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ABSTRACT. In this paper we deal with an optimal matching problem, that is,
we want to transport two commodities (modeled by two measures that encode
the spacial distribution of each commodity) to a given location, where they will
match, minimizing the total transport cost that in our case is given by the sum
of the two different Finsler distances that the two measures are transported.
We perform a method to approximate the matching measure and the pair of
Kantorovich potentials associated with this problem taking limit as p — oo in
a variational system of p—Laplacian type.

1. Introduction. In this paper we continue the study of the optimal matching
problem that we performed in [16]. An optimal matching problem (see [5], [6])
consists in transporting optimally two commodities to a prescribed location in such
a way that they match there. The optimality criteria consists in minimizing the
total cost of the operation measured in terms of the two Finsler distances that the
commodities are transported. We deal with two general Finsler distances that are
not necessarily symmetric, therefore the problem requires that we tackle some extra
difficulties that are not present when the cost is given by the sum of two Euclidean
distances.

By improving the tools developed in [16] and [17] we approach the problem by
taking limit as p — oo in a system of PDEs of p—Laplacian type, which allows us to
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give an approximation method to get a matching measure (that encodes the location
where the matching takes place) and the Kantorovich potentials for the involved
transports. This procedure to approximate mass transport problems (taking limit
as p — oo in a p—Laplacian equation) was first introduced by Evans and Gangbo
in [11] and reveals quite fruitful, see [1], [3], [14], [15], [16], [17]. We have to remark
that this limit procedure requires some care since here the involved PDE system is
nontrivially coupled and therefore the estimates for one component are related to
the ones for the other.

Optimal matching problems for uniformly convex costs where analyzed in [4], [5],
[6] and have implications in economic theory (hedonic markets and equilibria), see
also [7], [8], [9] and references therein. For the case in which costs are given by the
Euclidean distance see [16] .

1.1. Optimal transport problems. Optimal matching problems are closely re-
lated to optimal mass transport problems. For notations, concepts and results from
the Monge-Kantorovich Mass Transport Theory we refer to [1], [10], [18] and [19].
Below, for the reader’s convenience, we just briefly introduce the usual terminology
of optimal mass transport theory that we will use in the rest of the paper.

Let us define m(z,y) := (1 — t)z + ty. Given a Radon measure 7 in Q x €, its
marginals are defined by proj,(v) := mo#ty and proj, (v) = m1#7.
The Monge-Kantorovich problem. Fiz pu,v € M1(Q) satisfying the mass
balance condition

1(82) = v(Q). (1)
Given a cost function ¢ : Q x Q — [0,00), the Monge-Kantorovich problem is the
mintmization problem

min{/QXQC(wvy) dy(z,y) + v € H(uw)}7

where II(u,v) := {Radon measures v in Q x Q: mo#y = p,m#y =v}. The ele-
ments v € Il(u,v) are called transport plans between p and v, and a minimizer v*
an optimal transport plan. Assuming c is lower semicontinuous,

37" =arg min / c(z,y) dy(z,y). (2)
YED(1,v) JaxQ

The Monge-Kantorovich problem has a dual formulation that can be stated in
this case as follows (see for instance [18, Theorem 1.14]).

Kantorovich-Rubinstein’s Theorem. Let p,v € M(Q) be two measures satis-
fying the mass balance condition (1). Assume cost ¢ is lower semicontinuous and
satisfies the triangular inequality. Then,

min{/ﬂxgc(ny)d"y(x,y) : ’yGH(u,V)} zsup{/ﬂud(z/—u) Cue KC(X)},

where K (Q) == {u: Q— R : u(y) —u(z) <c(x,y)}. Moreover, there exists u €

K.(9) such that
futv=mw=swf [v-pive mo}.

Such mazimizers are called Kantorovich potentials.
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For two measures pu,v € M™(Q) satisfying the mass balance condition (1), the
Kantorovich-Rubinstein distance between p and v is defined as

Welp,v) == inf{/ﬁmdﬂs,y) dy(z,y) v € H(/W)}-

1.2. Finsler distances as cost functions. Now, to state our problem in math-
ematical terms, we need to introduce the definition of a Finsler distance, for extra
details and some properties of such functions we refer to Section 2.

A Finsler function ® in RY is a function that is non-negative, continuous, convex,
positively homogeneous of degree 1, that is,

D(t€) = tP(&) for any t > 0, £ € RV,

and vanishes only at 0. The dual function (or polar function) of a Finsler function
® is defined as

Q" (") :=sup{(£";€) - @(§) < 1} for £ € RV,

It is immediate to verify that ®* is also a Finsler function.

A Finsler structure F on € is a measurable function F : Q x RN — R such that
for any x € Q, F(z,-) a Finsler function in RY. For a Finsler structure F on Q, we
define the dual structure F* : Q x RN — R, by

F(x,€) = sup{(n; &) : F(x,n) <1}.

