure of the N—sphere of
radius 1;

o (a)P! =lal"2a

Given a measurable function u: Q — R, we set for p < 400,

lellze () ::/Q\U(x,y)lp dxdy,

_ P
ultsp :/ u(z, y) = ulz w) dxdydzdw,
whvera = o, Ty — zw)me

u(z,y)|?
Ws P (@) / / o= Z|n+sp dzdxdy

u(z,y) — u(z, w)|”
/ / - w|m+sp dwdzdy

and for p = +o0,

(e = sup { D OB ) 2 ) € 0f = fulonego,

[ulyve:o= o = max {sup { o) = W 4y £ () € Q} ;

o — 2]
sup { A28 , ) 2 u) c 0f}.

We denote by WP (Q) (here p can be +00) the usual fractional Sobolev space,
that is WP(Q) == {u € LP(Q): |u|pr) < +00}.
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We introduce the space WP () (again here p can be +00) as follows:

WP(Q) = {u € LP(Q): [u]ﬁvs,p(ﬂ) < oo} :

This space is a Banach space. We state this as a proposition but we omit its proof
that is standard.

Proposition 2.1. The space W*P(Q) endowed with the norm

l/p
lullwer @y = (el oy + e ey )
is a Banach space. Moreover W*P(Q) is separable for 1 < p < +oo and it is
reflexive for 1 < p < oo.
For u: 2 — R a measurable function, we set
ug(z,y) = max{u(x,y),0} and wu_(z,y) = min{—u(x,y),0}.
Observe that

us(z,y) —ux(z,w)| < |uz,y) — u(z, )|
for all (x,y), (z,w) € Q. Therefore, we have

Lemma 2.2. Let X = W*P(Q) or W?P(Q). If u € X then uy,u_ € X.

For 1 < p < oo, we denote by W*P(Q) the space of all u € W*?(Q) such that
€ WSP(R™™) where @ is the extension by zero of u.

The next result can be found in [1, 15].
Theorem 2.3. Under the assumptions Al and A2 we have that

o If sp < n + m, then W*P(Q) is compactly embedded in LI(Q) for all
1 < g < pi = (mtm)p/(ntm—sp).

o If sp = n + m, then W5P(Q) is compactly embedded in LI(Q2) for all
1<qg< 0.

o If sp > n+m, then WP () is compactly embedded in CO(Q) with A\ <

Lemma 2.4. Let 0y and Qs be open subsets of R™ and R™ respectively. If Q =
Q1 x Qa, and p € [1,+00), then W*P(Q) is continuously embedded in W*P ().
Moreover, there exists a constant C' = C(n,m) such that

|ufyen 0y < Clulwer(a)
for all w € W*P(Q).

Proof. Let uw € W*P(Q). We have

|u(z, y) — u(z,w)|?
|U|Ws p(Q) = /92 I w)[rrm e dxdydzdw
y) —
(2,

J;’ y) - (Z7

p—1 |U(l‘,
2.1) =2 / (y) -

_ p
+2p71/ |U(Z7y) ( 2, )| d$d dzdw
o2 [(@,y) — (2 w)prmtsr

=Pl 4 or 1],

§|n+r)n+sp dxdydzdw
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Now, we observe that

I — / |u(x y) —u(zy)l” ddydzdw
Q2 JJ y (Z w)|n+m+§p

p
/ / / |u 33 y —ulzy)l dwdzdzdy
0, Jrm | (T (2, w)[rrmtsp

— P _ n+spd
// u(z,y) :f 5l / |z — 2| Y ddedy
Q0 |x—z| P B (|l — 22+ ly—w]?) 2

+o0 m—1
Qo x—z|" P 0 (142"

Since

too m—1 1 Yoo
1 1 1
/ r—wmwdr < / Tmfld?”r/ o dr = — +
0 (141r2) 0 L yrtsp m " n+tsp

we have that

(2.2) I < 2wm// (2 y)I dzdzdy.
Q3

|a: — z|”+§p

One can also, in an analogous way, obtain

u(z,w)|P
(2.3) I, < 2wn/ /Q1 |y w|m+sp dwdzdy.
By (2.1), (2.2) and (2.3), we get
|U|Ws,p(Q) < C('I’L7m)[u}ws,p(g).
This completes the proof. O

Remark 2.5. If p = oo, it is straightforward to show that W (Q2) C W (Q).
Moreover, if = ; x Qg then W (Q) = W*>(Q).

Lemma 2.6. Let Q be an open subset of R"T™ and p € (1,00). If0 <t <s <1
then W5P(Q2) C WHP(Q), and the embedding is continuous. Moreover

(wn + W)

24) [y < oy + lullfngy — Yu€ W),

Proof. Let v € W*P()). Observe that,

—u(z,y)] (z, 9P
// x—z|"+tp dzdxdy<// x—z\"‘*‘tf’ dzdxdy

lu(z,y) — ulz,y)P
+ ] ety
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where A, = {z € Q,: |z — x| < 1}. Since t < s, we have that

u(z, y) — u(z,y)|”
<
Jo s <
lu(z,y) — u(z,y)P p—1 u(z, y) [P + |u(z,y)[?
/ / |x _ Z|n+sp dzdzdy + 2 / /L |z — 2|t dzdzdy
(2 y)IP u(z,y)|
9P
/ / |{E _ z|n+sp ddedy + / /C |(E _ Z|n+tdedxdy

(z,9)IP
/ / |x — Z|n+sp dzdzxdy

Similarly,

u(z, w)|P

lu(z,y) — u(z,y)P 2”wm/
dzdzdy + —— u(z,y)[Pdxdy,
/Q/ |$_Z|n+5p tp sz| (,9)]

where A, = {w € Q,: |y — w| < 1}. Therefore (2.4) holds. O

Finally, we prove a Poincaré type inequality.

Lemma 2.7. Let Q be an open bounded subset of R"™™ s € (0,1) and p € (1,00).
Then there is a positive constant C such that

|ullLr o) < Clulysr@nrm) Yu € Wer(Q).
Proof. Let u € W**(Q) and d = 2diam(€). It holds that

dz wpd P
upwnmz/ux,y” > — :
[ulyy.. (Rrtm) Q| (@, 9)] Rrtm\ B (ady [T — 2[FP sp Lr(Q)

3. THE FIRST EIGENVALUE

Under assumptions Al and A2, a natural definition of an eigenvalue is a real
value A for which there exists u € W#P(Q) \ {0} such that u is a weak solution of

(3.1) Copu(r,y) = Mu(z,y)?" i Q,
' u(z,y) =0 in Q¢,
that is
HWWWZA/W@wW*M%wM@ Vo € WHP(Q).
Q

The function w is called a corresponding eigenfunction. Here

(u,v) / / u(z,y) — ulz, )" (v(z,y) — U(Z’y))dzdxdy
5P gntm Jan

|x — z|ntsp

/ / ( (x y) (xv w))pil(v(zv y) — ”U(.T, w)) dwdzdy
Rrtm JRm

y— ]
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Observe that
_ P S,p n+m
Hs p(u,u) = [u}ws,p(me) Vu € WHP(R )s
and, by Holder’s inequality,

Hep(u,v) < Q[U]%Slyp(w“n)[v}ws,p(Rn+m) Yu, v € WHP(R™™).

