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Abstract

In this paper we obtain the blow-up rate for positive solutions of a
system of two heat equations, u; = Au, v+ = Awv, in a bounded smooth
ou v

domain 2, with boundary conditions o = P, ri u?. Under some

assumptions on the initial data ug, vo and p, ¢ subcritical, we find that
_ _p+1
the behaviour of u and v is given by ||u(-,t)||ec ~ (T' —t) 2a-1) and

Jo(-s E)]|loo ~ (T — t)fﬁ. As a corollary of the blow-up rate we obtain
the localization of the blow-up set at the boundary of the domain. The
main tool in the proof, is a nonexistence theorem for an elliptic system,;
we prove that the only nonnegative classical solution of the system Au =
0, Av =0 in R?, with boundary conditions g—z =P, g—; =u? on ORY
is the trivial solution u = 0, v =0, when p < —5, ¢ < == and pq > 1.

n—2

1 Introduction.

In this paper we obtain the blow-up rate for positive solutions of the following
parabolic system
{ ug =Au in Qx (0,7T), (11)
ve=Av inQx(0,7T), '

G4 — P on 92 x (0,T), (1.2)
2 _ 1 on 00 x (0,T), |
u(x,0) = ug(z) in Q,

{ v(z,0) =vo(z) in Q. o

Parabolic reaction-diffusion problems or systems like (1.1)-(1.2) or of a more
general form, allowing for example source terms or with different boundary
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conditions, appear in several branches of applied mathematics. They have been
used to model, for example, chemical reactions, heat transfer or population
dynamics and have been studied by several authors. See [18] and the references
therein.

The question of whether the solution develops sigularities in finite time has
deserve a great deal of interest. In particular, for (1.1)- (1.3) it is well known
(see [5], [20] and [21]) that if pg > 1 the solution (u,v) blows up in finite time,
i.e. there exists a finite time 7" such that

th/H% [uls )l Lo (@) + [lo( ) Lo (@) = +oo.

We observe that both functions, v and v, go to infinity simultaneously at time
T. In [1] the blow-up problem is considered for more general nonlinearities, in
the equation and in the boundary conditions, in a general smooth domain ).

The question of how this blow-up phenomenum happens is therefore a natu-
ral one and a lot of work has been done in that direction. In the case of a single
equation (i.e. p = ¢ and ug = vg wich imply u = v) we cite the work of [13]
where they prove that the blow-up rate in that case was

1
Ju(, )o@y ~ (T — ) 2@-D.

For the blow-up rate of the system (1.1)-(1.3), we refer to [5], [19] and [22]
where the authors consider only the radial case.

Here we obtain the blow-up rate problem for (1.1)-(1.3) in a general bounded
smooth domain, under suitable assumptions on the exponents p,q and on the
initial datum (ug,vg). More precisely, throughout this paper we assume that
q < p (for symmetry reasons, this is not a restriction). Also we assume that, if
n>3,pg>1,p< 5, q< 5 and, if n =2, pg > 1. On the initial data we
suppose that are positive, verify a compatibility condition and Aug, Avg > a >
0 in order to guarantee us, vy > 0.

The main result of the paper is:

Theorem 1.1 Under the above assumptions on p, q, ug and vg, there exists
positive constants C, ¢ such that

¢ < maxu(-,t)(T — t)ﬂgﬁl) <C t /1),
Q

¢ <maxv(-,t)(T — t)2<gq+*11> <C t /7).
)

As a Corollary we obtain the localization of the blow-up set at the boundary
of Q.



Corollary 1.1 Let p, q, ug and vg be as in Theorem 1.1. Then if Q' CcC Q
there exists a constant C' = C(dist(€),00Q)) such that

[u(, )L @) + [0( )@y <€ (£€]0,T))
(i.e. the blow-up set is localized at O0).

The proof is based on a “blow-up” type argument introduced by Gidas-
Spruck [11] and that was adapted for the parabolic case by [13]. Here, we use
these ideas to deal with our system.

