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ON THE EXISTENCE OF EXTREMALS FOR THE SOBOLEV
TRACE EMBEDDING THEOREM WITH CRITICAL EXPONENT

JULIAN FERNANDEZ BONDER AND JULIO D. ROSSI

ABSTRACT

In this paper we study the existence problem for extremals of the Sobolev trace inequality
WbLP(Q) — LP=(0Q) where Q is a bounded smooth domain in RY, p, = p(N — 1)/(N — p)
is the critical Sobolev exponent and 1 < p < N.

1. Introduction.

Let Q € RY be a bounded smooth domain. Relevant for the study of boundary
value problems for differential operators are the two following Sobolev inequalities.
For each 1 < ¢ < p(N—1)/(N —p) = p., we have a continuous inclusion W1?(Q2) —
L9(9Q), and for each 1 < r < pN/(N —p) = p*, Wy P(Q) — L"(), hence the
following inequalities hold:

Salulaiony < Nullinays  Sellulldeiay < Nl g

These inequalities are known as the Sobolev trace theorem and the Sobolev embed-
ding theorem respectively. The best constants for these embeddings are the largest
S and S such that the above inequalities hold, that is,

J |Vol? + [v|P dz
Q

Sy = inf 72 (1.1)
VEWLP(Q)\W, P (2
€ (AW, (92) <J |v|qda>
a0
and
J [VulP dz
S, = inf {2 (1.2)

veWEP(2)\{0} (J off dx) p/r°
Q

One big difference between these two quantities, is the fact that S, is homoge-
neous under dilatations of the domain, that is, if we define uQ = {uz| z € Q},
taking v(z) = u(ux) in (1.2) and changing variables we get

S, (uQ2) = p NN (),
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On the other hand, S, is not homogeneous under dilatations. In fact we have

J w PVl + |v|P de
Q

p/a
|qu0)

Sq(ps2) = inf

, 1.3
vEWLP(Q)\ Wy P () <J (13)
b}

Q
where 3 = (Nq — pN +p)/q.

For1 < g < p,and 1 <r < p* the embeddings are compact, so we have existence
of extremals, i.e. functions where the infimum is attained. These extremals are weak
solutions of the following problems

Apu = [uP~2u in €,

(1.4)
\Vu|p_2% = A|u|??u on 99,
v
where A,u = div(|Vu[P72Vu) is the p—laplacian, 6% is the outer unit normal
derivative, and
—Apu = Au|""2u in Q,
(1.5)
u=0 on 0f.

The asymptotic behavior of S,(u€?) in expanding (4 — oo) and contracting
domains (¢ — 0), was studied in [7] and [11]. In [7] it is proved that for expanding
domains and ¢ > p = 2, Sy (u2) — S,(RY). In [11] it is shown that

Sq(12) €
/_LHI(I)qu /1’6 B |GQ|P/‘1 ’ (16)

The behavior of the extremals for (1.1) in expanding and contracting domains
is also studied in [7] and [11]. For expanding domains, it is proved in [7] (again
in the case ¢ > p = 2) that the extremals develop a peak near a point where the
mean curvature of the boundary maximizes. For contracting domains, we have that
the extremals, when rescaled to the original domain as v(z) = u(ux), « € £, and
normalized with ||v||z«(a0) = 1, are nearly constant in the sense that

li !
ulg}) v |0Q|/a

Another big difference between the Sobolev trace theorem and the Sobolev em-
bedding theorem arises in the behavior of extremals. Namely, if ) is a ball, 2 =
B(0, 11), as the extremals do not change sign, from results of [12] the extremals for
(1.2) are radial while, at least for large p, extremals for (1.1) are not, since they
develop peaking concentration phenomena as is described in [7].

As for the symmetry properties of the extremals of the Sobolev trace constant, it
is proved in [10] that if  is a ball of sufficiently small radius, then the extremals are
radial functions. Also in [10], the authors use this result to prove that there exists
a radial extremal for the immersion H'(B(0, 1)) — L2 (0B(0,p)) if the radius p
is small enough. See also [1] for other geometric conditions that leads to existence
of extremals in the case p = 2.

