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ABSTRACT. In this paper we study the existence of infinitely many nontrivial
solutions of the following problem, —A2u = u in Q, — 85‘”“ = f(z,u) on 99,
and either % =0 or Au = 0 on 9. We assume that f(z,u) is superlinear
and either subcritical or a sublinear perturbation of the critical case. For the

proof in the critical case we apply the concentration compactness method.

1. INTRODUCTION.

In this paper we study the existence of nontrivial solutions of the following fourth
order problem,

A% = u in €,
(1.1) {—aaAD“ = f(zx,u) on Q.

Here Q is a bounded smooth domain in R, % is the outer normal derivative and

f:09 xR xR — R is a smooth function with some precise assumptions that we
will state below. Also we impose one of the following boundary conditions

(1.2) Au=0 on 012,
or
(1.3) % =0 on 0S).

Existence results for nonlinear elliptic problems of fourth order have deserved a
great deal of interest (see for example [6]). In the semilinear case see the references
[3], [7] and [14] for some existence results. See also [15] for some nonexistence results
also in the semilinear case. However the nonlinear boundary conditions are less
covered in the literature (see for example [4], [10] for the Laplace equation in a half
space). The aim of this work is to show how the usual variational techniques can be
extended to deal with fourth order problems with nonlinear boundary conditions.
So, we address the existence problem with a nonlinear boundary condition for the
bilaplacian operator.

In this work we find infinitely many weak solutions for problems (1.1)-(1.2) and
(1.1)-(1.3) under suitable assumptions on the nonlinearity f. First, we consider a
subcritical superlinear nonlinearity f. To handle this case, we apply abstract results
from critical point theory, some topological tools and Sobolev trace inequalities to
deal with the boundary terms. The proofs are rather elementary, but we include
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a sketch for the sake of completeness. Next, we study a critical nonlinearity with
a sublinear perturbation. This is the main part of the paper. For this case, our
results are inspired by [3] where the authors study a similar nonlinearity in the
semilinear case. The method that we apply here is the concentration compactness
method combined with topological arguments. We remark that the results proved
here can be extended to handle equations like —A%u = u + g(z,u) with the same
boundary conditions. To clarify the exposition we will state and prove our results
for (1.1)-(1.3) and (1.1)-(1.2), leaving the details to the reader for the general case
using similar hypothesis on g that the ones used here on f.

For weak solutions of problems (1.1)-(1.2) and (1.1)-(1.3) we understand critical
points of the associated energy functional,

1

(1.4) F(u) = 7/ |Au|? + |u|? dx —/ F(z,u) do,
2 Ja a0

where ‘Z—Z(:c,u) = f(z,u).

This functional has to be set in H = {u € H?(Q) : g—:j = 0 on 09} for the
boundary condition (1.3) and in H?(Q) for (1.2). Throughout this paper we will
consider the norm in H*(Q) given by [[ul|32 (o) = I|Aul|72 ) + ullZ2(q)-

For (1.1)-(1.3) integration by parts shows that critical points of F are weak
solutions of the problem. But, for (1.1)-(1.2) it is not immediate why the boundary
condition (1.2) is verified, so we need to show further regularity on critical points
to ensure this boundary condition. This is performed in §2.

In §3 we assume that f(x,u) is superlinear and subcritical. The precise assump-
tions on the nonlinearity f are the following:

(1.5) [f (@, u)| < C(Juf” +1),
(1.6) F(z,u) = F(z, —u)
and for r > 0 small, if |u| <7,
(1.7) [F(z,u)| < Clul®,
where o > 2 and p satisfies

N +2
1.8 1 —_—
(1.8) <P<y—p
if N > 4. For |u| > R large enough,

1
(1.9) F(x,u) < mf(x,u)u

This implies (cf. [8])
(1.10) F(x,u) > CluP™ - C.
Our first result is:

Theorem 1.1. Let us assume that f : 0Q x R — R wverifies (1.5)-(1.9). Then
there exist infinitely many nontrivial solutions to (1.1)-(1.2) and infinitely many
nontrivial solutions to (1.1)-(1.3).