After this “blow-up” technique is used, the proof relays on the following
Liouville-type theorems for an elliptic system in the half space with nonlinear
bounday conditions:

Theorem 1.2 Suppose n > 3, and p < L5, q < 5 with pg > 1. Let (u,v)

n—27
be a classical nonnegative solution of the following problem:

Au=0 n IR},
{ Av=0 in R}, (1.4)
with boundary conditions
9u — P op QIR
an + (1.5)
% =u? on ORY,
n

thenu =0, v=0.

Theorem 1.3 Let n = 2, and p,q > 0. Let (u,v) be a classical nonnegative
solution of (1.4), (1.5) with u bounded, then u =0, v =0.

These theorems are of independent interest. In fact it have been used by
the authors to prove an existence result for an elliptic system with a nonlinear
boundary condition in a bounded domain [6].

The proof of Theorem 1.2 is based on the Moving Plane Method, introduced
by Alexandroff and then used by several authors to study the symmetry prop-
erties of many elliptic equations ([10], [4], [16], etc). In [14] the Moving Plane
Method is used to study the single equation

{ Au=0 in Y,

ou _ ,\p n
I = U on OIRY .

It is proved there that the only classical solution is 4 = 0 when p is subcritical
(p < -%5) and greater than one.

The paper is organized as follows, in §2, we prove Theorem 1.1, in §3 the
nonexistence results (Theorems 1.2 and 1.3) and we leave for the Appendix some
uniform Schauder estimates needed in the proof of Theorem 1.1.



2 Blow-up rate for the system

To prove Theorem 1.1 we need a result that gives the asymptotic behavior for
solutions of

wy = Aw in Q x [0,7),
() < ok on 9Q x [0,T), (2.1)

w(z,0) = wo(z) >0 on £,
where s > 1/2. We state this result as follows.
Lemma 2.1 Let w be a positive solution of (2.1) that blows-up at time T, then
(e D tllo(T =ty 2 <C (t /).
Proof: It is enough to prove the Lemma for w such that w; > 0, because, given
wp we can choose an initial datum wy such that Awg > 6 > 0 (this guarantees

wy > 0) below or above wp, then we obtain the result by a comparison argument.
Let I'(z,t) be the fundamental solution of the heat equation, namely

D2, 1) = Wexp (#) .

Now for z € 99, using Green’s identity and the jump relation (see [7]) we have

t
Lwaw:i/ru—yJ—@w@www+/’ O (D —y, t — ) dS,dr—
2 Q . Joa ON 22)

t
7/ / g—r(x —y,t —T)w(y, ) dS,dr.
z Joq 07

Now we set W (t) = supg, w(-,t). Since Q is smooth, for instance 9 € C1+ T
satisfies (see [7])

a—F(—t—)< ¢
o PTGyl =y

if g2 < e by (22) we obtain, for 1 —a/2 < p <1

WO SWE)+C [ i dr OWOT =21,

We choose z such that C(T — z)'~# < 1/4 then multiplying by (T —t)*~/? we

get

(T _ 25)5—1/2
4

W(t) < (T—t)s_1/2W(Z)—|—C(T—t)s_l/2/ (T_T)Slzt—T)l/Z dr.




One can check that the right hand side of the last inequality is bounded uni-
formly in ¢ as we wanted to prove.
For the other inequality, if %—7;‘]’ > ﬁ,

1 t k 1—p
HUOE / /m T =t = 7) dSydr = CW(O(T — =)'

As before, we choose z such that C(T — 2)17# < 1/2 then

W(t)>/:(T_kt)s</aQF(x—y,t—T) dSy)dT>

>C/t i L d
-
. (T =t (t—T1)1/2

As before, one can check that the right hand side multiplied by (T —#)*~1/2 is
bounded by below uniformly in ¢. This completes the proof. O

Now we state two results.

Lemma 2.2 Let z be a positive solution of

zr = Az in Qx[0,T),
g—; < zF on 002 x [0,T), (2.3)

2(x,0) = zo(x) in €,
with Kk > 1 and blow-up time T'. Then there exists ¢ > 0 such that
c< mgxz(-,t)(T - t)ﬁ,

The proof can be found in [13].

