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ABSTRACT. We find interpretation using optimal mass transport theory
for eigenvalue problems obtained as limits of the eigenvalue problems for
the fractional p—Laplacian operators as p — +00. We deal both with
Dirichlet and Neumann boundary conditions.

1. INTRODUCTION

Our main goal in this paper is to use tools from mass transport theory
to study eigenvalue problems that are obtained taking limits as p — +o0
in eigenvalue problems that involve fractional spaces WP (with 0 < s < 1
and 1 < p < +00). We deal both with Dirichlet and Neumann boundary
conditions.

Along this paper we take U a smooth bounded domain in R, 1 < p < 400
and 0 < s < 1. We also fix d(-, -) a distance in R" equivalent to the Euclidean
one.

Let )\D be the first eigenvalue of the fractional p-Laplacian of order s in
U with Dlrlchlet boundary conditions, that is, let us consider

)\gp = inf {[u]gp tu € Ws’p(U),/ |ulP do = 1}
U

[u(z) —uly)P ,
’p n n |$ - |n+8p y

is the semi-norm of W*P(R™) and

WP(U) = {u € WP(R") : u=0in R"\ U}.

where

For this problem Lindgren and Lindqvist in [18] proved that

l/p 1
yo_ L

AP = lim (AP
3700 p_)_"_oo( 7p
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where

R = maxdist(z,0U) = max min |z — y|.
zeU zeU yedU

Moreover, via a subsequence, the eigenfunctions wu, suitable normalized
(a minimizer for AL ) converge uniformly to a minimizer for AL

Our first purpose in this work is to relate A ~ t0 an optimal mass trans-
port problem with cost function ¢(x,y) = |z — y|s . We prove the following
result:

Theorem 1.1. There holds that

L = Ssup Ws(,ufap(aU))?

5,00 [.LGP(U)
where

W) =int [ [ o=yl dn(a.y),
™ JUuJU

Here P(A) is the set of probability measures on A and 7 € P(U x U) is a
measure with marginals p and v.

Note that Ws(u,v) is the total cost when we have to transport the mea-
sure 1 onto v using as cost for transporting one unit of mass from position
x to position y the Euclidean distance to the power s, that is |z — y|®. We
refer to [20] and to Section 2 for precise definitions, notations and properties
of optimal mass transport theory. Hence, our result says that the eigenvalue
A?OO is related to the problem of finding a probability measure supported
inside U, u, that is far (in terms of the transport cost) from the set of prob-
ability measures supported on the boundary, 9U. One easy solution to this
problem is the following: take Br(z¢) a ball with maximum radius R inside
U and let yop € OU NOBg(xg) (there exists such yp due to the maximality of
R). Then, p = b, (with v = dy,) solves sup,,c pr) Ws(u, P(OU)). Observe

that from Theorem 1.1 we can recover that AEOO = 1/Rs.

Now, let us turn our attention to the case of the first nontrivial eigenvalue
for Neumann boundary conditions, i.e., let us consider
)\évp = inf {[u]?,: ueC},

where

[u(z) — u(y)?
P
(L.1) [u]?, _// e y nw dudy

and
C = {u e WHP(U): |Jul|poy = 1, / ]u|p72ud$ = 0} .
U

For this problem, in the case d(z,y) = |z — y|, Del Pezzo and Salort in [8]
proved that

2
AN = lim ()P =
s00 = 2 (%) ~ (diam(U))s
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where diam(U) is the extrinsic diameter, i.e.

diam(U) :== max |z — y.
z,ycU

Their proof actually extends to the case in which we consider [u]%, with
d(x,y) any distance as above (for instance, for the geodesic distance in U).
In this case, it holds that

2
(diamy(U))*

where diamg(U) is the diameter of U according to d, that is

(1.2) AN, = tim (AN)7 =

p——+00 $P

diamg(U) = max d(z,vy).
z,yelU
Moreover, as happens for the Dirichlet problem, via a subsequence the nor-
malized eigenfunctions u, (a minimizer for )\é\fp) converge uniformly to a
minimizer for Aé\foo.