In §4 we arrive at the main point of the paper, the critical case. More precisely,
we assume that f is a sublinear perturbation of the critical power in the following
sense

(1.11) flz,u) = \u|ﬁu + AMu|7 where 0 < ¢ < 1.
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We remark that ﬁ +1= % which is the critical exponent for our problem in
the sense that p = % = ﬁ + 1 is the critical exponent corresponding to the

inclusion H2(Q) — LPT1(09Q). In this case we have the following result:

Theorem 1.2. Let f satisfies (1.11) then there exists a constant A such that if 0 <
A < A, problem (1.1)-(1.2) and problem (1.1)-(1.3) have infinitely many nontrivial
solutions.

The paper is organized as follows, in §2 we prove a regularity result for critical
points of F that enables us to show that the boundary condition (1.2) is satisfied.
In §3, we prove the existence of infinitely many critical points in the subcritical
case (Theorem 1.1). Finally in §4 we deal with the critical case (Theorem 1.2).

2. A REGULARITY RESULT

In this section we prove a regularity result for critical points of F in H2(2).
First we observe that if w is a critical point of F then it verifies

(2.1) 0= | Aul¢+ u¢ dx — / flz,u)¢ do.
Q lo)

As uisin H%(Q), by our hypothesis on f (1.5)-(1.9) and the Sobolev trace Theorem

(cf. [1]) we have that f(z,u) is in L"(09Q) with r = ;E%:B > 1. Therefore v = Au

is a weak solution of

—Av = u in Q,
(2.2) { g—:j = —f(x,u) on 0N

By standard regularity theory (cf. [9]) we have that v = Au € W17 (), hence Au
has a trace on 92 and by integration by parts in (2.1) we conclude that Au =0 in

the sense of traces on 0f). Hence we have proved the following result:
Theorem 2.1. Every critical point of F in H?(Q) belongs to W3 (Q), r = %,
and verifies Au |gpq= 0 in the sense of traces.

3. PROOF OF THEOREM 1.1

In this section we consider problems (1.1)-(1.2) and (1.1)-(1.3) with f subcriti-
cal, i.e. under hypotheses (1.5)-(1.9). The proof of Theorem 1.2 is an immediate
consequence of a rather general Theorem due to [2]. We make only a sketch of the
proof. Let us begin by checking the Palais-Smale condition.

Proposition 3.1. F wverifies the Palais-Smale condition.

Proof. First, we consider F defined in H?(Q). Let (u,)n>1 C H%(Q) be a Palais-
Smale sequence, that is

(3.1) |F(up)| <c¢ and F'(u,)— 0.

Let us first prove that (3.1) implies that (u,) is bounded in H%-norm. In fact,
from (3.1) it follows that there exists a sequence €, — 0 such that

(3.2) | (un)w| < enllw]| 20y, Yo € H2(Q).
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Now, using (3.1),

1 1
c+ ——enllunllmz) = Flun) — ——=F (un)un

1 1
(3.3) ’i+ . 2 2p+ ,

=z - —— An—s—nd—/Fn——nnd.

(= o) [ 1Al el do = [ Flun) = ) do

From (1.9) and (3.3) we obtain c(1 + [|un||g2(0)) > HU"H%’Q(Q) and then, u, is
bounded in H2(2). Now the proof follows using standard arguments, using the
subcriticality assumption on f, (1.8). The case where F is defined in H = {u €
H?(Q) : Ou/dv = 0} can be handled in an analogous way. O

Now we recall a topological tool, the genus, that was introduced in [11] but we
will use an equivalent definition due to [5]. Given a Banach Space X, we consider
the class

(3.4) Y={ACX: Aisclosed, A =—A}.
Over this class we define the genus, v : ¥ — NU {o0}, as
v(A) = min{k € N: there exists p € C(A,R* —{0}), ¢(z) = —p(—z)}.
We need the following properties of the genus.
Proposition 3.2. ([16], Proposition 7.5) Let A, B € ¥.. Then
(1) If there exists an odd map f € C(A, B), then v(A) < ~v(B).
(2) If A C B, then v(A) < ~(B).
(3) 7(AUB) < v(A) +7(B).
(4) If A is compact, then v(A) < oo and there exists 6 > 0 such that y(Ns(A4)) =
~v(A), where Ns(A) = A+ Bs(0).
For the proof of Theorem 1.1, we will use the following Theorem due to [2],
Theorem 3.1. ([2], Theorem 2.23) Let F : X — R wverifying

(1) F e CHX) and even.

(2) F verifies the Palais-Smale condition.

(3) There exists a constant v > 0 such that F(u) > 0 in 0 < |ju|lx < r, and
F(u) >c>04f ||lul|x =r.