Important examples of Finsler structures on Q are those of the form ®(B(x)¢),
being ® a Finsler function and B(z) a symmetric N x N matrix, positive definite.
Such kind of Finsler structures are known as deformations of Minkowski norms.

Let us introduce the cost functions we will handle. Given a Finsler structure F
on €2, we define the following cost function cp :

1
cr(z,y) = inf / F((o(t)). o' () dt. (3)

JEng
where, for z,y € €, the set I‘g’y is given by
Q _ 1 _ _
I, ={0eC(0,1,Q), 0(0) =z, o(1) = y}.

We have that cg is a Finsler distance. We make emphasis on the fact that cg
is not necessary symmetric (i.e., cp(z,y) # cr(y,z) may happen) because F is
merely positively homogeneous. This fact creates new difficulties in the optimal
mass transport problem compared with the case in which the cost is given by a
norm (that is symmetric).

1.3. The optimal matching problem. We fix two non-negative compactly sup-
ported functions f+, f~ € L, with supports X, X_, respectively, satisfying the
mass balance condition

MO = f+ = f_.
Xy X_
We also consider a compact set D (the target set). Then we take a large bounded
domain ) that contains all the relevant sets, the supports of fy and f_, X, X_
and the target set D. For simplicity we will assume that  is a convex C? bounded

open set. We also assume that the resulting configuration verifies

Xyn X_=0, (XyuX_)ND=0 and (XyUX_)UDcCCQ.
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Now, we are given two continuous Finsler structures F' and G and, associated
to them, two Finsler distances, cg, cg, given by (3). Let us consider the set of
measures

(V+:7-) € MF(Q X Q) motye = [,
HD(f+a f_) =
mi#Y+ = m#y—, supp(mi#ys) C D

The optimal matching problem is the minimization problem

min cr(x,y)d —|—/ cal(z, d_}_ 4
('Y+,’Y)EHD(f+7f){/QXQ F(z,y)dy+ . (z,y)dy (4)

If (y4,v-) € LIp(f*, f~) is a minimizer of the optimal matching problem (4), we
shall call the measure pu* = m#v4+ = mi#y— an optimal matching measure.
Let us denote by

M(D, My) := {p € MF(Q) : supp(p) C D, p(Q) = Mo}

the set of all possible matching measures. We have

WE. .= inf {/ cr(z,y)d +/ cm,d_}
1= (47-)EI (f+.f7) LJaxa Pz 9)dvs QxQ olm:y)dy

= inf inf / cp(z,y)d +/ cq(zx, d}
HEM(D,Mo) (v+,v)€H(f+,f7u){ QxQ P(@ ) QxQ olmu)dy

= 1 f . _
/—LE-A/II?D,MO) {WCF(f+’N) +We ,,u)},

()

where

(5 f 7o) = { (=) € MF(Qx Q)% sy € (7, ),y € T(F 7, 1)} -

Note that on the right-hand side of (5) we are considering all possible measures
supported in D with total mass M, and then we minimize the total transport cost.
This is probably the most natural way of looking at the optimal matching problem
and, as shown above, it is equivalent to our previous formulation.

The following result shows that there exist measures (v} ,7*) € Ip(f*, f~) such
that

Wh = [ e+ [ calomir
QxQ QxQ

Consequently, we have existence of optimal matching measures.

Theorem 1.1. The optimal matching problem (4) has a solution, that is, there
exist measures (vi,v%) € Up(fT, f7) such that

Wh = [ (et + [ calein
QxQ QxQ

Proof. Take in (5) a minimizing sequence p, € M(D, My), then by the weak com-
pactness of M(D, My) there exist a subsequence, denoted equal, that converges
weakly in the sense of measures to a jio, € M(D, Mp). Hence, by the weakly lower
semi-continuity of the functions v — W, (s, v) and v — W, (u,v), we have

WCF(f+7/J'OO) + WGG(f*7MOO) < 1171;11 (WCF(er?/an) + WCG(ffnun)) = VVfQt

Therefore,
Wep (Fisoe) + Weg (f= p1oc) = WL,
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and thanks to (2) we conclude. O

As we have mentioned, our main goal here is to find a pair of Kantorovich poten-
tials and a matching measures taking the limit as p — oo in a system of p—Laplacian
type equations. Let us briefly introduce this. Consider the variational problem

1 1
min ’ */(F*(LU,D’U))I)-F*/(G*(m,Dw)p—/’Uf+—/’wf_,
(v,w) € WHP(Q) x WhP(Q) D Jo D Ja Q Q

v4+w >0 in D
(6)

where F* and G* are the dual Finsler structures associated to F and G. Under
adequate differentiability conditions on F' and G, given a minimizer (u,,v,) of (6),
there exists a positive Radon measure h, supported in D such that