Observe that, when A is an eigenvalue, then there is u € Ws’p(Q) \ {0} such that

Ho (i, 0) = A / lu(z, y)[Pdedy.
Q
Then, we have that

p
U\ Ny s,p (Rr+m
s s @iy

p -
L ()

I

By a standard compactness argument, we have the following result.

Theorem 3.1. Under the assumptions Al and A2, the first eigenvalue is given by

[u]g\)s,p(RﬂH—M) .

Ai(s,p) = inf{ : uEVNVS’p(Q),ugéO}.

||u||1£p(g)

Proof. Consider a minimizing sequence u,, normalized according to ||u,||Lr0) = 1.
Then, as u, in bounded in Ws’p(Q), by Lemma 2.4 and Theorem 2.3, there is a
subsequence such that u,; — u weakly in Ws’p(Q) and u,; — u strongly in LP(Q).
Therefore, u is a nontrivial minimizer to the variational problem defining A; (s, p).
The fact that this minimizer is a weak solution to (3.1) is straightforward and can
be obtained from the arguments in [29].

To finish the proof we just observe that any other eigenfunction associated with
an eigenvalue A\ verifies

[0 p—
P w > \i(s, p),
||u||L:D(Q)
and then we get that A;(s,p) is the first eigenvalue. |

Now we observe that using a topological tool (the genus) we can construct an
unbounded sequence of eigenvalues.

Theorem 3.2. Assume Al and A2. There is a sequence of eigenvalues A, such
that \,, — +00 as n — +o0o.

Proof. We follow ideas from [22] and hence we omit the details. Let us consider
My = {u € W*P(Q): [u)yyep(grsn) = pa}
and
1
o(uw) =3 [ Ju(w. )] dody.
pJa
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We are looking for critical points of ¢ restricted to the manifold M, using a minimax
technique. We consider the class

¥ ={ACW(Q)\ {0}: Ais closed, A = —A}.
Over this class we define the genus, v: ¥ — NU {00}, as
v(A) = min{k € N: there exists ¢ € C(4,R* —{0}), ¢(z) = —¢(—2)}.
Now, we let C, = {C C M,: C is compact, symmetric and y(C) < k} and let
Br = S min p(u).
Then B > 0 and there exists up € M, such that p(ux) = B and uy is a weak
eigenfuction with A\ = «/S. O

The following lemma shows that the eigenfunctions are bounded.

Lemma 3.3. Under assumptions Al and A2, if u is an eigenfunction associated
to some eigenvalue \ then u € L>°(R™T™),

Proof. In this proof we follow ideas form [23].

If ps > n + m, by Lemma 2.4 and Theorem 2.3, then the assertion holds. From
now on, we suppose that sp <n + m.

We will show that if ||uy ||zrq) < 0 then uy is bounded, where § > 0 is some
small constant to be determined. Let k € Ny, we define the function uy by

w(@,y) = (u(,y) —1+27%),.

Observe that, ug = uy and for any k € Ny we have that uy € W”’(Q) verifies
upy1 < up a.e. R

(3.2) u < (28 — 1Duy in {ugpr > 0},
{upg1 > 0} C {uy > 27D},

Now, for any function v: R®*™ — R, it holds that
o4 (2,y) — v (2, w)[P < Jv(z,y) — v(z,w)[PH (o4 (2, y) — v (2, w))
for all (z,y), (z,w) € R™*™. Then
[t 1]y nrmy < Hop(t, tpin) = A/Q(U(m»y))p_lukﬂ(%y) drdy
for all k € Ny. Hence, by (3.2) and Hélder’s inequality, we get

[ukJrl]svs,p(Rner) < )\‘/Q(u(imy))p_lulﬂrl(xay) diCdy

< (M - 1)p_1)‘||uk||1£p(g)

(3.3)

for all k € Ny.

On the other hand, in the case sp < n+m, using Holder’s inequality, Lemma, 2.4
and Theorem 2.3, the formulas in (3.2), and Chebyshev’s inequality, for any k& € Ny
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we have that

sP/(n4m)

i1l < sl o Homksa > 0)

sp/(n4m)

(3.4) < C[Uk+1]f,\;5,p(w,+m)|{uk > 2_(k+1)}

'P/(n+m)
< Clust By ooy (25 nl )

)

where C' is a constant independent of k. Then, by (3.3) and (3.4), for any k € Ny
we obtain
14+«

(3.5) ks 1oy < C (25 P i)
where C'is a constant independent of k£ and a = 5p/(n+m) > 0.

Arguing similarly, in the case sp = n+ m, taking r > p and proceeding as in the
previous case, sp < n + m (with = in place of p¥), we obtain that (3.5) holds with
a=1-— P/r > 0.

Therefore, if sp < n 4+ m, there exist o > 0 and a constant C' > 1 such that

) k e
larsa oy < C* (lunloiey)
for any k& € Ny. Hence, if ||u0H’£p(Q) = Hu+\|’£p(m < C7Y** = P then uy —

0 strongly in LP(Q). But ux — (u — 1)+ a.e in R™™™  then we conclude that
(u— 1)y =0 in R*"*™. Therefore, u, is bounded.

Taking —u in place of u we have that u_ is bounded if [[u_||z»q) < 0.

Hence, as we can multiply an eigenfunction u by a small constant in order to
obtain [Juy||z»(q) and [[u_||z»q) < J, we conclude that u is bounded. O

Our next goal is to show that if u is a eigenfunction associated with A (s, p)
then u does not change sign. Before showing this result we need the following two
technical lemmas.