(4) There exists a closed subspace E,, C X of dimension m, and a compact set
A,, C E,, such that F < 0 on A,, and 0 lies in a bounded component of
E,— A, inE,,.

Let

'={heC(X,X) : h(0) =0, h is an odd homeomorphism and F(h(B)) > 0},
and

Kn={KCX: K=-K, K is compact, and v(K Nh(0B)) > m for all h € T},
where B is the unit ball. Then,

(3.5) Cm = Klenlgm Lng)((f(u)

is a critical value of F, with 0 < ¢ < ¢y < epy1 < 00. Moreover, if ¢ = Cpy1 =

oo =Cpyr then y(K. ) > 7+ 1 where K., ={ue X : F'(u) =0, F(u) =cmn}-
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With this result, we are able to prove Theorem 1.1.

Proof of Theorem 1.1: We deal with the functional F in H?(Q). The other
boundary condition can be handled in a similar fashion.

We have to check the hypotheses of Theorem 3.1. The fact that F is C' and
even is a consequence of our hypotheses on f (1.5)-(1.6) (see [16] for details). The
Palais-Smale condition was already checked in Lemma 3.1.

To verify 3 let us consider, for a fixed u € H*(Q), |Julp2(0) = 1 and ¢ small,
using (1.7) and the Sobolev trace Theorem,

t2 t2
g(t) :== f(tu):——/ F(tu)do > — — Ct“.
2" Lo 2

As a > 2, we have that g(t) > § > 0if ¢ < to.

Finally, we have to check 4. We consider subspaces E,, C E,,+1 C H 2(Q) such
that u Z 0 on 9N for every u € E,,, u # 0 in the sense of traces. We observe that,
as dim F,, < oo, then

min / uPtdo > 0.
{u€Em, llullg2)=1} Joq

As Ay, we take {u € Ey, ¢ ||ul|g2(q) = R}. Now, if u € A, then, by (1.10),

R? R?
Flu)=—— F(u)do < — — CRPT! min / uPt do + C
2 o0 2 {UGEWM HuHHZ(Q):l} o0
therefore, if we choose R large enough, we have 4. (|

4. PROOF OF THEOREM 1.2

In this section we study the critical case with a sublinear perturbation, i.e. f
verifies (1.11), that is f(z,u) = |u|ﬁu+)\|u\q_1u where 0 < ¢ < 1. The technical
result used here, the concentrated compactness method, is mainly due to [12],
[13]. See [3] for the concentration compactness principle applied to a fourth order
semilinear problem. Throughout this section, we will call E the space H?({)) or
H={ue H?*(Q): % = 0}. As before we are considering any of the two boundary
conditions (1.3) or (1.2).

To prove our existence result, since we have lost the compactness in the inclusion
H?(Q)) — LPT1(9Q), we can no longer expect the Palais-Smale condition to hold.
Anyway we can prove a local Palais-Smale condition that will hold for F(u) below
a certain value of energy.

Let u; be a bounded sequence in /' then there exists a subsequence, that we still
denote uj, such that u; — u weakly in E, Au; — du, |u; |sn \% — dn, weakly-*
in the sense of measures.

If we consider ¢ € C°°(£2), from the Sobolev trace inequality we obtain

—4

- SNy 1/2 1/2
( / k= dn) §172 < ( / |¢|2du> +2< / <V¢Vu>2dx) +
oN Q Q
1/2 1/2
( / A¢>|2u|2dw) +( / |¢>|2|u|2dw) ,
Q Q

where S is the best constant in the Sobolev trace embedding Theorem.
(From (4.1), we have that, if u = 0 we get a reverse Holder type inequality (it
involves one integral over 92 and one over ) between the two measures p and 7.

(4.1)
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Now we state the following Lemma due to [12], [13].
Lemma 4.1. ([12], [13]) Let u; be a weakly convergent sequence in E with weak
limit w such that Au; — dp and |uj |aq \21]ij42 — dn, weakly-* in the sense of
measures. Then there exists x1,...,x; € 02 such that
2N—-2 1
(1> n= |U’| N1+ Zj:l nj(sxja U > 07
1
(2) 1 2 |Au|2 + Zj:l /’I’j(sfbj? /jfj > 07
N-4 ,
(3) ()™ <4
Next, we use Lemma 4.1 to prove a local Palais-Smale condition.
Lemma 4.2. Let u; C E be a Palais-Smale sequence for F, with energy level c.
— 2N —2
Ifc < ﬁSNs o\ N+i-(N-Da where K depends only on q, N, and |09)|, then
there exists a subsequence uj, that converges strongly in E.