The second result is a comparison between the pair of functions v and v”
(with v = %), where (u,v) is the solution of (1.1)-(1.3). This comparison
result allows us to reduce the problem to a single equation and then apply

Lemma 2.1. The proof of this Lemma can be found in [19] and [5].

Lemma 2.3 There exists a constant C' > 0 such that

p+1

Cu > v+t
where (u,v) s a solution of (1.1)-(1.3).

Now we prove that the converse of Lemma 2.3 is, in some sence, true. In
fact, we prove the following result (see [9] for a similar result for a semilinear
system).



Lemma 2.4 Let

M(t) = mgxu(~,t), N(t) = mng(~,t). (2.4)

There exists a constant 6 > 0 such that
Smax{ M (t), NPT1(t)} < min{MITL(t), NPTL(t)}.

Proof: We argue by contradiction. Assume that there exists a sequence t,, — T'
such that

max{M9It(t,), NPTL(t,)} = MI*L(t,), M= (¢, )NPFL(¢,) — 0.

Let x,, € 00 be a point such that u(x,,t,) = M(t,). We define

1
on(y,s) = N )u()\any + T, M35+ 1),
1 2
n\Y,S) = —a7 V(Andltnly T Tp, AL S n)-
Yn(y, s) T V(A Ry + Zn, Aps + 1)
)\Tlprq

Where R,, is an ortogonal transformation that maps the unit normal vector
1

at x, to —e;. We choose A\, = M s (tn). These functions ¢, ¥, satistfy

0<¢n <1, 9n(0,0)=1,0 < th, < —2)— — 0 and

M P+T (t,)
{ (‘pn)s = A@nv ('(/)n)s = Awn7
O¢n — hP n — 9
an n an P

in Q,, x I,, where Q,, = {y | \nRny+2, € Q} and I,, = (=, *t,,0]. We observe
that \,, — 0 as n — oo. Hence §2,, approaches to the half space Bf = {y; > 0}
and I, — (—00,0]. The Schauder estimates allows us to pass to the limit as
n — oo (using a subsequence, if necessary) in the space C2TH1+#/2 (see the
appendix for the details) obtaining that ¢, — ¢, and ¥, — ¥ = 0. Hence we
have 0 = %’(O, 0) = ¢?(0,0) = 1, a contradiction. O

Now we prove Theorem 1.1.

Proof of Theorem 1.1: We use a scaling argument similar to that of Lemma
2.4. With M (t*) and N(¢*) given by (2.4) we define

1
30/\(?475) = M(t*)“()\Ry+$*,)\28+t*),
Ua(y,s) = N(t*)v()\Ry+x*,)\28+t*),

where T'/2 < t* < T and u(z*,t*) = maxgu(-,t*) and R = R(t*) is as in
Lemma 2.4.



These functions ¢y, ¥y satisfy 0 < oy, ¥y < 1, vA(0,0) =1, Oor x> ()

ds 7 0s —
and
{ (a%)s = Apa, E;;[}A)s = Ay,
% = AM~LNP(1)y)?, % = AMIN ()4
Now we choose A\ = % and observe that \ goes to zero as t* goes to T’
because by Lemma 2.3, A = % < eNIET 0.

We define Ky = AM ~'N? and observe that, by Lemmas 2.3 and 2.4, 0 <
c< K\ <C<+oc0 as t* goes to T.
We claim that there exists a constant C' such that for every A small

N
—=(0,0) > C.
55 (0,0) =
To prove this claim, suppose not. Then there exists a sequence A; — 0 such
that o0
by
~(0,0 0.

