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ABSTRACT. In this paper we study some optimization problems for nonlinear
elastic membranes. More precisely, we consider the problem of optimizing the
cost functional J(u) = [5q f(z)u dHN =1 over some admissible class of loads
f where u is the (unique) solution to the problem —Apu + |[u[P~2u = 0 in Q
with |Vu|P~2u, = f on Q.

1. INTRODUCTION

In this paper we analyze the following optimization problem: Consider a smooth
bounded domain Q ¢ RN and some class of admissible loads .A. Then we want to
maximize the cost functional

J(f) = (x)udHN
a0
for f € A, where H¢ denotes the d—dimensional Hausdorff measure and u is the
(unique) solution to the nonlinear membrane problem with load f

{—Apu + ulP~2u=0 in Q,

1.1
(1) |Vu|pP~29% = f on 0.

Here, Apu = div(|Vu[P~2Vu) is the usual p—Laplacian and 2 is the outer unit
normal derivative.

These types of optimization problems have been considered in the literature due
to many applications in science and engineering, specially in the linear case p = 2.
See for instance [5].

In recent years, models involving the p—Laplacian operator with nonlinear
boundary conditions have been used in the theory of quasiregular and quasiconfor-
mal mappings in Riemannian manifolds with boundary (see [9, 19]), non-Newtonian
fluids, reaction diffusion problems, flow through porus media, nonlinear elasticity,
glaciology, etc. (see [1, 2, 3, §]).

We want to stress that our results are new, even in the linear case. But since
our arguments are mainly variational, and for the sake of completeness, we decided
to present the paper in this generality.

In this work, we have chosen three different classes of admissible functions A to
work with.

e The class of rearrangements of a given function fy.

e The (unit) ball in some L9.

e The class of characteristic functions of sets of given surface measure.
1
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This latter case is what we believe is the most interesting one and where our
main results are obtained.

For each of these classes, we prove existence of a maximizing load (in the respec-
tive class) and analyze properties of these maximizers.

The approach to the class of rearrangements follows the lines of [6], where a
similar problem was analyzed, namely, the maximization of the functional

g
Q

where wu is the solution to —Apu = g in Q with Dirichlet boundary conditions.

When we work in the unit ball of L? the problem becomes trivial and we explicitly
find the (unique) maximizer for 7, namely, the first eigenfunction of a Steklov-like
nonlinear eigenvalue problem (see Section 4).

Finally we arrive at the main part of the paper, namely, the class of characteristic
functions of sets of given boundary measure. In order to work within this class,
we first relax the problem and work with the weak™ closure of the characteristic
functions (i.e. bounded functions of given L! norm), prove existence of a maximizer
within this relaxed class and then prove that this optimizer is in fact a characteristic
function. Then, in order to analyze properties of this maximizer, we compute the
first variation (or shape derivative) with respect to perturbations on the set where
the characteristic function is supported.

This approach for optimization problems has been used several times in the
literature. Just to cite a few, see [7, 12, 15] and references therein. Also, our
approach to the computation of the first variation borrows ideas from [13].

The paper is organized as follows. In Section 2 we include some preliminary
results, some of which are well known but we choose to include them in order
to make the paper self contained. In Section 3 we study the problem when the
admissible class of loads A is the class of rearrangements of a given function fy.
In Section 4, we study the simpler case when A is the unit ball in L9. Finally, in
Section 5, we analyze the case where A is the class of characteristic functions of
sets with given surface measure.

2. PRELIMINARIES

In this section we collect some well known results that will be used throughout
the paper.

2.1. Results on rearrangements. First, we recall some well known facts on re-
arrangements that will be needed in Section 3.

Definition 2.1. Suppose f : (X,%,u) — R and g : (X', ¥, 1//) — RT are mea-
surable functions. We say f and g are rearrangements of each other if and only

if
p{z € X: fx) Z af) =p/'({x € X": g(z) Z a}), Va=0.

Now, given fo € LP(A), where A ¢ RY with H%(A) < oo, the set of all
rearrangements of fo is denoted by Ry,. Thus, for any f € Ry,, we have

Hi({z e A: f(z) 2 a}) = H'({z € A: fo(z) 2 a}), VYa >0.

