NUMERICAL APPROXIMATIONS FOR A NONLOCAL EVOLUTION
EQUATION

MAYTE PEREZ-LLANOS AND JULIO D. ROSSI

ABSTRACT. In this paper we study numerical approximations of the nonlocal p—Laplacian
type diffusion equation,

uy(t, ) = /Q J(@ = y)lult,y) — ut, )P~ (u(t,y) — ult, =) dy.

First, we find that a semidiscretization in space of this problem gives rise to an ODE
system whose solutions converge uniformly to the continuous one as the mesh size goes to
zero. Moreover, the semidiscrete approximation shares some properties of the continuos
problem: it preserves the total mass and the solution converges to the mean value of the
initial condition as t goes to infinity.

Next, we discretize also the time variable and present a totally discrete method which
also enjoys the above mentioned properties.

In addition, we investigate the limit as p goes to infinity in these approximations and
obtain a discrete model for the evolution of a sandpile.

Finally, we present some numerical experiments that illustrate our results.

1. INTRODUCTION

Our main goal in this paper is to approximate numerically a nonlocal nonlinear diffu-
sion problem, involving the nonlocal p-Laplacian operator (with homogeneous Neumann
boundary conditions). More precisely, we deal with the problem

ay ] wta = [ 3@l - ol ) - o) dy
u(z,0) = up(x),

being J : R? — R a nonnegative continuous radial function with compact support verifying
J(0) > 0. We also assume that [, J(z)dz =1 to simplify our arguments (although this
condition is not necessary to prove our results). We take 1 < p < +o0o0 and Q C R? a
bounded domain. Existence and uniqueness of a strong solution to (1.1) can be found
in [3].

Key words and phrases. Numerical approximations, Nonlocal diffusion, p—Laplacian, Neumann bound-
ary conditions, Sandpiles.
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Nonlocal evolution equations of the form

(1.2) w(z,t) = Jxu—u(x,t) = /]Rd J(z —y) (u(y,t) —u(z,t)) dy,

have many applications in modelizing diffusion processes, see [1], [4], [5], [9], [10], [11], [12],
[13], [14], [19], [20], [23], [24], [25], and even in the treatment of images, see [8, 21].

As stated in [19], if u(x,t) represents the density of a single population at the point
x at time ¢, and J(z — y) is considered as the probability distribution of jumping from
location y to location &, then the convolution (J * u)(z,t) = [pq J( y,t)dy is the
rate at Wthh 1nd1v1duals are arriving to position x from any other place Whlle —u(x,t) =
— f]Rd — x)u(z,t) dy is the rate at which they are leaving location x to travel to any
other Slte Under these considerations and in the absence of external or internal sources,
the density w satisfies equation (1.2). Equation (1.2) is known as a nonlocal diffusion
equation since the diffusion of the density u at a point x and time ¢ depends on all the
values of v in a neighborhood of x, through the convolution term J % u.

The nonlocal diffusion equations share many properties with the corresponding local
problems. In [3] the authors find that problem (1.1) is the nonlocal analogous problem
to the well known local p—Laplacian evolution equation u; = div(|Vu|P~2Vu), for p > 1,
(while the extreme case, p = 1 corresponds to the total variation flow) with homogeneous
Neumann boundary conditions. Indeed, if one rescales the kernel J properly, solutions to
(1.1) converge to solutions of the local problem.

Note that, since we are integrating in {2, we are imposing that diffusion takes place only
in 2. There is no flux of individuals across the boundary. Hence, we are dealing here with
the nonlocal analogous to Neumann boundary conditions.

Finally, concerning the large time behaviour, solutions to (1.1) converge to the mean
value of the initial condition, as it happens for the local problem. Moreover, in [2] the limit
as p — oo is considered. It is given by a nonlocal model for the formation and growth of
a sandpile, analogous to the local model described in [16, 17, 18].

However, up to our knowledge, there is none rigorous study of numerical approximations
for these kind of problems.

Now, let us describe our results. We look in detail to the one-dimensional case, that
is Q = [0, L], since the extension to several space dimensions is straightforward. Assume
that the support of J is the interval [—S,S]. Let us consider a partition (not necessarily
uniform) xy,- -+, x x4 of the interval [0, L] of size h = max(z; —x;_1). Then, the numerical
approximation to problem (1.1) solves the following system of O.D.Es, for each node z;,

(1.3) ;AJ i = @) halui(t) — s (OF 7 (uilt) —u;(6), >0,
Uj(o) = ug(7;),

for every j=1,--- ,N+1, being A = {i such that |z; —z;| < S}
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Next, we discretize the time variable using the explicit Euler method and we obtain

ukz+1
—ZJ i — x5 hi|uf —uk|p 2(f—u§), k>0,
i€A
u :u[)(xj).

