A FREE BOUNDARY PROBLEM FOR THE p(z)- LAPLACIAN

JULIAN FERNANDEZ BONDER, SANDRA MARTINEZ AND NOEMI WOLANSKI

ABSTRACT. We consider the optimization problem of minimizing fn |Vu|p<I> + AX{u>0} dx in

the class of functions W) (Q) with u — ¢y € WoP)(Q), for a given ¢o > 0 and bounded.
W1PO(Q) is the class of weakly differentiable functions with Jo |Vul|P™) dz < co. We prove
that every solution u is locally Lipschitz continuous, that it is a solution to a free boundary
problem and that the free boundary, Q N d{u > 0}, is a regular surface.

1. INTRODUCTION

In this paper we study a free boundary problem for the p(x)—Laplacian. The p(z)—Laplacian,
is defined as

(1.1) Ay = div(|Vu(z) [P -2 V).

This operator extends the classical Laplacian (p(z) = 2) and the so-called p—Laplacian (p(z) = p
with 1 < p < o0) and it has been recently used in image processing and in the modeling of
electrorheological fluids.

For instance, Chen, Levin and Rao [11] proposed the following model in image processing
p(x)
E(u) = / Nul@)”® + |u(x) — I(z)| dv — min
Q p(z)
where p(z) is a function varying between 1 and 2. It is chosen p(x) next to 1 where there is
likely to be edges and next to 2 where it is likely not to be edges.

Observe that the Euler-Lagrange equation associated to E is the p(z)—laplacian.

For the modeling of electrorheological fluids, see [31].

On the other hand, a free boundary problem associated to the p(x)—Laplacian, was studied in
[21] namely, the obstacle problem. In that paper, existence and Holder continuity of minimizers
was proved. No further regularity was studied.

To our knowledge, no other free boundary problem associated to this operator has been
analyzed up to date.

This paper is devoted to the study of the so-called Bernoulli free boundary problem, that is

(1.2) Apzyu=0 in {u > 0}
u=0, |Vu| =X(x) on o{u > 0}.

where \* is a given function away from zero and infinity.
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This free boundary problem, in the linear case p(z) = 2, was first studied by A. Beurling in
[9] for N = 2.

Still in the linear setting and for N > 2, this problem was analyzed by H. Alt and L. Caffarelli
in the seminal paper [4]. In that work, the authors prove existence of a weak solution by

minimizing the functional
2
Vu? | (\(@)
U »—>/Q 5 + 5 X{u>0} dx.

Then, they prove local Lipschitz regularity of weak solutions and, when A\* is C'*, they prove
the C1® regularity of the free boundary up to some negligibly set of possible singularities.

Later, in [5], these results were extended to the quasilinear uniformly elliptic case.

Problem (1.2) with p(xz) = p was addressed in [12], where the same approach was applied to
obtain similar results in the p—Laplacian case. In that paper, the authors had to deal with the
problem of the degeneracy or singularity of the underlying equation.

Recently, the method was further extended in [29], where this free boundary problem for
operators with non-standard growth was treated in the setting of Orlicz spaces.

The Bernoulli free boundary problem, appears in many different applications, such as limits
of singular perturbation problems of interest in combustion theory (see for instance, [8, 25, 26])
fluid flow e.g. the problem of jets (see for instance [6, 7]) and some shape optimization problems
with a volume constrain (see for instance, [2, 3, 18, 19, 24, 28, 30]).

In this work, in order to analyze the Bernoulli free boundary problem (1.2), we follow the
same approach as in the previously mentioned works and prove optimal regularity of solutions
and C1® regularity of their free boundaries.

So we consider the following minimization problem: For Q a smooth bounded domain in RY
and ¢y a nonnegative function with o € L>*°(Q) and [, |Vo|P™®) dz < oo, we consider the
problem of minimizing the functional,

VP
(13) 7w = [ B Moo ds
in the class of functions
K= {v e WLPE@)(Q): v — g € Wol’p(”)(m}.

For the definition of the variable exponent Sobolev spaces, see Appendix A.

In order to state the main results of the paper, we need to introduce some notation and
assumptions.

Assumptions on p(z). Throughout this work, we will assume that the function p(x) verifies
(1.4) 1 < pmin < p(2) < Praz < 00, x €

When we are restricted to a ball B, we use p_ = p_(B;) and p4 = p4(B;) to denote the infimum
and the supremum of p(z) over B,.

We also assume that p(x) is continuous up to the boundary and that it has a modulus of
continuity w : R — R, i.e. |p(z) — p(y)| < w(|lz — y|) if |z — y| is small. At several stages it is
necessary to assume that p is log-Hélder continuous. This is, w(r) = C(log 2)~!.
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The precise assumptions on the modulus of continuity w will be clearly stated in each section.

For our main result we need to assume further that p(z) is Lipschitz continuous in €. In that
case, we denote by L the Lipschitz constant of p(z), namely, ||Vp| r~@q) < L

Assumptions on A(z). In the firsts sections we will only need A(z) to be bounded away from
zero and infinity. We denote 0 < Ay < A(z) < Ay < oo for z € €

We will assume in the last part that A(z) is Holder continuous.

Main Results. Our first result gives the existence of a minimizer and, under the assumption
of Lipschitz continuity of p(x) and that p(x) > 2, the Lipschitz regularity of minimizers.

Theorem 1.1. We prove

e Assume that p(x) is log-Holder continuous. Then, there exists a minimizer of J in K.
Any such minimizer u is nonnegative, bounded and locally Holder continuous.
e Under the same assumptions, any minimizer u is globally p(x)—subharmonic and

Apzyu =0 in {u > 0}.

o Ifp € C%L(Q) then, every minimizer is nondegenerate (see Corollary 4.2).
o If moreover p(x) > 2 in Q, then u belongs to C\2(€2).

loc

Our second result states that Lipschitz, nondegenerate minimizers of (1.3) are weak solutions
to (1.2).

Theorem 1.2. Assume that p(x) is Hélder continuous and that A(x) is continuous.

Let u be a nondegenerate, locally Lipschitz continuous minimizer of (1.3). Then, {u > 0} has
finite perimeter locally in Q and HN=1(0{u > 0} \ Opea{u > 0}) = 0.

Moreover, for every xo € Oreq{u > 0}, (this is, for every xo where there is an exterior unit
normal v(xg) to O{u > 0} in the measure theoretic sense), u has the following asymptotic
development,

(1.5) u(x) = XN (xo){x — o, v(20))” +o0(|lx —x0]) asx— xg
where \*(z) = (p(pm(;”zl A(x)) l/p(m).

Finally, for every ¢ € C3°(S2), there holds

- / |VuP® =2 TuV e de = / (A (z))P@ 1 gV,
{u>0} Apeq{u>0}

That is, u is a weak solution to (1.2) in the sense of distributions.

Now, we arrive at the last result of the paper. Namely, the regularity of the free boundary
0{w > 0} for Lipschitz minimizers of (1.3).

Theorem 1.3. Let p(x) be Lipschitz continuous, \(x) be Holder continuous, and u be a locally
Lipschitz continuous minimizer of (1.3). Then, for HN~1—almost every point in the free bound-
ary d{u > 0} there exists a neighborhood V such that V N 8{u > 0} is a CY7 surface, for some
v > 0.
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Technical comments. We finish this introduction with some comments on the technical dif-
ficulties that we have encountered when dealing with the p(x)—Laplacian, highlighting the dif-
ferences in the arguments with respect to the previous works on Bernoulli-type free boundary
problems.

As mentioned in the Appendix A, the log-Holder continuity is a key ingredient in order
to deal with variable exponent Sobolev spaces. For instance, up to date, this is the
minimum requirement in order to have that C* be dense in LP(). See [15].

One fundamental tool in the analysis of this free boundary problem is the use of barriers.
In order to construct barriers one has to look at the operator in non-divergence form.
See [5, 12, 29], etc. In the p(xz)—Laplacian case, in order to write the equation in non-
divergence form, one has to be able to compute the derivative of p(z). Therefore, the
assumption that p(x) be Lipschitz continuous becomes natural. See Remark B.3.
Probably, the main technical difficulty that we have encountered is the fact that the
class of p(xz)— harmonic functions is not invariant under the scaling u(z) — u(tz)/k if
t # k. In [12, 29| this invariance was used in a crucial way in the proof of the Lipschitz
continuity of the solutions. See, for instance, the proof of Lemma 3.2 in [12].

In order to overcome this difficulty we went back to the ideas in [4], but we are left
with the additional technical assumption that p(x) > 2 in order to get the Lipschitz
continuity of the minimizers.

As for Harnack’s inequality in the case of p(x)—harmonic functions, the inequality that
holds is analogous to Harnack’s inequality for the nonhomogeneous Laplace equation.
Moreover, the constant in this inequality is not universal, but depends (in a nontrivial
manner) on the L° norm of the solution. Nevertheless, the constant in Harnack’s
inequality remains invariant under homogenous scalings of a solution, see Remark B.2.

We are not aware of the validity of the strong minimum principle for p(x)—harmonic
functions (it does not come out of Harnack’s inequality). This property was used at
several stages in previous works. In our new arguments we use instead the nondegeneracy
of minimizers (see Lemma 4.3), which is valid for any p(z) > 1. With this property we
can prove, for instance, Corollary 4.3 which is a crucial step to obtain the Lipschitz
regularity of minimizers.