In order to introduce the mass transport interpretation we need the fol-
lowing notations. We denote by M (U) the space of finite Borel measures
over U. Given o € M(U), we denote its positive and negative part by o
and o~ so that c =67 — 07, and |o| = 0 + 0~. Then we have,

Theorem 1.2. There holds

(1.3) =max {W,(c",07):0€e M(U), c"(U)=0"(U) =1}

Aé\foo
where W 1s as in Theorem 1.1.

Here we relate Aé\foo to the problem of finding two probability measures,

ot and o, supported in U, such that the cost of transporting one into the
other is maximized. To obtain a solution to this problem one can argue as
follows: take two points xg and 7o in U that realize the diameter, that is, we
have d(xg,y0) = diamg(U). Then take o = 0, and o~ = J,, as a solution
to max {Ws(c%,07): 0 € M(U), 07 (U) =0~ (U) =1}. Note that we can
recover (1.2) from Theorem 1.2.

A different concept of Neumann boundary condition for fractional opera-
tors was recently introduced in [9]. More precisely, for (—A)7 the fractional
p—Laplacian given by

w(z) — u(y) P2 (u(z) —u
(~Bjute) ~ P, [ MO v,

(the symbol P.V. stands for the principal value of the integral), we consider
the following non-local non-linear fractional normal derivative

[ @) —u(y)P P (ule) — uly)) n\ 7
N pu(z) = /U (e g+ dy zeR"\U.
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Associated with this operator, we consider the following eigenvalue problems

{(—A);u = AMu[P~2u  in U,

1.4 —
(1-4) Nspu =0 in R"\ U.

Before stating our main result concerning these problems, we need to
introduce some notations. Let W*P(U) be the set of measurable functions
with finite

Huni\;s,p((]) = ||qu£p(U) + Hs,p(u);

— [u(z) — u(y)P
Haplu) = //R2n\<m>2 d(z, y)tes ety

and (U¢)? = U¢ x U°. Let us also introduce

Hs oo(u) = sup {W: (z,y) € R?\ (UC)2} .

Then, for (1.4) we have the following result.

where

Theorem 1.3. The first non-zero eigenvalue of (1.4) is given by

Aoy = inf {HP(“) v € WP(U)\ {0},/(] P20 da = 0} .

2||UH]ZP(U)

Concerning the limit as p — +00 of these eigenvalues we have

. 2 . Hs0o(u)
lim (g 1/7’:,:./\Soo:zlnf{s’oo:uGA},
P—H—oo( ,p) (dlamd(U))S ’ ||UHLOO(U)

where

A= {v e WH(U) \ {0}: itelgu(x) +$1€l(f]u(az) = O} .

Moreover, if up, is a minimizer of )\S,plwrmalized by llupll oy = 1, then, up

to a subsequence, u, converges in C(U) to some minimizer use € W*>°(U)
N
of AS’OO.

Note that, since the limit of (As,)"?, Ag o, coincides with Aé\foo (given in
(1.2)), we get the same interpretation in terms of optimal mass transporta-
tion given in Theorem 1.2.

To end this introduction, let us briefly comment on previous results. The
limit as p — 400 of the first eigenvalue )\5 of the usual local p-Laplacian
with Dirichlet boundary condition was studied in [15, 16], (see also [3] for
an anisotropic version). In those papers the authors prove that

Vo[ peo (1) 1

A= lim (AP 1/p:inf Hi(:uewlv“’ﬂ ==,
==, ) SRR fa

where R is, as before, the largest possible radius of a ball contained in U. In
addition, the authors show the existence of extremals, i.e. functions where
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the above infimum is attained. These extremals can be constructed taking
the limit as p — 400 in the eigenfunctions of the p—Laplacian eigenvalue
problems (see [15]) and are viscosity solutions of the following eigenvalue
problem (called the infinity eigenvalue problem in the literature):

min {|Du| — A\Du, Axu} =0 inU,
u=20 on OU.

The limit operator A, that appears here is the oo-Laplacian given by
Aoou = —(D*uDu, Du). Remark that solutions to A,v, = 0 with a Dirich-
let data v, = f on OU converge as p — 400 to the viscosity solution to
Asv = 0 with v = f on 9U, see [2, 4, 6]. This operator appears naturally
when one considers absolutely minimizing Lipschitz extensions in U of a
boundary data f, see [1, 2, 13].

