FRACTIONAL ORDER ORLICZ-SOBOLEV SPACES
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ABSTRACT. In this paper we define the fractional order Orlicz-Sobolev spaces,
and prove its convergence to the classical Orlicz-Sobolev spaces when the frac-
tional parameter s 1 1 in the spirit of the celebrated result of Bourgain-Brezis-
Mironescu. We then deduce some consequences such as I'—convergence of the
modulars and convergence of solutions for some fractional versions of the Ay
operator as the fractional parameter s 1 1.
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In recent years there has been an increasing attention on problems involving
anomalous diffusion due to some new interesting application in the natural sciences.
Just to cite a few examples see the articles [9, 10, 12, 16, 22, 31] for some physical
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models, [2, 17, 28] for applications in finance, [5, 7] for fluid dynamics, [14, 20, 20]
for some examples in ecology and [13] for image processing.

Up to date is almost impossible to give a comprehensive list of references and
we refer the interested reader, for instance, to the surveys [8, 23, 27].

In most of these applications a fundamental tool to treat these type of problems

is the so-called fractional order Sobolev spaces that for 0 < s < 1 < p < oo are
defined as

weree) = {we () M) ¢ e )|

The connection of these spaces with the classical Sobolev spaces in the Hilbert
case (i.e. p = 2) is well known since the 60s using that we have at hand the Fourier
transform and one can prove the alternative characterization

W2(R") = H*(R") = {u € L*(R"): (1 + [§]**) Flul(§) € L*(R™)}.

From this characterization is then easy to show that, in a suitable sense, H*(R") —
HY(R™) when s 1 1. See [30] and also [3].

The general problem was tackled by J. Bourgain, H. Brezis and P. Mironescu in
a series of papers [3, 1] (see also Maz’ya-Shaposhnikova [21] for the case s | 0). In
particular, in [1], the authors prove that for any v € LP(R™), it holds that

U( )P _ p

where K(n,p) is a (exphclt) constant depending only on n and p. The right hand
side of the former inequality is understood as oo if u ¢ W1P(R™). So in that sense
WeP(R") — WHP(R™) as s 1 1.

Let us point out that recently there has been some generalizations of these results
for the so-called magnetic spaces. See [29].

On the other hand, in many contexts it is useful to consider asymptotic behaviors
different that power laws, or different behaviors near 0 and near co. See [18].

In that contexts the mathematical tool commonly used to deal with those prob-
lems is to replace the Lebesgue and Sobolev spaces for the Orlicz and Orlicz-Sobolev
spaces. That is, given G: R — R an Orlicz function (c.f. Section 2 for precise defi-
nitions), we consider the spaces

LE(R") = {u € L .(R"): / G(|u]) dz < oo}
and
WLE(RY) = {u € WL (RY): u,|Vu| € LFR™)}.

These spaces have been extensively studied since the 50s and is by now a well
understood tool to deal with nonstandard growth problems. See [15, 18, 19].

So in this paper we propose what we believe is the natural fractional version of
these spaces, i.e.

ween) = fue ;[ a (MRl G <ol

Observe that in the case G(t) = t?, these spaces coincide with the fractional order
Sobolev space W*P(R™).
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We begin this paper by reviewing some natural properties of the spaces W*&(R")
that are immediately deduced from the general theory of Orlicz spaces and after
that we arrive at the main point of the article, i.e. to study the limit of these spaces
as s 1T 1.

We follow the approach of J. Bourgain, H. Brezis and P. Mironescu in [4] and
show that there exists an Orlicz function G, that is computed explicitly in terms
of G and that is equivalent to G, such that W*%(R") — W1%(R") when s 1 1 in
the same sense that in the classical fractional Sobolev spaces case.

In some parts of the proofs we also benefit from arguments found in the article
of A. Ponce [25].

We want to remark that in [25] the author found some sort of nonlocal approx-
imations to Orlicz-Sobolev spaces, but his approximations do not define fractional
versions of these spaces nor are generalization of fractional order Sobolev spaces.

Finally, we end this paper with some applications of our results to the existence
and stability theory for solutions to some nonlocal problems with nonstandard
growth.

2. GENERAL PROPERTIES FOR ORLICZ FUNCTIONS

In this section we will define the fractional order Orlicz-Sobolev spaces and study
some basic properties.

2.1. Orlicz functions. We start by recalling the definition of the well-known Or-
licz functions.

Definition 2.1. G: Ry — R, is called an Orlicz function if it has the following
properties:
(Hp) G is continuous, convex, increasing and G(0) = 0.
(Hs) G satisfies the Ay condition, that is there exists C > 2 such that
G(2z) < CG(x) forallxz € R,.

(Hs) G is super-linear at zero, that is lim Glo) =0.

x—0 x€X

Example 2.2. Some examples of functions verifying Definition 2.1 include the
most common appearances in the literature. For instance:
(1) G(t) = with p > 1.
(2) G(t) = t?(|logt| + 1) with p > 1.
(3) If G; and G5 are Orlicz functions, then G o G5 is also an Orlicz function.
(4) If G4,..., Gy, are Orlicz functions and a1, ..., an, > 0, then G = Y"1" | a,G;
is an Orlicz function.
(5) If Gy, ..., Gy, are Orlicz functions, then G = max{G, ..., G} is an Orlicz

function.
See [15] for a proof of these facts and for more examples of Orlicz functions.

Remark 2.3. Without loss of generality G can be normalized such that G(1) = 1.

It is easy to check that Orlicz functions fulfill the following basic properties.
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Lemma 2.4. Let G : Ry — Ry be an Orlicz function. It follows that
(P1) (Regularity) G is Lipschitz continuous.

(P2) (Integrability near 0 and infinity) Given s € (0, 1),

[eS) —s 1 1-s
1 0

x s x —1-5’

where g := sup x ' G(z).
x€(0,1)

(P3) G can be represented in the form

Ga) = [ gts)as,

where g(so) 18 a non-decreasing right continuous function.
(Py) (Subaditivity) Given a,b € Ry,

G(a+0) < §(G(a) + G(b)),

where C > 0 is the constant in the Ag condition (Hs).
(Ps) Forany0<b<1anda>D0,itholds G(ab) < bG(a).

Proof. Properties (P;) and (Ps) are direct consequences of the convexity of G.
Now, (P2) is immediate once one observe that g < oo by (Hs).