88 ( ? ) -

As ¢y, and 9y, are uniformly bounded in C?+1:147/2 (see the appendix for
the details) we obtain a pair of positive functions ¢, 1 such that ¢y, — ¢,

¥y, — ¥, Ky, — Ko # 0 and verify 0 < ¢, < 1, (0,0) =1, 22,22 > 0 and

’ s’ Os
{ Sgs = AQO, '(é)s = Aw,
9 _ Koir, 92—,
in JRf X (—00,0]. We set w = 1 and as w satisfies the heat equation, a
boundary condition of the type g—;‘; > 0 and w(0,0) = 0, then by Hopf’s lemma
we obtain that w = 0, that is ¢ does not depend on s.

Let z = s, z is positive and satisfies the heat equation with a boundary
condition of the form g—; > 0.

On the other hand we have that 0 = %—?” = qp9 'z, but ¢! is not zero

at the boundary of the domain IRY x (—o0,0] (if it is zero at a point in the
boundary it has a minimum there and then by Hopf’s lemma it has to be zero
everywhere, a contradiction), then z is zero on the boundary of ]Rj\_’ X (—00,0]
and using again Hopf’s lemma z = 0 in all the domain. This proves that ¢ and
1 are independent of s and by Theorems 1.2 and 1.3, we obtain a contradiction
as Ky # 0.

So we have proved that

OPa
g(oa 0)>C

in terms of v, that is ’\j\}“ > C. As N is Lipschitz continuous, this implies

NI2ETIN > O



Let r =1 — 224 < —1, now we integrate between ¢t and 7' and obtain

q+1
T too C
C(T-1) g/t N"(t)N'(t) dt</N(t) s ds:m.
Finally
N(t) < #zﬁl
(T —t)2a—D
Using this bound for v, u verifies the heat equation and %Z =P < %

(T—t)2(pa—1)
Then by Lemma 2.1 we obtain

¢
(T — )1

Let us prove the reverse inequalities in order to finish the proof of Theorem
1.1. Now we begin by u. Using Lemma 2.3, u satisfies

{ u; = Au,
ou _ .,p Py
oy =V < Cu

M(t) <

p(g+1)

where py = o > 1, then Lemma 2.2 tells us that,
c c
M(t) = — = T
(T —t)2ev=D (T — t)*a—D
By the previous bound, v satisfies the heat equation and g—z =u? > ﬁ, in
this case s = 2(;((;;11)) > % and by Lemma 2.1, v satisfies

c

N(t) > —————
(T — t)2a—D)
so we have finished the proof of Theorem 1.1.0

We observe that with this blow-up rate we can localize the blow-up set at
the boundary of the domain.
Proof of Corollary 1.1: We just observe that we fall into the hypothesis of
Theorem 4.1 of [13].0

3 Nonexistence results

Throughout this section, to apply the Moving plane method we use the following
notation, for A € R let

Sy ={(x1,ymn);x1 >0, 2, < A}, Ty ={(x1,..;xn);x1 >0, T, = A},



Z)\Zzix\_{(oa7072A)}’ B:(yo) :Bu(yo)m{xl >0}
p+1 _ g+l

Let (u,v) be a positive solution of (1.4)-(1.5) and a, = — L=, o = — 1=

(we observe that, as pg > 1, a; and as are negatives). Then define

u(x) = p~“u(pr),  v(x) = po(p).
As u, v satisfy (1.4)-(1.5), w, v verify
%Z = 7P, gz = 4. (31)

By (3.1), if w = 0, then v = 0, then we can suppose that u # 0, v Z 0. Now we
observe that if u < 1

{ Atu(z) =0, Av(z) =0,

SUDPye B (0) u(z) < pm SUPse B} (0) u(r) < Cpu=,
(3.2)
SUD,e pt (o) V() S T2 Sup, e gt (o) v(@) < O™

Also

inf:ver'(O) u(x) > p~ ™ infzer{(O) u(z) > ™,
(3.3)
infa:ij(o) E(Q’J) > pme infxeBI(O) U(.T) > cp~ 92,
Let €1, €5 be the following numbers which are positive by the maximum princi-

ple,

g1 = min u(x) >0, €= min v(z) > 0.
|z|=1,2,>0 |z|=1,2,>0

Next we observe that if ¢ = min{eq, 2}, then by a comparison argument,

u(r) > —== >1 z, >0,
{U(x)xl e (3.4)