(1.4)

Note that for these nonlocal models the explicit Euler scheme is well suited, since it does
not need a restrictive stability constraint for the time step, as it happens for local problems.
This is related to the lack of regularizing effect in nonlocal problems. See Remark 2.9.

Our results concerning the semidiscrete and totally discrete approximations read as
follows (see Sections 2.1 and 2.2 for precise statements).

Solutions to the numerical scheme converge uniformly to the continuous solution as the
mesh size h (and the time step T) goes to zero. Moreover, the numerical approzimations
share some properties of the continuous problem: there is a comparison principle, they
preserve the symmetry and the total mass of the initial data and they converge to the mean
value of the initial condition as t goes to infinity.

We remark that our results also hold when we deal with approximations in a multidi-
mensional domain. The proofs are similar to the one-dimensional case and are left to the
reader. See the short paragraph at the end of Section 2.

We also study the limit as p — oo and we prove that solutions to the semidiscrete scheme
(1.3) converge to a nonlocal evolution problem, that can be regarded as a semidiscrete
approximation of a model for the evolution of a sandpile, see [2]. In the local sandpile
models it is assumed that the maximum slope of a sandpile is one (otherwise the sand
configuration becomes unstable), see [16, 17, 18]. In the nonlocal sandpile model described
n [2] the same restriction on the slope is assumed but with some freedom at short distances
(distances shorter than the size of the support of J), that can measure irregularities of the
sand grains.

The rest of the paper is organized as follows: in Section 2 we study the semidiscrete and
the totally discrete approximations in one space dimension, in Section 3 we take the limit
as p — oo and finally in Section 4 we show some numerical experiments that illustrate our
results.

2. SEMIDISCRETE AND TOTALLY DISCRETE NUMERICAL METHODS

In this section we develop a fully discrete numerical method to approximate problem
(1.1), restricting ourselves to one space dimension, that is, = [0, L], and supp(J) =
[—S,S]. We begin by describing our space discretization.

2.1. Semidiscrete scheme. We perform a discretization of the space variable and show
the convergence of the semidiscrete scheme and some asymptotic properties of the approx-
imations.
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To this end we introduce some preliminary notation. Let us consider a partition (not
necessarily uniform) xy,--- , 241 of the interval [0, L] of size h (h = max(z; — x;_1)) and
the corresponding standard piecewise linear finite element space Vj,. Let us denote by
{¢;}1<j<n the usual Lagrange basis of V.

We define the semidiscrete approximation,

N+1
(2.5) un(w,t) = u(t)e;(@).
j=1
Where u;(t) is the solution to the following system of O.D.Es

() = Y I — ap)hafui(t) = ug (P () —uy (1), ¢ >0,
(2.6) iea

u;(0) = uo(z;),
for every j = 1,--- ,N + 1, being A = {i such that |z; —z;| < S}. Note that local
existence and uniqueness of solutions to this system is straightforward from the fact that
the right hand side of the equation is locally Lipschitz.

We first show that the semidiscrete solutions converge to the continuous solution. To

this end we prove that our solutions satisfy a comparison principle.

Definition 2.1. We say that U is a supersolution of problem (2.6) if each of its components
satisfies

(1) 2 3 (i - a)fa(t) - O @) - w1, ¢ >0,
2 > ug(z;),

for every x; such that |x; —x;| < S and j=1,--- N+ 1. Analogously, U is a subsolution
of problem (2.6) if it verifies the previous problem with the reverse inequalities.

Lemma 2.2. Let U and U be a supersolution and a subsolution of problem (2.13), respec-
tively. Then

U(t) = U(t) = U(t).

Proof. By an approximation procedure we restrict ourselves to consider strict inequalities
for the supersolution. Indeed, we can take w;(t) +dt+4 (6 > 0) foreveryi=1,--- N +1
as a strict supersolution, and take limit as § — 0 at the end. We show that U(t) > U(t)
by contradiction. Let us assume that there exists a first time ¢, and a node j, such that
wj, (to) = uj,(to) = a; then we have

0 >}, (to) — uj, (to) >

D (s = ) ([W(to) — a7 (@ilto) — a) — uilto) — P~ (wilto) — a)) =0,

i€A

a contradiction. The inequality U(t) > U(t) can be handled in a similar way. O



NUMERICAL APPROXIMATIONS FOR A NONLOCAL EVOLUTION EQUATION

Ut

Now we are ready to prove the convergence result.