Property (Ps) is proved in [15, Theorem 1.1]. Finally, (P,) follows from the
convexity of G together with the Ay condition:

Gla+0b) = G(%(Qa +2b)) < %(G(?a) + G(2b)) < %(G(a) + G(b)).
The proof is complete. O

It is shown in [15, Theorem 4.1] that the Ay condition (Hs) is equivalent to

G'(a) _p

(2.1) Gla) = o’

VYa > 0,

for some p > 1.

The following lemma will be useful in the sequel.

Lemma 2.5. Let G be an Orlicz function. Then, for every a > 1 and b > 0 it
holds

(2.2) G(ab) < aPG(b),
where p > 1 is given by (2.1).
Proof. Let us define the function h(t) = ¢t "PG(t) and observe that (2.1) implies
that
B (t) = t7PG'(t) — pt PTIG(t)
<t7PTHEG! () — pG(t)) <0,
Hence, since a > 1, the lemma follows from the inequality h(ab) < h(b). O

Using Lemma 2.5, one obtains the following replacement for the triangle inequal-
ity for Orlicz functions.
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Lemma 2.6. Let G be a Orlicz function. Then for every § > 0, there exists Cs > 0
such that

G(a+b) < C5Gla) + (1 +8PG(),  a,b>0.

Proof. Let a,b> 0 and § > 0. If b > da, from the monotonicity of G and (Hsy) we
et
: Gla+b) < Gb(1+ 1)) < G(b27) < CG(b),
where £ = £(5) € N is such that 1+ 1 < 2%,
Now, if b < da we get from (2.2),
Gla+b) =G(a(l1+9)) < (1+9)PG(a).
The proof is finished. O
Next, we prove a technical lemma that can be seen as the counterpart of (Ps).
It will be useful in proving some properties on Orlicz spaces.
Lemma 2.7. Let G be an Orlicz function. Then, there exists ¢ > 1 such that
(2.3) t21G(a) < G(at),
for everya >0 and 0 <t <1.

Proof. Given t € (0,1), there exists k € Ny such that 2=(*1) <¢ < 27k So

C ) <9 < C7F,

where g = ll(z)gg (23 > 1 since the doubling constant C is greater than 2. From this

inequality it readily follows that

Ck+1 < f%q < 1572(17
since 0 <t < 1.
Therefore, using (Hs), we obtain
G(a) < C*M1G (a2~ D) = 724G at)
and the lemma is proved. ([

Remark 2.8. Observe that, from the convexity of G and since G(0) =0, G(1) =1,
it follows that G(a) > a for any a > 1.

Therefore we get a lower bound for G of the form
min{a,a?*?} < G(a),

for any a > 0.

To end this subsection, we recall some tools from convex analysis. In fact, given
G an Orlicz function, we define the complementary function G* as

(2.4) G*(a) = sup{at — G(t): t > 0}.
From (2.4) is immediate that the following Young-type inequality holds
(2.5) at < G(t) + G*(a) for every a,t > 0.

The following property will be useful in the sequel.



6 J. FERNANDEZ BONDER AND A.M. SALORT

Lemma 2.9. Let G be an Orlicz function and G* its complementary function.
Then

G*(9(t)) < (p—1)G(2),
where p > 1 is given by (2.1) and g = G'.

Proof. Let h(a) := g(t)a — G(a). Then, is immediate to see that h(a) < h(t) for
every a > (0. This is equivalent to say that

(2.6) G*(g(t)) = g(t)t — G(1).
Combining this identity with (2.1) we obtain the result. O
2.2. Fractional Orlicz—Sobolev spaces. Given an Orlicz function G and a frac-

tional parameter 0 < s < 1, we consider the spaces L% (R") and W*%(R") defined
as

LE(R") := {u: R™ — R measurable, such that ®¢(u) < co},
WE(R") := {ue LY(R") such that & g (u) < oo},

where the modulars ®¢ and @, ¢ are defined as

Bes(u) = / G(Ju(x)]) d,

]Rn
[ o(Mnul) ety
D, q(u) = nxRn lz -yl |z =yl

/ G(|IVu(z)]) do s =1,
R'IL

These spaces are endowed with the so-called Luxemburg norms that are defined

as
lulle = [[ull zé @n) == inf {A > 0: O (%) < 1}
and
ulls,c = [lullws.c@n = llulle + [us,q,
where
[u]s.c; = inf {A >0: B, ¢ (%) < 1}.

For 0 < s < 1, the term [-]; ¢ will be called the (s, G)— Gagliardo seminorm.

We begin by recalling some well known properties of the spaces L% (R™) and
WLE(R™). For a comprehensive study of these spaces, we refer to the monograph
[1] where more general Orlicz functions are considered.

Proposition 2.10 ([1], Chapter 8). Let G be an Orlicz function according to Def-
ination 2.1.

Then the spaces LE(R™) and WL (R™) are reflexive, separable Banach spaces.
Moreover, the dual space of LE(R™) can be identified with LS (R™). Finally,
C(R™) is dense in LE(R™) and in WHE(R").

It is fairly straightforward to see that the same functional properties hold for the
fractional spaces W& (R™). We state the result for further references and make a
sketch of the proof for completeness.
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Proposition 2.11. Let G be an Orlicz function according to Definition 2.1 and let
0 < s <1 be a fractional parameter.

Then WS (R") is a reflevive and separable Banach space. Moreover, C°(R™)
is dense in WG (R™).

Proof. First observe that if we denote du = |z — y|~" dzdy, then du is a regular
Borel measure on the set 2x (2 and the space L (dpu) is also a reflexive and separable
Banach space.

Next, observe that the map
U WHOR?) — LER™) x L (dp),  urs (u, “(f) - @T@))
x —yl
is an isometry.

Therefore, the reflexivity and separability properties of W& (R") are deduced
from the ones of L&,

Finally, the density result follows by the usual argument of truncation and reg-
ularization by convolution and uses Jensen’s inequality. The details are analogous
to that of the proof in the LE case and are left to the reader. ([l

Remark 2.12. Let G be an Orlicz function according to Definition 2.1. Observe
that if we denote by W =% (R™) the (topological) dual space of W& (R™), then
LE (R™) c W= (R).

This is a consequence of the trivial inclusion W*%(R™) ¢ L%(R™). Moreover,
given f € LS (R™), this inclusion is given by

(fru):= | fudz,

Rﬂ,
for any u € W% (R").