Recently in [5], the authors relate A2 with the Monge-Kantorovich dis-
tance Wi. Recall that the Monge-Kantorovich distance W) (1, v) between
two probability measures p and v over U is defined by

(1.5) Wi(u,v):= max {/ v(dp —dv): ve Whe(U), VU ooy < 1} )
U
It was proved in [5] that

1
—5 = sup Wi(u, P(OU)).
A2 Lepw)

Notice that this result is the analogous to Theorem 1.1 in the local case.

For the Neumann problem for the local p—Laplacian we refer to [10, 19]
where the authors prove the local analogous to Theorem 1.2. In this local
case the distance that appears in the limit is the geodesic distance inside
U. This is, in contrast with the non-local case studied here, where we can
consider any distance d equivalent to the Euclidean one, see (1.1).

For limits as p — +o0 in non-local p—Laplacian problems and its relation
with optimal mass transport we refer to [14]. Eigenvalue problems were not
considered there.

The case of a Steklov boundary condition has also been investigated re-
cently. Indeed, the authors in [12] (see also [17] for a slightly different prob-
lem) studied the behavior as p — o0 of the so-called variational eigenvalues
)‘gm’ k > 1, of the p-Laplacian with a Steklov boundary condition. In par-
ticular they proved that

. s \1/p _ S = syr___2
pgrfoo (/\17}7) =1 and A= pl}rfoo (>‘2,p) "~ diam(U)’

and also identify the limit variational problem defining )\ioo.

The paper is organized as follows: in Section 2 we collect some preliminary
results concerning optimal mass transport with cost d(z,y)®, in particular,
we provide a statement of the Kantorovich duality result that will be used in



6 L. M. DEL PEZZO, J. D. ROSSI, N. SAINTIER, AND A. SALORT

the proofs of our results; in Section 3 we deal with the Dirichlet problem and
prove Theorem 1.1; in Section 4 we study the Neumann case (Theorem 1.2).
Finally, in Section 5 we deal with problem (1.4) and we prove Theorem 1.3.

2. KANTOROVICH DUALITY FOR THE COST ¢(z,y) = d(z,y)*

In this section we follow [20]. We first recall the definition of c-concavity
and c-transform.

Definition 2.1 ([20, Definitions 5.2 and 5.7]). Let X,Y be two sets and
c: X xY = RU{+o0}. 4 function ¢p : X — RU {400} is said to be
c-convex if ) Z 400 and there exists ( 1 Y — R U {£oo} such that

Y(x) = sup ((y) — c(x,y) forallxz € X.
yey

Its c-transform is the function ¥° defined by
Vy) = inf (@) +e(z,y)  forallyeY.

A function ¢ : Y — RU{—o0} is c-concave if p Z —o0 and ¢ = ¢ for some
function ¢ : X — RU{£oo}. Then its c-transform ¢° is

¢“(x) = sup ¢(y) — c(z,y) for all x € X.
yey

Notice that 1) is c-convex iff ¢ = —(€ for some function . Moreover,
Proposition 2.2 ([20, Proposition 5.8]). For any v, ¢ = ¥ and ) is
c-convex iff 1 = .

In the case where the cost function is ¢(x,y) = d(z,y)® for some s € RT,
we have the following characterization of c-convex function.

Lemma 2.3. Let c(z,y) = d(z,y)® and X =Y = U. Then a function
¢: U — RU{+o00} is c-concave iff

(2.1) lp(z) — o(z)] < d(z,2)° for all x,7 € U.

Moreover in that case, ¢¢ = ¢.

Proof. Notice that
¢°(z) = sup (y) — d(z,y)* > ¢(x)
yelU
and that the opposite inequality holds if (2.1) holds. Hence if ¢ satisfies
(2.1) then ¢¢ = ¢. So that in particular ¢ is c-concave.