Theorem 2.3. Let u € C([0,T]; L*(Q)) N WHL((0,T); L(Q2)), be a positive solution to
(1.1) and uy, the numerical approzimation defined by (2.5). Then there exists a constant
K, such that for every h small enough it holds

max {max lu(z,t) — up(x, t)]} < Kh.
0<t<T | z€[0,L]

Proof. Let us denote by €;(t) = u;(t) — v;(t) the error vector, where v;(t) = u(x;,t). It is
easy to check that this vector verifies

= > s — b (Jus = w2 (s = ) = o = 05205 = vy)

€A
+ZJ =zl — o3P — vy)
€A
- / Ty — 0)uly) — (@) (uly) — u(z)) dy
< 3 (o = )il = P 2les = 5] + O,

being 1 an intermediate value between u; —u; and v; —vj, resulting from applying the Mean
Value Theorem to the first term. The second term is O(h), since each of the approximations
to the integrals are O(h?) and we add them taking into account the nodes laying on the
supp(J).

Therefore, the error vector solves the following problem,

= J(xi — x)hi(p — DnPle; — ;| + Ch, >0,

(27) i€A
6]'(0) =0,

Thus, if we consider w;(t) = w(t) = Cht, for every j =1,--- , N+1, w is a supersolution of
problem (2.7). It can be shown in a similar way to Lemma 2.2, that this problem satisfies
a comparison principle. Consequently, ¢;(t) < w(t) < Kh, for every t < T and every
j=1,--- N+ 1. Here K =CT.

Repeating this argument for the vector —e;(t) we conclude that
le;j(t)] < Kh, foreveryj=1,--- N+1,
which finishes the proof. U

Let us prove now that, as it happens for the continuous problem, if the initial datum is
symmetric, the numerical scheme preserves this property.

Lemma 2.4. Let ug(x) be a symmetric initial datum in [—L, L], that is ug(x) = uo(—2x),
and consider a symmetric partition x;, —N —1 <11 < N+1, of this interval, i.e. x; = —x_;.
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Then, the solution to problem (2.6) is symmetric, that is, it verifies

Proof. Let us define w;(t) = u_;(t). Then, w; satisfies

=D Il = aphilus(t) — wi (P2 (i(t) — wi(t)), >0,
icA
w;(0) = uo(x—;) = uo(x;),
for every j = —1—N,--- /N +1, being A = {i such that |z; —z_;| < S}. But note that
A= —Awhere A= {i such that |z; —z;| < S} since the partition is symmetric. Taking
into account that J is symmetric, we have that the previous equation can be written as
follows

= " J(ami — a_j)hlwi(t) — wi (P2 (wi(t) — wi(t))

€A
=D (@i = ay)halwilt) = wi (O (@ilt) = w;(2).
€A
We conclude the proof by uniqueness of the solutions to the ODE system. U

We show that the solutions of the discrete nonlocal problem converge to the mean value
of the initial condition. To carry out this task, we prove the following Poincaré’s type
inequality.

Lemma 2.5. Let p > 1. Then,

1 N
IS hihg J(x — x) v — vy|P
(2.8) I, =1(J,d,p) = inf 2 Zz,]fl N+1( )| J
{veRN L N1 iy (1)=0) > i hyluglp

18 strictly positive. In consequence,

N+1 | N | N1
(2.9) IZh vj——Zhv, Zth — ;) vy —v;]",
i,j=1

for every v € RN+,

Proof. To show (2.8) it suffices to see that for each v € RV there exists a constant ¢ > 0
such that

N+1 N+1
(2.10) Zh ;| < ¢ (Z hi by J(x; — x5)|v; — v,]P +

J=1

N+1

z:hvZ
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Arguing by contradiction, if (2.10) does not hold, then for every n € N there exists v, €
RN with SIMH by | (v,)i]P = 1, satisfying

N+1
Z hi(vn); ) )

N+1
1>n<z hi hj J(z; — x;)|(vn)i — (vn);]7 +
ij=1

In particular, this implies that lim, ... Y ;" h;(v,); = 0, which contradicts the fact
that > . h; |(v,):[? = 1. Note that (2.9) follows immediately from (2.8), for v; = w; —
I ZNH h; w;, for any w € RN+, O

N+1

We are now ready to study the asymptotic behaviour of the discrete solutions.