So we arrive at the purpose of this article: to find existence of extremals for
the Sobolev trace theorem with the critical exponent in a general smooth bounded
domain 2. Our main result is the following:

in Wr(Q).
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THEOREM 1. Let Q be a bounded smooth domain in RN such that
12| 1

QP < K(N.p) 7

where K(N,p) is given by (2.1). Then there exists an extremal for the immersion
WhP(Q) — LP(05).

For the proof of Theorem 1 we use the same approach as in [2] (see also [16]),
properly adapted to our new context.

Existence result for elliptic problems with critical Sobolev exponents have de-
served a great deal of attention since the pioneer work [5] and is a intensive area of
research nowadays. Best Sobolev inequalities have been studied by many authors
and is by now a classical subject. It at least goes back to [2], [3].

The other key ingredient in the proof is the result of [4] where the author compute
the optimal constant in the Sobolev trace inequality (see Theorem 2 below). See
also [13] for a similar result in the case p = 2. For more references on Sobolev
inequalities see [6].

REMARK 1. Let © be any smooth bounded domain in RY and let
Q= Q= {uz | ¢ €},

where > 0. We observe that when p is small enough, precisely

1 |0Q| /P
K(N,p)l/» |Qfr

<

then €, verifies the hypotheses of Theorem 1 and hence there is an extremal for
the immersion W'?(€,,) — LP+(92,).

REMARK 2. We observe that with the same ideas and computations, we can
consider a problem of the form

Apu = |u|P~2u in Q,
(1.8)
\Vu|p_2% =a(z)u” ' on 09,

with a € L (99Q) bounded away from zero. This corresponds to a Sobolev trace
immersion with a weight, a, on the boundary. In this case the condition on 2 and
the weight function a is

P/ P« 1 p/Px
Q| [ sup a) < —— (J adcr) .
1 <39 K(N,p) N

REMARK 3. Observe that from the proof of Theorem 1, we obtain the existence
of extremals for every domain {2 that satisfies
1

Sp. = 5p. () < KN.p) (1.9)

Condition (1.7) is the simplest geometric condition that ensures (1.9).
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2. Proof of Theorem 1

For the proof of Theorem 1 we use the following Theorem due to [4]

THEOREM 2. For every € > 0, there exists a constant B = B(e) > 0 such that,

p/P«
(J P+ da> < (K(N,p)Jrs)J |Vv|pdx+BJ vP dx
Gi9) Q Q

for every v € WHP(Q), where
J |Vwl|? dx
R

1 N
— = inf + . 2.1
K(sz)p VweLP(RY), weLr+(dRY) P/Px ( )
J |w|P dz’
ORY

REMARK 4. The constant K (N, p) in Theorem 2 is sharp.

Now, to prove our result, we will use the same approach used by [2] (see also
[16]). Let us consider, for each 1 < ¢ < p. the quotient

J |VulP + uP dx
Q

r/q
(J u? do)
o9

Sq = inf Qq(u
UEWLP (Q\Wy P ()

Qq(u) =

and

~—

To simplify the notation, we denote

Q(u) = Qp, (u) and S =5p.. (2.3)
We have the following

LEMMA 1. If ¢ < ps, the constant S, is attained.
Proof. It follows from the compactness of the immersion W1?(Q) — L7(99). [

From now on, we will denote by u, an extremal related to S;, normalized such
that ||'I.Lq||Lq(3Q) =1.

For the proof of the Theorem, we need the following proposition, which is a
straightforward modification of [16].

PROPOSITION 1. Let g; — v < p, and assume that

sup ug, (z) < A.
z€Q
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Then there exists a subsequence uq, = such that ug, — u in the sense of distributions
and u is a solution of

Apu = |ulP~?u in Q

ou
|VulP™2 = = Mu|""?u  on 09,
v
where X = lim Sy, . Moreover lullra0) = 1.
The next proposition we believe that has independent interest.
PROPOSITION 2.  The constant S, is continuous with respect to q in 1 < g < p,.

Proof. Let v e WhP(Q)\ Wy P (Q) be fixed. As v € LP+(9Q), it follows from the
Lebesgue’s dominated convergence Theorem that Q,(v) is a continuous function
with respect to q.