. oy OF" - ,
aiv (1P (@ Doy ) S0 Doyl ) =1y = 1w
—div ([G*(sc7 Duw, ()P~ aa—i*(x, pr(x))) =h,—f~ inQ,

together with Neumann boundary conditions on 0{2. Then, our main result reads
as follows:

Theorem 1.2. Assume that F*(z,-) and G*(z,-) are C* (RN \ {0}). Up to a
subsequence,

plln;o(vp,wp) = (Voo, Woo)  uniformly

and

hp = hoo as p — 0o, weakly” as measures,

with heo a nonnegative Radon measure supported in {x € D : v () = weo ()}
These limit functions and the limit measure provide a solution to the optimal
matching problem in the sense that they satisfy:

he s an optimal matching measure,

Vo 15 a Kantorovich potential for the transport of fT to heo, and
Weo 18 a Kantorovich potential for the transport of f~ to heo.

Remark 1.3. In the case that both costs are given by the Euclidean distance we
want to point out the following: First, the corresponding Monge transport problems
have a solution and moreover (see [16])

Wi = min /fU*Tx +:de+/ —-T_ ~(y)dy,
= (T, T_)EAD(f+.f) Q' +(@)|f7 () Q|y WIf~ (y)dy

where Ap(fT, f7) is the set
{(TJF,T,) : Ty : Q — Q are Borel functions, Ty (X1) C D, Ty #f+ = T,#f*}.

In addition, in [16] we also showed that there exist optimal matching measures
supported on the boundary of the target set. In this general setting of costs given by
Finsler structures this is not always true, as the following simple example shows (for
simplicity we consider discontinuous Finsler structures, but the same example can
be adapted easily to provide a continuous example). Let Q = (=1,6), fy = X4 5),
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f— =Xjo, and D = [2,3]. For 0 < e < 1, we consider continuous Finsler structures,
F, and G., defined as

€] if eQ\(2—-¢2+¢),
Fe(z, =
(@) %2|§| if r€(2—¢2+¢),
and
€] if teQ\(B—-¢3+¢),
Ge(w,§) =

1
— if 3—¢€3 .
Ll fre@-cito
Hence, for z € [4,5], if y € (2,2 + €) then
! 1
cFE(a:,y):/ Fe(x—i—t(y—x),y—x)dt:x—2—e—|—6—2(2+6—y),
0

and if y € (2+4¢,3), cr.(x,y) = |z —y|. Similarly, for z € [0,1], if y € (3—¢,3) then
1
G (r,y)=3—e—a+5(y-3—¢),

and if y € (2,3 —¢€), co.(x,y) = |z —y|. Then it is clear that, when e is small
enough, any optimal matching measure will be supported in the set [2 4+ %6, 3— %e],
since otherwise we have to pay something of order 1/e per unit of mass for one of
the two transports, and in the set (2 + €,3 — €) we have to pay at most 3 for every
unit of mass transported there.

Finally, let us remark that in the particular case in which cr and cq are geodesic
distances on a geodesically complete, connected Riemaniann manifold (see [17] for
several examples), by the results in [13], it is known that the corresponding Monge
transport problems has a solution, that is, there exists Borel functions 77} : @ —
such that T #f+ = peo = T_#f~, such that

/ er(z,y)dy = / ep (@, T (1) £+ () da
QxQ Q
and

/Q calnyy = / c6(@, T* (2)) f~ (x)d.

Q

Therefore,

WP = [ ere Ti@)f @)da+ [ ecle. T @) (@)da.

Moreover, we also have

D _ . + —
wpo= i e ) @de+ [ el T ().

These are the contents of the paper: in Section 2 we collect some properties of
Finsler functions that will be used in the core of the paper; Section 3 contains our
main results, we deal with the p—Laplacian system and show that we can pass to
the limit as p — oo obtaining the optimal matching results, in addition we find
transport densities for the transport problems involved.
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2. Preliminaries on Finsler functions. In this section we collect some prop-
erties of Finsler functions in R that will be used in the sequel. Recall from the
introduction that a Finsler function @ is a non-negative continuous convex function,
positively homogeneous of degree 1,

O(t€) = t®(E) for any t >0, £ € RY,
that vanishes only at 0. Observe that ® satisfies
ale] < @(€) < l¢| for any £ € RY,

for some positive constants «, 3.

Note that Finsler functions are extensions of norms. In fact, any norm in RY
is a Finsler function, and any symmetric Finsler function is a norm. Moreover, for
any Finsler function, convexity is equivalent to the triangular inequality.

Let

By = {¢ e RV : ®(¢) < 1}.