Lemma 3.4. Assume Al and A2. Ifu € Ws’p(Q) is such that
(3.6) Hep(u,v) >0 Yoe WSP(Q),v > 0 in €.
and u >0 in B"(xg, R) x B™(yo, R) CC Q for some R > 0 then for any d > 0 and

0 < 2r < R there holds
( u(z,y) + d)
(z,y)+d
u(z,y) +
w) +

1
1 z,y
oo Sy o e ()|
n+m—sp )
=Cr {dp 1pm /m/ nye \m—x0|n+9pdxdy

)’
dp 17"” /n/ 771. |y y0|m+3pdydx+1

where By = B"(xo, p), B)' = B™(yo, p) and C = C(n,m,p,s) >0 is a constant.

dwdzxdy
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Proof. Let d > 0, r € (0, B/2),
$eCF(BL,), 0<é<1, ¢=1inBy, |D.g|< ; in BY,,, and
YECF(B,), 0<<l w=1inB' [Dw|<inBl,

Taking v(x,y) = ¢P(2)1P (y)(u(z,y)+d) P as test function in (3.6) and following
the proof of Lemma 1.3 in [16], we get (3.7). O

Lemma 3.5. Assume Al and A2. If Q is connected and u € Ws’p(Q) is such that
Hep(u,v) >0 Yoe VN\/S”’(Q),U >0 in Q,

u>0inQ and u Z 0 in Q then u > 0 in Q.

Proof. In this proof we borrow ideas from [8]. Since 2 is a bounded connected open
set, it is enough to prove that v > 0 in K for any K CC ) a connected compact
set such that v # 0 in K.

Let K CC Q be a connected compact set such that u # 0 in K. Then there
exists 7 > 0 such that

K C ,Y) € — x|, |lw— >2r,.
{aens mux (:-alw-y) > 2]

Since K is compact, there exists {(z;, yj)}?zl C K such that

k
38)  Kcl|JByxBp", and |[(B}xB")N (B}, x Bi,) >0

j=1
for any j € {1,...,k — 1}, where B} = B"(x;,7/2) and B]" = B™(y;,"/2).

To obtain a contradiction, suppose that |{(z,y): u(z,y) = 0} N K| > 0 then
there exists j € {1,...,k} such that

Z = {(z,y): u(x,y) = 0} N (B} x B}")

has positive measure.
Given d > 0, we define

Fy: B} x B* - R by Fy(z,y) =log <1+u(sc,y)>.
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Then, for any (z,y) € B™(x;,7/2) x B™(y;,7/2) and (z,w) € Z we have
Fi(z,w)=0
[Fa(z,y)|" = |F(z,y) — F(z,w)]”

|F(z,y) — F(z,9) nts

i R

p—1 |F(Z,y) — F(sz)|p
|w —y|m+ep

< 2p71rn+sp |F((E,y) - F(Zay)|p
- |z — x|ntsp

2p—1rm+sp |F(Z,y) B F(27w)|p
w— g

(U(x,y) + d) :
log
u(z,y) +d
P
log <U(z,y) +d)
u(z,w) +d
Therefore,

ZIFua )l = [[ |Pategypava:

+2 w —y [P

+

1
|z — z|ntsp

1
o=y

— 9P~ 1,rn+sp

+ 2p71 T,m+sp

P
< Cl,rnerJrsp/ log (xa y) +d dz
n u(z,y)+d |z — x|t
J
P
+ 217—1,rm+sp / / IOg ( ’U/(Z, Y + d) dwdz
oy 5wy vd)| Ty

for any (x,y) € B"(z;,7/2) x B™(y;,7/2). Here ¢1 = ¢1(m,p) > 0 is a constant.
Then

I / [Fuey)Pdady
L ()
= 1z Jgm Jge Jgo u(z,y) +
CQT"'””‘H” x,y)+d
oz /n/m/m ( u(z, w )+d>
Thus, by Lemma 3.4 and since u > 0 in €2, we get

2n+2m
/ / |Ey(z, y)|Pdady < O~ ,

P dzdaxdy

|z — a|ntsp

dwdzdy
o=yl

1Z|
where C'= C(n,m, s,p) > 0 is a constant. Taking d — 0 in the last inequality, we
get that u =0 1in B} x BJ".
By (3.8), there exists ¢ € {1,...,k} such that ¢ # j and
|(Bi" x B") N {(x,y): u(x,y) = 0}| > 0.

Then, we can repeat the previous argument for B]' x B/" and obtain v = 0 in
B x B[™. In this way we conclude that © = 0 in K which contradicts the fact that
u#0in K. Thus [{(z,y): u(z,y) =0} N K| =0. O
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Now, we are ready to prove that the eigenfunctions associated to A1 (s, p) do not
change sign.

Theorem 3.6. Assume Al and A2. If u is an eigenfunction associated to (s, p)
then |u| > 0 in .

Proof. We start by showing that if u is an eigenfunction corresponding to A1 (s, p)
then |u| # 0 in all connected components of Q. Our proof is by contradiction. We
therefore assume that there is a connected component A of Q such that |u| = 0.
Since u is an eigenfunction corresponding to A;(s,p) then so is |u|. Then

0= Mo.0) [ oo )P oo, ) dady = o1, 0)

p 1 ;v 1
- —2/ / YY) ey — 2/ / W@yl A2 w) gy
o |x — z|ntsp . ly — w|m+sp

for all ¢ € C§° (A), which is a contradiction.
Therefore, if A connected components C of 2 then |u] # 0 in A and

Hep(ul,0) = Ma(s.) [ [ueg) P Ho(a,y) dady = 0 o € Wo7(),
Q
Then, by Lemma 3.5, |u| > 0 in A. Therefore |u| > 0 in . O

Our next result show that A (s,p) is simple.

Theorem 3.7. Assume Al and A2. Let u be a positive eigenfunction corresponding
to A1 (s,p). If X > 0 is such that there exists a non-negative eigenfunction v of (3.1)
with eigenvalue X\, then A\ = A\1(s,p) and there exists k € R such that v = ku a.e.
in .