We believe that the hypothesis p(z) > 2 —that is needed in order to obtain the Lipschitz
regularity of minimizers— is purely technical. This assumption is only used in Lemma 4.2.
If one is able to prove this lemma for a general p(z), this assumption can be eliminated.
There is another step where the hypothesis that p(z) be Lipschitz is crucial. Namely, in
order to obtain the result on the regularity of the free boundary one needs a differential
inequality for a function of the gradient. In this paper we prove that if u is p(x)-harmonic
and if v = |Vu| is far from zero and infinity, then v is a subsolution of an elliptic equation
with principal part in divergence form (see Lemma B.5). In order to prove this result
we need to differentiate the equation, and therefore we need p(x) to be Lipschitz.

As in [4], the hypothesis A(z) Holder continuous is needed in the proof of the regularity of
the free boundary in Section 8. Note that this is a natural assumption if one expects the
C1% regularity of the free boundary to imply the C% continuity of Vu up to d{u > 0}.

Outline of the paper. First, in Section 2, under the assumption of log-Hélder continuity of
p(zx), by using standard variational arguments, we prove the existence of a minimizer for J in
the class K. Then, we show that every minimizer is p(x)—subharmonic and bounded.
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In Section 3, we analyze the regularity properties of minimizers and prove, under minimal
assumptions on p(x), that minimizers are Holder continuous (Theorem 3.2). As a consequence,
we deduce that u is p(z)—harmonic in {u > 0}.

In Section 4, we further analyze the regularity of minimizers. This time, under the assumption
that p(x) is (locally) Lipschitz continuous, we first prove that u is nondegenerate near a free
boundary point (Corollary 4.1). Then, assuming further that p(z) > 2, we prove that u is locally
Lipschitz continuous (Theorem 4.1). This completes the proof of Theorem 1.1.

In Sections 5, 6 and 7 we assume that « is a Lipschitz non-degenerate minimizer and that p
is locally Holder continuous.

In Section 5, we begin the proof of Theorem 1.2 and show the positive density of {u > 0} and
{u = 0} at every free boundary point (Theorem 5.1).

In Section 6 we study the measure A = Aj,,)u and prove that it is absolutely continuous with

respect to HV"1|0{u > 0}. Then, we deduce that almost every point on the free boundary
belongs to the reduced free boundary (Lemma 6.2).

In Section 7, we finish the proof of Theorem 1.2 by proving the asymptotic development of u
near a free boundary point in the reduced boundary.

Finally, Section 8 is devoted to the proof of Theorem 1.3.

We finish this paper with a couple of appendices with some previous and some new results
about p(z)—harmonic and subharmonic functions, that can be of independent interest.

2. THE MINIMIZATION PROBLEM

In this section we look for minimizers of the functional 7. We begin by discussing the existence
of extremals. Next, we prove that any minimizer is a subsolution to the equation Lu = 0 and
finally, we prove that 0 < u < sup ¢g.

Theorem 2.1. Let p € C(Q) and 0 < \; < A(z) < Ay < oo. If J(po) < oo there exists a
minimizer of J .

Proof. The proof of existence is similar to the one in [29]. Since we are dealing with the Sobolev
variable exponent, we write it down for the reader’s convenience.

Take a minimizing sequence (u,) C K, then J (u,) is bounded, so [, |V, [P®) and |{u, > 0}
are bounded. As u, = g in 09, we have by Remark A.1 that ||[Vu, — Vgo|p) < C and
by Lemma A.1 we also have |lu, — ¢olp) < C. Therefore, by Theorem A.1 there exists a

subsequence (that we still call u,,) and a function ug € WHP0)(Q) such that
Up — up  weakly in WO (Q),

and by Theorem A.2
U, — ug  weakly in W1Pmin ().

Now, by the compactness of the immersion W1Pmin(Q) < LPmin(()) we have that, for a subse-
quence that we still denote u,,

Uy — Uy a.e. L.

As K is convex and closed, it is weakly closed, so ug € K.
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Moreover,
{up > 0} C liminf{u, >0} so that
n—oo
X{up>0}p < Hminf g, o).

On the other hand,

p(z) p(z)
/ M dz < liminf/ M dx.
o plz) n—oo Jo  p()

In fact,
p(a) p(z)
(2.6) / [V dx > / [Veuol™® dx +/ Vo |P™ 2V - (Vu, — Vug) d.
o p@) o p) Q

Recall that Vu,, converges weakly to Vug in LP()(Q). Now, since |Vuo[P™®~1 e LF'0)(Q), by
Theorem A.1 and passing to the limit in (2.6) we get

p(z) p(z)
liminf/ Md:nz / de.
n—co Jo o p() o plo)

Hence

J(up) < liminf J(u,) = ig}fcj(v).

Therefore, ug is a minimizer of 7 in /. O

Lemma 2.1. Let 1 < p(x) < 00 and 0 < A(z) < co. Let u be a local minimizer of J. Then, u
is p(x)—subharmonic.

Proof. Let e > 0 and 0 < ¢ € Cg°. Using the minimality of v we have

P
Vul| gz

5 p

1 1 [ |Vu—eVEP

0<u-c9- g <1 [TV

€Ja p

< —/ |Vu — eVEP2V (u — eVE)VE da

Q
and if we take ¢ — 0 we obtain
0<— / |Vu|P2VuVE d
Q

O

Lemma 2.2. Let p be log-Hélder continuous, 1 < p(x) < oo, 0 < A(z) < 0o and u a minimizer
of J in K. Then, 0 < u < supyg-
Q

Proof. The proof follows as in Lemma 1.5 in [5] once we show that the functions min(M — u, 0)
and min(u, 0) are in Wol’p(')(ﬂ), where M = supq ¢p.
But this fact follows from Corollary 3.6 and Theorem 3.7 in [14]. O
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3. HOLDER CONTINUITY

In this section we study the regularity of the minimizers of 7.

As a first step, we prove that minimizers are Holder continuous provided the function p is
log-Holder continuous. We use ideas from [1] and [12].

Theorem 3.1. Assume p has modulus of continuity w(r) = Clog(%)_l. Then, for every 0 <
Yo < 1, there exist ro(Y0, Pmin) and po = po(ro,Y0) such that, if u is a minimizer of J in
By, then, u € C7°(By,). Moreover, if M > 0 is such that ||ul|L=(p, ) < M there exists C' =

C(N7pminapmaxaw(r)7)\23M’ 70) such that ||u||C'VO(BipO) < C.

Proof. We will prove that there exist o and pg as in the statement such that, if p < pg and
[ull L (B,,) < M then,

1/p_
(3.7) (][B |Vu|P- dﬂs) : < Cpr~t

P

where p_ = p_(B,,).
In fact, let 0 < r < 79 and v be the solution of
(3.8) Ay =0 inB,,  v—ueWy?(B,).

Let u®(z) = su(z) + (1 — s)v(z). By using that v is a solution of (3.8) we get,

p p 1
(3.9) / [VuPP _ [Vol” dx = / ds/ <|Vu5|p_2VuS - |Vv|p_2Vv) -V(u® —v)dx.
. P p 0o S JB,

By a standard inequality (see Remark B.1 ) we have that,

P P
/ W—de20</ |Vu — VolP dx
. D p B.n{p>2}

(3.10) s
+/ Vu — W\?(yvu\ + ywy) dx),
B,n{p<2}

where C' = C(pminapmam N)
Therefore, by the minimality of u, we have (if Ay = B, N{p < 2} and Ay = B, N {p > 2})

(3.11) / |Vu — VolP dz < Chgr™
Az

(3.12) / YV — Vol([Vau| + [Vo|)P 2 de < Cagr
Ay

Let € > 0. Take p = 7'™¢ and suppose that r° < 1/2. Take 1 to be chosen later. Then, by
Young inequality and the definition of A; we obtain,

C
/ |Vu — Vol dx §/ (|[Vu| + |Vo|)P~2|Vu — Vol dz
A1NB, N JANB,
(3.13) + 077/ (IVu| + [Vo|)P dz
BpﬂAl

Si’rN + Cn/ (IVul + |Vu|)P de.

BpﬂAl
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Therefore, by (3.11) and (3.13), we get,

(3.14) / IVu — VolP da < 27” + Cn/ (IVu| + [Vv])P dx.

Bp BpmAl
where C = C()\Q, N, pmimpmax)'

Since, |Vul? < C(|Vu — Vol? + |[Vv])?), for any ¢ > 1, we have by (3.14), choosing 7 small
that

(3.15) /B p

where C' = C(AQ-; N7pmin7pmaas)-
On the other hand, we have by Lemma B.1

\VulP dz < CrN + C/ |Vo|P dx.
By

v—{v}s,
(3.16) / Vol dz < C ‘{}‘*/”“p dz.
BT‘/Q B3T‘/4 r
By the regularity of solutions, (see [1]) we have that for any 0 < v < 1,
(3.17) lv— {U}%I < C(v, [vllpee sy, w(r)) 7
Therefore,
(3.18) / [VulP do < CrN + C (v, [[v]| oo (B, ) @ (1), Pmins Pmaz, N, Ag) rN =170,

P

Since v — u € Wol’p(')(BT), the same proof as that of Lemma 2.2 shows that [v||pe(p,) <

|ul[ < (B,)- On the other hand, since u is a subsolution, by comparison we have 0 < u < v and
then

(3.19) vl Lo (B,) = llull oo (B,

This means that the constant C' depends on piin;, Pmaz, N, A2,7,w(r) and [[ul| e (g, )-
Let 0 <y <1andlet e >0 and 0 <y < 1 such that

-y =1-w.
Let rg > 0 such that
P+ (Br,) <1ie
p-(Byy)
From now on we denote, p_ = p_(B;,) and p+ = p4(By,)-

Then,

—(Ne+(1—v)p4) —-N
p 1+e S P 1+55_(1_'Y)p—‘
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Then we have by (3.18), (3.19) and by our election of v and p that,
1