Reciprocally, assume that ¢ is c-concave so that

¢(x) = P(x) = yiggi/)(y) +d(z, y)*



OPTIMAL MASS TRANSPORT FOR EIGENVALUE PROBLEMS. 7

for some function . Since s € (0,1), we have d(x,y)* < d(z,2)* + d(y, T)*
for any z,%,y € U. It follows that

¢(z) < ;gw(m +d(y, ©)° + d(z,2)° = ¢(Z) + d(z, T)*,

ie. ¢(x) — ¢(Z) < d(x,z)®. The opposite inequality holds as well by switch-
ing  and Z. Thus (2.1) holds. O

We recall the following result, see [20, Theorem 5.10].

Theorem 2.4. Let (X, ) and (Y,v) be two Polish spaces (i.e. metric com-
plete separable) and let ¢ : X x Y — RU {+oc} be a lower semicontinuous
function such that

c(z,y) > a(x) + b(y) for all (z,y) e X XY
for some real-valued upper semicontinuous functions a € L'(u) and b €

L'(v). Then

We(p,v) := inf /X YC(w,y)dW(w,y)z sup /YMV/XcéCdu,

well(p,v) EL(v)

and in the above sup, one might as well impose ¢ to be c-concave. Moreover
if ¢ is real-valued, W(p,v) < oo and

c(z,y) < ex(z) + ey (y) for all (z,y) e X XY

for some cx € L'(v) and cy € L'(u), then the above sup is a max.

In the particular case c(z,y) = d(z,y)%, X =Y = U with U bounded, we
obtain in view of Lemma 2.3 the following result.

Theorem 2.5. For any u,v € P(U),
min d(z,y)’dr(z,y) = max /qﬁdz/—/(bcdu
well(p,v) /U><U ( ) < ) ¢ L1 (v) c-concave JTT U

= max dl// du.
|¢(w)—¢(y)§d(w7y)S/U¢ U¢ a

3. THE DIRICHLET CASE

In this section, we borrow ideas from [5]. Let us consider

Gy, Goo: C(T) x M(T) = RU {+o0}

the functionals given by

—/ vodr, ifoe Lp/(U)7 ”UHLP’(U) <1
U —
Gp(va o) = and v € W9P(U), [v]s, < ()‘Qp)l/p’

~+00 otherwise,
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and
—/ vdo, ifoe M), |o|(U) <
o U

1,
Goolv,0) = and v € Wo2(U), |o(z) — v(y)| < AL |z -y,
+00 otherwise.

In the space M(U), we consider the weak convergence of measures, and
in the space C(U) the uniform convergence.
First, we have that G is the limit as p — +o0 of G, in the I'—limit

sense (we refer to [7] for the definition of I'—convergence).

Lemma 3.1. The functionals G, I'—converge as p — 400 to Go.
Proof. Tt follows as in [5]. O
Now, we let f,: R” — R defined as
Fo(z) = (up(@))P ",

where u, is a nonnegative eigenfunction associated to )\EP(U) such that

|tpllzpry = 1. When we consider f, as an element of M(U) together with
u, we obtain a minimizer for G,. The proof of this fact is immediate.

Lemma 3.2. The pair (fp,u,) minimizes Gy in C(U) x M(U) with
Gp(fp,up) = —1.

Now, let us show that we can extract a subsequence p,, — +0oo such that
fp and u, converge.

Lemma 3.3. There exists a sequence p, — +0oo such that
Up, — Uoo
uniformly in R™. This limit us, verifies
oo (7) = oo ()| < Alsclz —yl*, @,y € R™
Moreover, we have
fon = foo

weakly-*in M (U) and f is a nonnegative measure that verifies foo (U) < 1.

Proof. The convergence of u,, via a subsequence, is contained in [18]. Con-
cerning f,, the conclusion follows from the inequality

P

(3.1) A@Ms(éwvm)pw%zww,

that implies that f, is bounded in M (U) and hence we can extract a sequence
pn — 400 such that f,, X foo weakly-* in M (U). That the limit fuo is a

nonnegative measure that verifies foo(U) < 1 also follows from (3.1). O
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From the main property of I'—convergence we obtain the following corol-
lary.