We will need the following Lemma, the proof of which can be found in [4].
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Lemma 2.2. Let fo € LP(9Q) and v € L (9Q) such that fo,v > 0. Then there
exists f € Ry, such that

fvdHNfl: Sup/ hodHN -1,
oQ heRy, /09

The following result can be easily deduced from [17] (Theorem 1.14 p.28).

Theorem 2.3 (Bathtub Principle). Let (2,3, 1) be a measurable space and let f
be a real-valued, measurable function on Q such that p({z : f(x) > t}) is finite for
all t € R. Let the number G > 0 be given and define the class C of measurable
functions on € by

C={g:0<g(z) <1 for all z and /Qg(:c)dp:G}.

Then the maximization problem
I=sup [ fa)gla) du
gec JQ
is solved by
(2.1) 9(x) = x{s>51 (@) + X r=s} (2),
where
s=in{t: pu({f = t}) < G}

and

cp({f =s}) =G —pu({f > s}).
The mazimizer given in (2.1) is unique if G = pu({f > s}) or if G = u({f > s}).

2.2. Results on differential geometry. Now we state without proof some results
on differential geometry that will be used in the last section. The proof of these
results can be found, for instance, in [14].

Definition 2.4 (Definition of the tangential Jacobian). Let Q@ C RN be a smooth
open set of RN . Let ® be a C' field over RN . We call the tangential Jacobian of ®

Jo(@) = [T[@] ]I (@),

where v is the outer unit normal vector to 9, ®' denotes the differential matriz of
®, J(®) is the usual Jacobian of ® and T A is the transpose of the matriz A.

The definition of the tangential Jacobian is suited to state the following change
of variables formula

Proposition 2.5. Let f € LY(®(99)). Then fo ® € L'(9Q) and
/ fdHN ! :/ (fo®)J (®)dHN 1.
(09) o0
Definition 2.6 (Definition of the tangential divergence). Let W be a C! vector
field defined on RY. The tangential divergence of W over 0) is defined as
div, W := divW — (W'v, v),

where v is the outer unit normal vector to OQ and (-,-) is the usual scalar product
in RV,
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With these definitions, we have the following version of the divergence Theorem.

Theorem 2.7. Let Q be a bounded smooth open set of RN, D C 0N be a (relatively)
open smooth set. Let W be a [WH1(0Q)]N wvector field. Then

/ div, WdH ! = / (W, ) dHN=2 + / H(W,v) dHN L,
D oD D

where v, is the outer unit normal vector to D along 02 and H is the mean curvature

of 99.

3. MAXIMIZING IN THE CLASS OF REARRANGEMENTS

Given a domain Q C RY (bounded, connected, with smooth boundary), first we
want to study the following problem

{Apu +uP~2u=0 inQ,

3.1 .
3.1) |Vul|p~20% = f on 0.

Here p € (1,00), Ayu = div(|Vul[P~2Vu) is the usual p—Laplacian, a% is the outer
normal derivative and f € L(09) with g > ﬁ,—/, .
We say u € WHP(Q) is a weak solution of (3.1) if

/|Vu|P—2vuw+|u\P—2uvdHN:/ fodHN!
Q o0

for all v € WP (Q).

The restriction g > ]’\’,—,, is related to the fact that J’\’,—/, = p,, where p, = p(N —
1)/(N — p) is the critical exponent in the Sobolev trace imbedding W1P(Q) —
L7 (09). So, in order for that the right side of last equality to make sense for
f € L9(09) we need v to belong to L9 (). This is achieved by the restriction
q < p«.

It is a standard result that (3.1) has a unique weak solution uy, for which the
following equations hold

(3.2) fuy dHN = sup  Z(u),
20 weW1L,P(Q)
where

1
I(u)= ——1p udHN’l—/ Vul? + ul? dHN §.
w=-—{p ] 7 [ (Vul o Jul an™ }

Let fo € LI(0N2), with ¢ = p/(p— 1), and let Ry, be the class of rearrangements
of fo. We are interested in finding

(3.3) sup fuy dHN L
FeERy, JoO2

Theorem 3.1. There exists f € Ry, such that

I = [ fadnt = swp g1 = s [ fupar
o0 o0

fERfO fERfO

where 1 = uj.
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Proof. Let

I = sup fug dHrN -1,
fERfO o0

We first show that I is finite. Let f € Ry,. By Hoélder’s inequality and the trace
embedding we have

/Q (Vg P + Jug? AHY < C|| fllLaon lusllwre ),
then
(3.4) lurllwir) <C VfER

since || f[|za(a0) = |l follLa(aq) for all f € Ry,. Therefore [ is finite.