Theorem 2.6. Let p > 1 and uy, € V), the solution to problem (2.6) corresponding to an
wnitial datum, ug. Then, there exists a positive constant C', independent of t, such that

S Syl (0)F

(2.11) P <C t

— 0, ast — o0,

where Ty = %ZZ hiu;(0) < oo

Proof. We define w;(t) = u;(t) — wp. From (2.6) it is easy to see that w verifies
N+1

dtzh|w‘7| —pzhle| szh*] T — xj)|wi — w;|P” *(wi | — wj)
€A
N+1 '
==Y Y hihiJ(@ — ;) (JwilP 7w — JwjPw;) |wi — wjP 2 (wi — w;)
=1 icA
N+1
9> Y hyhi J(w = ) |wil wilw; — w7 (wi — wy)
=1 icA
D N+1
T2 DD hihi J (s — x5) (JwilPwi — wP7w;) |wi — wi P (wi — w))-
J=1 icA

Therefore, Zj\g{l h;|w;|? is non increasing.
On the other hand, note that adding the equation in (2.6); in all of the nodes, we obtain
N+1 N+1

Do hyu(t) =303 hy (= ) hafui(t) — g (D () — (1)

j=1 €A
N+1

- — ZZh J(; — ) hius(t) — wi ()P (wi(t) — u;(t))

j=1 €A
N+1

+5 ZZh (s — ) alus (£) — s (0P~ (us(£) = uy(£)) = 0.

zl]EA
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That is, the mass is preserved, + ZNH h;u;(t) = g, for every ¢ > 0 and, consequently,

T ZN+1 h;w;(t) = 0, for every t > 0. Thus we can apply to this function the Poincare’s
mequahty (2.9) and we obtain

N+1 1 N1
Ithj’w]‘V) Zth —xj)]wi—wjp,
j=1 'L] 1
from which it easily follows,
N+1 ¢ N+1
DI NP SIS
j=1 0 j=1
t N+1
(2.12) < C'/ Z hih; J(x; — x;) |wi(s) — w;(s)]” ds
ij=1
t N7+1
= C’/ Z hi h; J(x; — x) |ui(s) — u;(s)]” ds.
0 ;=1

Now, we multiply the equation (2.6); by u; and we add in all the nodes, it is easy to
check that

th (Z hilu;(t) ) Z J(z P iblui(t) — uy ()72 (u(t) — uy(8))u (t)

2,7=1
N+1

== J(xi — x)hihglui(t) — u;(£)]

i,7=1
N+1

+ D I — i hablui(t) — ug (8P (wat) — uy())ui(t)

i,7=1
N—I—l

:__ZJ Dhiblus(t) — g (t)]P.

7,7=1

Integrating in time, we deduce that

N+1 N+1 ¢+ N+1
ZMMW—ZMWW—E/Zth ) Juils) — uy(s)P ds.
j=1 j=1 =1
Thus,
+ N+1 N+1
/Eth 1) lus(s) — w () ds < 3 s ()
i,j=1 j=1

which plugged into (2.12) gives the desired conclusion, (2.11). O
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2.2. A fully discrete scheme. Now we perform the discretization in time, using the
explicit Euler method, that is
ukz-‘rl
—ZJ i — x5 h|uf —uk|p Q(uf—uf), k>0,
0 €A
U; = Uo(%‘),

(2.13)

being A = {i : |z; — ;] < S}, for every j = 1,---,N + 1. We denote by UF =
g J yJ y
(uf, - uk, +1) the vector whose components solve the previous system (2.13).

The symmetry property given in Lemma 2.4 follows similarly from reflection and unique-
ness for the totally discrete method. However, the comparison principle for problem (2.13)
requires a condition on the time step 7, which is not restrictive. In order to show this
comparison principle we give the following definitions.

Definition 2.7. We say that T s a supersolution of problem (2.13) if each of its compo-
nents satisfies

M>2J i — )| 2F —zk|p 2@ —at), k>0
(2.14) Tk —~ J il )

) > ug(z;),
being A = {i : |v;—x;| < S}, for every j = 1,--- N +1. Analogously, U* is a subsolution
of problem (2.13) if it verifies (2.14) with the reverse inequalities.

Proposition 2.8. Let T and U* a super and a subsolution of problem (2.13), respectively,
such that U < U°. If the time step verifies

1
2(p — 1) max; |ﬂf|p‘27

(2.15) T <

then T" < U*, for every k > 0.