Proof. Since A1(s,p) is the first eigenvalue we have that A;(s,p) < A. Let k € N
and define vy, == v + k.
We begin proving that wy = up/vl,;_l € W“’(Q). It is immediate that w; =0
in Q¢ and wy, € LP(2), due to the fact that u € L>(Q), see Lemma 3.3.
On the other hand
|wk(w7 y) - ’LU]C(Z7 U})‘

u(@,y)? —u(zw)?  u(zw)P (o )P — (e, y)P )
vk (@, y)P! v, y)P~ ok (2, w)P—1

| k(xay)p_l - Uk(z7w)p_l|

(2, y)P~ ok (w, 2)P

<k e, ) — ulz )] + ] o
<2fjully ) ¥ plule,y) — ulz,w)

—2 —2
5 +Uk(zaw)p
P -1 vg(,y)P
el °°ﬂ>(p ) o, 97 Ton(z, W)

<2l ) B plu(, y) — u(z,w))|

n ||u||fzxm><p R (Y ) - o)

C(k, p, ull o= (@) (lu(z, y) = u(z, w)| + [o(z,y) = v(z, w)[)

|v;€(l‘, y) - 'U/c(z’ w)|
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for all (z,y), (z,w) € R"*™, Hence, we have that wy, € VNVSJ’(Q) for all k € N since
u,v € WP(Q).
Set
L('U,, vk)(‘rv Y, =, w) = "LL(.’E, y) - U(U}, Z)|p
u(z, w)P

() = el 2t (I B

Yt vz w)pt

Then, by [2, Lemma 6.2] and since u, v are two positive eigenfunctions of problem
(3.1) with eigenvalues A1 (s, p) and X respectively, we have

U'Uk;],‘y,,y) ’U,’Uk .ljy,’)
0 </Rn+m / z — Z|n+sp dzdzrdy + i / |y w|m+sp dwdxdy

p
/ / WY ey + / w@ ) L dedy
Rrtm Jrn |x - z\"“!’ Rntm Jrm |y w|”+ép
= Hs p(v, wg)

<A(s,p) / w(,y)P dedy — A / o, y)" V(. ) dady
Q Q

— P _ p—1 U(Jf,y)p
A1(87p)Au(Iay) d.l?dy )‘/Q’U(xvy) 'Uk(l',y)p71 dl‘dy

By Fatou’s 1emma and the dominated convergence theorem we obtain

/ / .45 % Y) dzdxdy + / LY, )dwdxdy =0
Rrtm Jrn \a: - z|”+s e e U w\"““s

due to A1(s,p,h) < A. Then L(u,v)(z,y,2,y) = L(u,v)(x,y,z,w) = 0 a.e. Hence,
again by Lemma 6.2 in [2], u(z,y) = {1 (y)v(z,y) and u(z,y) = l2(x)v(z,y) for all
(xz,y) € R*™™ . Then, we conclude that u = fv for some constant £ > 0. d

Finally we will prove that A;(s,p) is isolated.
Theorem 3.8. Assume Al and A2. Them A\ (s,p) is isolated.

Proof. We split the proof into two steps.

Step 1. If u is an eigenfunction associated to some eigenvalue A > Ai(s,p) then
there is a positive constant C' such that

1\ 7/c-»
. — <1
(39 (&) =i

for all p < r < pf. Here Q4 = {(z,y): ux # 0}, and

n—+m
N M, 1fsp<n+m,
p,=4n+m-—sp
00 if sp >n+m.

Let r € (p,p%). By Theorem 2.3, Lemmas 2.7 and 2.4 and Hoélder inequality, we
have

a7y < Cllus By oy < CHop(uy ur) = O[] 1924177777

Then
1 /(r—p)
—_— < Q4.
(&) =l
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In order to prove the inequality for |Q_|, it suffices to proceed as above, using
the function —u instead of u.
Step 2. By definition, A (s, p) is left-isolated. To prove that A (s, p) is right-isolated,
we argue by contradiction. We assume that there is a sequence of eigenvalues
{ Ak tren such that Ay N\ A\1(s,p) as k — oo. Let ug be an eigenfunction associated

to A such that ||ug||zr(q) = 1. Then {uy }ren is bounded in VV/S”’(Q) and therefore
we can extract a subsequence (that we still denoted by {uy }ren) such that

up — u weakly in Ws’p(Q), up — w strongly in LP(€2).
Then HU’HL”(Q) =1 and

[u]i\;g,p(Rnwn) < likrgg.}f[uk]{;\}s,p(R'IL#»'rrL) = kILH;o Ak = )\1(5“7?)-

Then v is an eigenfunction associated to A1 (s, p). Therefore u has constant sign.

Now, proceeding as in the proof of [3, Theorem 2], we arrive to a contradiction.
In fact, by Egoroff’s theorem we can find a subset As of 2 such that |As| < § and
u, — w uniformly in Q\ As. From (3.9) we get that « and the uniform convergence
in Q\ As we obtain that [{u > 0} > 0 and |[{w > 0}| < 0. This contradicts the fact
that an eigenfunction associated with the first eigenvalue does not change sign. [

4. THE LIMIT AS s — 1~

In this section, our goal is to show that

lim (]‘ - S))‘l(sap) = )\1(1,]9)
s—1—
(1) Koy [ [Vaula,p)Pdody + Koy [ 9,0(e. )P dody
= inf Q p 2
uEW, P (Q),uz0 ||u||LP(Q)

where K, ;, is a constant that depends only on n and p, and K, , depends only on
m and p. Before proving (4.1), we need some technical results.

Lemma 4.1. Let Q be an open subsets of R"™™ with smooth boundary and p €
(1,00). For all s € (0,1) we have that W1P(Q) is continuity embedded in WP ().

Proof. In this proof, we follow the ideas of the proof of [11, Theorem 1]. Let
u € WHP(). By an extension argument, we can assume that « € W1HP(R"T™). We
have that

/ (e + hy) — ulz,y)Pdedy < h? / Vaule, y)|Pdady,
(4.2) R'rL+7rL Rn+'rrz
| ey 0 = ute g Pdsdy < 0P [ (V,u(ep)Pdady.

Rn+7n

The proof of this fact can be carried out as that of Proposition XI.3 in [10] and is
omitted.
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Then, by (4.2), we have

P
// u(z,y) —u(z,y)| ddyd-
n Jrotm | — z|"+31’
p
n Jrotm \h|”+§P
< _— Vu(z,y)|Pded

dh
+2/{|h>1} [hfspn /Rn+,,,, lu(z, y)[Pdady

w 2w
< 1 Vou(z,y)|[Pdedy + —= u(z,y)|Pdxdy.
o [ Vet o [ )

Similarly,

P
/ / — ulz, w)| dxdydw
m Jgntm Iy wl"‘*s”

w 2w
< -/ _ Vu(z,y)|Pdedy + ——= w(x,y)|[Pdxdy,
<qs [ VaePdedy+ 222 [ juGey)Pdedy

which completes the proof. ([l

Remark 4.2. Proceeding as in the proof of previous lemma and using using the
Poincaré inequality, we have that

1
(1- s)[u]’;vsﬂp(RHm) <C (1 + s) /Q \VulP dedy — Yu € Wy P(Q)
where C is a constant independent of s.
Lemma 4.3. Let Q be an open subset of R*™ with smooth boundary and p €
(1,00). If u € WyP(2) then
(1- s)[u]’;vs‘,,(wm) — ng/Q |V ulP dedy + Km,p/Q |VyulP dedy

as s — 17,

Proof. We split the proof into two cases.