][ |Vu|P~ dx §][ |Vul|P de + —— |Vu|P~ dx

B, B 1Byl JB,n{|vul<1}

P

S][ |Vul|Pdx 4+ 1

<1 +pC(r>N + Cr= =+ <f)N

p p
_Ne —Ne—py (1—7)
< 1+ CT_EN + CT—EN—(I—’Y)P+ =1+ C,O% + C’p#

—Ne—py(1-7) —Ne

<COp— 1= < Cprre -

where C(’}/(), N, M, W(T)7 AQ,pminypmax)'

Let ro as before for this choice of ¢ and small enough so that 7§ < 1/2. Then, if p < pg =
1+e
o <1,

Ne €
(320) ][ |vu|p, dr < Cp_[m'i'(l_')’)}p* < Cp*[dmﬂL(l*'Y)]p— _ Cp—(l—‘yg)p,
By

This is, if p < pg = rj e

(][ |Vu|P- dl‘) - < Cpro~t

P
Therefore (3.7) holds.
Applying Morrey’s Theorem, see e.g. [27], Theorem 1.53, we conclude that, u € C"(B,,)

and ||u||C’YO(B7p0) < C with C('YOa M, va(r)a )\2>pmin7pmaw)- O
Thus, we have the following,

Theorem 3.2. Assume p has modulus of continuity w(r) = C’log(%)_l. Then, for every 0 <
Yo < 1, any minimizer u belongs to C7°(Q). Moreover, let ' CC Q and M = ||u|| oo (). There
exists, C = C(N, Y, Dmin, Prmaz, W (1), Ao, M, o) such that HUHcvo(W) <C

Then, we have that u is continuous. Therefore, {u > 0} is open. We can prove the following

property for minimizers.

Proposition 3.1. Assume p has modulus of continuity w(r) = Clog(1)™'. Let u be a minimizer
of J in K. Then, u is p(x)-harmonic in {u > 0}.

Proof. Let B C {u > 0} be a ball and let v such that
Apv =0 in B, v—ueWol’p(B).
Since u > 0 in B we get, proceeding as in (3.9) and (3.10),
[VulP [V
B P
> c(/ (1Vul + Vo))" 2| Vu — Vo|? da +/ IV — VolP dx.)
Aq A

[VolP
p

0> dx

[Vul?
dx + A(x)XBﬁ{u>0} - )‘(‘T)XBH{U>O} > i o -
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Therefore,

/ (IVul + VU|)p_2|Vu — Vo|?dz = 0.
Ay

Thus, (|Vu| + Vv!)p_2|Vu — Vu|? = 0 in A; and, by the definition of A;, we conclude that
|Vu — Vu| =0 in this set.

On the other hand, we also have
/ |[Vu—VolPder=0
Ao

so that |Vu — Vv| = 0 everywhere in B.
Hence, as u — v € Wy*(B) we have that u = v. Thus, Apyu =0in B. O

4. LIPSCHITZ CONTINUITY

In this section we prove the Lipschitz continuity and the non degeneracy of the minimizers.
We assume throughout this section that p(x) is Lipschitz continuous. We take ideas from [4].

Lemma 4.1. Let p be Lipschitz continuous. Let w be a minimizer in By(xg) CC Q and v a
solution to

Apv =0 in By(x), v—u € Wol’p(BT(xo)).

Then, there ezist ro = 7o(Pmazs Pmin, Ls ||t||oo) and C = C(Pmaz, Pmin, N) such that for every
e > 0 there exists M. = M (&, pmaz, Pmin, Ls |t|loo) S0 that if M > M, and r < 19,

/ IV (u — v)[P®) dz > C| By (o) N {u = 0} MI—2)P-,
By (z0)

where

1
M = — sup u.
TB%T’

Proof. First observe that if we take u,(z) = Lu(zo + rz), vr(z) = Lv(zg + rz) and p,(z) =
p(zo + rzx) then,

e e el N\ (ROl
B, By (z0)
[B1 0 {ur = 0}] = r~N| By (w0) 1 {u = 0}],

1
sup u, = — sup u,
B3/4(0) r B%T(ﬂfo)

and ||Vp,(2)||eo = 7||Vp(zo + r)|| o Since [|[Vpy(z)|| is small, if 7 is small, we will assume that
r=1and [|[Vp||pe(p,) < with 0 as small as needed (by taking ro small enough).
So that, from now on we assume that o = 0 and r = 1.

For |z|] < % we consider the change of variables from Bj into itself such that z becomes the
new origin. We call u(z) = u((1—|z|)z+z), v.(z) = v((1—|z|)z+2), p.(z) = p((1—|z|) 2+ ).
Observe that this change of variables leaves the boundary fixed. Define,

1
re=inf{r/g<r<1 and w(¢)=0},
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if this set is nonempty.

Now, for almost every £ € 9By we have

1 1
(4.21) v (re€) = / dii(uz 0 )(r€) dr < / IV (4 — 0.)(r€)| dr.
T¢ Te

Let us assume that the following inequality holds: There exist dg > 0 and M. such that if
6 <dpand M > M,,
(4.22) vy (re€) > (1 — rg)Ml_E
where M = SUPp, , (0) U-

Let B = M'~¢. Then, for any n > 0 we have,

IV (us — 0 (r) [P0 "pa(r§) -1
(4.23) vz (re€) < / BT (r) dr + / D)

and using (4.22) and (4.23) with 1 small we have,
(

Bndr,

1
[V (uz — UZ)(T§)|pz(r£)

4.24 dr > mins Pmaz ) (1 — 1¢)B.
(121) L B gy % Clomintnar) 1 7
Therefore,

1
(4'25) / |V(uz - Uz)("f) ’pz(rg) dr > C(pmimpmax)(l - Tﬁ)BIL

T

Then, using (4.25), integrating first over 0By and then over |z| < 1/2 we obtain as in [4],

/ IV (u — v)|P® de > C|B, N {u = 0}|BP-.
By

So we have the desired result.

Therefore, we only have to prove (4.22). Observe that, since |z| < 1/2, it is enough to prove
that v(z) > M'=¢(1 — |z|) if M is large enough.

If |z| < 3/4, by Remark B.2 we have

v(z) > Ci( sup v—3/4) > Ci( sup u—3/4)=Ci(M —3/4) > —M

&
By ,4(0) By,4(0) 2

if M > 2, with Cy depending on pyin, Pmaz, L and ||v]|e (the bound of v before rescaling, see
Remark B.2, that equals the bound of u before rescaling).

If |z| > 3/4 we prove by a comparison argument that inequality (4.22) also holds. In fact, we

know
v Z CQM in B3/4.

Take w(x) = OM (e #*1* — =) where 6 is such that w < v on 0Bsg)y. Let pg and gg as in
Lemma B.4. Then if p > po and § < gg, there holds that

C(p, 0, M, p)Apmyw > Ch(p — Co||Vpllso|log(0M)]) > C1(p — Cob|log(OM)]) in By \ B34,

w < CoM on 9Bg4,

w=0 on 0B;.
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C
Recall that 0 = %. Thus, if u is large enough (depending on C3), there holds that
e~ —e”
|log 6] < 2p.
Therefore,

C (9, M7p)Ap(:v)wu 2 Ctl(:u - 0225M - C7’25| log M]).
Let 6 > 0. Assume further that § < §g < %(6_’2)*1 and take pu = 2C200|log M|. Then,

Ap(x)w Z 0 in Bl \B3/4,
w S CQM on 3B3/4,
w=0 on 0Bj.

Thus, w < v in By \ Bs/s. Now,
w > e (1l — |z|)M > CoMe™ /101 — |z|)
> O3 M=% (1 — |z])dplog M = CsM'=C% (1 — |z]) log M%

it M > 1.

Given € > 0, assume further that C'dy < € and then, that M is large enough (that is M > M,)
so that Cslog M% > 1. Then,

w> M1 —|z|) in B \ Bs 4,
so that
v>M" (1—|z|) in B\ By
Recalling the estimate inside the ball B/, we get, as M > 1,
v>CoM > M'"5(1—|z]) in By,
if M is large enough, and (4.22) is proved. O

Lemma 4.2. Letp € Lip(Q), p > 2 in Q, There exist ro = ro(Pmaz, Pmins Ly ||t]|oo) and Crrae =
Cmaz(Pmaz Pmin, Ly A2y M) such that if v < rg, each local minimizer u with ||u|lcoc < M has the
following property: If Bs (xzo) CC €,
4
1

— sup u > Chpae implies A

u=0 in By(zo)
r By . (zo)

p(z)

Proof. Take v as in the previous lemma. By a standard inequality we have if p(x) > 2 (see [12]),

A2|Br(w0) N {u = 0} = Aa(|Br(x0) N {v > 0} = [Br(z0) N {u > 0}[) >

p(z) p()
> / [Vl _ [Vl drx > C |Vu — VolP@® da.,
By (z0) p p By (z0)

If Cinae is large enough, by the previous lemma we get,

1 p—(1—¢)
[{u = 0} N B, (z0)}] ZC\{u:O}ﬂBr(:ro)}\(; sup u) .
B3 /4r(z0)
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Therefore, if Ciuq, is big enough we have that |{u = 0} N B, }| = 0 and we obtain the desired
result since

/ Vu — Vo™ dz < Cl{u = 0} N B}

T

so that, u = v in B,. O

Lemma 4.3. Let p € Lip(2). For any 0 < k < 1 There exist ro, ¢, > 0 such that if r < 1o and
By (z9) CC Q,
1

— sup u<c, implies u=0 in Bg(x9).
r Br($0)
Here ry depends on K, pmin, Pmaz, L and N and ¢, depends also on .

Proof. We may suppose that r = 1 and that B, is centered at zero, (if not, we take the rescaled

u(zo+re) )

function @ = . Moreover, by taking r < ro we may assume that || Vp||pe(p,) < 0.