Proof. We define Z% = T - U*. Note that, as before, by an approximation argument, we
can assume in (2.14) strict inequalities. Therefore, Z"‘ verifies for each 7 = 1,--- N + 1
and every k > 0 the following system

k+1

Z
T S (- ) k- b ),
1€EA
zj > 0.

Let us argue by contradiction and suppose that there exists a first time t*+! and a node
x; such that zk“ < 0 while z]’i“ > 0. From the corresponding equation for that node we
obtain
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zf“ > zjk + 7 Z J(x; — xj)hz(mf - ﬂ§|p_2(ﬂf - ﬂf) — |uf — u?lp_Q(uf - Mf))

=2+ (p— 1)y Y J (s — )il 05,72 (2F = =),

being 6 ; a value between u} —uf and uj —ul. Let n} = max {0 ;1. Neglecting the positive
) Z b2

terms in the previous inequality and taking (2.15) into account we get

zf“ > z]’.C (1 —(p— 1)Tj|7]§-€|p72 Z J(x; — acj)hi>

=25 (1= (= i 21+ O(R)) 2 0,
which is a contradiction. O

Remark 2.9. Note that the condition (2.15) does not depend on h. This has to be con-
trasted with the analogous condition for the local problem. Indeed, the condition ensuring
the comparison principle for an analogous numerical scheme (based on a discretization in
space using piecewise finite element with mass lumping and the Euler explicit method in
the time variable) for the corresponding local problem is

i < B/ (2(p — 1) max uf?),

for a uniform mesh of size h.

We prove now the convergence result for this numerical scheme.

Theorem 2.10. Let u € C([0,T]; LY(Q)) N WH1((0,T); LY(Q)), be a positive solution to
(1.1) and uf the numerical approzrimation solving problem (2.13). Then there erists a
constant K, such that for every h small enough it holds

— V< K
max {xg% (e, t) uhr} < K(h+7),

being h = max; h; and T = maxy, 7.
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Proof. We define the error vector at time t**! as 5;?“ =y — ¥ being vk“ =

j j
w(xj, tyr1). It verifies the following problem

gkz—f—l k
T S — g — Rk — ) — [of = oS (of — o))
€A
+ > I (@i — )il — PR (0F — o)
€A
1 tr41 )
1 / £~ p)luly, s) — ulz, $)P2(uly, s) — u(z, 5)) dy ds
< ZJ a:z —z;)hi(p— 1) P~ 2|€i §| +O(h+71),
€A

where, as before, n comes from the Mean Value Theorem. Therefore,
51~c+1
<> I — a)hi(p — DnP2lef — k| + C(h+ 7).

€A

Analogously as before, if we consider wf = wh = Ck7y(h + 7), for every j, k, then wf is a
supersolution of the previous problem. Notice that there exists ko such that ¢, > 7', thus
take K = Cty,. The end of the proof follows again by comparison and applying the same
reasoning to —5;?. U

We conclude the study of the totally discrete method by showing that these solutions
also preserve the total mass and tend to the mean value of the initial datum, as it happened
for the semidiscrete case. Nevertheless, we cannot prove now the rate of such convergence
in terms of ¢.

Theorem 2.11. Let ulf be the solution to problem (2.13) and uy = + Y, hi u;(0), the mean
value of the initial condition. Then, the total mass is preserved,

1
- > hjub=m V.
J

Moreover,
max uf — Uy — 0, as k increases.
J
Proof. To show the conservation of the mass we sum the equation (2.13); in all of the
nodes,

N+1 k4l N+1
u; =2/ k k
E —E gJ zj)hiluf — b P (uf —ub) =0,
j=1 j=1 i€A
which vanishes by the same reasoning as in the semidiscrete case. Therefore,
N+1 N+1

Zuk“ Zu], for all k> 0.

7j=1
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To prove the second statement we begin with the study of the symmetric case. Let us
consider a symmetric initial condition with a unique maximum at the central node. Since
the scheme preserves this property, the discrete solution will attain this maximum at the

central node for every k. Denote by zj, such a node and define wk = uk — Ug. Then,

wfo = max; w and it verifies the same equations than u Recalhng the equatlon for the

node xj,,

wfoﬂ = wfo + 7 (ZJ — x4 ) hilwf —w PR (wh — w}“&) ,

We show that w;“?o has to decrease strictly as k increases. Arguing by contradiction, let us

suppose that the value for this node remains the same from some time t*. Consider the

step k + 1. Note that, since w¥ is the node at which w;? attains its maximum at time ¢,

Jo
the term of the sum is non positive. Thus, if wk“

wy = wi for every z; € [x;, — S, x, + S].

