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Sobolev Trace Theorem

HYQ) — L9(0Q),  1<q<2, .= QSJVV ‘2”.

Q) is a bounded smooth domain in RY

Sobolev Trace Constant
Jo [Vv|? + v?, da

2/q
(Joq[v]7dS)
Is the optimal constant in the Sobolev inequality

v e HY(Q) \Hg(m}

SIolZacon) < 101310y



If 1 < g < 24 (subcritical), the immersion

HY(Q) — LI(8Q) is compact

Therefore, there exists extremals. These extremals are weak
solutions to

—Au+u=20 in 2

Ou _ Mul?™%u  on 89
ov

(A = Lagrange multiplier).
If w is such that [ju|repq) = 1 then A = 5.

In the linear case (¢ = 2) this problem is known as the
Steklov eigenvalue problem



Problem with Holes

Let A C 2 be measurable. We define

V|2 + v2, de

. 1 _
)2/q . v e H () such thatv|A:O}

Sq(A) == inf s
(Jog [v]2dS

If A is closed, then extremals are weak solutions to

Au+tu=0 inQ\A
0

|G AMul97%u on 92\ A
Ov

u=0 in A




PROBLEM

There exists A* C 2, |A*| = a such that S;(A") = )‘2];2 Sq(A)7
|Al=«



PROBLEM

There exists A* C 2, |A*| = a such that S;(A") = jlng Sq(A)?
C
|Al=«
And other questions like

Location Topology
Symmetry Regularity

Computation



Recall that when ¢ = 2 the problem becomes a

—

Our results are new, even in this classical setting.

Similar questions for other eigenvalue problems: A. Henrot, J.
Denzler, S. Chanillo et al., R. Pedroza,...

Optimal design problems in general: N. Aqguilera—H.W. Alt—L.A.
Caffarelli, B. Kawohl, C. Lederman,...



Proof of existence (sketch)

Let S(a) (= ,4'1'21;2 Sq(A) = fllrgl; Sq(A). Then
Al=a A>a

S(a) = inf{/Q V|2 +v2de | ve HY(Q), v >0,

il Laocy = 1, [{v =0} > a}



Proof of existence (sketch)

Let S(a) = Agg Sq(A) = Arég Sq(A). Then
Al=a Al>a

S(a) = inf{/Q V|2 +v2de | ve HY(Q), v >0,
Jollzaomy = 1. Ho =0} 2 af
Let now {un},cy b€ @ minimizing sequence.

Then ||“n||H1(Q) < C and hence...



un — u  weakly in HY(Q)
up — u  strongly in L2()
up — u  Strongly in L1(02)

Then u € HY (), |lull aan) = 1 and u > 0.



up — u  weakly in HY(Q)
un — u  strongly in L2()
un — uw  strongly in LY(02)

Then v € HI(Q),

|u||Lq(aQ) =1 and u > 0.

Also, if we call A, := {unp = 0}, then there exists ¢ € L>°(2),
0<¢<1st. xu, — ¢ weakly in L2().

Hence, if A := {¢ =0}, we have



On the other hand, /Q up dr = /Q unXx A, drv = 0.

Therefore, u =10 a.e. A={¢ > 0}.

It remains to see that [{u = 0}| = a. Assume that [{u = 0}| > «

u=0in A
IA]>a Q



On the other hand, /Q wé do = /Q unx A, dz = 0.

Therefore, u =0 a.e. A= {¢ > 0}.

It remains to see that [{u = 0}| = a. Assume that [{u = 0}| > «

AODA

| Ayl >a

A0 closed



On the other hand, /Q wé do = /Q unx ., de = 0.

Therefore, u =10 a.e. A= {¢ > 0}.

It remains to see that [{u = 0}| = a. Assume that [{u = 0}| > «




On the other hand, /Q wé do = /Q unx ., de = 0.

Therefore, u =10 a.e. A= {¢ > 0}.