Let € := supp . U. Choose v as

E(e7mal® —emm*) in B 2\ By,
o in By,

where ¢, = (e7H" — e M) < 0.

By Lemma B.4 we have if p is large enough,

—c 2 _ €

Je.u‘lm' ‘V’UIQ pAp(LE)(_/U) Z Cl(,u - CZHVPHOO‘ IOg:‘)
m

e
> C1(p — C2||Vplloo| log (—cu)| = C2[| VPl | log €]).

If p > (Kéiéi)) we have,

e M < 6_““(6_“”(“_1) -1)= eHRY _ gmhR — —cu < emHE < 1.
Then, 0 > log(—c,) > —pr. Therefore,

—c 2 _
— L VO PPA ) (—0) = CL((1 = Corl|Vplloo) 1t — Ca| V|| log ).
ep
If§ < ﬁ we have,
T el |Gy 2P A (—0) > O (ﬁ N log5|> >0,
N 2
if we choose p > 2C50|loge].
Hence, if 7 < rg := 55— so that ||Vp|lee < 60 = 54—, and we take u = 2C200|loge| =
ILCak 22k
# 1] logel,
Ap(m)v <0 in B\/E\En

By construction v > w on 9B ;. Thus, if we take

W min(u, v) in B,
u in Q\B s,
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we find that w is an admissible function for the minimizing problem. Thus, using the convexity
we find that

VP
/ | p(L) + )\XBKO{U>O} dx

=J(u) — / [V dx + / (Ax — X )dx
Q\BK’ p(x) o B,;ﬂ{u>0} Qﬁ{u>0}

< J(w)— / [Vl dx + / (A - ) dx
S o\ B, o(2) o XB.n{u>0} Xon{u>0}

p(z) p(z)
S/ Mdm —/ [Vl dx
B /z\Bx p(z) B /z\Bx p(x)

< / |Vw|P® =2V w(Vw — Vu) de = — / |VwP® 2wV (u—v)* de
B /z\Bx B /z\Bx

= —/ (Vo@D =20V (u — v) T da
(B=\Bx)
and as v is a classical supersolution we have,

p(z)
/ A | ot ey
B. p) 0B,

On the other hand, if u > %, then 1 — e—#r(l=r) > 1/2 and therefore, v satisfies

2/15ue_“”2 _ 2ek
e—HE2 _ g—pr 1 — e—nkr(1—k)

[V|gj=x = < 4drpe = 4e|loge]

Thus,

Wu|p(x) 1/ N-1
+ A wsor dz < C(p)(e|logel)P- uwdH .
/K (@) XB.N{u>0} (p)(ellogel) o5,

By Sobolev’s trace inequality we have,

/ ’LLSC(N,K)/ |Vu| + udx
0B By

§C’(N,p,/i)</B \vu|P(w>+|Bm{u>0}|+/ udw)

K

wlP@)
< C(N,k,p, A1)(1+ 5)</B |Vp(|l')

where in the last inequality we are using that [, udx <el{u >0} N By|. Therefore,

+ Ail{u > 010 By

|VulP®)
p(x)

p(z)
/ NVl e B {u > 0} SC(€|log5])p_1</ o+ 2|Bo 0 {u > 0}]).
By By

p(z)
where C' = C(N, k,p, \1).

So that, if € is small enough

|Vu|P(®)
dr + M |B. N{u >0} =0.
/| o BN {u > 0}
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In particular, u = 0 in By and the result follows. O

As a corollary we have,

Corollary 4.1. Letp € Lip(Q)). There exist ro, Cpnin > 0 such that if r < r¢ and B.(x¢) CC £,

1
— sup u < Cpip implies u=0 in B, s(zo).
r B, (zo)

Here ro depends on pmin, Pmaz, L and N and Chin depends also on \1.

Corollary 4.1 states that, if p is Lipschitz, then any minimizer is non-degenerate, i.e,
Corollary 4.2. Let p € Lip(Q). Let D CC Q, zy € DN O{u > 0}. Then

sup w > Cminra ’ifT’ < To
By (z0)

where Cin s the constant in Corollary 4.1 and ro depends also on D.

Corollary 4.3. Let p € Lip(Q) andp > 2. Let D CC Q, 9 € DN d{u > 0}. Then

sup U < Chaat,  ifr <o
By ,(z0)

where Cipaz 18 the constant in Lemma 4.2 and ro depends also on D.

Proof. Assume by contradiction that the inequality is false. Then, by Lemma 4.2, A, yu =0
in By(zg). Therefore, by the regularity results in [1], Vu € C*(B,(x¢)) and, since v > 0 and
u(zg) = 0, there holds that Vu(zg) = 0. Thus, |Vu(z)| < Cp® in B, if p < 3r/4. From here we
have that u(z) < Cp'™ in B, if p < 3r/4.

On the other hand, by Corollary 4.2, %Cmmp < SUPR (o) U < Cp'*« if p is small, which is a
contradiction. O

Now we can prove the local Lipschitz continuity of minimizers of J when p € Lip(2) and
p =2

Theorem 4.1. Let p € Lip(?) and p > 2. Let u be a minimizer of J in KC. Then, u is locally
Lipschitz continuous in ). Moreover, for any connected open subset D CC ) containing free
boundary points, the Lipschitz constant of u in D is estimated by a constant C' depending only
on N, Pmaz, Pmin, L, diSt(Da 89)7 ||U”L00(Q), H‘VU|P(1‘)HL1(Q)} A1 and Ag.

Proof. The proof follows as in [4], from Corollary 4.3 and the gradient estimate

1 p4 (Br)
[Vu(y)| < 0(1 +1 sup u) Lt
" Br(y)

that holds if A, u =0 in B, (y) (see Lemma B.3). O
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5. LINEAR GROWTH — POSITIVE DENSITY

Throughout this section we will assume that u is a locally Lipschitz, non-degenerate (i.e.
satisfying the conclusions of Corollary 4.2) minimizer, and we also assume that p is Holder
continuous.

Theorem 5.1. Suppose that p is Holder continuous, u is Lipschitz with constant Cr;, and non-
degenerate with constants ¢ and ro. For any domain D CC ) there exists a constant ¢, with
0 < ¢ < 1 depending on N,Crip,c, D and the Holder modulus of continuity of p, such that, for
any minimizer u and for every B, C ), centered at the free boundary with r < rg we have,

s B0y
| Br|

Proof. First, by the non-degeneracy we have that there exists y € B, such that u(y) > er so
that,

sup u > u(y) > cr.

Bir(y)

Therefore,

— sup u >
B

Flo

wr(y)
Now, if k is small enough, we have
1
— sup u > Crip.

KT Byory)

Using the fact that w is Lipschitz with constant Cr;, we find that v > 0 in B, where
k = k(CLip, c). Thus,
| B N {u > 0} > | Bir | — N
| By | Br|

In order to prove the other inequality, we may assume that » = 1 and the ball is centered at
the origin. Let us suppose by contradiction that there exists a sequence of minimizers u; in Bj,
corresponding to powers ppin < P(2) < Pmae With the same Hoélder modulus of continuity w(r),
wy, Lipschitz with constant Cr;, and non-degenerate with constant ¢ such that, 0 € 9{u; > 0}
and [{ur =0} N Bi| = e — 0. Let us take vy, € Wl’pk(ﬂ”)(Bl/Q) such that,

(5.26) ApewyUk =0 i Big, o —ug € WyPP(By ).

Pk (@)
We have, by the arguments leading to (3.11), (3.12),

/ IVuy, — Vup[PE®) dz < Cej,  and
{Px2>2}NB1 o

/{ VB (|vuk| + |vvk|)pk(m)_2|vuk - VUk|2d:L“ < Cey.
pk<2 n 1/2
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Now, since |Vuy| < Cr;y, for every k,
/ (|Vuk| + |Vvk|)pk(x)_2|Vuk — V’Uk|2 dxr >
{pPL<2}NBy /2
/ (2|Vug| + [V — Vvk])p’“(x%Q]Vuk — V> de >
{pr<2}NBy /2

C Vg — Vog|* de+
{Pr<2,|Vur — Vi |[<|Vug|}NB1 /2

C Vg, — Vog|P®) da
{Pr<2,|Vug —Vor [>[Vug | }NBy /2

On the other hand, using again that |Vug| < Cp;, for every k, assuming that p_ < 2,

/ Vg, — Vor|PF®) dz <
{Pr<2,|Vup — Vo |<|Vug|}NBy /2

C |Vug — Vo [P~ de <
{Pe<2,|Vup — Vg |<|Vug|}NBy /2

/2
C’(/ |Vuk—Vvk|2d:r)p
{Pre<2,|Vup =V |<|Vug|}NBy /2

Ifp_ >2,

/ |Vu, — V’uk]p’f(”) dx <
{Pre<2,|Vup =V |<|Vug|}NB1 /2

C |Vuy, — Vu|? do < Cey.
{Pk<2,|Vug— Vo |<|Vug |}NBy /2

Summing up we get,

(5.27) / Vg, — Vor|P*®) daz < C'max{ey, 5§’/2}.
By 2

On the other hand, since |[uk | < CLip and [|vk[cra(s,) < C(N, p,p4,p—, w(r), [[ukll LB, )
(see (3.19) for the bound of [|vg|[= (5, ,) and [1] for the regularity of vg), there holds that, for
a subsequence, v — vy and Vv, — Vg uniformly on compact subsets of By /2-

Finally, since [|ug/ Lip(B, ) < CLip we have, for a subsequence, u; — ug uniformly in By ;.

Let wg = ug — vg. Then, wr — ug — vy uniformly on compact subsets of B; /2 Let us see that
ug = Q.