Now we use the Kelvin’s inversion to define
() ()

olr) = iy, () = iy

As w, v satisfy (3.1), these functions ¢, v satisfy

Ap(z) =0, Ay(z) =0, .
lé] P(x 15] Uz
Ti(x = |g;|n1,p—<(n—)2)pv aif;(x) = |$|f—(n—2)q'

)
As a consequence of (3.4), we obtain

(2z) _ a(E)

Y(x) = Iw\‘;f2 >e, px)= T 26 in |z <1 =z, >0,




Also, by (3.2)

u(iz) _ S"Pyest o) “w) Cu~®

(p({E) = Tzn—2 < [z =2 < \z|"*21 if ‘.’E| =1, 2, >0,
(3.5)
T(—Zy)  SUP o+ o) O(Y) —a
Y(x) = phlr < —TE9— < if 2] 21, @, >0,
In order to prove symmetry properties of ¢ and 1, we set
Pr(z) = pa(@) —p(z),  Ui(z)=va(z) — (),
where for A < 0 we define
<P>\(371a 7xn) = So(xla ey Tp—1, 2A - mn) = Qﬁ(xk),
VA1, oy T) = (X1, ey T, 28 — 1) = P(T)).
Now we can begin the moving plane method.
Lemma 3.1 If —\ is big enough, then
P, U\ >0 m ’i)\.
Proof: Let us start by defining the following functions:
Dr(z) = 2]’ @a(z),  Ui(z) = |2/ U (),
where z =z +e; =z + (1,0,...,0). This functions satisfy
—ABy + 2 2 VB + L2, =,
in 2/\
—AT, + 2 2 VT, + B2y, = 0.
We choose 8 = 2= so that the coefficient of order zero in both equations is

nonnegative.
At the boundary, this functions verify

8<I>A (9|Z|B Ba@)\ .
T lormo= — (G s@) + 1P G2 ) Lo

B (IﬁQ(I)A*'Z'ﬁ I (oala) - w(w>)) o1 =0=

_ B & B 1 P 1 P
- 7W®/\ + 2| |x)\|n—(n—2)p’l/)>‘ B |x‘n—(n—2)pw ’

Now, as |z)| < |z| in By, (A < 0), by the mean value theorem,

10



1 1
p_ P
<x)\n(n2)p¢)‘ |x‘n*(n*2)p¢ ) =

1 1 .
> ez A YY) = e, (0870

where £ lies between ¢, and 1. Then

93,

6 S T, p—l
Oy |z =0> _W(D)\ + \I’Ampf . (3.6)
Analogously
aﬁ)\ /8 T S qg—1
_67361 |ls1=0=> _W‘IIA + (I)AWQC (3.7)

where ( lies between ¢, and ¢.
Now suppose that the statement of the lemma is false, that is,

in~f 6,\ = -0 <0.
TEX )

We have
[Bx(2)| = |2|%oa(x) — p(@)] < |2I° (Joa(@)] + [@(2)]) <

O —Qq C —Q1 O —Qq
< ( H s+ H 5 ) |z < %, if |z| is big enough.
|zy |7 || |"z-

|z
Analogously
P —Qaz
Ta)l <
|x| =

Now, near the point (0, ...,0,2)) (more precisely, for |z — (0, ...,0,2)\)| < 1),
we have

¢M@ZVW@—wwD2kW(@—%ﬁi)2

—ay
> |z|P <€ - |C)’\A|Ln_2> > 0, if —\ is big enough.

In a similar way we obtain, for |z — (0,...,0,2))] < 1, U)(z) > 0. Then the
infimum must be located in 7o € £,\B1(0, ...,0,2)).

By the maximum principle, zg ¢ int(fb\) and xo ¢ Ty because ®\ = 0 in
T, then zg must be in {(z1,...,z,)/z1 = 0}.

If Uy (z0) > 0 we are done because by (3.6) the normal derivative of ®, must
be positive at x( a fact that contradicts Hopf’s Lemma.