= wfo this term is zero. Consequently,

If Wit = W we deduce as before that w ™' = Wi for every z; € [:r;]O S, x;, + 5.

But those values where maxima at step k, that remam being the same in the following
step. Therefore, applying the same reasoning in these nodes, we get that wk“ k“ for
every x; € [z;, — 25, xj, + 25]. In a number of steps [L/S] + 1 we get a contradlctlon.

For the general case, the node at which the discrete solution attains its maximum could
vary with k. Denote by z¥*! the node at which "' = max; w/*'. But we can take the
time steps 7 small enough, so as to assure that the distance between these two nodes,

|z, — xj,| <5, concluding the proof similarly to the symmetric case. O

To deal with the same problem in several space dimensions, let {2 be a bounded domain
in R? and let xy,....,xx41 be a set of points in © that are uniformly distributed (by this
we mean that in every ball of radius S in Q there are at least 7 ~ |Q2|/SY points). Then
we can discretize as before imposing that the values of U at the nodes z; verify the ODE
system (2.5) (or the totally discrete system (2.13)). The extension of our results to this
setting is easy. Indeed, comparison arguments are shown in the same way as for the 1-d
case and the convergence result follows by the same arguments as before, once one notices
that it holds that

[ I =it dy ~ 1BO.SE Y T =tz

1€A

as the number of points goes to infinity (N — o).

3. THE LIMIT AS p — 00

To identify the limit as p — oo of the solutions w,, of the semidiscrete problem (1.3) we
will use the methods of convex analysis, and so we first recall some terminology (see [15]



NUMERICAL APPROXIMATIONS FOR A NONLOCAL EVOLUTION EQUATION 13

and [6]). If H is a real Hilbert space with inner product (, ) and ¥ : H — (—o00, +00] is
convex, then the subdifferential of W is defined as the multivalued operator 0¥ given by
veV(u) = Y(w)—VY(u) > (v,w—u) YweH.
The epigraph of W is defined by Epi(¥) = {(u,A\) € H xR : A > ¥(u)}.
Given K a closed convex subset of H, the indicator function of K is defined by

L) = 0 if uwe K,
KW= 400 if uw¢ K.

Then it is easy to see that the subdifferential is characterized as follows,

(3.16) v€E€INk(u) <= weK and (v,w—u)<0 YweK.

In case the convex functional ¥ : H — (—o0, +00] is proper, lower-semicontinuous and
min ¥ = 0, it is well known (see [6]) that the abstract Cauchy problem

{ () + 0 (u(t)) 2 f(t), a.ete (0,7),
u(0) = uy,

has a unique strong solution for any f € L*(0,T; H) and ug € D(0V).

The following convergence was studied by Mosco in [22]. Suppose X is a metric space
and A,, C X. We define

liminf A, ={zx € X : Jz, € A,, z, — z}

and
limsup A, ={r e X : Jz, € A,,, v, — v}

n—oo

In the case X is a normed space, we note by s —lim and w —1lim the above limits associated
respectively to the strong and to the weak topology of X.

Given a sequence ¥, ¥ : H — (—o0, +00] of convex lower-semicontinuous functionals,
we say that U,, converges to ¥ in the sense of Mosco if

(3.17) w — limsup Epi(¥,,) C Epi(V) C s — liminf Epi(WV,,).

n—oo
As consequence of the results in [7] we can write the following result.

Theorem 3.1. Let U,V : H — (—o00,+00] convexr lower-semicontinuous functionals.
Then the following statements are equivalent:

(i) U, converges to ¥ in the sense of Mosco.
(ii) (I +200,) tu — (I +20¥) " u, VA>0, ueH.

Moreover, any of these two conditions (i) or (ii) imply that
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(iii) for every ug € D(OV) and ug,, € D(0V,,) such that ug, — ug, and every f,, f €
L*(0,T; H) with f, — f, if u,(t), u(t) are the strong solutions of the abstract
Cauchy problems

ul (t) + 0V, (un(t)) 2 fa, a.e. te(0,7),
un<0) = UQ,n,
and
w'(t) + oW (u(t)) 2 f, a.e. te(0,7),
u(0) = uo,
respectively, then

Up — U in C([0,T]: H).