This set Bg is a closed, bounded and convex set with 0 € int(B). It is symmetric
around the origin if ® is a norm. Conversely, for any closed bounded convex set
K with 0 € int(K), ¢x(&) := inf{a > 0 : £ € aK} is a Finsler function with
By, = K; when K is centrally symmetric, we have a norm. In the literature the
Finsler functions are also denominated as Minkowski norms.

The dual function (or polar function) of a Finsler function ® is defined as

B (¢%) = sup{(€7;€) : € € Bo} for £" € RV

It is immediate to verify that ®* is also a Finsler function; and a norm when & is
a norm. We also have

D" (&) =sup .
() e£0 ©(¢)
Therefore, the following inequality of Cauchy-Schwarz type holds,
(€78 < ()P (£7). (1)
If & is a norm, we have
(€75 6)] < (5)D" (7). (2)

Now, for general Finsler functions the inequality (2) is not true. An example of
a Finsler function that is not a norm in R is given by ®(¢) := a~ + b€™, with
0<a<hbd

It is not difficult to see that

(6 = 2(¢), VEERN.

Hence,

(&€
®(§) = sup :
¢=20 P*(&¥)
If we assume that the Finsler function ® is differentiable at £, then by Euler’s
Theorem,

P(§) = (DP(£);€)- (3)
Moreover, if we assume & is differentiable in K C R, since ® is convex and satisfies
the triangle inequality, we have

(D®(&);m) < ®(n) VEne K. (4)
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If we assume @ is differentiable in RV \ {0}, by Lagrange multipliers, from

(") = sup (£;¢7),

P(§)=1
we get that:
it DO =1 and () = (&) 5
then there exists A € R such that £ = AD®(¢).
From (3) and (4), we also have
P(DDE) =1 VE£0. (6)

3. The limit as p — oo in a p—Laplacian system. In this section we show that
we can follow the ideas of Evans and Gangbo in [11] to get the matching measure
and the Kantorovich potentials at the same time.
From now on we will assume that F,G are continuous Finsler structures on 2
satisfying
a1lé] < F*(x,€) < B1|€] for any € € RY and z € Q, (7)
alé| < G*(x,€) < Bolé] for any € € RN and = € Q, (8)
being «;, f5; positive constants. We can take w.l.g. a; = o and §; = .
In [17] we proved the following result that will be used later on.

Lemma 3.1. u € W1>°(Q) if and only if Lip(u,cp) < oo, where

Lip(u,cp) == sup{w tx,y € Qx # y};

and
esssup,coF™ (x, Du(z)) = Lip(u, cr).

As consequence of Lemma 3.1, we have that the set of functions
K,(Q)={u: Q=R : uy) —u(z) <cplx,y)}.
coincides with the set
Kp(Q) :={u: QR : esssup,cqF*(z, Du(z)) < 1}

3.1. The limit procedure. Take p > N from now on, and recall that, for simplic-
ity, we assumed that € is a convex C? bounded open set. We will use the following
result whose proof follows standard Functional Analysis arguments.

Lemma 3.2 (A Poincaré’s type inequality). There exists a constant C > 0 such

that
.ty <0 (1955l +| [+ 0))
for all (f,g) € WHP(Q) x WLP(Q), f(xo) = g(xo) for some xg € D.

The constants that appear in the previous inequality may not be unform in p.
It is not our aim here to make this dependence precise, then we are not allowed to
use these results in the passage to the limit as p — oo, they are used only to show
existence of a solution of the variational problem under consideration.
Let us consider the following variational problem
1 1
min */(F*(LU,D’U))I)-F*/(G*(m,Dw)p—/’Uf+—/’wf_.
(v,w) e WP (Q) x whr (@) P Jo pPJa Q Q
9)

v4+w >0 in D
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The next result deals with existence and uniqueness of solutions for the variational
problem (9).

Theorem 3.3. There exists a minimizer (vp, wp) of (9). Moreover, when F* and
G* are strictly conver we have uniqueness of minimizers up to an additive constant,
that is, if (0p,Wp) is another minimizer then there exists a constant ¢ such that
(Op, Wp) = (vp — c,wp + ).

Proof. Set

w00 = [ (@ oy [

p Q

(@ (@ D)) = [ o= [ wf.

Let us begin by observing that, since the functions in W?(Q) (p > N) are contin-
uous, it is easy to see that

min U, (v,w) = min U, (v, w). (10)
(v, w) € WhHP(Q) x WHP(Q) (v, w) € WhHP(Q) x WHP(Q)
v4+w >0in D v4+w >0in D

Jzg € D, v(zo) + w(zo) =0

Moreover, since ¥, (v, w) = ¥,(v — ¢, w + ¢) for any constant ¢, by taking
1
2

(o e )

we can minimize W, (v, w) between functions (v, w) with [, v = [ w.