Corollary 3.4. The pair (foo, Uso) minimizes Goo with
Goo(foo, Uoo) = —1.

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. As (foo, Uso) minimizes G, we obtain that

(e )

00,8

—/ vdo,
U

A= {(w,0) € W(U) x M@D): |o|(U) < 1, o(a) = v(y)| < d(z,)"}.

minimizes
with (v, o) belonging to

Then

1 1 /
o = [ e df
Agoo Agoo U

= max /vda
(v,0)eA Ju

= max max /wdu
peP(U) lw(z)—w(y)|<d(z,y)* Ju

= max Ws(u, P(OU)),
rePU)

as we wanted to show. O

4. THE NEUMANN CASE

Again, we follow ideas from [5], see also [19]. Let u, be an extremal for

)‘1]9\7[5 (that is, a minimizer for (1.1)) normalized by HupHLp(U) = 1. Then
fp = |up[P~2u, € L’ (U) (where p' = L7 ) satisfies
(4.1) ”fPHLP’(U) =1 and /Ufp dr =0.

The first step consists in extracting from {f,},>1 a subsequence converging

weakly to some measure fo, € M(U), the weak convergence meaning here
that
lim [ ¢fpdr= /gbdfoo
U

p—+oo JT7

for any ¢ € C(U).
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Lemma 4.1. Up to a subsequence, the measures f,, converge weakly in mea-
sure in U to some measure fo supported in U satisfying

(4.2) foo(U)=0 and |fso|(U)=1.
Proof. We claim that
(4.3) pEI—Poo/U | fp| dz = 1.

First, in view of (4.1), we have that

1501 < Uyl U1 = 0P 51 as p = 4o

and then, recalling that u, — w in C(U) with ||u||Loo(U) =1,

1= /Uupfp dz < [upl| Loo @)1 fpll L@y = (L + o) fpll L1 1)

It follows in particular that the measures |f,| are bounded in M (U) inde-
pendently of p. Since U is compact, we can then extract from this sequence

a subsequence converging weakly to some measure fo, € M (U). Passing to
the limit in (4.1) and (4.3) gives (4.2). O

Consider the functionals Gp, Goo: C(U) x M(U) — RU {+o0} defined by

—/ vodr if o € LY (U), ol Lo 0y < 1, Jyodz =0,
U
Gp(v,0) = and v € WP (U), [u]sp < (A1,

400 otherwise,

and
—/ vdo, if o€ M(T), o|(T) < 1, o(T) = 0,
. U

Goolv,0) = and v € W= (U), [o(z) — v(y)| < AY, d(z,y)*,
+o00 otherwise.

Remark that these functionals are similar to the ones considered for the
Dirichlet case but the spaces involved change. In fact, here we consider
W#P(U) instead of W*P(U) (that encodes the fact that we are considering
functions that vanish outside U when dealing with the Dirichlet problem).

As for the Dirichlet case, we can prove as in [5, 19] that G is the limit
of the G, in the sense of I'-convergence:

Lemma 4.2. The functionals G}, converge in the sense of I'-convergence to

Goo-

The proof is similar as that of Proposition 3.7 in [5] and hence we omit
it. As a corollary we obtain that
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Lemma 4.3. Let u, be an extremal for )\ijs, then (up, fp) is a minimizer for

Gp, and any limit (Us, foo) along a subsequence p; — 400 is a minimizer
for Goo, with

Goo(Uoso, foo) = lim Gp(up, fp) = —1.

p—+00

Proof. Notice that the pair (up, fp) is a minimizer of G). Indeed, given a
pair (v,0) admissible for G, take v € R such that

/ v — 3P2(0 — 5) da = 0.
U

Then, recalling that fU odr =0 and the definition of \YY_, we have

p,s?
Gp(v,0) = —/ (v—"2)odx
U
—[jv — 77”LP(U)||UHL10’(U)
~(A) TP = 7]
—1 = Gp(up, fp)-

Moreover (up, fp) = (Uoo, foo) along a sequence p; — +oo. Then, it follows
that

(A\VARLVARNLY,

1. . f . f — 1. . f > o 00s foo Z . f .
;gﬁgo(m Gp) lim inf Gp(up, fp) = Goo(Uoo, foo) in G

where B is the set of all pairs (v,0) € W**>(U) x M (U) such that
0/(U) <1, 0(U) =0, and [v(z) —v(y)| < AL (d(z,y)".
Moreover, the lim sup property implies that
lim sup (inf Gp> <inf Geo.
p—r—+00 B B

Hence

pgrfoo irEl;f Gp= pli)rgo Gp(up, fp) = Goo(too, fo) = iréf Goo.