2.3. Some technical lemmas. In this subsection we analyze how the modular of
a function is affected by regularization by convolution and by truncation. These
facts will play a key role in the sequel.

As usual, we denote by p € C2°(R"™) the standard mollifier with supp(p) = B1(0)
and p.(x) = e "p(%) is the approximation of the identity. It follows that {p:}c>o
is a familiy of positive functions satisfying

po € CE®), sup(p) = Bo0), [ podz=1.

Given u € LY(R") we define the regularized functions u. € LZ(R™) N C>(R") as
(2.7) ue(x) = u * pe(x).

In this context we prove the following useful estimate on regularized functions.
Lemma 2.13. Let u € LS(R") and {uc}e>o be the family defined in (2.7). Then
D5 .q(us) < 5 6(u)

foralle >0 and 0 < s < 1.
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Proof. By Jensen’s inequality

G (Juc(z 4+ h) —us(z)||h]7°) =G (

[ (e h=) = ate = ool a))
< [ G ute+h—y) ~ulz = )] 1) ) dy.
]Rn

Integrating the last inequality over the whole R™ we get

/n a (|us(|f;)_y1ﬁ(y)|) - ixyn _ /n o <u5(x+|i;)|s us(x)> Z»l”ﬂn
S/;{/nG(M@+h—ﬁ;u@—yﬂ)%@ﬁw}ﬁﬁ
:/;{/HG(m@+h_%:u@_y”)ﬁﬁ}m@ﬂy

- [oo (M)

where we have used the invariance of the norm with respect to translations and the
f]R" pdx = 1. Finally, since

I (=) 55 = [ ()

the lemma follows just by integrating (2.8) respect to h. O

(2.8)

We also need estimates on modulars of truncated functions. We use the following
notations: Let n € C°(R™) such that 7 = 1 in B;(0), supp(n) = B2(0), 0 <n <1
in R" and ||[Vnllee < 2. Given & € N we define ni(z) = n(%). Observe that
{m}ren € C2°(R™) and

. 2
O<m <1 m =1 B0), supp(m)=Bz(0), [Vim|= .
Given u € LY(R") we define the truncated functions uy, k € N as
(2'9) U = NU.

In the next lemma we analyze the behavior of the modular of truncated functions.

Lemma 2.14. Let u € LY(R") and {uy}ren be the functions defined in (2.9).
Then

Do) < Do)+ Sonn (L4 — L ag)
5,G\UE) = Ps. g U 2 nwn, s k(]. 78) G\u),

where C is the doubling constant defined in (Hz) and w,, is the measure of the unit
ball in R™.

Proof. From (Py) and since 7, < 1 we have

G (IUk(x) —uk(y)|> <<q (IU(x) —U(y)> re <U(w)llnk(w) —nk(y)l) _

|z —yl® |z —yl® |z —y[*
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Then we get

J[ oty g
R™ xR™ |z —yl* o =y
+9// G<| (@)l ) — >|) _
R™ xR™ ‘J}_y‘ |x_y|

The integral above can be splited as follows.

( / ) /| + / n /|> . (|U(x)||7£(_x)y - nk(yn) |xd;i (ﬁ e

The monotonicity of G and (Ps) allow us to bound I; as follows
n< [ [ Gl dedy
nJ|z—y|>1 | y|n+s
:nwn/l rstr/ G (2lu(z)|) dx
Cnwy,
< / G(Ju(z)|) da
S R

We deal now with I. Observe that, since |[Vn,| < £ and (P5) holds,

/|“'_y|<1 ¢ (|u<x>||7|73::(j3)’9|_S nk(y”) |z ix?ﬂ" = /Iz y|<1 “ (2 xlﬁ(;)s'_l) |z ﬁyy|"

nwn / G (|ulz dr
w,C

n

= m G (Ju(z)])

where we have used (Hs) in the last inequality.

IN

From these estimates the conclusion of the lemma follows. O

2.4. Asymptotic behavior. When analyzing the asymptotic behavior of [-]; ¢
when s T 1 one needs to understand the asymptotic behavior of some integral
quantities involving the Orlicz function G. This is the content of this subsection.

Let us begin with the following observation.

Remark 2.15. Given a > 0, from the monotonicity of G and (P») it follows that

1 1—s
/ / & (alonlr=") ds. @mwn/ Glar'™) o
S§n— 1 T 0 T

1
< nwnG(a) L nwnG(a)
o T8 1—s5

(2.10)

)

where S”~! is the unit sphere in R™.
Then, we may define the bounded functions G¥: Rt — R as

(2.11) G*(a) := limsup(l — s) / / G (alzn|r'™®) dS —
sTl S§n—1

and G~ (a) is defined analogously by changing lim sup by lim inf.
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When both G*(a) coincide, we define
1
~ d
(2.12) G(a) :=lim(1 — s) / / G (alzn|r' ™) dSZ—T.
sT1 0o Jsn-1 T

The following proposition shows that GF are Orlicz functions and that they
are both equivalent to G. Hence, the spaces L& (R™) and L&* (R™) are, in fact,
equivalents.

Proposition 2.16. The functions G* defined in (2.11) are Orlicz functions. More-
over, there exist positive constants c1 and co such that

c1G(a) < GF(a) < cuG(a)  for every a > 0.

Proof. We prove the proposition for GT. The proof for G~ is completely analogous.

First let us see that G* is an Orlicz function. Hypotheses (H;) and (Hs) are
trivial consequences of the fact that G verifies those hypotheses.

Finally, (H3) is an immediate consequence of the facts that G verifies (H3) and
of (2.10).

It remains to show that G* is equivalent to G.
Observe that (2.10) gives G (a) < nw,G(a).
On the other hand, from Lemma 2.7, there exists ¢ > 1 such that

/ / (alzn|r' =) dS. —>/ / (|2n|r*~%)%1G (a )dszﬁ
§n—1 §n—1 T
= G(a) (/ |2 quz) (/ pai=s)=1 dr)
S§n—1 0

_ dma)
=1 G(a).

The result is complete. (|

We end this subsection by computing explicitly G for some of the Orlicz functions
given in Example 2.2. We will denote by Ky, p = [q.—1 [wn|? dSew.