Now, by Lemma 3.2, and having in mind (7) and (8), ¥,(v,w) is a finite
lower semicontinuous and coercive convex functional for the closed convex subset
of WhP(Q) x WP(Q), B, given by

(v,w) € WHP(Q) x W'P(Q) : v +w > 0in D, v(zo) + w(zo) =0

for some xg € D, /U:/w
Q Q

Then, by [2, Corollary 3.23], ¥, attains its infimum on B, which is equivalent to
say that
inf U, (v, w)
(v,w) € WHP(Q) x WP ()
v+w >0in D
is attained.
Uniqueness for strictly convex Finsler structures follows as in [16]. O

Now we prove that we can pass to the limit as p — oo in a subsequence of
minimizer functions.

Theorem 3.4. Let (v, wp) be minimizer functions of (9). Then, there exists a
subsequence p; — 400 such that

lim (vp,, wp,) = (Voo, Weo)  uniformly,
71— 00

where (Voo, Weo) 18 a solution of the variational problem

max /—Uf+—wf . (11)
v, w € W (Q) Q

F*(z, Dv(z)), G*(x, Dw(z)) < 1 a.e.
v+4+w >0in D
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Proof of Theorem 3.4. Let us take (v,,w,) € B a minimizer of (9). For (v,w) €
W (Q) x Wh>(Q), with F*(x, Dv) < 1 and G*(x, Dw) < 1 for a.e. x € Q, and
v+ w > 0in D, we have that

Lottt [wnr <o [ (7@ Do)y
o L@ wpu)y+ [t [ wr

< [ @poy+ [ (@@ Doy (12)

b Ja p
+/Qvf++/ﬂwf7

§2|?+/Qvf++/ﬂwf.

Now, by (10), we can assume that there exists «,, € D such that v, (z,)+wp(zp) =
0. We can also assume that v,(zo) = 0 for all p, for any zo, € Q. Hence, as p > N,
we have,

||UP||OO < ClHDUp”pa (13)
and
||wp||oo <G (”prHp + ||Dvp||p) ) (14)

with Cy not depending on p. See [16] for the details.
From (12), (7), (8), (13) and (14) and using Hoélder’s inequality, we get

(f [F*(x,Dvp@))]p)l/p, (f [G*(x,pr(x))]p)l/pg O Vo> N,

and
[DvpllLe(e)s [Dwplle) < C5  ¥p >N,
with C; independent of p.

Therefore, by Morrey’s inequality and Arzela-Ascoli’s compactness criterion,
there exists a subsequence such that

Up, = Voo Uniformly in Q and Wp, = Ws uniformly in Q,
and, S0, Vo + Weo > 0 in D. Moreover, we get
[Dves [loos [[Dwes|loo < C and [ F*(.; Dveo)[|oos IG™ (-, Dwoo)[loo < 1.
Finally, passing to the limit in (12), we get
| ot cuf = sup | ot —ur.
Q Q

v, w € WH(Q)
F*(z, Dv(z)), G*(z, Dw(z)) < 1 a.e.
v+ w > 0in D

This ends the proof. O

Remark 3.5. Note that the convergence as p — oo is only along a subsequence.
The main content of our result is that there is enough compactness to pass to the
limit along subsequences and moreover that all possible limits are solutions to the
maximization limit problem (11).
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We now prove some properties of the minimizers that allow to show that (veo, Weo)
are Kantorovich potentials. Moreover, we will see that this limit procedure gives
much more since it allows us to identify the optimal matching measure.

Lemma 3.6. Assume that F*(z,-) and G*(z,-) are CL(RN \ {0}). Let (vp, w,) be
minimizer functions of problem (9). Then, there exists a positive Radon measure
hy of mass My such that

1.
—div ([F*(x, Doy ()P~ @(x, Dvp(x))> =h,— [T inQ,
OF* * (15)
[F*(z,Dvp(:zz))]p_1 (a—g(x, Du,(x));nm) =0 on 0f).
—div ([G*(m,pr(x))]p_l w(m,pr(J:))) —h,— " inQ,
o (16)
[G*(, Dw,(z))]P " <(T£(m,pw,,(x));n> =0 on 9.

Here n is the exterior normal vector on 982, and 8612* is the gradient of F*(x, &)
with respect the second variable &, similarly for G*.