Case 1. First we prove the lemma for ¢ € C§°(Q2). Let By and By be two open
balls in R™ and R™ respectively such that Q C By x Bs.

Given y € By, we have that

[¢(z,y) — (2, 9)] o(z,y)I
/ / —intep d dz = ——ntep dxdz
n Jgn | z| B, JB, | z|

p
+2// @l
B, Jpe |v — 2| Fep

By [11, Theorem 1], there is a constant K, , (that depends only the n and p) such
that

p
(4.4) (1-s / / Y 4. Knp | Vad(z,y)[Pdz
B, J By By

| — z|"+5p

(4.3)
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as s — 17. On the other hand, since supp(¢) CC Q C By x By, there exists § > 0
such that |z — 2| > § for all z € BS and z € {t € By: (t,y) € supp(¢)}. Thus

[¢(z,y)| Wn
45) 0= [ [ e < 0 0) Sy
as s — 17. Then by (4.3), (4.4), and (4 5) we have that
|6(z,y) — oz, 9) P
(4.6) /n /n = Z|n+sp dzdz — K, p . |Vd(z,y)|Pdx

as s — 17. Proceeding as in the proof of Lemma 4.1, we have that

o(z,9)P wn/
1 — < p
s // |$_Z|n+sp dxdz < p Vo (z,y)|Pdxdy
2w
‘*‘1—87”/ z,y)|Pdzdy.
(=922 [ Jo(a.y)Pdzdy

Thus, (4.6) and the dominated convergence theorem imply

l9(z,y) Lyl / /
K, P
/Rn+77L /n |z — z|n+sp dzdzdy — Ky, p . |Vid(x,y)|Pdxdy,

as s — 17, that is,

B o(2,y)I? »
(1—-13s) dzdrdy — Ky p | |Vaed(z,y)|Pdedy,
Rn+m n Q

|x — z|”+51’
as s — 1.

In the same manner we can see that there exists a constant K, , (that depends
only the m and p) such that

p
(1-s / / P(x,w)| dwdxdy — Km,p/ Vo (x,y)[Pdzdy,
Rn+7n m o

Iy wl’"“p

as s — 1.

Then, we have

(1- 5)[¢]€\;sm(Rn+m) - Kn,p/Q |V 6P dedy + Km,p/Q |V ¢|P dzdy,
as s — 17.
Case 2. Now we prove the general case. Given u € VVO1 P(Q), we define

ulx z
Fl(z,y,2) = (1 - )1/,,|( z) n/( gy)\’
|J,‘—z| p+

GHa9,2) = (1 — gy UED =l 0]

|y —w|"/re
and we want to show that
IF& o @ensmy = Ko IVatll o), NGY o @asemy = K25 I Vyull o),

as s — 17.
Given € > 0 there is ¢ € C§°(Q2) such that

[Vu—= Voo <e.
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Thus

@4.7)  [IVaulr@) = IVadllzr@l < € and [[|VeullLe@) = [Va@llr@)] < e
By case 1, there exists sy € (0,1) such that

(4.8) IFS | o @znem) = K51V o) < e,

G2l Lo gn+2my — l/p IVydllr )l < e,

for all s € (sp,1).
On the other hand, using Remark 4.2, we have that

I N o ransmy = |1FL Lo @ensmy| < Cl[Vu = V| ooy < Ce,
NG\ Lo @entmy = |G| o gantmy| < Cl|Vu — V| o), < Ce,

where C' is a constant independent of s.
Finally, by (4.7), (4.8), and (4.9), we obtain that

(4.9)

& Lo gonsmy = K5 Vaul| Lo )| < Ce,
NG Lo nszmy — K2 Vyull pogoy| < Ce,
and the proof is complete. (I

Corollary 4.4. Let Q be an open subset of R"*™ with smooth boundary and p €
(1,00). If u € Wy"P(Q) then

(1- 5)[u]€vsyp(m — ng/Q |V ul? dedy + an,/Q |V, ul? dzdy
ass—1".
Proof. By Lemma 4.3, we only need to proof that if u € Wol’p(Q) then

(1-5) ([u]g\/w(wm) - [U]gvsm(ﬂﬂ —0

as s — 17. First we prove the result for ¢ € C§°(€2). We have
P

b —2 GG I
([¢]Ws,p(Rn+m) [ Wss p(Q /supp((,‘b)/“ m_z‘n+5p zardy

+2/ / dwdxdy.
supp(¢) J Qg |y w|m+5p

Since supp(¢) C Q is compact, there exists 6 > 0 SllCh that |x — 2| > 0 and
ly —w| > ¢ for all (z,y) € supp(e), z € Q, w € Q. Then

|¢ x y Wn, /
dzdxd < z,y)|Pdady,
/Supp(<z>) /c \x - Z\"“p v= SposP o |¢( y)| Yy

w
dwdazdy < / o(z,y)[Pdzdy.
lupp(¢)/c |y w|’fﬂ+sp Spasp Q| ( )|

Therefore, using (4.10), we have that
(1= 5) (10Bye sy = [y ) 0

(4.10)

as s — 1.
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The argument for the general case is analogous to the one performed in case 2
in the proof of Lemma 4.3. (]

For the proof of the following lemma, see [11, Lemma 2].

Lemma 4.5. Let § > 0 and g,h: (0,6) — (0, +00). Assume that g(t) < g(¥/2) and
that h in non-increasing. Then

§ N é 5
/ tNlg(t)h(t) dt > 7N/ tN_lg(t)dt/ tNTIh(t)dt
0 (26) 0 0
for all N > 0.

Lemma 4.6. Let 0 < s < s and u € W“’(Q). Then

(1= s0)[uyeor(0) 1 p
2(1=s0)p diam () (s—s0)p — (- 5)[U]Ws,p(Rn+m)

Proof. Let By and By be two balls in R™ and R™ respectively such that 0 C By x By
and diam(B) = dlam(Bg) dlam(ﬂ). Then

Rtm JRn |a: - z|”+3p
P
/ / / / [ulz + tw, 1‘”) u(@,y)| dadodtdy
m gn—1 n tltsp

> () H(1=s0)p—1 lu(z + tw,y) — u(z, y)|? dedodtdy
N m JO Sn—1 n tp t(s—so)p

Taking N = (1 — s p, 0 = diam(Q), we get

/ / x + tw, y) ( )| drdo, and h(t) = i
Sn—1 m

t(s=so)p’

By Lemma 4.5, we have that

u(@,y) — ulz, )P
/Rner /n lz — z‘m—sp dzdzdy >
(1= s0)p (1—s0)p— 1 (1—s0)p—1
= 2(1=s0)p diam (Q)(1=s0)r [, t (t)dt 0 t h(t)dt
(1—s0)p s .
2 2(1=s0)p diam (Q)(1=50)P o, ¢ =solp= 'g (t)dt (1 - 3) (A=s)p=1 gt

(1—sp) u(z +tw,y) — u(x,y)P
> 2T=5077 diam(Q) 507 g o Jon e dxdodtdy

(1= 50) quy u(zy)l”
> 2(1—s0)p dlam (5 80)P o iC — Z|n+80p dZdIdy

Similarly

(e, w)?
1—3 /R”er /n |y u)|m+8p dzdxdy >

(1= 50 u(z,y)|P
> 2(1—50)17 dlam (s—so0)p |y w|m+90P dwdwdy
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This concludes the proof. ([

We can now show the main result of this section.