From this fact it follows that S, is an upper semicontinuous function for ¢ €
[1,p.]. In fact, by definition, for any & > 0 there exists v € W?(Q)\ W, (Q) such
that Q4(v) < Sy + . On the other hand, S, < @Q,(v) and, as Q,(v) — Q4(v) as
r — g, it follows that

limsup S, < 84 +¢, (2.4)
r—q
as we wanted to show.
Let us now show the left continuity on [1, p.]. For 1 <r < ¢ < p, we have

1/p 1/q
(J' " dO’) < (J v da) |00
90 a0

Qr(v) > Qq(v)[09 "~

1_1
-
q?

hence

and then
S, > S,|0Q|7 4. (2.5)

Now the claim follows by taking limit in (2.5) together with (2.4).

It remains to prove the continuity of S, in [1,p.). To this end observe that
the functions wu, are uniformly bounded for 1 < ¢ < gy < p«, so we can apply
Proposition 1.

Assume that there exists r € [1,p.) such that S, is not continuous in r. Then
there exists a sequence ¢; — r such that lim; ., Sq;, = A # S,. By (2.4) we
must have A < S,., but, by Proposition 1, there exists a function u satisfying (2.6)

and ||ul[zr90) = 1 and hence Q,(u) = A from where it follows that A > S, a
contradiction.
This finishes the proof. |

Now we are ready to prove the main theorem.
Proof of Theorem 1. First, we claim that there exists a sequence ¢; * p, such
that u,, — u weakly in W'P(Q) and strongly in LP(9Q). Moreover, the limit u
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satisfies

Apu = |u|P~2u in O

b

(2.6)
\Vu|p72% = SuP*~! on 0Q.
v

In order to see this, we observe that
ugllwir)y <S¢ <C
by Proposition 2 (see also [9]). Hence, as W1P(Q) — LP+(9Q) continuously,
llugllLr- (o) < C-

Moreover, as p./(p« — 1) < p./(g — 1), we have uZ~! is uniformly bounded in

LP+/(P==1)(9€)). As a consequence of these uniform bounds, there exists a sequence
q; /" p« and a function v € H*(Q) such that

Ug, = U weakly in WP (Q),
Ug, — U strongly in LP(Q2) and in L?(09),
(2.7)
Ug, — U a.e.  and a.e. 01,
quﬁil — P+~ weakly in LP+/(P+=1)(9Q).

Now, let 1 € WP(Q). We have, by (2.7),

J ugfldjdo—»J uP* 1) do,
aa a0

J Vg, Vi + ug, b de — J VuVy + up de.
Q Q

By the continuity of S, (Proposition 2) we have

50 =5 =5
therefore u € H'(Q) is a weak solution of (2.6) and the claim follows.

Now, as uq > 0, it follows that u > 0 and, by classical regularity theory (see
[14]), u is smooth (C1'*) up to the boundary. By the strong maximum principle
and Hopt’s lemma (see [15]), it follows that either w > 0 or uw = 0. So, in order to
complete the proof of the theorem, we have to rule out the possibility of u = 0. To
do this, we adapt the argument given in [2] to show that |lu||z» o) # 0. In fact, by
Theorem 2, given £ > 0, there exists a constant B = B(e) such that

p/px
<J vP= do) < (K(N,p)—ka)J |Vv\pd:c—|—BJ |v|? dx
a0 Q Q

for every v € WHP(Q). Recall that u, are normalized such that |ug||rea0) = 1, so,
by Holder’s inequality,

- p/a P/Px
|0 Px "4 (J ug d0> < <J uh* do)
oN o0

< (K(N,p)+5)J |qu|pd:ﬂ+BJ up dx
Q Q
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and hence
097~ ~% < (K(N,p) +¢)S; + (B — K(N,p) —¢) L u? da. (2.8)
Passing to the limit ¢; /" p, in (2.8) we arrive at

1< (K(N,p)+€)S+(B—K(N,p)—E)Jgupdx

therefore, if S < K(N,p)~! we are done choosing € small enough. By taking v = 1
in (1.1), we get

2]
S< ————.
- |6Q|p/p*
Hence, if
€] 1
|aQ|p/p* <K(N3p) I
we have the existence of an extremal. O
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