2. The positive measure hy, is supported on {x € D : vy(z) + wy(z) = 0}.

Proof. In this proof, for shortness, we will avoid to write the z dependence of F*
and G*, that is, we write F*(Dwv,) and G*(Dw,). Recall that since p > N, we have
WhP(Q) C C(Q). For any ¢, € WHP(Q) such that ¢ + 1 = 0 in D, since (v,,w,)
is a minimizer of ¥ in the set

{(v,w) € WHP(Q) x WHP(Q) : v+ w > 0in D},
the function
I (t) := U(vp + to, wy + t)
has a minimum at ¢t = 0. Therefore, I](0) = 0, from where it follows that

[ 0o S0+ [ 160w T DDy
Q 23 Q 3 (17)
= — tp— BEVR
[rre=[ 5o
Observe that, taking ) = —p in (17), we get that
—div ([F*(Dvp)]p_l 65; (Dv,,)> +div ([G*(pr)]p_l %(Dw,,))
Sy ne (g

OF*
3

[F*(Dvp)]"™ (S5 (Dwp )i ) + (G (Dwp)]”~

Similarly, for any ¢ € WHP(Q), ¢ > 0, and any ¢ > 0, we have
Ir(t) := U(v, + to, wp) — U(vp, wy) >0

and
I3(t) := U(vp, wp + t@) — U(vp, wy) > 0.
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Then, by taking limits in % § = 2,3, as ¢t — 0, we get

—div ([F*(Dvp)]p_l g(pvp)> +ft>0 nQ,
—div ([G*(pr)]”‘1 c’gc?(pr)) +f7>0 inQ.
Therefore, thanks to (18)
= =div (17 (D) (D) ) 4 5+
——aiv (16" (Dup) ! O (Dwy)) + 1

defines a positive measure. Moreover, h,, is supported on {z € D : v,(z) + wp(z) =
0}. Indeed, for ¢ € D(Q) supported on Q\ {z € D : v,(x) + wy(x) =0} and t # 0
small enough,

Iy(t) := U (vp + tp, wp) — ¥(vp, wp) > 0.

then, taking limits in 147(” as t — 0, we conclude.

Given now ¢ € D(RY), if we take ¢ € D(Q) such that ¢+ = 0 en D, (17) says
that

_1 OF*

F*(Dvy))P ™' T

P @ur T

—— [ 1o [ 5w

On the other hand, since ¢ € D(2) and supp(h,) C D, we have

[ e ey S e = [ wan,~ [ o= [ pan,~ [ fu.

Then, from the two above expressions, by density we obtain that

(Do, + [ (6" (Du)! %?(prww

/Q [F*(Dvpﬂp‘laa—f(mww: / odhy — / fro. Veew'r(@), (19)

which shows the first statement in (1) for the first problem. Similarly, we obtain
the second one.
Finally, taking ¢ = 1 in (19), we get

/ dh, = My,
Q

and the proof is finished. O

3.2. The optimal matching problem. Let us begin with the following proposi-
tion.

Proposition 3.7.

WfDi = sup /—vf+—u)f .
v, w e WH(Q) Q
F*(z, Dv(z)), G*(z, Dw(z)) < 1 a.e.
v+4+w >0 in D
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Proof. For a fixed p € M(D, M), by Kantorovich-Rubinstein’s Theorem and
Lemma 3.1, there exist Kantorovich potentials u+ , € W1>(Q), depending on
u, with

esssup F* (z, Duy ) <1 and esssup G* (z, Du_ ) <1,
such that

Lty =sw{ [ o= r0i0e k@)= i [ cotan

and

Justn= sy =swwd [ty ive @ = win [ oty

Therefore,

sup /Q—vf+—wf7+(v+w)u:

v, w € WH(Q)
F*(z, Dv(z)), G*(z, Dw(x)) < 1 a.e.

inf cr(z,y)d _|_/ calz,y)dy_ .
('7+,'y,)el‘[(f+,f—,u)/ﬂxﬂ F( y) Y+ ( y) Y

QxQ
Since
—vfT —wfT 4 (v +w)p
Q
= [ —ef* — (w - min(w+ v+ (w = min(u+ ) + o)
Q
< sup /—6f+—1bf_+(u7+f))u,
o, e WH(Q) Q
F*(z, Dv(x)), G*(z, Dw(z)) < 1
S4® >0in D
we have

sup /Q—vf+ —wf~ + (vt w)p =

v, w € W (Q)
F*(z, Dv(z)), G*(z, Dw(x)) < 1 a.e.
v4+w > 0in D

cF(x,y)dv++/ ca(z,y)dy_ .

inf /
(v+y=)ET(f+, 1) Jaxa QxQ

Hence, from (5), we get

inf sup / —vft —wf + (v+w)p
HEM(D,Mo) v, w € WHoe(Q) Q
F*(z, Dv(z)), G*(z, Dw(z)) < 1 a.e.
v+ w >0 in D

= inf / cr(x,y)dy —|—/ calx,y)dy_ .
(v+:7=)EOD(fT.f7) Jaxa i e QxQ ( )

Now, by Fan’s Minimax Theorem ([12]), we can interchange inf sup by supinf in
the first part of the above expression and, since

. + _
sup min /fvf —wfm+ (w+o)u
v, w € W (Q) neM(D,Mo) Jo
F*(z, Dv(z)), G*(z, Dw(z)) < 1 a.e.
v4+w>0in D

