MULTIPLE POSITIVE SOLUTIONS FOR QUASILINEAR
ELLIPTIC PROBLEMS WITH SIGN-CHANGING
NONLINEARITIES

JULIAN FERNANDEZ BONDER

ABSTRACT. Using variational arguments we prove some nonexistence and mul-
tiplicity results for positive solutions of a system of p—Laplace equations of gra-
dient form. Then we study a p—Laplace type problem with nonlinear boundary
conditions.

1. INTRODUCTION

In a recent paper, [7], the authors studied the existence, multiplicity, and non-
existence of positive classical solutions of the semilinear elliptic boundary-value
problem

—Au=Af(u) in Q,
(1.1) u=0 on 0,

where (2 is a smooth bounded domain in RV, N > 1, A > 0 is a parameter, and f
is a C'! sign-changing sub-linear function.

They showed using sub-super solutions arguments and recent results from semi-
positone problems that there are A\ and A such that (1.1) has no positive solution
for A < X and at least two positive solutions for A > .

More recently, in [8], the author extends these results to the quasilinear problem

—Apu = Af(z,u) in Q,
u=0 on 012,

where Apu = div (|Vu|p’2Vu) is the p—Laplacian, 1 < p < oo, A > 0, and f is a
sign-changing Carathéodory function on Q x [0, c0).

The method in [8] is variational and allowed the author to substantially relax
the assumptions on f. More precisely, these assumptions are

(Hy) f(z,0)=0  [f(z,t)] < CltP7,

Hs) 36 > 0 such that F(z,t) <0for 0 <t <9

(
(Hs) Jto > 0 such that F(z,tp) > 0,
. F(x,t) . .
(Hy) limsup < 0 uniformly in z,
t—oo tP

where F(z,t) = fot f(x,s)ds.
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The purpose of this article is twofold. By applying variational methods, first we
extend the results in [8] to quasilinear elliptic systems of the form

—Apu = AF,(z,u,v) in Q,
(1.2) —Agv = AFy(z,u,v) in Q,
u=v=0 on 01,

where (F,, F,) stands for the gradient of a given potential F' and second, we want
to see to what extent these variational techniques can be adapted to deal with the
nonlinear boundary condition case,

—Apu+ |ulP72u=0 in$,

(1.3)
|Vu|p_2% = A\g(x,u) on 09,

where 9/0v is the outer unit normal derivative.

Systems of the form (1.2) are usually called gradient systems and have been
widely studied in the past. See, for example, [2] for a comprehensive analysis of such
systems. This gradient structure allows us to treat (1.2) variationally. Other kind
of elliptic systems that can be treated variationally are the so-called Hamiltonian
systems, see [3].

However, as far as we know, all the results for (1.2) assume, to begin with, that
F,,F, >0 for u,v > 0.

For problem (1.3), in a previous paper, [4], the authors studied the problem
where the nonlinearity g was assume to be of power-type, i.e. essentially the case
g(z,t) = |t|97%t was consider, so again g(x,t) > 0 for t > 0.

The main results of this paper can be formulated as follows:

Under hypotheses similar to (Hy)—(Hy), there ewists 0 < A\ < A such that if
0 < A < A problem (1.2) (or problem (1.3)) has no positive solution and if A > A
problem (1.2) (or problem (1.3)) has, at least, two positive solutions.

The rest of the paper is organized as follows: In §2 we deal with problem (1.2)
and in §3 with (1.3).

2. GRADIENT SYSTEMS

In this section, we deal with problem (1.2). First, we prove the nonexistence
result. To this end, we assume that F(x,u,v) is a Carathéodory function on € x
[0,00) x [0,00), F(z,-,-) is C! for a.e. z € Q, and F,, F, are also Carathéodory
functions satisfying

F(z,0,0) = Fy(,0,0) = F,(2,0,0) =
(2.1) |uFy(x,u,v) + vFy(z,u,v)| < (up—H/q),
(P u,0)] < C(u? +07),
for some constant C' > 0.
We have the following

Theorem 2.1. Assume (2.1). Then there is a A such that (1.2) has no positive
solution for A < A.
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For the proof we need the following observation: Let us denote by A, the best
constant in the Sobolev embedding W, " () «— L"(2). We have

)\p/ [ul? dz < / [Vul? dz, for u € W,P(Q),
Q Q

)\q/ [v|? dx g/ |[Vo|?dz, for v € W, (),
Q Q

so if we denote A, , = min{\,, \;} we obtain
/ |VulP 4 |Vol? dx
Ap,q S &2 )
[ 1l e
Q

and, moreover, one can easily see that A, 4 is optimal.