Example 2.17. (1) Given p > 1, we consider G(t) = t?, ¢t € RT. Since
/ G(alw,|rt*) dS,, = aPr1~9PK,
w|=1

we arrive at the expression

aP
G(a) = ;Kn,p

(2) Given p > 1 we consider G(t) = tP|logt|, t € RT". In this case we have that
/ Glalwn|rt=*)dS, = aPr*==P (K, ,|loga| + Kiognp — (1 — 8) K, plogr).
§n—1
where Kjog n,p is & positive constant given by

log,n,p — Wp, 0g |Wn we
Kioenp = [ lunl"|loglun s
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Therefore, we obtain

3 P K,
G(a) = % (Kn’p| log a| + Kiog,np + p’p) .

(3) If Gy,...,Gp, are Orlicz functions and c¢y,...,¢, > 0, then if we denote
G =", ciGy, we easily obtain

6= =3 i,
k=1

(4) If 1 < g < p and G(t) = max{t?,t?}, then, after some computations we

arrive at
q
Kng™ ifa<1
al aP
~ _ ) — lwp|?dS, + — |wp|P dS.
G(a) q \wn|§% n w P |wn|>i n w
+<§—%) ds,, ifa>1.

3. THE RELLICH-KONDRACHOV THEOREM FOR W€ SPACES.
The aim of this section is to prove the compactness of the immersion W*¢ into
LE.
The spirit of the proof lies in proving an equi-continuity estimate in order to
apply a variant of the well-known Frechet-Kolmogorov Compactness Theorem.

The main result is this sections reads as follows.

Theorem 3.1. Let 0 < s < 1 and G an Orlicz function. Then for every {u,}nen C
WG (R™) a bounded sequence, i.e., sup, cn(®s.c(un) + ®a(uy)) < oo, there exists
u € W*G(R") and a subsequence {un, }ren C {un}nen such that u,, — u in
LG, ().

The following technical lemma provides the equi-continuity of modulars.

Lemma 3.2. Let 0 < s < 1 and G be an Orlicz function. Then, there exists a
constant C' > 0 such that

S (mhu —u) < Clh|*®s ¢ (u),

for every u € W= (R") and every 0 < |h| < &, where Thu(x) = u(x + h).

Proof. The Ay condition (Hs) gives that

G(Ju(z + h) —u(2)]) < C[G(Ju(z + h) —u(y)]) + G(July) — u(z)])]
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for all y € Bjj((z). Then

Sg(rpu —u) = ———~ G(lu(z 4+ h) —u(x)|) dz dy
Gt =) = 5l S oo G 1) = )
C
< | Clute + 1) — u(y)) da dy
(3.1) L
C
+ G — dx d
i Ly o L G @D dedy
C
:W(thIz)-

Given z € R"™ and y € Bj,|(z) we have that
[z =yl <|hl,  |e+h—yl <|x—yl+|h] <2[n].

Then, the integral I; can be bounded as

[u( J;—|—h) u(y)| ) dz dy
I th—yl* ) pth -y
Bjn (z) JR" |1‘+h ?J|S |z +h—y|"

]R"x]R” \m—y| |z —y|"
= C|h|" @, ¢(u

where we have used the monotonicity of G and property (Ps). Analogously,
I < C|h|" &g g(u).
Finally, inserting the two upper bounds found above in (3.1) we obtain that
D (mhu —u) < Clh)*®, g (u)

and the lemma follows.

Proof of Theorem 3.1. First observe that if {us, }ren is bounded in W% (R"), then
is also bounded in LE(R™). Let us denote by M = supjen(®Ps, ¢ (ur)+Pc (ug)) < oo.

Then Lemma 3.2 gives that

sup Og (Thur —ug) < CM|h|.
keN

Now, applying a variant of the Fréchet-Kolmogorov Theorem (see [15, Theorem
11.5]) we are able to claim the existence of a function u € LG(R") and a subse-

quence, that we still denote by {ug}ren, such that u, — u in LE _(R™).
Moreover, u € W*%(R™). Indeed, up to a subsequence, up — u a.e. R". Then

oghmG<m“”WM”>G(W@)7mm) ae. (z,y) € R" x R™.

k—o0 |z —yl* lx —yl*
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Therefore, Fatou’s Lemma together with the lower semicontinuity of G gives

fém@n (1”;—y80>;i§%

. ug(2) — s )]\ _dedy
ﬁlk“imf// o(MTr) e
> R™ xR™ Y Y

<sup &, ¢(ux) < M < 0
keN

as required. O

4. THE MAIN RESULT

This section is aimed at proving the natural extension to fractional Orlicz spaces
of a celebrated theorem of Bourgain, Brezis and Mironescu [4], namely:

Theorem 4.1. Let G be an Orlicz function such that the limit in (2.12) exists.
Then, given u € LY(R™) and 0 < s < 1 it holds that

(4.1) 11&1(1 —5)®,q(u) = 2a(Vu),
where G is defined in (2.12).

The proof of Theorem 4.1 will be a consequence of the following couple of lemmas.

Lemma 4.2. Let u € WYE(R™). Then, for 0 < s < 1 it holds that

Wy, 2ann

(I)sG( )

where C is the doubling constant defined in (Hs).

—, a(|Vul) + D (u)

Proof. Let us first assume that u € C2(R™).
We split the integral

[/”@" (wkfm9”>jx?2
(Lo ) e (e

=1 + Ir.

Let us bound I;. Given u € C%(R"), observe that for any fixed x € R™ and
h € R™ we can write

u(z+h) —u(z / —uw—l—th dt = /Vum—f—th) hdt.

Dividing by |h|® and using the monotonicity and convexity of G we get

G ('”(I i (IZ)'S ”(”‘”)> <G (/01 \Vu(z + th)||h|1—* dt>

1
S/ G (|Vu(z + th)||h|'~*) dt
0

(4.2)
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Expression (4.2) together with (Ps) allow us to bound I as follows

1
I1S/ //G(\Vu(a:—i—th)HhP_s)dtdxﬂ
B, Jrn Jo |h|"
1
g/ \h|1*3*”/ /G(|Vu(x+th)|)dtdwdh
B, nJOo
g/ W57 dh | G (|Vu(z)|) dx
B1 R”
1
:nwn/ r=%dr [ G(|Vu(z)|)dx
0 R
NW,

= G (|Vu(x)]) de.