In fact, by (5.27) we have that ||[Vwgl|; ) — 0. Since wy, € Wol’p’“(x)(Bl/2), by Poincaré
inequality we get that HwkHka(z)(Bl/Q) — 0. By Theorem A.2 there holds that wyp — 0 in
LP-(By /2) and, for a subsequence, w — 0 almost everywhere. Thus, ug = vg.

Since, the pi’s are uniformly Hélder continuous and are uniformly bounded, there exists pg
such that (for a subsequence) pr — pp uniformly in B; /2-

Now, recall that v — ug in Cl(Bl/Q). Then, A,j@yuo =0 in Byp.
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As up, — up uniformly in B; /5 and are uniformly non-degenerate we get, supp_ uo > cs for s
small. But ug(0) = limug(0) = 0. By the same argument as that in Corollary 4.3 we arrive at
a contradiction. O

Remark 5.1. Theorem 5.1 implies that the free boundary has Lebesgue measure zero. In fact,
in order to prove this statement, it is enough to use the first inequality in Theorem 5.1, as this
estimate says that the set of Lebesgue points of x(,~0) in 0{u > 0} N D is empty. On the other
hand almost every point xy € 9{u > 0} N D is a Lebesgue point, therefore |0{u > 0} N D| = 0.

6. THE MEASURE A = A, )u
We still assume that v is a non-degenerate, locally Lipschitz minimizer.
In this section we assume that p is Holder continuous. First, we prove that {u > 0} N Q

is locally of finite perimeter. Then, we study the measure A = A, )u and prove that it is

absolutely continuous with respect to the HY~! measure restricted to the free boundary. This
result gives rise to a representation theorem for the measure A. Finally, we prove that almost
every point in the free boundary belongs to the reduced free boundary.

Theorem 6.1. For every ¢ € C§°(2) such that supp(yp) C {u > 0},
(6.28) / [VuP®)=2vuve = 0.
Q

Moreover, the application
A(p) = —/ IVulP® =2 vuvy de
Q

from C§°(Q) into R defines a nonnegative Radon measure A = Apyu with support on QN{u >

0}.

Proof. We know that u is p(x)—subharmonic. Then, by the Riesz Representation Theorem,
there exists a nonnegative Radon measure A, such that A,yu = A. And, as A, yu = 0 in
{u > 0}, for any ¢ € C§°(2\ 0{u > 0}) there holds that A(¢) = 0 and the result follows. O

Now we want to prove that Q N d{u > 0}, has finite N — 1 dimensional Hausdorff measure.
First, we need the following lemma,

Lemma 6.1. Let u be a sequence of minimizers in By corresponding to powers pg(x) and
coefficients Ag(z) with 1 < pmin < Pr() < Pmaz < 00, 0 < A1 < Ag(z) < Ao < 00, and all the
pr’s with the same modulus of continuity w(r). Assume u, — ug uniformly in By, |Vug| < CrLip
in B1, and that the ug’s are non-degenerate in By with constants cg and ro. Then,

(1) o{ug > 0} — O{up > 0} locally in Hausdorff distance,

(2) X{uk>0} - X{u0>0} Zn Ll(Bl);
(3) If 0 € O{uy, > 0}, then 0 € O{ug > 0}.

Proof. The proof follows as in pp. 19-20 of [5]. O

Now, we prove the following theorem,
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Theorem 6.2. For any domain D CC () there exist constants ¢, C, depending on N, Crp, co, 7o,
Pmins Pmazs A, A2,w(r) and D such that, for any minimizer u with |Vu| < CL;p, non-degenerate
with constants co and rg, and for every B, C ), centered on the free boundary with r < rg, we
have

crN_lg/ dA < CrN-1

Proof. The ideas are similar to the ones for the case p constant in [12], with modifications similar
to the ones in the proof of Theorem 5.1. U

Therefore, we have the following representation theorem

Theorem 6.3 (Representation Theorem). Let u be a non-degenerate, locally Lipschitz contin-
uwous minimizer. Then,

(1) HN-YD N o{u > 0}) < oo for every D CC Q.
(2) There exists a Borel function q, such that

Ap(m)u = Qu HNil La{u > O}
i.e
_/ V@) 2VuVyp de = / quedHNTY YV pe CF(N).
Q QNa{u>0}

(3) For D CC € there are constants 0 < ¢ < C < oo such that for B.(x) C D and
x € 0{u > 0},

c<qu(z) <O, eV <HN B (x)no{u>0}) < CrVTL

Proof. It follows as in Theorem 4.5 in [4]. O

Remark 6.1. As u satisfies the conclusions of Theorem 6.3, the set Q@ N {u > 0} has finite
perimeter locally in Q (see [17] 4.5.11). That is, p, 1= —Vx{u>0) is a Borel measure, and the
total variation |p,| is a Radon measure. We define the reduced boundary as in [17], 4.5.5. (see
also [16]) by, Opea{u > 0} := {z € QN {u > 0}/|vy(z)| = 1}, where v, (x) is a unit vector with

(629) /B @) |X{u>0} - X{y/(y—cc,uu(x))<0}’ = O(TN)

for r — 0, if such a vector exists, and v, (z) = 0 otherwise. By the results in [17] Theorem 4.5.6
we have,

oy = vy HN 1 | Opeaf{u > 0}.

Lemma 6.2. HV~1(0{u > 0} \ Orea{u > 0}) = 0.

Proof. This is a consequence of the density property of Theorem 5.1 and Theorem 4.5.6 (3) of
[17]. O
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7. ASYMPTOTIC DEVELOPMENT AND IDENTIFICATION OF THE FUNCTION qu

In this section we still assume that u is a non-degenerate, locally Lipschitz continuous mini-
mizer, p is Holder continuous and, moreover we assume that \ is continuous.

We prove some properties of blow up sequences of minimizers and prove that any limit of a
blow up sequence is a minimizer. Then, we find an asymptotic development of minimizers near
points in their reduced free boundary. Finally, we identify the function ¢, for almost every point
in the reduced free boundary.

We first prove some properties of blow up sequences,

Definition 7.1. Let B, (x) C D CC § be a sequence of balls with p, — 0, x, — 9 €  and
u(zy) = 0. Let

1
up(r) == —u(@k + pr).
Pk
We call uy, a blow-up sequence with respect to By, (xy).

Since u is locally Lipschitz continuous, there exists a blow-up limit 1y : R — R such that,
for a subsequence,

Up — Uug  in C%C(RN) for every 0 < a <1,
Vaug — Vug  * —weakly in L (RY),
and ug is Lipschitz in RN with constant ClrLip-
Lemma 7.1. If u is a non-degenerate, locally Lipschitz continuous minimizer then,
(1) O{ur > 0} — 0{up > 0} locally in Hausdorff distance,
X{ur>0) = X{ug>0) i1 Lioo(RY),
Vuy, — Vug uniformly in compact subsets of {ug > 0},
Vup — Vug a.e in €,
If x, € 0{u > 0}, then 0 € 0{up > 0}
Ap(zoyuo = 0 in {ug > 0}

ug is Lipschitz continuous and non-degenerate with the same constants Cr,, and co as
u.

Proof. (1), (2) and (5) follow from Lemma 6.1. For the proof of (3) and (4) we use that Vuy
are uniformly Hoélder continuous in compact subsets of {ug > 0} and ideas similar to those
in pp. 19-20 in [5]. (6) follows from (3) and the fact that A, ) ux = 0 in {up > 0} with
pi(7) = p(zo + prx) — p(w0) uniformly in compact sets of RYV. (7) follows immediately from the
uniform convergence of u; and the fact that they are all non-degenerate with constant c¢g. [

Lemma 7.2. Let u be a non-degenerate, locally Lipschitz continuous minimizer with u(x,,) = 0,
T — xo € . Then, any blow up limit ug respect to By, (vm) s a minimizer of J corresponding
to p = p(xo) and A = X(zg) in any ball.

Proof. See [4]. O
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1/p(a)
In the sequel we will call A*(z) = ( p() A(x)) Y

p(z)—1
We have,

Lemma 7.3. Let u be a non-degenerate, Lipschitz continuous, local minimizer in RN corre-
sponding to p(z) = po and Nx) = No, such that u = A1 (x,19)~ in Br, with R >0, 0 < A\; < 00

. 1/po
and vy a unit vector. Then, A\ = (pfﬂl )\0) .

Proof. See [29)]. O

Lemma 7.4. Let u be a locally Lipschitz, non-degenerate local minimizer in By with power p(x)
Hélder and coefficient A(z) continuous. Let xo € 0{u > 0} N By such that there exists a ball B
contained in By N {u = 0} touching 0{u > 0} at the point xo. Then,

1 — =\ .
HzILilolp dist(z, B) (z0)
u(z)>0
Proof. See, for instance [29] for the idea of the proof. Here we use Lemmas 7.2 and 7.3. O

Lemma 7.5. Let u € K be a minimizer. Then, for every xo € QN o{u > 0}

(7.30) limsup |Vu(z)| = \* (o).
u?;)go()
Proof. For the idea of the proof see, for instance [29]. Here we use Lemmas 7.2 and 7.3. O

Theorem 7.1. Let u be a minimizer, then for HN ' —a.e xg € 0{u > 0}, the following properties
hold,

Qu(0) = N ()"0~

and
(7.31) u(z) = X (x0){x — x0, vu(20))” + o(|x — x0])

Proof. In order to prove (7.31) we follow the ideas of [29] using Lemma 7.1 items (6) and (7)
and Lemmas 7.2, 7.3 and 7.5. ]

8. REGULARITY OF THE FREE BOUNDARY

In this section we assume that A is Holder continuous and p Lipschitz with constant L, and
therefore the corresponding A\* will also be Holder continuous. We denote by C* the constant
of Holder continuity of \* and by o* its Holder exponent.