= sup /—vf+—wf_,
v, w € WH(Q) Q
F*(z, Dv(z)), G*(z, Dw(z)) < 1 a.e.
v4+w > 0in D
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we get the desired conclusion. O
Theorem 3.8. Under the same assumptions of Lemma 3.6, up to a subsequence,
hy = hoo as p — 00, weakly* as measures,

with heo a positive Radon measure of mass My supported on {x € D : voo(x) +
Woo(2) = 0}. And the limit (Voo, Woo) obtained in Theorem 3.4 satisfies:

Uso 15 a Kantorovich potential for the transport of f to heo,

Weo 18 a Kantorovich potential for the transport of f~ to heo,
with respect to cgp and cg respectively, begin these cost functions the Finsler distances
associated to F' an G.

Proof. We will write again F*(Duv,) in the proof for shortness, and the same for
G*. From the last equality in the proof of the previous lemma,

/ dh, = My,
Q

we can assume that there exists a positive Radon measure h,, of mass M, such
that, up to an increasing subsequence of the sequence given in Theorem 3.4,

hp, = hoo.
Let ¢ € D(Q2) be supported on Q\ {z € D : v () + woo (z) = 0}. Then, since
lim(vp,, wp,) = (Voo; Weo)  uniformly,

there exists pyp > N such that ¢ is supported on Q\ {z € D : v, (x) + wp, (z) = 0}
for all p; > pg. Therefore,

/ pdheo = lim / pdhy, = 0.
9] 71— 00 9]

Consequently, h is supported on {z € D : vy (2) + woo(x) = 0}.
Let us write p instead of p; from now on.
Since (F(£))P = (F*(m))? < p(F*(§))P~" G¢ (€)(€ —n) for any €, 1 € RV, we have

> [ @)y = [ (= £,

p
+ [ Dy e (Dw) - (D= Duy) - [t~ 30—

1 . - et
< / (F*(Dg)) / (dhy — f+)g

p

for every ¢ € W1P(Q2). Then, having in mind (19), we have

1 . 1 .

o R N e T N AR

b Ja Q P Ja Q
for every p € W1P(Q). Therefore, for any v € W1>°(Q), F*(z, Dv(z)) <1 a.e.,

1
- [ty = 1y, < 2100 = [ (7 =y

Q
and, taking limits in the last inequality, we get

/ (dhoo — f*)0 < / (dhoe — [)ome,
Q Q



OPTIMAL MATCHING PROBLEM FOR FINSLER DISTANCES 15

from where it follows that

/(dhoo — e = sup /U(dhoo — M),
Q ve WwhoQ) Q
F*(z,Dv(z)) <1 a.e.

and consequently, vo, is a Kantorovich potential for the transport of f¥ to heo,
with respect to cp. The proof for w, is similar. O

Theorem 3.9. The measure ho is a matching measure to the optimal matching
problem.

Proof. From Theorem 3.8 and Kantorovich-Rubinstein’s Theorem, we have

[ otth =1 = min [ entei= [ ertepduo,

HEII(f+,hoo)

po € II(fT, heo) and

[ wttha =57 = _min [ ety = [ categan,

ueH(f* 7hoc)

vy € II(f~,ho). Then, by adding the above inequalities and since [, (weo +
Voo )Mo = 0, by Proposition 3.7, we get

/Q—voof+ — Woof ™ :/CF(Jﬂ,y)dMoJr/CG(%y)dVO

> inf / cr(x,y)dy +/ cal(x,y d’y}
(7+,7)EHD(f+,f_){ axQ rleg)drs axQ (:0) (20)
= sup /—vf+—wf_.

v,wEWl'OQ(Q) Q

F*(z, Dv(z)), G*(z, Dw(z)) < 1 a.e.
v+ w >0in D

Now, by Theorem 3.4, all the inequalities in (20) are equalities. This ends the
proof. 0

Theorem 1.2 is now proved. Let us see that we can also describe the transport
densities of the transport problems involved. Remember we are assuming that F™*
and G* are continuous and that F*(z,-),G*(z,-) € CH(RN \ {0}).

Theorem 3.10. Consider vy, Woo the Kantorovich potentials obtained in Theo-
rem 3.8 and heo, the matching measure of Theorem 3.9 . Then, there exists two
nonnegative L' functions a and b such that

1. for almost every x, a(x) > 0 implies F*(z, Dvs(z)) =1, and

[ ate) (e . D@ Dote) )t = [ (o) = 1 @o(o)d

for all v € W1>°(Q); hence
, OF* I o
—div aa—g(-7 Dvs) | = (heo — fT) in the sense of distributions,

and, in addition,

/a(m) dzx = / Voo () (hoo () — T (2)) da; (21)
Q Q
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2. for almost every x, b(x) > 0 implies G*(x, Dwso(z)) = 1, and
oG* _
/Qb(a:) <a€(m7Dwoo(x)); Dv(m)> dx = /Q(hoo(x) — [ (2)v(z) dx

for all v € W1>°(Q); hence

—div <b§(~, Dwoo)) = (hoo — f7) in the sense of distributions,

and, in addition,

b(z) do = / oo (2) (oo () — f~(2)) d. (22)

Q

[a@dz s [ bw)de == [ o) @) + wn(e)f (@) da
Q Q Q
gives the total transport cost.