O

We can now relate ALY, to W. Recall that if o € M(U), then 0= € M(U)
denote the positive and negative part of ¢. In particular, c = o™ — 0, and
loj =0t +0".

Proof of Theorem 1.2. The conditions o(U) = 0 and |o|(U) = 1 are equiva-
lent to o o

ot (U)=0"(U)=1/2.
We can therefore rewrite the fact that the pair (ueco, foo) is @ minimizer of
G as

1= max max /vd(a*—a),
U€M1/2 HEFAéVoo U
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where
My={oceMU):0c"(U)=0"(U)=t},
and
Fr={v e W»*(U): Jv(z) —v(y)| < Rd(z,y)},
that is,

2 .
~N— = lnax max vd(ot —o7).
Aoo’s ceMy veF1 Jiy

Then, we obtain the conclusion (1.3), recalling the definition of Wy given by
(1.5). (]

5. EIGENVALUE PROBLEMS WITH A DIFFERENT NEUMANN BOUNDARY
CONDITION

In this section we prove Theorem 1.3. For this purpose, first we present
some previous results.

Theorem 5.1. The spaces
WHP(U) = {u: R™ — R measurable : ||u||’£p(U) + Hsp(u) < +oo}
and
WH®(U) == {u: R" — R measurable : [l Loo (1) + Hs,00 (1) < +00}
are Banach spaces with the norms
Fullyenry = Tl + Hal)
and

[[ullyys.co @y = llull Lo (o) + Hs,o0(w),
respectively.

The proof follows exactly as in the proof of [9, Proposition 3.1].
Remark 5.2. It holds that W*P(U) C W*P(U).
Remark 5.3. The operator I: WP(U) — E = LP(U) x LP(R?*"\ (U)?)

given by
u(z) — u(y)
I(u) = (v, ————
" ( d(fv,y)P+s>

is an isometry. Then I(W?*P(U)) is a closed subspace of E due to the fact
that W*P(U) is a Banach space. Hence I(W*P(U)) is reflexive since E is
reflexive. Then, W*P(U) is reflexive.

Following the proofs of Lemmas 3.2 and 3.7 in [9], we have the following
result.
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Lemma 5.4. Let u and v be bounded C? functions in R™. Then the following
formulae hold:
Divergence theorem
/(—A)I";u(;v) dx = — N pu(z) de.
U R\U

Integration by parts formula

Lt () = /U o) (—A)u(z) dz + / o(2)N, pu(z) d,

2 R\U
where
_ [u(@) — u()l"~*(u(z) — u(y)(v(z) —v(y)
Hs’p(u’ U) o //[R2n\(Uc)2 d(x,y)”‘HUS dxdy.

This result leads us to the following definition.

Definition 5.5. A function u € W*P(U) is a weak solution of (1.4) if
1

(5.1) “Hep(u,v) = )\/ |u[P~2uv dz
2 U

for allv e W*P(U).

In this context we have the following definition.

Definition 5.6. We say that A is a fractional Neumann p—eigenvalue pro-
vided there exists a nontrivial weak solution w € W*P(U) of (1.4). The
function u is a corresponding eigenfunction.

Let us observe the following: if A > 0 is an eigenvalue and u is an eigen-
function associated to A, then, taking v = 1 as a test function in (5.1), we

have
/ lu[P"2u dx = 0.
U

In fact, we have that A = 0 is the first eigenvalue of our problem.

Lemma 5.7. It holds that A\ = 0 is an eigenvalue of (1.4) (with u =1 as
eigenfunction), and it is isolated and simple.

Proof. Let u be an eigenfunction corresponding to A = 0 in problem (1.4).
From (5.1) taking v = u as a test function we obtain that u is constant in
U.