We prove the regularity of the free boundary of a minimizer v in a neighborhood of every
“flat” free boundary point. In particular, we prove the regularity in a neighborhood of every
point in Opeq{u > 0} where u has the asymptotic development (7.31). Then, if u is a minimizer,
Orea{u > 0} is smooth and the remainder of the free boundary has HN-1— measure zero.

First, we recall some definitions and then, we point out the only significant differences with

the proofs in [12] with p constant. The rest of the proof of the regularity then follows as sections
6, 7, 8 and 9 of [12].
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Remark 8.1. In [12], Sections 6, 7 and 8 the authors use the fact that when |Vu| > ¢, u
satisfies a linear nondivergence uniformly elliptic equation, Tu = 0. In our case we have that
when |Vu| > ¢, u is a solution of the equation defined in (B.7). As in those sections the authors
only use the fact that this operator is linear and uniformly elliptic, then the results of those
sections in [12] extend to our case without any change.

For the reader’s convenience, we sketch here the proof of the regularity of the free boundary
by a series of steps and we write down the proofs in those cases in which we have to make
modifications.

8.1. Flatness and nondegeneracy of the gradient.

Definition 8.1 (Flat free boundary points). Let 0 < oy,0- <1 and 7 > 0. We say that u is
of class
F(oy,0-;7) in B, = B,(0) with power p(x)
if w is a local minimizer of J in B, with power p(x),
(1) 0 € 9{u >0} and
u=0 for N > o4p,
u(z) > =X*(0)(zy +0-p) for zy < —0_p.
(2) |Vu] <A (0)(1+7) in B,.
If the origin is replaced by xo and the direction ey by the unit vector v we say that u is of class

F(oy,0-;7) in By(xg) in direction v.

Theorem 8.1. Let p be Lipschitz continuous, 1 < pmin < p(x) < Pmaz < 00, X Hélder continu-
ous with 0 < A\; < A\(x) < Ay < oo and modulus of continuity wy(r) = Cyr® . Then, there exist
o9 > 0 and Cy > 0 such that if Cyp® < X*(0)o and 0 < o < oy,

u € F(o,1;0) in By with power p(x) and |Vp| < Co in B, implies
u € F'(20,Cyo;0) in B,s.

Proof. By rescaling, we may assume that p =1 and oscp, A* < Cop™".

Then, we proceed as in [12], Lemmas 6.5, 6.6 and Theorem 6.3. One of the differences in
our case is that A\* is not a constant. Moreover, we cannot assume that A*(0) = 1. First, we
construct, for x > 0, a barrier v as a solution to

Ap(x)’l) =0 in D \ Br(f)
v=20 on D\ By

v=A(0)1+0)(c —xN) on 0D N By
v=—-X(0)(1—-kro)xny on 0B, ()

Here the set D is constructed as in [12]. As in that paper, we want to prove that there exists
re € OB, (€) such that v(zg) > u(ze) if k is large enough.
3 3 3 g g

By contradiction, by Lemma 7.4, if v < u on 0B, (&) there holds that
[Vo(z)] = A*(2)
where z € 0D N By N 0{u > 0}.
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Then,
|[Vo(z)| > A*(0)(1 — o).

In order to get the contradiction we need the following estimate:
IVu(z)] < A*(0)(1 4 Co — cko).

For that purpose, we proceed again as in [12] by constructing a barrier for v of the form v; —kove
where v; and v are the same functions of [12], Claim 6.8. One can check, as in [12], that v; is
a supersolution and wv9 is a subsolution to an elliptic equation in nondivergence form in such a
way that A,y (v1 — kowvg) < 0. The difference in our case is that this equation has first order

terms. But these terms are bounded by Lo log 2 since by construction 3 < |V (v — kows)| < 2.

In this way the results corresponding to Lemmas 6.5 and 6.6 in [12] are proved. In order to
finish the proof of the theorem we proceed as in [12], Theorem 6.3. We consider the function

w(z) = A (0)(1+0)(0 —an) —u(z) 20 in By (§)

and prove that w(xz¢) < Co where ¢ € 0B,(§) is such v(z¢) > u(x¢). Finally, in order to apply
Harnack inequality to get w(z) < Co in B,(§) we observe that w satisfies

|[Lw| < Co in Ba, (&)

where L is the linear operator given in (B.6) such that Lu = 0 (observe that at this stage we
already know that |Vu| > A*(0)/2 in By, (£). O

Theorem 8.2. Let p be Lipschitz continuous, 1 < pmin < p(x) < Pmaz < 00, X Hélder continu-
ous with 0 < A1 < M) < Ay < 0o and modulus of continuity wx(r) = Cwr®" . For every § > 0
there exist o5 > 0 and Cs > 0 such that if C.p® < X\*(0)o, 0 < 0 < 05,

u € F(o,1;0) in B, with power p(x) and |Vp| < Co  implies
[Vu| > A*(0)(1 = 8) in B, N{zn < —Cso}.

Proof. The proof follows as Theorem 6.4 in [12]. O

8.2. Nonhomogeneous blow-up.

Lemma 8.1. Let uy, € F(oy,04;7k) € By, with power py(x) and coefficient \(x) such that
IVprl < L, 1 < pmin < pe() < Prmae < 00, Aj Hélder with exponent o and constant C,
0 < A < M) < Ay < 0. Assume o, — 0, TkO'k_Q — 0 and pg* < poTr with pg > 0. For
y € BY, set

fi () = sup{h = (pry, onprh) € d{uy, > 0}},
fr (y) = inf{h : (pry, oxpxh) € O{us, > 0}}.
Then, for a subsequence,
(1) f(y) = thUszjgo fif(z) = liminsz:go fe (z) for all y € B].
Further, f,:' — f, f, — f uniformly, f(0) =0, |f| <1 and f is continuous.

(2) f is subharmonic.
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Proof. (1) is the analogue of Lemma 5.3 in [5]. The proof is based on Theorem 6.3 and is
identical to the one of Lemma 7.3 in [4].

For the reader’s convenience, we write down the proof of (2) that is a little bit different from
the one in [4] since we do not have the homogeneity of the operator so that we need to keep
track of the coefficient A (0). Also, our assumption in this and the ongoing sections is that A(z)
is Holder continuous as compared to the assumption in [4].

We assume by taking @k () = uk(prt)/pk, Pr(x) = pr(prr) and A(z) = Ae(ppz) that ug €

F(op,o0r; 1) in By with power pj and coefficient A\;,. We drop the tildes but recall that now
Vil < Loy and [\ (z) = N (0)] < Cpp" [
Observe that by the Holder continuity of the original A}, we have that,

(8.32) Mi(@) = Np(0) = Cpf = NL(0)(1 — )

Let us assume, by contradiction, that there is a ball B;,(yg) C Bj and a harmonic function g
in a neighborhood of this ball, such that

g>fondB,(yo) and  f(yo) > g(yo)-

Let,
Zt={reBi/x=(y,h), ye B;(yg),h > o0r9(y)},

and similarly Zy and Z~. As in Lemma 7.5 in [4], using the same test function and the Repre-
sentation Theorem 6.3 we arrive at,

(8.33) / |V |PF 2V, - v dHN L = / GQu () dHV L,
{uk >0}ﬂZo 8Ted{uk >0}|'-1Z+

As uy, € F(oy, ok, ) we have that |Vug| < A7 (0)(1+7;) and, by Theorem 7.1, there holds that
Qu, (z) = )\;;(x)p’“(x)*l for HN=! — a.e point in ,cq{u > 0}. Therefore,

(8.34) / |Vug P2V, - v dHN L = / ApPet g =L
{ur>0}NZo Orea{ur>0}NZ+

Applying the estimate (8.32) to (8.34) and, assuming for simplicity that A} (0) > 1 we have,

MO (1= O ) Y Brea{un > 0} 01 27)

< / |V |P* 2V, - v dHN
{ur>0}NZo

< A0 M 4 7 )PE YN L (L > 0) N Z0)
Then we have,

14 7

)pz_lHN—l({ > 0} N Zo)
O up 0)-

(8.35)  HNY(Breafu, > 0} N ZH) < A;;(O)P?—Pk—(

On the other hand, by the excess area estimate in Lemma 7.5 in [4] we have that,
HN Y8, 0B N Z) > HN"Y(Zp) + co?,
where Z = B/ (y0) x R and Ey = {u, >0} U Z".
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We also have,
HN_l(aTedEk N Z) < HN_l(Z+ N @»ed{uk > 0}) + HN_l(Z() N {uk = 0})

Using these two inequalities and the fact that H¥~1(Zo N d{uy > 0}) = 0 (if this is not true we
replace g by g + ¢o for a small constant ¢p) we have that,

(8.36) HY " (Opea{ur, > 0y N Z1) > HY "N Zy N {uy, > 0}) + coi.
Finally by (8.35) and (8.36) we have that,

1+7

)pﬁlHN—l({ > 01N Zo)
=G g, 0)-

HY " {ug > 0} N Zo) + cop S)\Z(O)pz__pk—<

Therefore, since p;{f —p, < Lpg,

1+ 7

+
Pp =1 N-1 a*
S - - < ,
— C*pg*) R (g > 0y 0 Z0) < Clre+ 7))

caf < i) P (

Observe that if A} (0) < 1, we arrive at the same estimate.

Finally, since p® < po7, this contradicts the fact that % —0as k— oo. g
k

Lemma 8.2. There ezists a positive constant C = C(N) such that, for any y € B;/Q,

1/4
L, i) e

Proof. 1t follows as Lemma 8.3 in [12], by Remark 8.1 and Theorem 8.2.