Proof. From the fact that u; is a Palais-Smale sequence it follows that u; is bounded
in E (see Lemma 3.1). By Lemma 4.1 there exists a subsequence, that we still
denote uj, such that

u; — u weakly in F,

) 2
uj —uin L"(09Q), 1 <r < N1 and a.e. in 09,
I
(4.2) A2 = dp > [Aul® + > i,

k=1

l
2N —2 2N —2
luj oo | ™= —dn =|ulon | N5 + > niba,.
k=1

Let ¢ € C°°(RY) such that ¢ = 1 in B(wg,€), ¢ =0 in B(xy, 26)¢, |V¢| < 2/e and
|A¢| < 2/e2, where z, is a point at I that belongs to the support of dn. Consider
(ujp). Obviously this sequence is bounded in E. As F'(u;) — 0, we obtain that

/ qun—l—)\/ |u|q+1¢da:/ |u|?¢ dx + lim / Au;A(uj¢) de.
o9 o0 Q i—o Jo
By (4.2) we obtain,

lim [ AujA(u;¢)de = / ¢dp+ lim [ Au;(2Vu,; Vo + u;A¢) du.
Q i Jo

J— Jo

Now, by Holder inequality and weak convergence,

1/2 1/2
< lim (/ |Auj|2dx> (/ |V¢2|Vuj|2dx)
i—oo \ Ja Q
1/2
<c(/ Vo2 Vul? de
B(J;k,a)ﬁQ

1/N (N—2)/2N
C / VoY da / Vu2N/ (V-2 g
B(zk,e)NQ B(zk,e)NQ

(N—2)/2N
C / |V 2N/ (N=2) g —0, ase—0.
B(zk,e)NQ

0 < lim ‘/ Au;Vu; Vo dx
Q

J—

IA

IN
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Analogously, we obtain

0 < lim ’/ AujujA¢dx
Q

J—0o0

(N—4)/2N
<C / || 2N/ (N=4) — 0,
B(z,e)NQ
as € — 0. Then

(4.3) th sin+r [ puptode— [ odu— [ uf ¢dx]—nk—uk—o

N—4 N—4

By Lemma 4.1 we have that () ¥-1.S < ug, hence by (4.3) we obtain (ng)¥-1.5 <
Nk. Then, either n, = 0 or

(4.4) me > ST

If (4.4) does indeed occurs for some kg then, from the fact that u; is a Palais-Smale
sequence, we obtain

(4.5) c= lim F(u;) = lim (F(uj) — F'(u;)u;) >

Jj—00 j—o0

3 2N -2 3 N—1 1 1
N=i S —AN—— — = 1 g,
2N—2/89|“| ton 2% T TN 2)/69|“| 7
As 0 < g < 1, we can apply Holder inequality in (4.5) to obtain
3 2N-—2 3 N-1
> N-z ( Sz —
C—2_7\7—2/851“" 7t oN 2

(a+D(N—4)

)\( 1 _7)‘ Q‘N+4 (N 14)q / |u|21<>,:42 do IN—2
qg+1 20

Let ¢(t) = ¢1 + cot T Acst?t!l. The minimum of ¢ is attained at ty =

N1
(%) MO Therefore,

N—4 3 N—1
> o(ty) = t0)28=2 — Aes(tp)dtl = ——— 5=
@(t) > ¢(to) = c1 + ca(to) 282 — Aca(to) SN 35

N—1

which contradicts the hypothesis that ¢ < 53— 25’ 3 —KA\YN (V=g . This implies
that 7, = 0 for every k, therefore, by (4.2), we have that ||u;||g2) — |ullm2()-
This fact and the weak convergence end the proof. O

2N -2
— K\NFi=(N—4)q ,

We observe, using the trace Theorem, that

1 =i +1
F(u) = Slullfio) — erllull oy = Aeallulli ) = i (lullm@)
. 1 2 2N -2 11 . .
where j(z) = 52° — cix ¥=1 — Acpx?T'. As j attains a local but not a global

minimum (5 is not bounded below), we have to perform some sort of truncation.
To this end let xq, x1 be such that m < g < M < x1 where m is the local minimum
of j and M is the local maximum and j(xz1) > j(m). For these values zy and z
we can choose a smooth function 7(z) such that 7(z) = 1 if © < zg, 7(z) = 0 if
x> and 0 < 7(z) < 1. Finally, let p(u) = 7(||u||g2(q)) and define the truncated
functional as follows