Theorem 4.7. Let Q is bounded domain in R™™ with smooth boundary, s € (0,1)
and p € (1,00). Then

lim (1 —s)A(s,p) = Mi(1,p).

s—1—
Proof. First, we observe that, from Lemma 4.1, if u € W, ?(Q) then u € WeP(Q).
Then
[u]ivs‘p(]gnﬁ—m)

p
L (Q)

for all u € V[/Ol’p(Q)7 u Z 0. Therefore, by Lemma 4.3, we have that

Ky [ Voo ) Pdady + Koy [ V,ute ) dody
Q Q

(1 =5)A(s,p) <

[[u

limsup(1 — s)A1(s,p) <

s—1- Hu”IEP(Q)
for all u € Wy*(2), u # 0. Then
(4.11) limsup(1 — s)A1(s,p) < A1(1,p).
s—1—

To finish the proof, we have to show that
lim}nf(l —s)\(s,p) > Ai(L,p).
s—1—

Let {sk}ren C (0,1) be such that s — 1 as k — oo,
(4.12) (1 = sg)Ai(sk,p) = lim}nf(l — $)A1(s,p).
s—1-

lim
k—o0
For each k € N, we let uy, be an eigenfunction corresponding to A1 (sg,p) such that
lurllLr (@) = 1. By (4.12), there is a positive constant C' such that

(1 - Sk)[uk]i\)sk,p(Rn+m) < C Vk € N.
Then, by Lemma 2.4, there is a positive constant C such that
(1= se)lurlfyerm@nimy <C  VEEN.

Thus, by [11, Corollary 7], up to a subsequence, {u }ren converges in LP () to some
u € W,P(€). Moreover, for all § > 0, u, — u strongly in W'=%?(Q). Therefore
[ullzr@) = 1.

Let sg € (0,1). Since s, — 1, there exists ko € N such that so < s for all k > k.
Then, by Lemma 4.6, we have that

(1 - SO) [uk]i\isow(
2(1=so0)p

Q) < diam(Q)(skfso)P(l — Sk)[uk}%sk,p(Rn)
= diam (€)= %P (1 — s.) A1 (sk, p).
Thus, by (4.12) and Fatou’s lemma, we get

(]' - 80)[u]€\}50«p(g)
' (1=50)P Jim _
S1=s0)p < diam(Q) 7% lirgirgf(l $)A1(s,p).
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By Corollary 4.4, it holds that

(1 - 50) [u]g\)mm(g)

Kn’p/ |qu(x,y)|pdwdy+Km,p/ |Vyu(z,y)|Pdedy = lim
Q Q

sop—1— 2(1750)1)
< liminf(1 — s)A1(s, p).
s—1—

Then
A1(1,p) <liminf(1 — s)Ai(s,p).

s—1—

Therefore, by (4.11),
)\1(1,[)) = lim (1 - 8))\1(8,])),

s—1—
as we wanted to prove. ([l

5. THE LIMIT AS p — o0

Now we want to pass to the limit as p — oo in the first eigenvalue A (s, p). Our
goal now is to show that

(s, 0)]7" = Ao (s)
where
Aso(s) = inf {[ulyye.oo mrsmy: w € WO (R™™) lul| oo (o) = 1,u =0 in Q°} .
Observe that, by Arzela-Ascoli’s theorem, the previous infimum is attained.

We first prove a geometric characterization of A (s).

Lemma 5.1. Let R; = max min (lz —z|° + |y — wl|®), then
(z,y)EQ (2,w)EIN
1

Proof. Let u € W*>(R""™), such that [[ul|L=@) =1, u = 0in Q° and Ay (s) =
[u] s, (mn+m). Then, let (xo,0) € © be such that u(xo,yo) = 1. If (2, w) € I we
have

[u(z0,y0) — u(z,90)| < Asc(8)|z0 — 2|°

and
[u(z, 50) — u(z, w)| < Aoo(s)lyo — wl®.
Then
[u(zo,y0) — u(z,w)| < Ao (s) (|0 — 2[° + [yo — wl*).
Therefore,
1< As(s i —z|% + |yo — w|?),
< Nools) _min(Jag = =I" + [y — w]")
and then, we get
1 1
(5.1) Ao(s) > - > .
_ S _ S RS
(zygl)lgm(lxo z|* + yo — wl*)

Now, we choose (xg,yo) that solves the geometric maximization problem

R — . _ El _ S
s &f;\gsz(z%lgm(lw 2I° + |y — w|®),
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and consider the function

xo — x|® + |yo — y|°
ey) = (1- Tt =y
s +

Observe that, |[u[/z~ (o) = 1. On the other hand, since for any s € (0, 1]
|a® —b°| < la —b]® Va,be [0,00),

we have that [u]yys,co@n+m) < 1/R.. Hence, using this functions as a test function
in the variational problem defining Ao, (s) we get

1
5.2 Ao(s) < —.
(52) (5) <
From (5.1) and (5.2) we obtain the desired result. O

Lemma 5.2. Let u, be a positive eigenfunction for A\i(s,p) normalized according
to |Jup| L) = 1. Then, there exists a sequence p; — oo such that

U; — U
uniformly in RN. This limit function u belongs to the space W>(Q) and is a
solution to the variational problem
Ao (s) = min {[ulyys.o () : u € W*®(Q), [Jul| 0y = 1,u =0 on 8Q} .
In addition, it holds that
[A1(s,p)]YP — Ao (s).
Proof. Let o > 1 and

R. — : _ s« — w9,
o I Byl A Ay — ™)

We first claim that

(R;)”
(5.3) a1 < Rsa
for any o > 1. To this end, let (zg,yo) € 2 such that
R, = i —z|® —w|®).
(zfur}l)lgm(lxo z|* + lyo — wl®)