(2.2) 0< for u € Wy (Q), v e Wy Q)

Proof of Theorem 2.1. If (1.2) has a positive solution (u,v), multiplying the first
equation of (1.2) by w, the second by v, integrating by parts and adding up, we get

/ [VulP + |Vo|?de = )\/ Fu(z,u,v)u+ Fy,(z,u,v)vdz.
Q Q
Thus, using (2.1), we obtain
/ VP + |Vol? dz < /\C’/ [ul? + [o]? da
Q Q

and hence A > A, ,/C by (2.2), proving Theorem 2.1. O

Now, we prove the multiplicity result. To this end, along with (2.1), we also
have to assume that

(F1) 36 > 0 such that F(x,u,v) <0 for |ulP 4 |v]? <4,
(F2) Jto, so > 0 such that F(z,tg,s) > 0,

F
(F3) limsup Fla,u,v)

< 0 uniformly in x.
(u,0)|—oo WP+ 09

Under these assumptions, we have the following

Theorem 2.2. Under the assumptions (2.1), (F1)~(F3), There is a \ such that
(1.2) has at least two positive solutions (u1,v1), (ug,ve) for A > .

For the proof of Theorem 2.2 we use critical point theory. Set F(x,u,v) =0 for
u,v < 0, and consider the C'! functional

p q
Falu,v) = / [Vl 4 velt AF(z,u,0) de,  (u,v) € WP (Q) x Wi (Q).
Q P q

Observe that if (u,v) is a critical point of Fy, denoting by v~ and v~ the negative
parts of u and v respectively,

0= (F(u,v), (u",v7))
= / |VulP2Vu - Vu~™ + |Vo|972Vo - v — N(Fy (2, u,v)u™ + Fy(z,u,v)v" ) d
Q

— —||P — |19
= I Wy + 10 Wy
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hence we have that u,v > 0. Furthermore, by [11], u,v € C»*(Q) and so, by
Harnack inequality (see [10]), it follows that either w,v > 0 or u = v = 0. Therefore,
nontrivial critical points of F are positive solutions of (1.3).

By (F3) and (2.1), there is a constant C > 0 such that

A P a
A (z,u,v) < 24 (|u+|v|> + O
2 \r q

and hence

P q P q
Fa(u) Z/ 7\Vu\ + [Vel _ 2va (|u| + |v|> —Chdx
Q D q 2 P q

1
>

2p||uH€VOl’p(Q) _C)\‘Q|N7

+ 5ol

2¢" W)
where | - |4 denotes the d—dimensional Lebesgue measure in RY, so Fy is bounded
from below and coercive.

Therefore, as F) is weakly lower semicontinuous, we obtain a global minimizer

(u1,v1). Let us show that, if A is big enough, this minimizer is nontrivial.

Lemma 2.1. There is a A such that inf Fy < 0, and hence (ui,v1) # (0,0), for
A> A
Proof. Let us consider a sufficiently large compact subset Q' of Q and take functions
uy € Wy (Q), vo € Wy (Q) such that ug(x) = to on @, 0 < ug(x) < toon Q\ X,
vo(x) = s0 on ', 0 < vg(x) < 59 on O\ ', where tg, 59 are as in (Fa).

Then, we obtain

/ F(z,ug,v9) dx > / F(z,tg, s0)de — C(th + s))|Q\ Q|n > 0,
Q ’
if ' is big enough. Hence F)(ug,vp) < 0 for A large enough. O

We will obtain a critical point (ug,vs) with Fy(usg,v2) > 0 via the mountain-pass
lemma, which would complete the proof since Fj(ug,va) > 0 > Fa(ug,v1).

Lemma 2.2. The origin is a strict local minimizer of F.