(4.6)

. 1 N -4
Flu) = i/ﬂ |Auf? + Juf? dz —

2N -2

2N-—-2 1
u| 1 p(u)do — A\—— u|7 do.
| ¥ e —a— [
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As above, F(u) > F(lull #r2)) where j(z) = 322 — clx%f’V:fT(x) — Acgz ¥t We

observe that if # < xo then j(z) = j(x) and if z > z; then j(z) = 12? — Aot

Now we state a Lemma that contains the main properties of F.
Lemma 4.3. F is Ct, if F(u) < 0 then ||[ul|g2q) < zo and F(v) = F(v) for
every v close enough to u. Moreover there exists A = A(q, N,Q) > 0 such that if
0 < XA < A then F satisfies a local Palais-Smale condition for ¢ < 0.

Proof. We only have to check the local Palais-Smale condition. Observe that every
Palais-Smale sequence for F with energy level ¢ < 0 must be bounded, therefore

by Lemma 4.2 if A verifies 0 < -

N—
ﬁSNB — K\NFi-(v-17 then there exists a
convergent subsequence. |

Next Lemma gives the final ingredient needed in the proof of Theorem 1.2.
Lemma 4.4. For every n € N there exists ¢ > 0 such that v(F~°) > n, where
Fe={u, Flu) < —c}.

Proof. Fix n € N and choose E,, an n—dimensional subspace such that u |goZ 0 if
u € Ey, u# 0. Therefore,

oy, = inf{/ lu|¥do, u € E,, |[ullg2i) = 1} > 0,
o0

Bn = inf{/ [ul"do, u € By, |ullmz@) =1} > 0.
19}
Now take u € E,, with ||u||g2(q) = 1, then for 0 < p < z¢ it holds

- 1, N —4 ni2 A
— < Zp2 5 _3 -
Flpu) = Flpu) < 5p O P ﬂnq+1p

As ¢ < 1 we can choose € = £(p) > 0 such that F(pu) < —cifu € E,, llull 20y = 1.

Therefore, by the monotonicity of the genus, v(F~¢) > v(0B(0,p) N E,) =n. O

g+1

Finally, we are ready to prove the main result of the paper.
Proof of Theorem 1.2 Let

Y = {C c H*(Q) — {0}, Cisclosed , C =—~C, ~(C) >k}

and
cp = inf sup F(u), K.={ue H*Q), F(u) =0, F(u) = c}.
CeSk yeC
We want to show that if ¢ = ¢ = ¢cgy1 = -+ = cqr then v(K.) > r+ 1. With

this purpose, we first prove that —oo < ¢ < 0. In fact, by Lemma 4.4 there exists
e = g(k) > 0 such that y(F~¢) > k. Now as F is continuous and even, F~¢ € %,
then ¢, < —e < 0. As F is bounded from below it follows that cLp > —00.

Let us assume by contradiction that ¢ = ¢y = -+ = ¢4 and y(K,.) < 7+ L.
Observe that as ¢ < 0, F verifies the Palais-Smale condition in K. and therefore K,
is compact. Also it is symmetric. Now, by the deformation Lemma (cf. [16]), there
exists an odd homeomorphism 7 : H2(Q) — H?(Q) such that n(Fe+® - K,) c Fe9
and one can easily check that we must choose 0 < § < —c because F verifies the
Palais-Smale condition on F°. We have ¢ = ¢y, = infoes,., sUP,cc F(u). Hence

there exists C' € ¥y, such that sup,cc F(u) < ¢+ & and therefore
(4.7) n(C —K.) Cn(F* —K)cF.
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But y(C' = Kc) = v(C)—(Kc) = kand y(n(C — K)) 2 7(C — K.) > k. Therefore

n(C — K.) € Xy, since n(C — K,) € X implies sup

uen(C—K.) F(u) > ¢, = c, this

contradicts (4.7). We get infinitely many critical points of F with negative energy
and hence, by Lemma 4.3, these points are critical points of F. This shows the
existence of infinitely many weak solutions of (1.1)-(1.2). O
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