It remains to see that [{u = 0}| = a. Assume that [{u = 0}| > «

| {u=0} n B|>0
|AO—B|>0(

A0 - B closed

— . p-1: _ _
Apu—u In Ql (AO B).
Thus, u>0in B



On the other hand, /Q wé do = /Q unx ., de = 0.

Therefore, u =10 a.e. A= {¢ > 0}.

It remains to see that [{u = 0}| = a. Assume that [{u = 0}| > «

| {u=0} n B|>0
|AO—B|>0(

A0 - B closed

— . p-1: _ _
Apu—u In Ql (AO B).
Thus, u>0in B

CONTRADICTION! ]



e Topology: We only know that the complement of the hole
Q\ A* = {u > 0} is (measure—theoretic) connected.
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e Topology: We only know that the complement of the hole
Q\ A* = {u > 0} is (measure—theoretic) connected.

e Symmetry: If Q2 is symmetric, does A* inherits the symmetry
of the domain?

If Q@ = B1(0), then A* is

Is A* radially symmetric? NO!



e Regularity: Different approach. Let 8 := |Q2] — a and
Ag = {v € HNQ) | |v]lLaay = 1. |{v > 0}| = 5}. Then
S(a) = inf /Q IVo|? 4+ v? de

vEAg

The idea is to penalize and minimize without the measure re-
striction.

Let F-(s) be

F(s)

1s-pB) s>

= {a<s 8 s<p



Then, we minimize the penalized functional
Te(v) 1= /Q Vol? 4+ v2 do + Fo(|{v > 0}))

over the class A := {v e H(2) | [[v]lpes0) = 1}

This idea was introduced by [Aguilera—Alt—Caffarelli], 1983.



Then, we minimize the penalized functional
Te(v) 1= /Q Vol? 4+ v2 do + Fo(|{v > 0}))

over the class A :={ve HY(Q) | |[v]lLe90) = 1}
This idea was introduced by [Aguilera—Alt—Caffarelli], 1983.

For each £ > O fixed, there
exists ues minimizer of J- that is locally Lipschitz and the free
boundary d{us > 0} is a C17 surface ([Alt—Caffarelli], 1981.)

Then, for eg small (but fixed!), we have

[{uey > 03] = 6.

So we recover a solution of our original optimization problem.



Computation of Optimal holes,
We consider:
e 7, a regular triangulation of €2,

o V), C H1(Q) the subspace of continuous piecewise linear func-
tions,

e Ay ={ACQ|A=VU_ 1T}, |Al > aand IT}, s.t. [A\T}, | < a}

1=
the class of admissible numerical holes.



Then:
SH(A) = inf{/Q Vo2 +v7d | v €V, [vllLean) =1, vla = o}
and

Sh(a) = mjthh(A) E S(A) = SH(AT).



Then:
SH(A) = inf{/Q Vo2 +v7d | v €V, [vllLean) =1, vla = o}
and

St () = mjthh(A) f\‘ SH(A) = St (A}).

We have the following result:
There holds:
1. Sg(oz) — Sq(a) as h — 0.

2. The extremals w,;, for Sg(oz) converges in H1(Q), along sub-
sequences, to an extremal u of Sy(«).

3. Again, along subsequences, X AL = XA* in Ll(Q).



How to compute the discrete optimal hole?

e Optimality criteria: At the free boundary 0{u > 0} the extremal
u verifies du/dv = constant.



The algorithm:
1. Choose an initial hole AV € A;.

2. Compute Sg(ffg) and the extremal u%.

ou®
3. Compute 7%% at 9A9,

4. Remove the triangles with larger normal derivative until the
measure of the hole lies below o« and add triangles to the hole
in regions of the boundary where the normal derivative is small.

5. Update the hole.



Extremal

Final hole

Initial hole
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Optimal computed holes for different values of h

h = 0.80 h = 0.50 h = 0.25