Now, let {f;}i>1 be a maximizing sequence and let u; = uy,. From (3.4) it is
clear that {u;};>1 is bounded in W1P(Q2), then there exists a function u € W1(Q)
such that, for a subsequence that we still call {u;},

u; — u  weakly in WhHP(Q),
u; — u strongly in LP(Q),
u; — w strongly in LP(02).

On the other hand, since {f;};>1 is bounded in L7(92), we may choose a subse-
quence, still denoted by {f;}i>1, and f € L7(0€2) such that

fi — f weakly in L1(09Q).

Then
I = hm fiui dHNil
=00 Joq
1
= hm {p/ fiui dHNil —/ |Vuz|” + |Ui|p dHN}
p—1i—oo o0 Q

1
< —{p/ fudHN’lf/ |vu\P+|u|PdHN},
p—1 a0 Q

Furthermore, by Lemma 2.2, there exists f € Ry, such that

fudHN"' < [ fudHNL
(o9} o0

Thus

1< L{p FudHN-1 —/ [VulP + Jul? dHN}.
1 00 Q

As a consequence of (3.2), we have that

I < L{p/ fudHNfl—/|vu|P+|u|PdHN}
p—1 0 Q

1 .

< j{p fﬁdHN’17/|Vﬁ|p+|ﬂ|”dHN}
p 0 Q

= /fadHN*1
o

< I

Recall that 4 = Ug. Therefore f is a solution to (3.3). This completes the proof. [
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Remark 3.2. With a similar proof we can prove a slighter stronger result. Namely,
we can consider the functional

Ti(f.g) = / gudn™ + [ fudn-1,
Q oQ

where u is the (unique, weak) solution to
—Apu+ |ulPPu=yg inQ,
|Vul|p=20% = f on 09,
and consider the problem of maximizing J1 over the class Rq, X Ry, for some fized

go and fo.
We leave the details to the reader.

4. MAXIMIZING IN THE UNIT BALL OF L4

In this section we consider the optimization problem

max J (f)

where the maximum is taken over the unit ball in L7(992).

In this case, the answer is simple and we find that the maximizer can be computed
explicitly in terms of the extremal of the Sobolev trace embedding.

So, we let f € L1(0N), with ¢ > ]’\’,—/,, and || f||Le(an) < 1, we consider the problem

(4.1) sup fuy dHY,
reLa(o9)  Jon
IFlLaan)<t

where uy is the weak solution of

(4.2) {‘AP“ + P 2u=0 inQ

—20u __
|VulP=228 = f on 0f.
’
The restriction ¢ > £7 is the same as in the previous section.

In this case it is easy to see that the solution becomes f = vg: ! where vy €
W'P(Q) is a nonnegative extremal for S, normalized such that [[vg|l L. a0y = 1
and Sy is the Sobolev trace constant given by

VolP + |of? dHY
S5y = it JalVUrEl

EWLR@) ([l dHN—1)5 '

Furthermore 4 = u P= ﬁvq/. Observe that, as ¢’ < p, there exists an extremal

for Sy.. See [11] and references therein.
In fact

J(f):/ fadHN*:/ |VaP + |a|P dHY
o0 Q

B 1
T op/(p—-1)
Sq,

1
,|P ,|P N _
/Q|Vvq| + vy |P dH ST
q/
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On the other hand, given f € L9(09), such that || f||1«90) < 1, we have

T(f) = /a s dHY < ol oy

1 1/p 1 1/p
< (= v P p 7!N = r N-—1
(Sq’ /Q| url furl?d ) S;/p (/aﬂ vy ) ’

from which it follows that )

q
This completes the characterization of the optimal load in this case.