1—s Rn

The integral I can be bounded using (Ps) (since |h|~® < 1 when h € BY).
Indeed,

< / = [ Gl + b — ulz)]) de dh
B¢ Rn

<C /[ A" [ G(lu(z+h)|) + G(|lu(z)|) dzdh
B¢ Rn

=2C G(Ju(z)]) dx nwn/ 5 dr
R® 1
_ 2Cnwy,

S R

G(|ju(2)]) dz,

where we have used the property (Py).

In order to prove the Lemma for any v € W1E(R"), we take a sequence
{ur}ren C C?(R™) such that up — uw in WHY(R™). Without loss of generality,
we may assume that up — w a.e. in R™. Observe that this implies that

G (uk(@)_—;i(m) N (Iu(@)_—;gy)l) e, in R™ X R™.

Therefore, by Proposition 2.10 and Fatou’s Lemma, we obtain that

n 2Cnwn,

W
1 S(I)quuk‘) +

e (ur)

O, ¢(u) <liminf &, g(ur) < lim {
k—o00 k—o00

W, 2Cnwy,

1—s @G(u)

The proof is now complete. ([

P (|Vul) +

The following lemma is key in the proof of the main result.

Lemma 4.3. Let G be an Orlicz function such that the limit in (2.12) exists. Let
u € C2(R™). Then, for every fized x € R™ we have that

(4.3) lim(1 — s) /n G (Iu(x) — u(y)> W _ G(vul))

st |z — yl*

where G is defined in (2.12).
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Proof. For each fixed x € R™ we split the integral

Lo PR = L U= i

o) s
lz—y|>1 ‘.’E - y|8 |£L' - y|n
=1 + I>.

Observe that for any z,y € R™, x # y, property (P;) gives that

\GC“”‘“”O—G(me.x—y)’SHMM—mw—vwwwx—m

|z —y[* |z —yl® |z —yl®

< C‘l‘ - y|2—87

where L is the Lipschitz constant of G on the interval [0, ||Vu||] and C' depends
on the C?—norm of u.

Now, since
nWwy,

|z —y|* 5" dy =
/wy|<1 2-s
it follows that

13%1(1 ) /|z_y<1G ('“(ﬁ)_;ﬁﬁy”) - dyy|n

. T—y
= lim(1 — s)/ G (‘Vu(x) .
sT1 lr—y|<1 |x_y|S

=
lx —yln

dy /1/ 1— dr
= G (|Vu(x) -w|r—%)dS, —
) lw—yl* Jo Jsu (Vuta) -l =) dS 5

1
d
:// G (IVu(@)| [wn]r'=*) dS., —.
0 §n—1 T

where we have performed a rotation such that Vu(z) = |Vu(z)|ey.

But

/ G(‘Vu(a:) Ty
le—y|<1 |£C _y|s

Therefore

(4.4) lia(1 - )1 = G| V(o).

Let us deal with I5. Since G is increasing and (Ps) holds, I5 is bounded. In fact,

2||u|| oo > 1 n
pe [ ZEE G - Goulme, [ = G )
| 1

1
z—y|>1 |$ - y‘n-ﬁ—s rits
from where we can derive that

(4.5) 11{111(1 —s)I; =0.
Finally, from (4.4) and (4.5) we obtain (4.3). O

At this point we are ready to prove our main result.
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Proof of Theorem 4.1. Given u € C%(R™) with supp(u) C Bg(0), in view of Theo-
rem 5.3 it only remains to show the existence of an integrable majorant for (1—s)F,
where Fj is given by

- [ o(1)

Without loss of generality we can assume that R > 1.

First, we analyze the behavior of Fs(z) for small values of z. When |z| < 2R we
can write

o) — (@) —uw)\ _dy
(4.6)  |F(z)] = </Bl(x)+/n\31(r)> G< Py ) o S htE

Arguing as in the proof of Lemma 4.2 we obtain that

1
I g/ |h|1‘3‘"/ G(|Vu(z + th)|) dt dh
|h|<1 0

1
(4.7) < monG(|Val) [ v ar
0
NWn,
- G(IVull) 2
and

L < / (W= (G (e + B)| + [u(@)])) dh
[h|>1

(4.8) gnwn/ P G2 o) dr
1

Nwy,

= "G (2l ulo).

When |z| > 2R the function u vanishes and we have that

Fale) = /BR@ ¢ (|a|cu£yil) =

Since |z —y| > |2| — R > 3|z, from the monotonicity of G, A, condition and (Ps)
(since |z| > 2) we get

|Fy(2)] 327”/ G(2 |U(sl/)|> dy < Cn/ G(|u(ys)|> dy
1Z1™ JBro) |z 1ZI™ JBr0) |z

C / C
< [ Guyhdy<—"— / G (Ju(y)) dy.
[2["*5 ) B0 lz["*2 JBr(0)

(4.9)

for any s > %
From (4.7), (4.8) and (4.9) we obtain that

(=) < € (o) + oo (o)) € L' @)

where C' > 0 depends on n, p and u but it is independent of s.

Then, from Theorem 5.3 and the Dominated Convergence Theorem the result
follows for any u € C2(R").
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Let us extend the result for any v € W% (R"). According to Proposition 2.10,
let {ug}ren C C2(R") be a sequence such that ug — u in W& (R™). Then
(1= 5)®s,6(u) = Pa(Vu)| < (1= 5) [@s,6(u) — s, (ur)]
(4.10) (1 = 8)®s ¢ (ur) = 2a([Vur])|
+ 124 (I Vur]) = @a(Vul)l-
Let us fix € > 0. From Proposition 2.10, there exists kg such that for k > ko,
€

B Vur]) - B (IVul)| < 2,
and from Lemma 2.6 one can take ¢ > 0 (to be fixed) such that
(4.11) (1 —5)|Psc(u) — Ps.a(uw)] < (1—5)0Ps a(ur) + (1 —5)Cs5Ps a(u — ug).