Proof. Let Upyy = {z € Q: |u(a)P + |v(z)|? > §}. By (F1), F(z,u(z),v(z)) <0
on {2 \ U(u}v), SO
Falw,0) 2 ]
u,v) > —||lu
A p

1
+5HU|| )—/\ F(z,u,v)dz.

4 1
whiq
0" Ulu,v)

P
Wy P (2)
By (2.1), Holder’s inequality, and Sobolev embedding,

/ F(z,u,v)de <C uP +vlde
Utu,v) Utu,v)

1-¢
) + |U(u,v)|N °

uf gl

=%
<C (‘U(u,'u)‘N ;Z/Vg,q(g)) s

where r = Np/(N —p)if p < Nandr > pif p > N, and s = Ngq/(N — q) if
q < N and s > q if ¢ > N so in order to finish the proof we need to show that
[Uu,wylnv — 0 as ||U||W(}vp(§z) + ||U||W01"7(Q) — 0.

P
Wol,p(Q
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Now

p q >\ p Qde >\ / p a4
||U||W01m(g) + ||’UHW01H1(Q) = pﬂ/ﬂ“ Tt ar =2 Apq Ve ut + vt ar
> >‘p,q5|U(u,v)|N7

as we wanted to show. O
Now, we are in position to finish the proof of Theorem 2.2.

Proof of Theorem 2.2. As F) is coercive, every Palais-Smale sequence is bounded
and hence contains a convergent subsequence as usual. Now the mountain-pass
lemma gives a critical point (ug,vs) of Fy at the level
c:=inf max  Fy(u,v) >0,
Y€ (u,w)ev([0,1])
where I' = {y € C([0, 1], Wy () x Wy9()) : 4(0) = 0,4(1) = (ur,v1)} is the
class of paths joining the origin to (u1,v1) (see [9]). O

3. THE NONLINEAR BOUNDARY CONDITION CASE

In this section, we deal with the nonlinear boundary condition case, problem
(1.3). The main ideas and structures of the proofs are the same as in the previous
section, so we only sketch them and stress the differences between the two cases.

We begin with the nonexistence result. To this end, we assume that g is a
Carathéodory function on 92 x [0, c0) satisfying

(3.1) g(x,0) =0, —ct™t <g(x,t) <O
for some 1 < r < p and some constants C, ¢ > 0.
We have,

Theorem 3.1. There is a A such that (1.3) has no positive solution for A < .

For the proof we need some knowledge on the following eigenvalue problem
—Apu+ [uP2u=0 inQ,

(3.2)
|Vu|p_za—z = AMulP™?u  on 0.

0

This problem was studied in [4, 6] (see also [5]). It was proved there that problem
(3.2) has a first positive eigenvalue A1 given by

/\VU\P+|u|de
(3.3) AL = min 4 )
WEW P (Q\WEP(Q) / luf? do
o0

where do is the boundary measure. In the linear case, p = 2, problem (3.2) is
known as the Steklov problem (see [1]).

Proof of Theorem 3.1. If (1.3) has a positive solution u, multiplying (1.3) by wu,
integrating by parts, and using (3.1) gives

/ [VulP + |ulP de = )\/ flz,u)udo < C’)\/ |ulP do,
Q o o0

and hence A > A1 /C by (3.3), proving Theorem 3.1. O
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Now we prove the multiplicity result.

The assumptions in this case are: Let G(z,t) = fg‘ g(x, s)ds, and assume

(G1) 39 > 0 such that G(x,t) <0 for 0 <¢ <4,

(Ga) Ftg > 0 such that G(z,tg) > 0,

G(z,t)
o

(G3) limsup < 0 uniformly in z.

t—o0

Theorem 3.2. Assume (3.1) and (G1) — (Gs). Then there is a A such that (1.3)
has at least two positive solutions uy > ug for A > A.

Observe that for problem (1.3) we can prove that the two solutions are ordered.
We believe that this should hold also for (1.2) but the truncation argument used in
the proof does not work because it destruct the variational structure of (1.2).