5. MAXIMIZING IN L*°

Now we consider the problem
(5.1) sup pugy dHN L
$eB Jon

where B := {¢ : 0 < ¢(z) < Lforall z € 9 and [, pdHN 1 = A}, for some
fixed 0 < A < HN=1(99), and uy is the weak solution of

—Apu+ |ufP72u=0 inQ
5.2 P ’
(5:2) {|Vu|p_237; =¢ on 0f.

This is the most interesting case considered in this paper.

5.1. Existence of optimal configurations. In this case, we have the following
theorem:

Theorem 5.1. There exists D C 9Q with HN~1(D) = A such that
/ xpup dHN ! = sup pugy dHN L
o0 ¢eB Jon

where up = Uy, -

Proof. Let

I =sup Pug dHN L.
»€B JoO

Arguing as in the first part of the proof for Theorem 3.1 we have that I is finite.

Next, let {¢;}i>1 be a maximizing sequence and let u; = ug,. It is clear that
{u;};>1 is bounded in W1P(€2), then there exists a function u € W1?(£2) such that,
for a subsequence that we still call {u;};>1

u; — u  weakly in WhHP(Q),
u; — u strongly in LP(Q),
u; — wu strongly in LP(02).

On the other hand, since {¢;};>1 is bounded in L>(99), we may choose a subse-
quence, again denoted {¢;};>1, and ¢ € L>°(99) and such that

bi = ¢ weakly* in L>(09Q).
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Then
I = lim diug dHN L
1— 00 89
1
= hrn {p/ (,Z%UZ dHNil */ |Vu1\p+ |Uz|deN}
pP— 1i—ooo o0 Q

< i{p/ ¢udHN’1—/ \Vu|p+|u|deN}.
p—1 o9 Q

Furthermore, by Theorem 2.3, there exists D C 9 with HY~!(D) = A such that

/¢udHN_1§/ xpudHN 1,
o o0

and
{t<u}c Dc{t<u}, t:=inf{s:H"({s<u})<A}.
Thus
1 N—1 N
1< 7{}) xpudHN =Y — [ |VulP + |uP dH }
p=10U Jog Q
As a consequence of (3.2), we have that

1
1< e [ oudr - [ v e an)
p—=14 Jaq Q

< Ll{p/ XDuDdHN*L/ \VuD\”+|uD\deN}
- o Q

i

= xpup dHN 1
o0
<

~

Recall that up = u,,. Therefore xp is a solution to (5.1). This completes the
proof. O

Remark 5.2. Note that in arguments in the proof of Theorem 5.1, using again the
Theorem 2.8, we can prove that

{t<up}CDC{t<up}

where t :=inf{s : HN='({s <up}) < A}. Therefore up is constant on dD.

5.2. Domain Derivative. In this subsection we compute the shape derivative of
the functional J(xp) with respect to perturbations on the set D. We will consider
regular perturbations and assume that the set D is a smooth subset of 9.

Then, by using the formula for the shape derivative, we deduce some necessary
conditions on a (regular) set D in order for it to be optimal for [J in the L setting.

Also, this formula could be used to derive algorithms in order to compute the
actual optimal set (cf. with [10]).

For the computation of the shape derivative, we use some ideas from [13].

We begin by describing the kind of variations that we are considering on the set
D. Let V be a regular (smooth) vector field, globally Lipschitz, with support in a
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neighborhood of 9 such that (V,v) = 0 and let ¢, : RY — RY be defined as the
unique solution to

Lopy(x) = V(gy(z) t>0,
o {wx) — z RV,

We have
Yi(x) =z +tV () +o(t) Vo RN,
Now, if D C 99, we define D; := ¢, (D) C 99.

First, we compute the derivative at ¢ = 0 of the surface measure of the set D;.
That is, we want to compute

d _
&HN 1(Dt)

t=0"
Lemma 5.3. With the previous notation, if D C 02 is a smooth (relatively) open
set, then

d _
ar}_[N 1(Dt)

= / divV dHN L.
t=0 D

Proof. We will use the following asymptotic formulae, for which the proofs can be
found in [14]:

(5.4) Ji(x) =14+ tdivV(x) + o(t),
(5.5) [ (z) = Id — tV (x) + o(t).
Then we have, by the change of variable formula, Proposition 2.5,
YD) = [ @™ = [ Y @ o) an
Hence by (5.4), (5.5) and th; definition of J. we get, using that (V,v) =0,
HN (D) = HY (D) + ¢ /D divV dHN T+ o(t).