Observe that from Lemma 4.2 we have that (1 — s)®; ¢(ui) < K for some positive
constant K. Moreover, again from Lemma 4.2, there is some k; such that for & > k;
it holds that (1 — s)®;,c(u — ug) < 75;. Consequently, it follows that (4.11) can
be bounded as

(1= 8)|%0c(u) - ®ualu)] <K +
for k > k;. Hence, choosing 6 = ;5% we find that (4.10) is upper bounded as
(1= )@, (1) — D (V)| < 2+ (1 — )P () — D (| V)|
for all & > max{ko,k}. Finally, the desired result follows by fixing a value of

k > max{ko, k1} and taking limit as s 1 1.
To finish the proof, let us see that if u € L& (R™) is such that

limTilnf(l —5)Ps.¢(u) < oo,

then u € WHE (R™).
Given u € LE(R™), according to Lemmas 2.13 and 2.14, if we define the approx-
imating family
Up,e = pe * (uny) € CZ(R"),
it satisfies

limTilnf(l —8)Ps.g(uge) < C,
S

with C' independent on € > 0 and k € N.
The first part of this theorem gives that

fI)C;,(Vuk’E) = ]1%1;1(1 — 5)¢5,G(Ul~c7a) < C,

then, from Proposition 2.16, {u . }xen >0 is bounded in W1 (R™). Consequently,
from Proposition 2.10, there exists a sequence u; = ug, ., with k; — oo and
er | 0 and @ € WHE(R™) such that u; — @ weakly in W (R™). Moreover, since
ug,e — u in LS(R") as k — oo, and ¢ | 0, we can conclude that @ = u € W1 E(R?)
as required. [
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5. THE CASE OF A SEQUENCE

Our second main result in this paper is the following limit result for sequences
of functions.

Theorem 5.1. Let G be an Orlicz function. Let 0 < s 11 and {ug}ren € LE(R™)
be such that

sup(l — sg)®@s,.c(ur) <oo and sup Pg(ug) < oo.
keN kEN

Then there ezists u € LY(R™) and a subsequence {uy,}jen C {up}tren such that
up, = u in LS (R™). Moreover, if G is such that the limit in (2.12) exists, then

loc

u € WHCE(R") and the following estimate holds
Os(Vu) < likrgg;f(l — 51) D5, (ug).

The proof of the above result will be a direct consequence of the following useful
estimate:

Theorem 5.2. Let 0 < 51 < s < 1 and u € LY(R™). Then

2Cnw, (1 —

(1 —51)®s, o(u) < 227511 — 59) By, (1) + 81)<I>G(u).

S1
The key point in proving Theorem 5.2 is the following lemma:

Lemma 5.3. Let g,h: (0,1) — RT measurable functions. Suppose that for some
constant ¢ > 0 it holds that g(t) < cg(%) for t € (0,1) and that h is decreasing.
Then, given r > —1,

1 r +1 1 1
/0 t"g(t)h(t) dt > QT/O t"g(t) dt/o t"h(t) dt.

We omit the proof Lemma 5.3 since it follows with a slight modification of the
proof of Lemma 2 in [4], which is stated with ¢ = 1.

Now we proceed with the proof of the estimate.

Proof of Theorem 5.2. Given u € L% (R"™), we define for ¢t >0 and 0 < s < 1,

Fi(t) :/Sn_l/nc:<|“(w+“?_“(x)|> dx dS,,
tnl_l /lh—t/nG <|“(x”;3|s “(x”) dz dSh.

From the Ag property and (Ps) we get
G (|u(x + 2tw) — u(x)) e (|u(x + 2tw) — u(z + tw)| + |u(z + tw) — u(x)|>
2s¢s B 25¢5

. C {G(|u(m+2tw)—u(x+tw)> +G<u(w+tw)—u(w)|)},

= 9s ts ts

integrating over R” and S”~! and using the invariance of the integral we get that

F,(2t) < 21 75CF,(t).
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Now, if we consider the function g4(t) = flfts) we obtain that

Fy(21) Fy(t)
21 5t1 5§Ct1 s ng()

9s(2t) =

Then, observe that

/||/ ¢ (lum@s— uw) R&
o Lo
[EO, [ t<>dt

Consider now 0 < 1 < sg < 1. Therefore, using (Ps), for any 0 < ¢ < 1

tl S1 tl 61/ / <ux+tw) ( )|) dIdSw
sn—1 n

9sy (t) =

Sli / / G<|u3:—|—tw)—u(sc)> dedS,
st 5152 oy Jon =

Fyu ()
= tlisg :gsz(t)

frome where we obtain that

1 1
s s, (T 1 s (T
/92()dt>/91()dt:/ L 9(8)
0 152 0 52 0 tS2—s1  ¢s1

Now, from Lemma 5.3 with r = —s; and h(t) = t~(271) we get

1 1 1
1 g, (t 1 -
/ L9 g, 1jl/ t_slgsl(t)dt/ 2 dt
0 ts2—s1  ¢s1 2 t Jo 0
1 l—sl/lgsl(t)dt
0

JD IS =

and then

1 1
/ sy (t) dt S 21781 1 52 / 1 Gs, (t) dt
0 tsl ]. - 81 0 t82781 tsl

< 21 811 / 952( ) dt.
0

1—s1 t52

(5.2)

Mixing up (5.1) and (5.2) we get that

2)
1—31/ / ( u(z + h) —ux)|> dx
—— dSh,
2175 <1 Jre | A5t |h|"
<(

[u(z + h) —u(z )) dx
1—s9) —— dSh.
’ /h<1/” ( |h[* [ "

19
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Finally,

IR IR
c/ | (@lute+ 1) + Gllute)) e s,
[h|>1 JRn

< 2Cnw,Pa(u )/1 ) dr

~ 2Cnw,
=

< u(z + h) u(x)|) dx ds,
h|>1
<

Pg(u)
and the result follows from the last two inequalities. ([

Proof of Theorem 5.1. Let 0 < s 11 and {uy }rey C LE(R™) be such that

sup @,, ¢(ug) <oo and supPg(ug) =M < oco.
keN keN

Take 0 < ¢t < 1 be fixed and, from Theorem 5.2, we obtain that {u}ren C
WHE(R™) is bounded. Hence, by Theorem 3.1 there exists a subsequence (still
denoted by u) and a function v € LE(R™) such that uy — win L (R™). Moreover,
without loss of generality, we may assume that ux — u a.e. in R™.

From Fatou’s Lemma we get
Oy ¢(u) < liminf ®; ¢(ug),
k—o0

and from Theorem 5.2 we obtain that

2Cnw, (1 —t
(1 B t>(1)t’G(U) = hkminf 21_t(1 - Sk)¢5)mG(uk) + %M
— 00
Finally, taking limit as ¢ 1 1 and invoking Theorem 4.1, the result follows. O

6. SOME CONSEQUENCES AND APPLICATIONS

In this final section, we show some immediate consequences of our main theorems,
Theorems 4.1 and 5.1.