Now, if we have a sequence of eigenvalues A\ — 0 then the corresponding
eigenfunctions, uy, normalized by |ug||»r) = 1, converge to some u. It
is not difficult to show that u is an eigenfunction corresponding to A = 0
(consequently, u = const) with |[ul|p@y = 1 and [ [ulP"?udz = 0, a
contradiction that shows that A = 0 is an isolated eigenvalue.
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Thus, the existence of the first non-zero eigenvalue of (1.4) is related to
the problem of minimizing the following non-local quotient

Hsp(v)
2”””2;)([1)
among all functions v € W5P(U) \ {0} such that [, [v[P~?vdz = 0.

We are now ready to prove Theorem 1.3. For simplicity, we divide the
proof of this theorem into three parts contained in the following lemmas.

First, by a standard compactness argument and using that W*P(U) C
W#P(U), we have that A, is the first non-zero eigenvalue of (1.4).

Lemma 5.8. It holds that X\, is the first non-zero eigenvalue of (1.4).
Remark 5.9. Since W*P(U) C W*P(U) and

[u]f, < Hsp(u), Vu € WHP(U),
we have that

AN, <2X,.

Our next result shows the asymptotic behavior of (\g,)"7.

Lemma 5.10. We have

. 2 o f Hsoo(u)
lim (A, l/p:,:Asoo::mf{s’oo:ueA},
PﬁJroo( ,p) (dlamd(U))S ’ HuHLoo(U)

where

A= {v e WH(U) \ {0}: :ggu(x) +$I€1[{}u(x) = 0} .

Proof. For the reader’s convenience, we split the proof in four steps.
Step 1. We start showing that

A< 2
2% 7 (diamg(U))s
Let xq,yo € U such that d(zg,yo) = diamg(U). Let u: R™ — R be given by
2

=—-14+——d s,

Observe that,
= — inf =1
and
u(z) —uly)| _ 2 |d(z, y0)* — d(y, 0)°| _ 2
d(z,y)* (diamg(U))* d(z,y)* = (diamg(U))*
for all z,y € R". Then u € A, ||lu| gy =1 and
2
Hs,oo(u) <

(diamgy(U))s"



OPTIMAL MASS TRANSPORT FOR EIGENVALUE PROBLEMS. 15

Therefore
2
AS oo < 5,00 S VT N T
oo < M oolt) (diamg(U))*
Step 2. We now prove that
2
AS o0 > TN
T (diamg(U))®

If uw € A then

2/ ull (o) = sup u() — inf u(a)

= sup {|u(z) —u(y)|: z,y € U}

< (diamg(U7))* sup {W: 2,y € U}
< (diamg(U))* Hs 00 ().

Thus
2 < Hs0o(w)

(diamg(U))* = [[ul| poo (o)

for any u € A, that is,

2
AS o0 Z VTN
’ (diamy(U))*

Step 3. We show that

2 . 1
f <liminf(\,)Y”
(Gamg(0))° = Hminf(As.)

By (1.2) and Remark 5.9, we have that

2 . 1/p
< lim (A
(diamg(U)®) — p—g{loo( s’p)

< liminf 2/7(\, ,(U))"7? = liminf (s, (U)) "7

p—+00 p——+00

Step 4. Finally, we prove that

2
limsup(Ag,)? < —— =
im e (Aer) ™ < (g (0))°

As in Step 1, let xg,y0 € U be such that d(xq,yo) = diamg(U). Set § =
diamg(U),

Us = {iL‘ e R": inf d(z,y) < (5}
yelU

and

d(z,yo) if z € Us,
u(x) = : n
0 if v € R™\ Us.
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Let € > 0. Then

‘d([E, yO) B d<y7y0)|p
Hen(u §2/ dxzd
#() uxus  d(x,y)"tep Y

d(xvyO)p
+2 / iz, yo)"
Ux (Re\Uy) d(, y)"TsP

p(l—s)—¢
uxus d(x,y)" e
d(z,yo)?