Therefore, we arrive at

d
—HN‘l(Dt)‘ = / divV dHN L.
dt t=0 D
This is what we wanted to show. O
Now, let

I(t) = / ugxp, dHN 1,
o
where u; € WHP(Q) is the unique solution to
—-A P2y, =0 in Q
(5.6) putjzra%ﬂ n in Q,
|Vu [P~ 5t = xp, on 09
and assume that D C 012 is again a smooth (relatively) open set.

We have the following Lemma:

Lemma 5.4. Let ug and u; be the solution of (5.6) with t =0 and t > 0, respec-
tively. Then
g — ug in WHP(Q), ast — 0T,
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Proof. The proof follows exactly as the one in Lemma 4.2 in [6]. The only difference
being that we use the trace inequality instead of the Poincaré inequality. O

Remark 5.5. It is easy to see that, as 1; — Id in the C' topology, then from
Lemma 5.4 it follows that

Wy := Uz O Yy — Ug strongly in W1P(Q).
Now, we arrive at the main result of the section.

Theorem 5.6. With the previous notation, if D C 9 is a smooth (relatively) open
set, we have that I(t) is differentiable at t =0 and

d D N-2
—I(t = — V.v.)d ,
a1 ®|_, p— 80Uo< svr) dH

where ug 1s the solution of (5.6) with t = 0 and v, stands for the exterior unit
normal vector to D along 0.

Proof. By (3.2) we have that

I(t)= sup 1{10/ vxp, dHV ! */ Vol + |v|deN}.
99 Q

vewtr@) P —1

Given v € W1P(Q) we consider u = v oty € WHP(Q), then, by the change of
variables formula, Proposition 2.5,

/ vxp, dHN 1 = / wxpJrhy dHN L
o (219
:/ uxp dHN ! —|—t/ ux pdiv, V dHY 1 + o(t).
o0 o0
Also, by the usual change of variables formula, we have
/ |VolP dHY = / T[]~ Y (@) VT |P Japy dHN
Q Q
_ / (I = 7V + o(t))Vul [P{1 + tdivV + ot)} dHY
Q
- / (Vul? — tp|VulP~2(Vu,” V'TuT) + o)1 + tdivV + o(t)} dHY
Q
= / |VaulP dHN +t/ |VaulPdivV dHY
Q Q
— tp/ |VulP~2(Vu,” V'VuTYdHN + o(t),
Q

and

/\U\PdHN:/ |u\PJwthN:/ |u|deN+t/ lufPdivy dHN + oft).
Q Q Q Q
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Then, for all v € WP(Q) we have that
p/ vxp, dHN 1 7/ |VolP + |vP dHY
o0 Q
:p/ uxp dHN 1 —/ |Vul|P 4 |u|P dHY
o0 Q
+t[p/ ux pdiv, V dHY —/(|Vu|P+|u\P)dideHN
o Q
+p / |Vu|P~2(Vu,” V'Vul) dHN] +o(t).
Q

Therefore, we can rewrite I(t) as

1
I(t)=  sup ——{p(u)+td(u) +o(t)},
ueWhp(Q) P — 1
where
p(u) = P/ uxp dHN ! —/ |Vaul? + |ul? dHN
o0 Q
and

#(u) =p / ux pdiv, VdHN ! — / (|VulP + |u|P)divV dHN
o Q
+p / |VulP~2(Vu,” V'Vul) dHY.
Q

If we define w; = uy o 9y for all ¢ we have that wy = up and

I(6) = 2 () + t0(ws) + of0)}

for all t. Thus

1) = 100) = (o) + () + 0(t)} — (o).
then
(5.7) tmjur H2I0 > L)

On the other hand

1) = 100) < = {i(wn) + t6(wn) + o)} — ——pluwn)
hence,
I(t) ;I(O) S pi 1¢(U/t) + %O(t).