Then for all (z,w) € 92 we have
(Ro)™ < (Jwo — 2I° + [yo — w|*)* <27 (|lzo — 2 + [yo — w[**)
< 2°7 Ry,
that is, (5.3). On the other hand, it is clear that if sac < 1 we have that

r — x0l® + _ as
ua(x,y) _ <1 _ | 0| 0 |y y0| )
sa +

belongs to WP (Q) for all p > 1. Then

[ua] Wssp (R'rL+nL)

(5.4) (s, )P <
l[uallLe @)
for all p > 1 and 1 < a < 1/s. Therefore
timsup (s (5, p) /7 < LAVED g ¢ 11y,

p—roo [tallLo ()
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Observe that if o € (1,1/s), by (5.3), we have

[ua(2,y) — ua(2,9)] < |z — Z‘(a_l)s - diam(Q)(a_l)s
|z — z|° - Rsa B (Rs)*

for all (z,y) # (2,y) € Q, and

_ _ (a—1)s
|uo¢(m7y) ua(l‘,’LU)l < ‘y w‘ < 20~ ,
ly —w|* Rsq (Rs)™

for all (x,y) # (z,y) € Q, that is

diam(Q)(@—1s

soo(q) <2071
[ua]W ’ (Q) — (Rs)a

Then, by (5.4) we get

di Q (—1)s
limsup(Ay (s, p)) Ve < 20—t BT

oo (Rs>a o€ (131/5)7

since [[uq|/ze(@) = 1. Therefore, passing to the limit as @ — 1 in the previous
inequality we get

1 1
(5.5) lim sup(A1 (s, )77 < — = Aso(s).
p—00 R,

Our next goal is to show that

Aso(s) < limint(A (s, p)) 7.
p—r o0
Let p; > 1 be such that

liminf (A (s,p)) 77 = Tim (As(s,p7))"".
Jj—o00

p—00

By (5.5), without of loss of generality, we can assume

M (5,0)) 779 = [up, Jwers @y < Moo(s) +€ Vi €N,

where u,,; is an eigenfunction for A (s, p;) normalized according to [[uy;|[1ri ) = 1
and € is any positive number. Then, by Lemma 2.4, we have that there exists a
constant C, independent of j, such that

[up, lwsri <C  VjeN.
Therefore, for any j € N there exists a constant C' independent of j, such that

(5.6) lwp, [lweri ) < C.

On the other hand, given ¢ > 1 such that sq > 2(n+m) and taking t = s—n+m/g,
by Holder’s inequality, for any p; > ¢ we have that

1-< -
et 0y < 190 7 g, 14,y = 12275
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and

Jup, (2,y) — up, (2, w)|?
wp | %, :/ bi - drdydzdw
[p; W) oz (@) — (z,w)[* ’

[y, (2, ) — tp, (2, w) [P 7

Uy (T, — Up. (Z,W)|"7 Pj

<P )< / ) ~ U, dacdydzdw)
QZ

|(z,y) = (z,w)[*Ps

< 1077 ma {1, diam (@) " fuy, (80, g

Hence, by (5.6), for j large there exists a constant C, independent of j, such that
11 2(1_1) 211y ntm
g, ooy < Cmax 4 [907 7,107, 1005 diam(Q) 5"

that is, there exists jo > 1 such that {uy, };~j, is bounded in W*?(Q). Then, since
tq > n +m, by Theorem 2.3, there exists a subsequence {uy }ren of {u,, }J>j0 and
a function u € C%7(Q) (0 < v < t — (n+m)/q) such that uy — u uniformly in Q.

Thus, if ¢ > 1 there exists kg € N such that pp > ¢ if £ > ko and therefore, by
Holder’s inequality, for any k > kg we have

v q
[ ] ep ot ,,,
|z — z]9®

a1
Pk Pk
< Ci max{l diam(2 T |uk 2.y) — k(29| dzdzdy
|x — z|prstn

< C'i~ 7 max {1 diam(§2) 7 } [Uk]w Pk (Q))

and similarly

q q
/ / i, y) = e, )ty g
ly — w|e*

< O%_ﬁ max {1, diam(Q)”ﬂk:} [Uk}WS”’k (Q)-

Here C' is a constant independent of k. Then passing to the limit as £ — oo and
using Fatou’s lemma we have that

q
q
( / / [u@.y) = u(zy)| dzdxdy) < O lim influg]yy-n (o)
—00

|x — z|2¢

< C' lim inf(\q (s, p))l/p’
p—>00

z,w)|? q I
</ / |y w|(qb )| dU}d‘rdy) < C; hknig.}f[uk]wsfpk ()
< C liminf(\ (s, p))"?
pP— o0

for all ¢ > 1. Now passing to the limit as ¢ — oo we obtain

sup { D ZHEIL (o) 2 21y) € @ < i ( 5.0)
p—00

b { u(z,y) — u(z, w)|

|z — 2[°

D (z,y) # (zyw) € Q} < liminf()\l(s,p))l/p,

p—o0
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that is

(5.7) [u]yys.o () < liprggf(kl(&p))l/”.

To conclude we need to show that |u|p-(q) = 1. For all ¢ > 1 there exists
ko € N such that pr > ¢ if k > ko and therefore, by Holder’s inequality, for any
k > ko we get

1_ 1 1_ 1
el zageay < 19077 g, %00y = 1947775

Then passing to the limit as & — oo and using that u; — u uniformly in Q,
lull Loy < 1 for all ¢ > 1. Hence [Jul[z(q) < 1. On the other hand, for all k we

have 1 = [Jug||ex (@) < \Q|1/”k||uk||Loo(Q). Then, since u, — u uniformly in Q, we
get 1 < lu| o (0). Hence [u|| o) = 1. Thus, by (5.7), we get

Aoo(s) < [U]WSM(Q) < hminf(Al(Sap))l/pa
pP—00
and by (5.5) we conclude that
Aoo(s) = lim (Mi(s,p))"".
p—o0
This ends the proof. ([

Using the geometric characterization given in Lemma 5.1 we can compute Ay (s)
in some concrete examples.

Example 1. When (2 = Bpy is a ball of radius R we have

1
Aoo(s) = =.
(5) = =
Example 2. When Q = (—R, R) x (—L, L) is a rectangle in R? we have
1
A =——.
oo (4) min{ Rs, L5}

Remark 5.3. One can consider two different powers r and s in the definition of the
pseudo p—Laplacian. In this case we get that,
_ : r s
Aso(r, s) = (52,?2‘9(27%1239('% 2"+ |y —wl®).