Again, set g(x,t) = 0 for t < 0, and consider the C! functional
1
G (u) = 7/ Vul + [ de -\ [ Gau)do,  uweW'r(Q).
pJa o0

Arguing as before, if u is a critical point of Gy, denoting by u~ the negative part
of u,

0= (Gx(u),u”)

= / |Vu|P~2Vu - Vu~ + |uP2uu™ da — )\/ g(z,u)u” do
Q a0
= Hu_||€vl,p(g)7
hence we have that u > 0. Furthermore, by [11], u € CY*(Q) and so, by the strong
maximum principle and Hopf’s Lemma (see [12]), it follows that either u > 0 in Q
or u = 0. Therefore, nontrivial critical points of F) are positive solutions of (1.3).

Observe that in this case, the solution u is positive up to the boundary.
By (G3) and (3.1), there is a constant C > 0 such that

M
A t) < —|¢t|P
G(z, )*2p|| +Cy
and hence
Ga(w) >~ [ 1Vul? +ulrdr — [ ZLalp 4 Ondo > L ulln oy — €209
Au_PQ ! e BQQ;DU 7= gp Mlwrr ey = AN

so Gy is bounded from below and coercive.
Therefore, as Gy is weakly lower semicontinuous, we obtain a global minimizer
u1. Once again, if A is big enough, this minimizer is nontrivial.

Lemma 3.1. There is a X such that inf Gy < 0, and hence u; # 0, for X > \.

Proof. Take the constant function ug = ¢, where #g is as in (Ga).
Then, we obtain

G(z,up)do = G(z,tp)do > 0.
X9) o0

Hence Gz (up) < 0 for X large enough. O
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The main difference in the arguments arrive at this point. As we mentioned
before, by a truncation argument we can prove that the two solutions are ordered.
In fact, fix A > \. Let

g(l'7t), t<U1((E)7 ~ t
34) (et = and  Gi(z,1) = / (2, 5)ds.
g(xvul(x))v t>u1(x)7 0

Then consider

~ 1 ~

Ga(u) = 7/ [VulP + |ul? de — )\/ G(z,u)do.

pJa o0
If w is a critical point of g}, then u > 0 as before. Now,
0 =(G4(u) — Gy (w1), (u—uy)™)
:/ [ (‘VUV’*QVU - |Vu1|p*2Vu1) V(u—up)t
Q
+ (|u|p72u - |u1|p72u1) (u— u1)+] dx

- A (9(z,u) = g(z,w1)) (u—u1) " do
oN

:/ [ (|Vu|p72vu - |Vu1|p72vu1) - (Vu — Vuy)
{u>u1}
+ (JulP~2u = Jug P2 (u — ug)t] da
>/{ } [(IVulP~" = [Vur [P71) (IVu] = [Vua])
u>uy

+ (JuP™ = Jua [P7Y) (Ju| = Jua )] dz > 0,

so u < uy. Therefore u is a solution of (1.3).

Now, as in the previous case, we will obtain the second solution as a critical point
of G , Uy, with G A(u2) > 0 via the mountain-pass lemma, which would complete the
proof since G (0) = 0 > Gy (uq).

Lemma 3.2. The origin is a strict local minimizer of GVA.

Proof. Let T'y = {z € 8Q : u(x) > min {u;(z),6} }.
By (3.4) and (G1), G(z,u(z)) < 0 on 92\ T, so

~ 1
o) > ~lulfyrney ~ ) [ Glowdo

u

By (3.1), Holder’s inequality, and Sobolev trace embedding,

[ Gewde<c [ wrds < O ullynn
I, I,

where ¢ = (N — 1)p/(N —p) if p< N and ¢ > p if p > N, so in order to finish the
proof we need to show that [I'y|y—1 — 0 as [|ul[w1.r@) — 0.
Let k = min{mingq u1;0} where § is given in (G1). Then

I C/m WP do > c/F WP do > CRP [Ty |n 1,

as we wanted to show. O
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Now, we are in position to finish the proof of Theorem 3.2.

Proof of Theorem 3.2. The same argument used for G, shows that G, is also coer-
cive, so every Palais-Smale sequence of G \ is bounded and hence contains a conver-
gent subsequence as usual. Now the mountain-pass lemma gives a critical point us
of §>\ at the level B
c:=inf max Gx(u) >0,
el uey([0,1])
where I' = {y € C([0,1], W'P?(2)) : v(0) = 0,7(1) = w1} is the class of paths
joining the origin to u;. ([l
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