By Remark 5.5,
d(wy) — p(ug) ast— 0T,

therefore,

(5.8) lim sup 1) — 1(0) < ! (ug).
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From (5.7) and (5.8) we deduced that there exists I'(0) and

o) = Sélu)

= —{p / uox pdiv, VdHY "t +p / |Vuo|P~2(Vug,” V'Vul) dHN
p—1 o0 Q

—/(|Vu0\p + |u0|p)dideHN}.
Q

Now we try to find a more explicit formula for I'(0).
In the course of the computations, we require the solution ug to

—Aug + |uo|P"2ug =0 in Q,
[VuelP=29% = xp  on 0,

to be C2. However, this is not true. As it is well known (see, for instance, [19]), ug
belongs to the class C® for some 0 < § < 1.

In order to overcome this difficulty, we proceed as follows. We consider the
regularized problems

(5.9) {—diV((IVusP +&%)PmDEVUG) + |ugPPuf =0 in Q,

(|Vug|? + e2)r=2/2288 — on 9.

It is well known that the solution u§ to (5.9) is of class C?* for some 0 < p < 1
(see [16])).

Then, we can perform all of our computations with the functions uf and pass to
the limit as € — 0+ at the end.

We have chosen to work formally with the function ug in order to make our
arguments more transparent and leave the details to the reader. For a similar
approach, see [13].

Now, since

div(Jue|PV)
div(|Vup|PV)

pluo|P2ue(Vug, VY + |ug[PdivV,
p|Vuo|P~2(VugD?ug, V) + |Vug |PdivV,

we obtain

1
I'o) = p_1{p/aﬂuoxpdivTVd'I"lN1 +p/ﬂ|Vuo|p72<VU07TV/VUoT>dHN

—/ div((|Vuol? + |ug|?)V) dHY +p/ |Vug [P~ (Vg D*ug, V) dHY
Q Q

+p/ |uo\p_2u0<Vu0, V> dHN}
Q
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Hence, using that (V,v) = 0 in the right hand side of the above equality we find
r'oy = p{ / uox pdiv, V dHN !
p—11Jaq
+ / |Vug|P~2(Vug,” V'Vug + D*ugVT)y dHY
Q

+ |u0|p_2u0<Vu0, V> dHN}
Q

_ p{ / woxpdiv, VAR 4 / [VuoP~* (Yo, V((Vuo, V))) dHN
p—11Jaa Q

+/ |U()|p_2’LL0<V'LL(], V> dHN}
Q

Since ug is a week solution of (5.6) with ¢ = 0 we have

o) = p{/ uoxpdivTVdHN71+/
o9

(Vo V)X dHNl}
p—1 a9

= 2 | div,(uV)yp dHV !
p—1 Jsa

p N-2
= _— U, V, Vr dH .
p—1Jap of >

This completes the proof. ([

The following corollary is a result that we have already observed, actually under
weaker assumptions on D, in Remark 5.2.

Nevertheless, we have chosen to include this remark as a direct application of
the Lemma 5.3 and Theorem 5.6.

Corollary 5.7. Let xp be a maximizer for J over the class B and assume that
D C 99 is a smooth (relatively) open set. Let up be the solution to the associated
state equation

—Apu+ |ulP2u=0 inQ,
[Vu|P~22% = xp on 0.

Then, up is constant along D.

Proof. Recalling the formula for the derivative of the volume, that is,

d N—-1
— D
D)

= / div, VdHN ! = / (V,v) dHN 2,
t=0 D oD
and the fact that D is a critical point of I, we derive

d
') = C&HNfl(Dt)L:O <= u = constant, on dD.

As we wanted to prove. O
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5.3. Final comments. It would be interesting to say more about optimal config-
urations. For instance:

e What is the topology of optimal sets? Are optimal sets connected?

e What about the regularity of optimal sets? Is it true that the boundary of
optimal sets are regular surfaces?

e Where are the optimal sets located?

These questions, we believe, are difficult ones and we can only give an answer
in the trivial case where the domain 2 is a ball. In this case, by symmetrization
arguments (by means of the spherical symmetrization, cf. with [12, 18]) it is straight
forward to check that optimal sets are spherical caps.

This example also shows that the uniqueness problem is far from obvious.
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