Viscosity solutions. To obtain an eigenvalue problem that is satisfied by the
limit of the eigenfunctions u, when p — oo, we need to introduce the definition
of viscosity solutions. This is a notion of solution different from the weak one
considered before. We refer to [13] for an introduction to the subject of viscosity
solutions. In the theory of viscosity solutions the equation is evaluated for test
functions at points where they touch the graph of a solution. Viscosity solutions
are assumed to be continuous and the fractional Sobolev space is absent from the
definition (no derivatives of a solutions are needed).

Definition 5.4. (Viscosity solutions). Suppose that the function u is continuous
in R"™ and that v = 0 in Q°. We say that u is a viscosity supersolution of
the equation —L, ,u + Alu|P~2u = 0 if the following holds: whenever zy € Q and
¢ € CH(R™™) (the test function) are such that p(zo) = u(zo) and ¢(x) < u(z)
for every & € R™™™ then we have

—Ls pp(w0) + Alp(z0) [P~ p(z0) < 0.
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The requirement for being a viscosity subsolution is symmetric: the test function
is touching from above and the inequality is reversed.

Finally, a viscosity solution is defined as being both a viscosity supersolution
and a viscosity subsolution.

For our eigenvalue problem, we have that a continuos weak solution is a viscosity
solution. For the proof we refer to [29].

Theorem 5.5. An eigenfunction u € C(Q) (in the weak sense) is a viscosity
solution of the equation —Ls pu + ANu[P~2u = 0 in the sense of Definition 5.4.

We will also use the following lemmas.

Lemma 5.6. Assume that

(4,)"" = A, (By)"" = ~

(Cy)"" = C. (D) =
and that

0, — 0,
as p — oo. If
2'/P(Ap + Cp)V/P > (B, + Dy + 657 1)P
for every p large enough, then, passing to the limit, it holds that
max{A;C} > max{—B;—D;0}.

Proof. First, assume that A > C and —B > max{—D; ©}. Then for p large enough
we have A, > C,, =B, > —D,, and —B,, > (6,)?. Then taking p — oo in

1 /p
c,\ 7" D, 657!
1/p 1/p P > 1/p P P
( p) 2 (1 ‘1117) ( p) (1 EZU Ep >

we get
A>-B.
The rest of the cases (A = C, A < C, etc) can be handled in an analogous way. O

Lemma 5.7. For a smooth test function ¢ let

A, = / |p(2p, yp) — ¢(z,yp)\p_2((b(l‘p,yp) - ¢(Z7yp))+d

o = 2"+

zZ.

If ¢, = x0, Yp — Yo as p — 00, then

(A)" =5 A = sup ¢ (o, yo): ¢£Z>yo).
P w0 — 2|

Proof. We just have to observe that

p—2 _ 1/p
(Ap)l/p _ </n |9(zp, Yp) — D(2, Yp) [P~ (H(2p, Yp) ¢(Z’yp))+dz> '

2, = 2"+
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The integrand satisfies

|P(@p, Yp) — P(2, yp)|p_2(q§(xp, Yp) — P(z, yp))+

|z, — z|7tsp

N |#(x0,Y0) — ¢(z,y0)\p’2(¢(x0,y()) - ¢(z7y0))+

|xg — 2|7 FeP

and hence the result follows from the fact that (f fp)l/p = |1 fllso- O

Lemma 5.8. Any uniform limit of u, a sequence of eigenfunctions for Ai(s,p)
normalized according to |[uy| ey = 1, u is a nontrivial solution to

max{A4;C} = max{—B; —D; A (s)u} inQ,
u=0 in Q°,

in the viscosity sense. Here

u(z,w) —u(z,y) . cu(z,w) —u(z,y)
A:Sl;p y—wl° , le?uf oy —al ,
C = sup uzy) —u(z,y) D — inf u(zy) —u(z,y)

z |z — 2| ’ z |l — z|* '

Proof. We call u,, a sequence of solutions to —Ls ,u + A|u[P~?u = 0 that converges
uniformly to u. That u = 0 in ¢ follows since u, = 0 in ¢ and we have uniform
convergence.
Let ¢ € C}(R™™) be such that u — ¢ has a strict minimum at (zg,yo) € Q.
Since u, converges uniformly to u we have that there exist (z,,y,) € Q such that
— ¢ has a minimum at (zp,y,) and (zp,yp) = (To,y0) as p — oco. Since u, is a
viscosity solution to —Ls ,v(z,y) + A1(s,p)v(z,y)P~t = 0 in Q, we obtain

((Al(sap))l/(pil)up(xpayp))p71 <
§2/ |P(@p, Yp) — ¢(z,yp)|p_2(q§(xp,yp) - ¢(zayp))d

z
(5.8) AT
+ 2/ |¢(xpvyp) - ¢($p7w)|p_2(¢(xpayp) - Qs(mpvw))dw
m lyp — w|mtsp
:2(Ap - Bp + Cp - Dp)’
where

xpvyp ¢(Z,yp)|p72(¢(zpayp) - ¢(Zvyp))+d
oy — 2l

a= [
/ (2, Yp) = G2 Yp) I (b, yp) — D(2, )~
=
D=,

2,

[rp — 2|Fer -

Ay, yp) ¢(xp,w)|p_2(qb(mp,yp) — ¢(xp, w))+d
lyp — w|m+sp

w,

P(Tp; Yp) ¢($pvw)‘p_2(¢($pa Yp) — P(xp, W)~ d

‘yp _ w|m+sp w.



EIGENVALUES FOR A NONLOCAL PSEUDO p—LAPLACIAN 29

‘We observe that
(A4,)7" = A, (B,)"" — —-B
(€)=, (D))" = -D

)

and
(Al(svp))l/(pil)up(‘rpv yp) — Aoou(xl)? yO)'
Hence, taking limit as p — oo in (5.8), from Lemma 5.6, we get
max{—B; —D; Ax(s)u(zo,y0)} < max{A4;C}.

Now, if ¢ is such that v — ¢ has a strict minimum at (zg,y0) € Q. Since u,
converges uniformly to u we have that there exist (z,,y,) € Q such that u, — has
a minimum at (z,,yp) and (2, yp) — (20, Y0) as p — oco. Since uy, is a solution to
—Ls pv(z,y) + M(z,y)P~! = 0 in Q we obtain

((Al,p)l/(pil)up(xpa 3»’12))1771 >

> 2/ [V (zp, Yp) — w(z,yp)lp_2(w($p,yp) - w(z,yp))d

2 = 257

z

+ 2/ W(xpvyp) - 1;[}(1;[)3 w)|p72(w(l’pvyp) - 7//(33paw))dw’

lyp — w|m*eP
and, arguing as before, we obtain

max{A; C} > max{—B; —D; A (s)u(zo, y0)}
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