3.1. Limit as p — o0. Let us consider the numerical semidiscrete approximations of
the nonlocal p-Laplacian evolution problem with a source given by f = (f1,...., fn+1),

fi= f(xi),

wi(t) =Y (s — a)hilui(t) — uy (O (ui(t) — uy(t) + fi(1), >0,
(3.18) ieA
u;(0) = uo(x;),
for every j=1,--- ,N + 1, being A = {i such that |z; —z;| < S}
This problem is associated to the energy functional

1
Gp(v) = om Z Z J(z; — x5)hihglv; — v;]?
i

in the Hilbert space H = RY*!. Note that G, is differentiable, hence the subdifferential is
the usual derivative.

With a formal calculation, taking limit as p — oo, we arrive to the functional (recall
that J is supported in B(0,5))
0 if |v; —v;| <1, for |x; — x| < S,

+00 in other case.

Goo(v) = {

Hence, if we define
Koo :={v eRY" ¢ |v; —vy| <1, for |z; — ;| < S },

we have that the functional G, is determined by the indicator function of the set K.
Then, the nonlocal semidiscrete limit problem can be written as

{ F() —U'(t) € dlx_(U(t), ae. te(0,T),

(3.19) 05(0) = o).
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Theorem 3.2. Let T > 0, and an initial condition uy such that |ug(x) — uo(y)| < 1, for
|z —y| < S, and u,), the unique solution to (3.18). Then, if U is the unique solution to
(3.19), we have

lim sup |u,.(t) — U(t)| =0.
P00 ¢e(0,T)

Proof of Theorem 3.2. Let T" > 0. By Theorem 3.1, to prove the result it is enough to
show that the functionals

G,( 2pZZJ ;) hihjlv; — v;|P

converge to
0 if ’Ui—Uj|§1, for |Ii—$j’<57
+00 in other case,

Goo(v) = {

as p — 00, in the sense of Mosco. Note that in (3.17) weak and strong convergences are
the same since we have H = RV T,

First, let us check that
(3.20) Epi(Gs) C liminf Epi(G)).

p—00

To this end let us consider (U, \) € Epi(G). We can assume that U € K, and A > 0
(since Goo(U) = 0). Now take for each p

V,=U and A =Gp(U) + A

Then, since A > 0 we have (V,, \,) € Epi(G,). It is obvious that V, = U — U in RV,
and moreover, since U € K, then |u; —u;| <1, for |z; — z;| < S and we get

ZZJ@— hh|uz—u3|p<—ZZJ — a;)hih; — 0

as p — oo. Therefore, )\p — X as p — oo and we get (3.20).
Finally, let us prove that

lim sup Epi(G)) C Epi(Gu).

p—00

To this end, let us consider a sequence (U,,, Ap,) € Epi(Gy,), that is, G, (Up,) < Ay, with
Up; — U, and )\, — A. Therefore, we have that A > 0, since 0 < G, (U ) <A, )\ On
the other hand,

A12> Gy (Upy,) kaZZJ hil| (up, )i — (up, ) 7%

<

Since any term in the above sum is nonnegative, we conclude that

1
A+ 12> —hihiJ(z; — 25)|(up, )i — (up, )]
2pg



16 MAYTE PEREZ-LLANOS AND JULIO D. ROSSI

for some ¢, j such that |z; — x;] < S. Hence, since (uy,, ); — w; and (uy,, ); — u; we obtain
lu; —u;| <1 for |z —z;] < S.

Thus, we conclude that U € K.,. This ends the proof. U

3.2. An explicit solution. Now our goal is to show an explicit example that illustrate
the behavior of the solutions when p = +o00. We want to find a solution to

(3.21) F() = U'(t) € 0G(U®),  ae.te(0,T),
. U(O) = uO(xj), in Q7
where
Goo(v):{ 0 %f lv; —v;| <1, for |z; — x| < S,
+00 in other case.

In order to verify that a function U : [0,T] — R¥*! is a solution to (3.21) we need to
check that

(3.22) Goo (V) > Goo(U) + {f = Uy, v —U), for all v € RV,

To this end we can assume that v € K, (otherwise Goo(v) = 400 and then (3.22) becomes
trivial). By (3.16), we need to check that U(t) € K, and

S () = (1) (v — uy (1)) <0,

J

for every v € K.

Now, to simplify, assume that the support of J is (—1, 1), that is, S = 1. Let us consider
a recipient Q = (0, L) with L an integer greater than 1, a uniform mesh, z; = (j —1)L/N,
j = 1,..,N +1, as initial datum take uy = 0 and a source given by f(z,t) = Xo,1)(2).
Then the solution is given by

t, r; <1,
“j(t):{o x]'>1
) 7 )

for times ¢ € [0,1]. Let us check that this is indeed the solution for ¢ € [0, 1]. It is clear
that U(t) € Ko since |u;(t) —u;(t)| < 1 for every ,j. Moreover, since f and U, coincide
in [0, L], we have that (3.22) is immediate.