Proof. We will write F*(Duv,) in the proof for shortness, and the same for G*. Since
vp 1s a weak solution of problem (15), if we define

. 1 OF
X, i= [F*(Dvy ()" Tg(Dvp(I)),
then
/ (X); D) = / (hy— fF)v Ve WP (Q). (23)
Q Q
Let us see that
{X, : p> N} is weakly relatively compact in L'(Q,RY). (24)
In fact, first, taking v, as test function in (23) and having in mind (3),we have
/ [F*(Duvy(x))]” dz < Cf, Vp > N. (25)
Q
Then, by Hoélder’s inequality, we have
/ [F*(Duy(a))P " de < Cay, ¥p> N, (26)
Q
On the other hand, given ¢ € L>(Q,RY), from (4), (7) and (26), we have
. p—1|/OF*
(i) < | [FT(Doy(a))] S (Dup(a));e(@) )| du
Q Q 3

S/Q[F*(Dvp(x))]pf F(p(x)) dx

< IF*(@)lloe /Q [F* (D ()" da
S CQMH<PH007

from where it follows that {X, : p > N} is bounded in L'(Q2,RY). Moreover, by

(4),
OF* . . .
‘a(Dvp(x))‘ < sup F*(n) < uniformly in .
¢ <1
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Hence, for any measurable subset E C €2, applying Holder’s inequality and having
in mind (25), we have

[ 121 <5 [ (P Do @)p e < ( i [F*(Dvpu))]pdx)ppl B|.

Therefore, {X, : p > N}, being bounded and equi-integrable in L'(Q,RY) is
weakly relatively compact in L'(©2,RY), and (24) holds. Consequently, we may
assume there exists a sequence v,, with p; — 400, converging uniformly to u.,
such that

X,, = Xo weakly in L'(Q,RY).
Thus, for any v € W1>°(Q), having in mind (23), we get

/Q(hp—fﬂvz —/Qdiv(/'\,’pi)v: /Q<Xpi;m) — /Q<XOO;DU>.

/(hp—f+)v:/<Xoo;Dv> Yo € W (Q). (27)
Q Q
In addition by (23) and (27),

Hence,

lim [ (X,:Dvy,) = lim [ (hy — f5)up,

i—00 Jo 1—=00 Jo

- / (hp — 1 )0mo (28)
Q

= / (Xoo; D).
Q
Applying Hélder’s inequality, (6), (3) and (28), we get

/ F(Xx(2))dr < liminf [ F(X,,(z))dx
Q

1—> 00 Q
OF*
€3

= liminf [ [F*(Duvp, (z)" ' F (

11— 00 QO

(D2, () ) do

< liminf ( / [F* (D, ()] dx)

i—00

p;—1
pPj

= lim inf ( /Q [F*(Du,, ()P <an2 (D, («)); Doy, (x)> dx)

11— 00

Py —

= lim inf (/ <Xpi;Dvm>> " :/(XOO;DUOO).
11— 00 Q Q

Now, since us € KE(Q),

[ F*(Dvoo) ()| Lo () < 1.

Moreover, by (1),
(Xoo; Do) < F*(Dvoo () F(Xoo (2)).

Then, we have

and
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Now, by (5), for a.e. x € § there exists a(x) such that

OF*
Xeole) = o) G- (D). (31)
Moreover, from (29), (30), (31) and (3), we have
OF*
0 < F(Xoo(z)) = a(x) <8£(Dvoo(m));Dvoo> = aF*(Dv(z)) =a a.e.,

hence a = F (X (7)) is a nonnegative L' function, and by (30), we get that
for almost every x,a(x) > 0 implies F*(Dvso(x)) = 1. (32)
Now, by (27) we have

[ ate) (e Dt Dota) o = [ (o) - @001 as (63

for all v € W°(Q), and in particular

—div <a§(Dvw)) =heo — fT

in the sense of distributions.
Finally, by (33) and (32) and using (3), we have

/Quoo(m)(hoo(x) — fH(z))dz = /Q a(z) <88ZF(DUOC(3;));D%O($)> di

_ /Q o(2) F* (Dvw (2))dz: = / o(z)dz.

Q

We can do the same for we,, and then we have shown that this procedure gives
also transport densities for the optimal transport problems involved between f~
and hoo. Finally, (21)4(22) gives (3). O
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