The only difference is that the functions wy = (ug(y, h) + h) /oy verify a second order elliptic
equation in non-divergence form with Holder principal coefficients and bounded first order
coefficients.

As in the proof of Lemma 8.1, since |Vpg| — 0, these first order coefficients converge to 0 and
so, by the W24 regularity estimates of [20], Chapter 9, we can pass to the limit to discover that
wg — w and w satisfies a second order elliptic equation in non—divergence form with constant
coefficients with only principal part.

After that, the proof follows without any change as that of Lemma 8.3 in [12]. O
With these two lemmas we have by Lemma 7.7 and Lemma 7.8 in [4],

Lemma 8.3. (1) f is Lipschitz in 31/4 with Lipschitz constant depending on Cy and N.

(2) There ezists a constant C = C(N) > 0 and for 0 < 0 < 1, there exists cg = c(6,N) > 0,
such that we can find a ball B. and a vector | € RN~ with

cp<r<0, [[|]<C, andf(y)gl.y+gr for |yl <.

And, as in Lemma 7.9 in [4] we have,
Lemma 8.4. Let 0, C, cy as in Lemma 8.3. There exists a positive constants og, such that
(8.37) uw € F(o,0;7) in B, in direction v
with o < og, T < 0902 and p* < por, implies

w € F(fo,1;7) in Bp in direction U
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for some p and v with cogp < p < 0p and |v —v| < Co, where o9 = 09(0, N).
Lemma 8.5. Given 0 < 0 < 1, there exist positive constants og, cg and C' such that
(8.38) u € F(o,1;7) in B, in direction v
with o < oy, 7 < ogo? and pa* < poT, then
u € F(f0,00;07) in By in direction v
for some p and U with cop < p < %p and |7 —v| < Co, where cg = cy(0,N), 09 = 09(0,N).
Proof. We obtain the improvement of the value 7 inductively. If oy is small enough, we can
apply Theorem 8.1 and obtain
u € F(Co,Co;7) in B,y in direction v.
Then for 0 < 6; < % we can apply Lemma 8.4, if again oy is small, and we obtain
(8.39) u € F(COy0,Co;7) in B, in direction v
for some rq, 11 with

co,p <2r1 < 0ip, and | —v| < Co.

In order to improve 7, we consider the functions U, = (|Vu| — A*(0) — 5)+ and Uy = (|Vu|—
)\*(O))Jr in By,,. By Lemma 7.5, we know that U. vanishes in a neighborhood of the free
boundary. Since U, > 0 implies |Vu| > A*(0) + ¢, the closure of {U. > 0} is contained in
{IVu| > X*(0) +¢/2}.

Since |Vul is bounded from above in By, and from below in the set {|Vu| > A\*(0) + ¢/2}
the hypotheses of Lemma B.5 are satisfied, and we have that v = |Vu| satisfies,

—divDVv + BVv < divH in {|Vu| > \*(0) + ¢/2}

Hence U, satisfies
—divDVU. + BVU, < divH in {U; > 0}

Extending the operator by a uniformly elliptic operator with principal part in divergence form
with ellipticity constant § and H by H with ||H||s < C||H||x we get,

—divDVU, 4+ BVU. < divH in By,
Us. < X(0)1 on OBy,

and r1 < 01p < p/4. Then, U. < X*(0)7 + C(N, L, B)r1||H||co- Let S = X*(0)7 + Cr1|| H||co-
Let W =5 —U; > 0. Then
—divDVW + BYW > divH  in By,,.

By the weak Harnack inequality (see [20] Theorem 8.18) we have that, if 1 < ¢ < ¥ then,

1 .
WHWHL‘Z(B%) < Cl[gif W+ |H|| oo (B, )T1]-
1
fn {u =0}, W= 5. Moreover u =0 in Br1/4(%7’117) since ¢4 < 1/4. Therefore,

S < CQ[S —sup U, + HHHL“‘(BQH)Tl]'

1
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Then,
1
sup U, < (1 - @)s + Oyr1 < SX(0)7 + Cury

1

with 0 < § < 1. And we have,
sup |Vu| < A*(0)(1 + d7) + Cyry

Br,
with Cy = Cy(N, A*(0), L, 3).
Since 1 < #1p and p < p® < poT, we have

sup |Vu| < A (0)(1 4+ d7) 4+ Cyry < X(0)(1 + 07 + Ch1p) < X*(0)(1 + 7(6 + CO1po)).

Br,
Let us choose 01 such that C'ppfy + 6 < 1. Take 6y = max{@?*/Q, (6 + Cp001)1/2}.
We have

u € F(fyo,1;027) in B,, in direction v;.
Moreover, r{“* < O‘f‘*pa* < 98p“* < ,00987'. We also have, Opo < 6oy, < 0p, and 9(2)7' <
030,02 = o9, (0p0)>.
Then, we can repeat this argument a finite number of times, and we obtain
u € F(0)'0,1;03™7) in B,,. ,,, in direction vy,

with

co; < 2rj < 0;, and |y, —v| < o.

1-6
Finally we choose m large enough such that 67* < 6, we have that
u € F(#o,1;6°7) in B,,._,,, in direction vy,

and using Theorem 8.1 we have if 0 < g9, ,,, T < 0917,)002 and p® < pot the desired result. O

8.3. Smoothness of the free boundary.

Theorem 8.3. Suppose that u is a minimizer of J in IC and D CC Q). Assume p is Lipschitz
and X\ is Hélder. Then, there exist positive constants 6o, C' and v such that if

u € F(o,1;00) in By(zg) C D in direction v
with o < o9, p=< 50(50>‘7); then
B, 4(0) N 0{u > 0} is a O surface.

More precisely, a graph in direction v of a C'Y function and, for any x1, x2 on this surface

lv(z1) — v(z2)| < Ca‘xl ) ‘W

p
Proof. See Theorem 9.3 in [29]. O

Remark 8.2. By the nondegeneracy (Corollary 4.1) and by (7.31), we have that for z¢ €
Orea{u > 0} we have that u € F(0,,1;00) in B,(xo) in direction v, (zo), with 0, — 0 as p — 0.
Hence, applying Theorem 8.3 we have,
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Theorem 8.4. Let u be a local minimizer of J in KC with power p € Lip and coefficient A € C*.
Then, for any xo € Opeq{u > 0} there exist r > 0 and 0 < v < 1 such that By(xo) N 0{u > 0} is
a CYY surface. Thus, for every D CC S there exists 0 < v < 1 such that D N Opeq{u > 0} is a
C™ surface and moreover, HN ~1(0{u > 0} \ Opeq{u > 0} = 0.

APPENDIX A. THE spaces LP()(Q) anp WP0)(Q)

Let p : © — [1,00) be a measurable bounded function, called a variable exponent on §2
and denote ppa: = esssupp(x) and ppmi, = essinfp(x). We define the variable exponent
Lebesgue space LP()(Q) to consist of all measurable functions v : @ — R for which the modular
op(y (1) = Jq |u(x)[P®) dz is finite. We define the Luxemburg norm on this space by

[l Loy ) = llullpey = nf{A > 0 gy (u/A) < 1}

This norm makes LP()(Q) a Banach space.

One central property of these spaces (since p is bounded) is that g,.)(u;) — 0 if and only
l|i][p.y — O, so that the norm and modular topologies coincide.

Remark A.1. Observe that we have the following estimate,

HuHLP(‘)(Q) < rrlax{(/Q ‘u’p(x))dx> Upm""’ (/Q ]u‘p(z) dw) 1/pma:c}

In fact. If / [ulP®) dz: = 0 then u = 0 a.e and the result follows. If Jo |ulP@® dx # 0, take
Q

k = max {(fﬂ |u[P() da:) 1/pmin7 (fQ |u[P(®) da:) Hpmes } Then we have,

/Q (|uk]>p(x) dr < max{kp}nin , I&%} /Q |u’p(x) dr <1

therefore [ul|fp()(q) < k and the result follows.

Let W'P()(Q) denote the space of measurable functions u such that u and the distributional
derivative Vu are in LP()(Q). The norm

[ell1pey = ullpey + [1Vulllpe)

makes W1P() a Banach space.

Theorem A.1. Let p'(x) such that,

Then LP'()(Q) is the dual of LPO)(Q). Moreover, if pmin > 1, LPO(Q) and W'PO)(Q) are
reflexive.

Theorem A.2. Let ¢(z) < p(z), then LPO)(Q) — LIO)(Q) continuously.

We define the space Wol’p(')(Q) as the closure of the C§°(Q) in W1P()(Q). Then we have the

following version of Poincare’s inequity,
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Lemma A.1. If p(x) is continuous in Q, there erists a constant C such that for every u €
1Lp(-
Wy (@),
lull ooy ) < ClIVUll o) ()

For the proof of these results, and more about these spaces see [23].

In order to have better properties of these spaces, we need more hypotheses on the regularity
of p(x).
We say that p is log-Holder continuous if there exists a constant C' such that

Ip(@) - ply)] < —
[Tog [z — ]

if |z —y| < 1/2.
It was proved in [14], Theorem 3.7 that if one assumes that p is log-Holder continuous then,

C*(Q) is dense in W'P()(Q) (see also [10], [13], [23] and [32]). See [15] for more references on
this topic.

APPENDIX B. RESULTS ON p(z)—HARMONIC AND SUBHARMONIC FUNCTIONS

In this section we will give some of the properties of p(z)—harmonic and subharmonic func-
tions. Some of them are known results and others are new. For the reader’s convenience we
will list all the results, and give the reference when it corresponds. Here w(r) is the modulus of
continuity of p(x). We will state which is the type of w that we are considering for each result.