12 /
Ux(®\Us) (@, y)rtetor—e

Thus, since d is a distance equivalent to the Euclidean one, if

St
we get that w € WP(U) and
(5.2) Hep(u) < C’(diamd(U))p(l_S) {(diamd(U))_e + (diamd(U))E} ,

where C' is a constant independent of p.

dxdy

dxdy.

We now choose ¢, € R such that

wp(z) = u(x) — ¢

satisfies
/ [wp [P~ 2w, dz = 0.
U

Hence, if p > max {¢/(1-s),¢/s}, by (5.2), we have that

)\ H(wp)
P QHWPHIEp(U)
H(u)
QHW;U”ip(U)
C . s . e . c
S STl (dlanrld(U))p(1 ){(dlamd(U)) + (diamgy(U)) },
PliLP(U)
therefore
. 1-s
(5.3) limsup()\svp)l/” < ,(dl,amd(U)) .
p—+o0 %Qigof 1wyl 1)

On the other hand, in [10] it is proved that

. 2
(5.4) lgr_)nigf lwpll Loy = Jiamg(07)°

Thus, by (5.3) and (5.4), we get

2
limsup(Asp)? < ——=— .
p—>+oop( 7P) —= (dlamd(U))s
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This concludes the proof. ([
Remark 5.11. By (1.2) and Lemma 5.10, we have that

2
AN NYe &y Yo A
5,00 p_g{loo ()\ ,p) (dlamd(U))S p_igloo()\s,p) 5,00

Concerning the convergence as p — +oo of the eigenfunctions we have
the following result.

Lemma 5.12. If up is a minimizer of \sp, normalized with |[up||rr@y = 1,

then, up to a subsequence, u, converges in C (U) to some minimizer Uoo €
W*>(U) of Al

Proof. For any p € (1,00), we consider u, € W*P(U) such that

1

ol =1 [l ude =0 and SHapl) = A

Then, by Lemma 5.10, there exists a constant C' independent of p such that

(5.5) <Hl’2(“p)> <C

for all p € (1, 00).
Let us fix ¢ € (1,00) such that sq > 2n. If p > ¢ then, by Hélder’s
inequality, we have that

11 1_1
(5.6) lupllLa) < (Ul #llupllpe) < (U7 Vp > g,
and taking r = s — /g € (0, 1), again by Holder’s inequality, we get

1(2) = o)l
okt = [ [ e oy

q
2(1-12) lup(z) — up(y)|” P
(5.7) <|U] </ / Az )" dxdy

< 2 (diamg(U)) 7 |U*0 77 <’H&p(%)>”

2
Then, by (5.5), we get

1, n 2<l_l> q
[uplrq < 27 (diamg(U))» [U["Ae »/CT Vp > ¢,

where C'is a constant independent of p. Hence {u,,}p>q is a bounded sequence
in W™4(U). Then, since rq¢ = sq — n > n, by fractional compact embedding
theorems (see [11, Theorem 4.54]), there exist a function us, € C(U) and a
subsequence {uy,; }jen of {up}p>4, such that

Up; —> Use uniformly in U,

Up;, — Uso  Weakly in WI(U).
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Hence, by (5.6), [|tuoollra) < \U|%, and by (5.7) and Remark 5.11, we get

[[UOO]]T,Q < li]gg}f[[upj]]r,q

Jj—00 2

< liminf 2'/7i (diamd(U)>n/Pj \U|2(1—1/pj) (Hsvpj (upj))l/pj
= |ulsal,
Letting ¢ — 400, we obtain
ool poe () < 1
and
(5.8) [toc]soo < A
On the other hand,

1
1= lJup, |l prs oy <NUPP lug Iy Vi €N,
then
1 < |t || oo (1)
Hence
[Uool|Loo @y = 1
and by (5.8) we get
[[UOO]]S,OO

<Al
HuooHLoo(U)

5,00°

(5.9)

Finally, in [10, 19] it was proved that the condition

/ |tp, ]pj*Qup]. dex =0
U

leads to

SUP Uso () + Inf ueo(z) =0

zelU xzelU
in the limit as p — +o00. Then, using (5.9), we have that u is a minimizer
of Aé\,[oo' 0
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