For t € [1, 3] we get

t—1
1+T z; €[0,1),

wi(t) = t—1
=110y

0 z; ¢ [0,2).

)
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Let us check that this is the solution. We have that U(t) € K. Hence we have to verify
(3.22). Since Uy and f vanish outside [0,2) we have to see that

> =)oy —u) + Y (~ui(t)(vi — wi(t) <0.
z;€[0,1) z;€[1,2)

Using the explicit form of u; we get

1 t—1 1 t—1

(v — (14 —2)) — (s — — )< 0.

z;€[0,1) z;€[1,2)
That is equivalent to (note that all the terms that involve ¢ cancel),
S Y syt
z;€[0,1) x;€[1,2) z;€[0,1)

which holds as a consequence of the fact that |v; —v;| < 1 for z; € [0,1) and z; € [1,2)
(we are using here that v € K).

In general we have, until the recipient is full, for any k = 1,..., L and for t € [tx_1,tx)

‘ t—t
k—1+ gl z; €[0,1),
k—2+t_;1 z; € [1,2),
t—t
kk ! Z; € [k‘—l,k),
[ 0 zj ¢ [0, k).

Here ty, = tx_1+k is the first time at which the solution reaches level k, that is u,(tx, 0) = k.

For times even greater, t > t;, = L(L + 1)/2 (the recipient is full of sand), the solution
turns out to be Py
L+ —=

Lt . Zj € [07 1)7
L—1+—2% 2 €[1,2),
u;(t) = ’
t—t
1+ LL z; €[L—1,L).

Hence, when the recipient is full the solution grows with speed 1/L uniformly in (0, L).

4. NUMERICAL EXPERIMENTS

In this section we perform, using Matlab (odel5s subroutine), some numerical experi-
ments just to illustrate our general results.

First, we show the evolution in time of a numerical solution, taking p = 5, N = 101
and as initial datum uy = 6[sin(5z)| 4+ 0.15(3 — |z])* in the interval [-3,3]. We can
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appreciate that, since the initial datum is symmetric, the solution remains symmetric for
every positive time.

p=5

10

30

-2
0 10

space 4 0

time

Figure 1. Evolution in time, symmetric datum.

Next, we show the value of the first node (corresponding to © = —3 ) of the numerical
approximation for different values of N. We can appreciate the convergence towards the
mean value of the numerical initial datum as t increases for different values of N. More-
over, we can appreciate that the discrete mean value increases with N to 6, which is the

continuous mean value of uy = 9 — 2.

6
5.5/ - ]
//
,/
51‘,’ N=21 |
| - - - N=41
----N=61
4.5l —— nmean val ue
4 L L
0 1000 2000 3000

Figure 2. Convergence to the mean value of the initial datum as ¢ increases.

Now we include a picture comparing the semidiscrete solution with the totally discrete
one. Here we take p = 4, up(x) = (9 — 2?), Q = (=3,3), N =50, 7, = 0.1 and k£ = 8000.
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6.1
- - —totally discrete solution
6.057 semidiscrete solution 1
6f ;TN :
/ \
/ \
S \ -
i S ! A 7 7N
5.95¢ i N ! ; . ! 1
! N ! \ // !
] = - !
/ \
59t Lo
j \
s \\ -~
585 1 1 1 1 1
-3 -2 -1 0 1 2 3

Figure 3. Semidiscrete and totally discrete solutions for t;, = 7k.

In the next picture we show the evolution in time of a numerical model of sandpiles with
p = 50, corresponding to the initial data uyp = 0 in Q = (0,4) with a source f = xjo1-
Note that the slope of u;(t) decreases as time evolves, as we illustrate in Figure 5. This is
a consequence of the fact that the sand that is added by the source has to be distributed
in a larger set.

p=50

i

////lll//llllllllllt‘

2 .
space 4 0 tine

Figure 4. Evolution in time of the numerical model for sandpiles.
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N
a Lk N U W g A

o

o
N
N

6

Figure 5. Different slopes of the value of the solution at some nodes of the numerical
model for sandpiles.

Finally we show solutions for different values of p and compare them with the explicit
formula of the previous section. In this example we take ug = 0 in Q = (0, 3) with a source

f= XJo,1]-

0 1 2 3 0 1 2 3

Figure 6. Convergence as p increases to the explicit solution.
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