Remark B.1. For any x fixed we have the following inequalities
[ — €PE) < Ol =20 — P9 72¢) (n — €) if p(z) > 2,

(2)—
=P (Inl+16))"" " < CnP @20 — PO ) (n — ) if p() < 2,

These inequalities say that the function A(z,q) = |q[P®)~2¢ is strictly monotone. Then, the
comparison principle holds since it follows from the monotonicity of A(z,q).

The following result, a Cacciopoli type inequality, is included in the proof of Lemma 6 in [21],

Lemma B.1. Assume p(z) is bounded and let u € WHPL)(Q) be a nonnegative subsolution of
the problem

(B.l) Ap(m)u =0 in Q.
Then, for any B, C

/ IVulP® dz < C (g)p(x) dx,
Br/2 By r

where C' = C(Pmin, Pmaz) -

Proof. See inequality (5) in the proof of Lemma 6 of [21]. O
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Lemma B.2. Assume w(r) = C(log2)~" and let u be a nonnegative solution of the problem
(B.Z) Ap(m)u =0 in Q.
Then, there exists a constant C' such that

sup u < C(_inf u+r)
Br(zo) Br(zo)

for any r with Bio,(zg) C Q. The constant depends on N,w(.), pmin and the L'(B,)-norm of
|ulPC).

Proof. See Corollary 5.13 in [22]. O
Remark B.2. Assume u is a nonnegative solution of the problem

Let R,y such that Bior(y) C 2, o € Q and r > 0. Let z = g—% and u(x) = M Then,
for any p < R/r we have,

sup u < C( inf @+ p),
B,(%) (Bp(:i) )

where C' is the constant of the previous Lemma. In particular, C' may be taken independent of
r (it depends on the L'(Q)—norm of \u|p(')).

Proof. Let |z — x| < p and y = x¢ + rx then |y — y| = r|x — Z| < rp < R. Since,

sup u < C( inf u+ pr)
Byr(9) Bor(9)

there holds that

u u
sup — < C( inf —+p).
Bpr(y) " (Bpr(ﬂ) r )

Then,

The following result was proved in Theorem 2.2 in [1],

Theorem B.1. Assume w(r) = Cor® for some 0 < a < 1, and let u be a solution of the
problem

(B.4) Apyu =0 in .

Then, for any ' CC §Q there exists a constant C' depending on H|u]p(l“)HL1(Q), H’vu‘p(z)HLl(Q),
Prmins Pmaz, w(r) and Q' such that

HUHCl,a(Q/) S C.

The following is a consequence of the C1® regularity of the solutions and the Cacciopoli
inequality
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Lemma B.3. Assume w(r) = Cor®. Let u be a solution of the problem
(B.5) Ap(x)u =01 BR(y)

Then, there exists a constant C depending on \Hu|p(I)HL1(BR(y)), H\Vu]p(‘”)HU(BR(y)), Drmins Pmag
and w(r) such that if R <1 we have,

[Vu(y)| < C’(l + 1 sup u)p+/p_

Br(y)
where p1 = Supp, )P, P— = infp, ) p
Proof. By Theorem B.1, we have for x € Bp/s(y),

[Vu(z) = Vu(y)| < Clo —y|%,
for some constants C' > 0 and 0 < a < 1. Therefore, if z € Bg/o(y)
[Vu(y)| < [Vu(z)| + CR?.
If [Vu(y)| > 1, p— = p—(Br(y)):p+ = p+(Br(y)), recalling that & <1 we get,
Vu(y)P~ < [Vu(y) P < CVu(z) ™) + C.

Integrating for = € Bg/(y),

VP <c(1+f

V()P @).
Bry2(y)

Applying Cacciopoli inequality we have, since R < 1,

Vu(y)l- < i (1 +][B . (Iugxﬂ)p(w))

<a(2 +][BR(y) ('“g)')”)

< C(l + (% ;u(p;)u(x))m).
R

We obtain the desired result. O

Remark B.3. In some of the proofs we need to look at the p(z)—Laplacian as an operator in
non-divergence form. In those cases we have to assume p(z) Lipschitz so that we can differentiate
the function,

Az, q) = |q" 2.

If we take a function u, with ¢; < |Vu| < ¢y differentiating we obtain,

OA; e (p—2)
aij(x, Vu) = T%(x7 Vau) = [VulP~? (65 + W“Mw)
0A;
(2, V) = (VP2 10g |Vl pa, i,
oxy,
Then, we have a the following non-divergence form for the p(x)—Laplacian,
Appyu = Lu

where

(B.6) Lw = ay(z, Vu)Wy,e; + |Vu|P~2log |Vu| pe,we,.
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Observe that a;; = |Vu|p(z)_2bij and b;; is uniformly elliptic with constant of ellipticity £,
independent of the gradient of u. We call

(B.7) Tw = bij(x, Vu)wy,z,; + 1og |Vu|pg,we,.
The following Lemma is the construction of barriers required in several proofs.

Lemma B.4. Suppose that p(x) is Lipschitz continuous. Let w, = Me‘“"”'Q, for M > 0 and
r1 > |x| > ro > 0. Then, there exist po,e0 > 0 such that, if > po and | Vplleo < €0,

'U_le'u|$|2]\4_1|vw|2_pAp(av)w,u > Cl(:u - C2HVP||00’ log M|) in By, \ By, .

Here Cy,Cy depend only on ro,71,p4,p—, po = po(0+,p— N, [|VD|lsc,72,71) and
€0 = eo(py,p—,71,72).

Proof. First note that by Remark B.3

(p—2)

A
[Vw|?

ey = Vool

Z W Wy, Wey; + Aw + (Vw, Vp) log |Vw]}.
1,3

Computing, we have
(B.8) wy, = —QMMxie_“mQ, Weyz; = M (4pPwizj — 2;1515)6_“‘”5'2, |[Vw| = 2Mu|x|e_”|x|2.
Therefore using (B.8) we obtain,

Mol QM p) T Vw2 P A,
p—2)(2u|z|* — 1) + (2u|z> — N) — (=, Vp) (log(M) + log(|z|2) + log 1) + p{z, Vp)|z|?
p— 1)2ulz* + plz, Vp)|z|* — (p — 2+ N) — (z, Vp)(log M + log p + log(2|z]))

2(p— — )15 — 1} Vplloo) it — 11l Vpllso| log 1] = (p+ — 24+ N) — 71| Vplloo(log M + Cy, r,))

2(p- — 1)r3 — 11| Vplloo(ri + D)pp = (4 — 2+ N) = 11| Vpllo(log M + Cy 1, ).

)w

>

~~ o~ ~

>

In the last inequality we have used that 10% <lifu>1.
Let g9 > 0 such that

[\CR GV

2(p— — 1)r3 —m(rf + Do > S(p- — 1)r3.

If ||Vpl|loo < e we obtain

x|? - -
el (20 1) 7 Vw|? PALmw >

3
5 — Dr3pu— (py — 2+ N) — 11| Vp|loo(log M 4 Cyy ).

Now, if we take u > po = po(p+,p—, N,r2,71,||Vp|/r=) we obtain that
2 _ _
e 2M )T VWP P A gyw > Ci(p — Ca||Vpllso| log M])).

with C7, Cy depending only on p_,ry,rs. O
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Lemma B.5. Assume p(x) is Lipschitz. Let u be a solution of the problem
(B.9) Appyu =0 in .
with 0 < ¢1 < |Vu| < co. Then v = |Vu| satisfies,
—div DVv+ BVuv<diwH in{Q

where,

(p—2)
Dij(xz,Vu) = |VulP™ 1(5U—|— Va2 uxzuz])

H(z,Vu) = |VuP~2log |Vu|(Vu, Vp)Vu,
B(z,Vu) = |Vu[P~ log |Vu| Vp.

Proof. Let n € C§°(€2). Then, for each k we have after integration by parts,
0A
0= [ A(z,Vu)Vng, dv =— | —(x,Vu)Vnde — [ aij(z, Vu)ug, g0z, do.
Q o Oy Q e

Observe that, by approximation, we get that the right hand side vanishes for n € Wl’p(‘)(Q).
Taking 1 = ug, ¢ with ¢ € C5°(Q) we have, by using the ellipticity of a;; (see Remark B.3),

0A 0A
—/Qaxk(m,Vu)uwkvwdx—/QM(x,Vu)Vukad:U

_/aij(q:,Vu)u%xkuxwiwdaz—/aij(az,Vu)uxjxkuku/)xi dx
Q Q

0A
N k(:n Vu)uxkvwd:z:—/ i Vu)Vumk@Zde—/Qaij(a:,Vu)ux].xkukazi dx.

Vu Ugy,
[Vl * " ]
using Remark B.3 and replacing by v, we have

Observe that v, = Taking the sum over k in the last inequality,

0A 0A
_/aij(x,Vu)|Vu|vzjz/)xi dzZ/(m,Vu)uka@Z)dm—{-/ — (2, Vu)Vug, ¢ dx
Q o Oy o Oy
:/ \Vu|p72log\Vu|pxkuxiukaxi d:v—i—/ \Vu|p72log\Vu|pxkuxiuxkxiwdx
Q Q
:/ Vu|p_2log\Vu|<Vu,Vp)(Vu,V1/1>dac+/ \VulP~2 log |Vu||Vul|ve, pe, b da
Q Q
:/ Vu|p_2log|Vu|<Vu,Vp)<Vu,Vw>dx—|—/ VP2 log | Vu||[Vu|(Vp, Vo) d.
Q Q
By our election of D, B and H we have,

—/Dij(x,Vu)vzjv,Z)xi de/HV?j}dx—l—/BVm,Z)d:E.
Q Q Q
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