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Sobolev inequalities:
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Sobolev immersion Theorem

The best constants for these inequalities are
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One of the main differences between these two
quantities is the fact that the first one is not
homogeneous under dilations of the domain
while the second one is:
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Forl <g<24and 1 <p< 2% theinclusions are
compact, so extremals exists. These extremals
are weak solutions of
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Problem: To study the dependance of the best
Sobolev trace constant and extremals with re-
spect to the domain.

Consider the family of domains
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Flores - del Pino proved (Comm. PDE's, 2001)
that for expanding domains (u — o0)

Sq(2y) — Sq(]R]_?_[) as [ — oo

For contracting domains (u — 0), FB - RoOSssiI
(CPAA, 2002) showed
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Behavior of extremals:

Flores - del Pino: for expanding domains the

extremals develop a single peak near a point
where the mean curvature of the boundary max-

imizes.

FB - Rossi: for contracting domains the ex-
tremals, when rescaled to the original domain
as v(xz) = u(px) and properly normalized, con-
verge to a constant in H1 ().



Another big difference between the Sobolev
trace Theorem and the Sobolev immersion T he-
orem arises in the behavior of the extremals:

Assume that 2 is a ball, Q = B(0, ).
- Extremals of S,(B(0, u)) are radial functions.

- Extremals of Sy(B(0,u)) are not radial, at
least for large values of p (this fact is a conse-
quence of Flores - del Pino)



Question: Is it true that for small balls the ex-
tremals for Sq(B(0, 1)) are radial functions?

Answer: Yes! This is a corollary of

Theorem 1 There exists ug > 0 such that
for every u < ug there exists a unique posi-
tive extremal u for the embedding H'($2,) —
L1(0S2,) (after normalization).

Proof: The proof is based on the fact that the
extremals are nearly constant for u small (FB -
Rossi) and the Implicit Function Theorem. ¢



Yet another difference between these problems
is the role of the critical exponent.

It is well known that
—Au = AulP7%u in B(O,p)

u=20 on 0B(0, u)
has no solution if p > 2%,

However, for

Au = u in B(O, )
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radial solutions can be explicitly computed for
any q.



A first step in understanding the role of the
critical exponent 2, =2(N —1)/(N —2) is:

Theorem 2 There exists u1 > up > 0 such
that, for any u < uo there exists a radial ex-
tremal for the immersion

HY(B(0, 1)) — L*(8B(0,))

and for u > uy there is no extremals for the
immersion.

- The second part of the Theorem, holds for
any domain 2.

Question: Is the first part of the Theorem also
true for any domain €27

Answer: Yes. (Work in progress)