Throughout this section G will be an Orlicz function such that the limit in (2.12)
exists.

When working on a domain © C R™ (bounded or not) it is useful to introduce
the following notations.

The space W, ‘“(€2) denotes, as usual, the closure of C2°(€) with respect to the
Il |1, —norm.

In the fractional setting, we use the following definitions
W Q) = {ue WG (R"): u=0 ae. in R"\ Q}.
Alternatively, one can consider
WS’G(Q) — WH'HS,G.

In the classical case, i.e. when G(t) = t?, these spaces W;(£2) and WeP(€) are
known to coincide when s < % or when 0 < s < 1 and € has Lipschitz boundary.

See [3].
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In this paper, we shall not investigate the cases where these spaces W G(Q) and
W#E(Q) coincide and use the space W G(Q) to illustrate our applications.

In what follows, every function v € L% () it will be assumed to be extended by
0 to R™\ Q.

Finally, observe that the inclusions
Wy¢(Q) c wo4R") C LYR")
imply
LE(Q) C LE (R") c W9 (R") c W5C7(Q),
where W~=%¢"(Q) denotes the (topological) dual space of WOS’G(Q).
6.1. Poincaré’s inequality. A first consequence that we get is Poincaré’s inequal-
ity.

Let us first recall Poincaré’s inequality for functions in W “(€2) whose proof can
be found, for instance, in [11, Lemma 2.4].

(6.1) /G (Jul) dm<A/ G(IVul)d

for every u € W(}’G(Q).

Theorem 6.1. Let A be the optimal constant in Poincaré’s inequality (6.1). Then,
given § > 0 there exists 0 < sg < 1 such that

o [otmnes (AroJan ] o(Haz)

for every so < s < 1 and every u € LE(Q). The constant c; is the one given in
Proposition 2.16.

Proof. The argument in this proof is taken from [24].

The proof follows by contradiction. Assume the result is false, therefore there
exists a constant C' > £7 a sequence s; T 1 and u; € ng’G(Q) such that
1
rok

Now, from Theorem 5.1, passing to a subsequence if necessary, we have the
existence of a function u € W& (R") such that ®¢(u—u;) — 0 and u; — u a.e. in

R™. Hence, u € W&’G(Q), ®(u) = 1 and, again by Theorem 5.1 and Proposition
2.16,

Po(uj) =1 and (1—s;)P,; qluy) <

C
This last inequality contradicts the optimality of the constant A in (6.1). (]

1
c1®q(|Vul) < @5(|Vu|) < lijrggf(l —55)®s, a(u;) < .

We immediately obtain the next corollary.

Corollary 6.2. Let Q2 C R™ be open and bounded. Then there exists a constant
C > 0 depending on n, G and € such that

. ('“'>x<01‘S/Aann <|u|x)—y|(y)|)|mdfd5n’

for every 0 < s <1 and u € LE(Q)
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Proof. To conclude the Corollary, we only need to prove Poincaré’s inequality for
any fixed 0 < s < 1. To this end, let d = diam(Q2). Thus, from Lemma 2.7,

M 6 PR ) B0 2 € G 00

dy
5 (fu( )|)< S |x_y|n+2QS>

:2%w¥b%éécm@mmm

Combining this inequality with Theorem 6.1 the conclusion of the Corollary follows.
O

6.2. '—convergence. Let us recall the definition of I'—convergence.

Definition 6.3. Let X be a metric space and F,F;: X — R. We say that F;
I'—converges to F' if for every u € X the following conditions are valid.

(i) (lim inf inequality) For every sequence {u;};en C X such that u; — u in
X,
F(u) < liminf Fj(u;).

j—o0
(ii) (lim sup inequality). For every u € X, there is a sequence {u;}jen C X
converging to u such that

F(u) > limsup Fj(u;).

Jj—00
The functional F is called the I'—limit of the sequence {F}};en and it is denoted
by F; 5 F and
F=T-limFj.

j*}OO

Remark 6.4. In the case where the functions are indexed by a continuous parameter,
{F:}c>0, we say that
F=T-lim F_,
el0

if and only if for every sequence €; | 0, it follows that F¢, LF

Now, let us fix 2 C R™ open, and an Orlicz function G.
For any 0 < s < 1, we define the functional J,: L% () — R by

(1—8)®sq(u) if ue W (Q)
js(u) = i .
400 otherwise,
and the limit functional J: LE(Q) — R
3 . 1,G
I (u) = Pu(Vul) ifue WO ()
“+o0 otherwise.

Theorem 6.5. With the previous notation we have that

J = T—lim J..
sT1
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The proof of Theorem 6.5 is a direct consequence of our previous results. Indeed,
the limsup inequality follows just by choosing the constant sequence, whilst the
liminf inequality follows from Theorem 5.1.

The main feature of the I'—convergence is that it implies the convergence of
minima.

Theorem 6.6. Let (X,d) be a metric space and let F, F;: X — R, j € N, be such
that F; I'—converges to F. Assume that for each j € N there exist u; € X such
that F;(u;) = infx F; and suppose that the sequence {u;};en C X is precompact.

Then every accumulation point of {u;};en is a minimum of F and

inf F' = lim inf Fj.
X jooo X

The proof of Theorem 6.6 is elementary. For a comprehensive study of Gamma
convergence ant its properties, see [0].

Consider now f € L¢ (Q) and define the functionals F, Fy as

(6.3) Fs(u) :== Ts(u) —/qudx y Fu):=J(u) —/qudx.

Since u — [, fudz is continuous in LY(€2), Theorem 6.5 implies that F, L F
See [6, Proposition 6.21].

Let us apply Theorem 6.6 to the familty Fs. With this aim, let us verify that,
given 0 < s; 1 1, there exists a sequence {u;}jen € LY() of minimizers of Fs,
which is precompact in LE(Q).

The proof of the next lemma is standard. We state it for future references and
leave the proof to the reader.

Lemma 6.7. Let 0 < s < 1, G be a uniformly convex Orlicz function and f €
LG (Q). Then there exists a unique function u € WS’G(Q) such that

Fo(u) = inf  Fy(v).
veEWS 7 (Q)

Now, a simple consequence of Theorem 5.1 gives the compactness of the sequence
of minima. Again, the details of the proof are left to the readers.

Lemma 6.8. Let 0 < s; T 1, and Q C R" be an open bounded subset. Given j € N,
let u; € LY(2) be the minimum of Fs,. Then {u;};en C L% (Q) is precompact.

As a corollary of Lemmas 6.7 and 6.8 and Theorem 6.6 we obtain the following
result.

Theorem 6.9. Let G be a uniformly convex Orlicz function,  C R™ be open and
bounded and let uy € LY () be the minimum of Fs. Then there exists u € L ()
such that

u = limu, in LY(Q) and F(u) = min F(v).
sT1 veLG(Q)
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6.3. The fractional g—laplacian operator. Let G be an Orlicz function and
0 < s < 1 be a fractional parameter. We define the fractional g—laplacian operator
u(y)  dy

v oo [ (@) —u @I w@) —ul
(=8g)u: p"/ G( PG >|u<x> u()] o — g+
. u(@) — u()]\ u(@)—uly)  dy
‘p”/ng< EETE >u<> u(y)| v — y[*+s

where p.v. stands for in principal value and g = G’ which is well defined in view of
(Hs3).

Let us see that this operator is well defined between W*(R") and its dual space
W—s,G* (R”).

For that purpose, let us define the approximating operators as

A vl juf@) — u(y)| | ulz)—u(y) _dy
) /z—ylzsg( ) Mo

We have the following lemma.

(6.4)

Lemma 6.10. Under the above motations and assumptions, there holds that if
u € WHCG(R"), then (—Ay)3u € LG (R").

Proof. First, observe that

. . . |lu(z + h) — u(x)| dh
G (I(=Ag)iu(z)]) <G </|h|>€9 ( I > h|’n+s>

= s @ (9 (W +|’}L)|Z W”)) |hc|if+s

where we have used Jensen’s inequality, the Ay condition (Hs) and Lemma 2.9.

Integrating over R™ we obtain

Celp—1) 1)q>sg(u).

This completes the proof. O

D+ ((—Ag)2u) <

€

Remark 6.11. Although it will not be used here, is not difficult to see that the
constant C; in the former inequality is bounded independently of €. So we get the
estimate

D (~A0)0) < S, ().

It remains to see that lim, o(—A,)2u exists in W& (R").

Theorem 6.12. Given u € WG (R"™), the limit (—A,)%u := limg o(—A,)Su exists
n W_S’G*( ™). Moreover the followz'ng representation formula holds

) () — u(y)]\ ulz) — uly) v(x) —v(y) dedy
(=4 // ( P )|u<x>—u<y>| eyl g

for any v € WG (R").
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Proof. In view of Lemma 6.10, we have

(agma=[ [ (PSR Mo
U u(y) — u(x d
/n /:v yl>e (| 36>—y|( )|> |UE§C))—uEy;|U(y)|x_yy|n+s dx.

Therefore,
s ! u(@) —u()]\ ulr) —uly) v(x) —vly) drdy
<(_A9)su’v> =35 // g( — s _ s _ yln
2 J ) joeyze |z —yl lu(z) —uy)| |z—yl* |z—y
In order to pass to the limit we need to check that the integrand is in L'(R™ x R™).
But, by (2.5) and Lemma 2.9 it holds that

g <IU(|:;)_—;|Ey)I) |”(|9;)__;£y)| <a (Q (|U(|3;)—_;T£y)|>> e (v(i)_—;](syN)
<(p-1)G (IU(;)_;Ey)I) LG <Iv(x) - v(‘y)>

|z —yl*

and hence we conclude

//R B <Iu |x—y|( )I) |v(|?—;£y)| lxdfdyyln e (o= D) + Bunle)

The result follows. O

Given a bounded open set  C R" and f € L (Q), using Theorem 6.12 we can
provide for a notion of weak solution for the following Dirichlet type equation

{(—Ag)su =f mQ

6.5
(6:3) u=0 on R™\ Q.

Definition 6.13. We say that u € W;"%(Q) is a weak solution of (6.5) if
(6.6) ((—Ag)’u,v) = / uv dx
Q

for all v € W% (€Q).
Remark 6.14. Observe that since C2°(Q2) C WS’G(Q), it follows that a weak solution
of (6.5) is a solution in the sense of distributions.

Now, as expected, we link every solution to (6.5) with minimum points of the
associated functional (6.3).

Theorem 6.15. Let Q@ C R™ be open and bounded and let f € LG (Q). Then
u € WS’G(Q) is a weak solution of (6.5) if and only if

Fw) = inf  Fi(v).

where the functional Fy: LE(Q) — R is given by (6.3).

Proof. Let u € W%(Q) be a weak solution of (6.5) and v € W'¢(Q) be an
arbitrary function. Then,

(=8 =)= [ fu=v)ds
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Rearranging the terms, applying (2.5) we get

<(7Ag)5u,u>f/ﬂfud9::<(7Ag)su,v>f/ﬂfvdx

<2 e (MRS B 70

Finally, we observe that
s 1 u(x) —uly u(x) —u(y)| dxdy
(o =L [ g (1)l lte) ~ut]_deds
2 JJgnxgn |z =yl lz—yl* |z —yl
So, using (2.6) we arrive at Fs(u) < Fy(v).

Now, suppose that u € L% () is a minimum of F,. In particular, F,(u) < oo
and then u € W% ().

Fixed v € W, P(Q) we define ¢: R — R as
o(t) = Fs(u + tv).

Hence ¢(0) = inficg ¢(t), from where ¢’'(0) = 0. It is straightforward to see that
that condition implies that u satisfies (6.6). O

Combining Theorem 6.15 and Lemma 6.7 we obtain the following result.

Theorem 6.16. Let 0 < s < 1, G be a uniformly convex Orlicz function and
Q C R” be an open bounded domain. Then, given f € LE" (Q) there exists a unique
weak solution to (6.5).

Combining this theorem with our I'—convergence result, Theorem 6.9, we arrive
at the main result of this subsection.

Theorem 6.17. Let 0 < s < 1, G be a uniformly convex Orlicz function and
2 C R™ be an open bounded domain. Let us € WS’G(Q) be the weak solution to

(6.5). Then, there exists a function u € Wy ¢ (Q) such that us — u in LE(Q) and
w is the weak solution to

67 {—Agu —f nQ

u=0 on 012,

where Agu = div (g(\VuDlg—Z‘) and §=G'.

Proof. At this point the only thing that needs to be justified is that the whole
sequence is convergent. But this fact follows from the uniqueness of solutions to
(6.7). |
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