11



If not, 1 (z0) < ¥(xg) and then inf Wy (z) = ¥y(z;) < 0, and by an analo-
gous argument, oy (z1) < p(z1).
Then we have, by (3.5)

Cu—™

Cp—e
E(wo) < —1 (o) < s (3.8)

By Hopf’s Lemma, we can suppose that the normal derivative of ®, is neg-
ative at z, that is, using (3.8)

om 5 g !

0> r=20> —T 5P v pope e et L S
0z, oz | 2|2 (@) + /\(aﬂo)|1’0|”7("72)]Dp5 a

s = T 1 —as(p—1
P e 7 ——_pCp—2=1),
= 15 ool (o) + A($0)|x0|2p M
Then, we have
5] p - T
— = Cpm 2P, (z
1+ [zol? |zo? : ()

Replacing in (3.7) we get

a@A 6 o q B ~
——— o=, 2> ————5Ur(z0) - —5C a(g—1)§5 >
Oy fomar 2 1+ |22 A(wo) iz 2 H >
3 ENE 1 q B .
= - —50Cu ) > 3.9
T 14 |22 1+ |zo|2 pCu—e2e=1) |z |2 H > (3.9)
3 o] 6
>—F 0@ 2
= | pCp—ast—1 — IH |12

We observe that, as pg > 1, if we choose p small enough, we get that the
last term is positive which is a contradiction, and the Lemma is proved. O
Let us now start to move the plane.

Lemma 3.2 If A\g =sup{A < 0:®,,¥, >0 in iﬂf Vv < A} then
Ao = 0.
Proof: Suppose that Ay < 0. By continuity, we have

By, Uy, >0 in Xy,
In the boundary {z; = 0} N Xy,, by (3.6) and (3.7) this functions verify
8(1))\0 _ ’(/Jf\ ¢p p

_ p—1
T T -Br s 2 et e 20 (310)

12



q q
P = - 1T, 2 0,

= — >
877 |x>\|n—(n—2)q |l‘|n—(n—2)q - |z|n—q(n—2)

‘Now, by (3.10) (as n—p(n—2) > 0,n—g(n—2) > 0and Ag < 0), P, ¥, # 0
in X),, then, by the maximum principle, we have

Dy, Ty, >0 in ¥, — {Th, U{(0,...,0,2X0) } }. (3.11)
Now, let us define the following numbers, which by (3.11) are positive
_ . Aol
0 = 1nf{<I>,\0 txyp >0, |QL‘ - (0, ey 0, 2)\0)| = 7 s
_ . _ Xl
0 =1inf{¥,, : 21 >0, |z —(0,...,0,2X)| = T},

0= min{él, (52}

The point (0, ...,0,2Xg) might be a singularity point for ®,, and ¥, to
control this fact, we define h. to be the solution of the following problem:

Ah, =0 in e< |JJ— (0,...,0,2/\0)| < %‘/\0|, z1 > 0,
he=0 on |z—(0,..,0,2X)| = £[Ao[, 21 >0,
he=0 on |z—(0,..,0,2)\)| =¢, 1 >0,
%—’;;zo on &< |z—(0,...,0,2))| < 3|Xo|, z1 =0.

By the maximum principle, we have

(I)AO,\IJ)\O > ]’LE ine < ‘l‘ - (O,...,O,Q)\o)l < %|)\0|, ‘.1‘1| > 0.
Now, let ¢ — 0, and as lim,_,o+ h.(z) = §, we obtain

Pry, Uy =6 in0<|z—(0,...,0,2X)| < 3|Xo|, |z1] > 0.

AS7 in i)\o 6)\0 > (ID)\U, @)\0 > \I/)\O, we obtain

lim inf Py > inf Dy, >0
ANAO [2=(0,...,0,2X0) <[ /2 |z—(0,...,0,2X0) [<|Xg /2
120 12>

and an analogous inequality holds for 0.
By the definition of Ay, there exists a sequence (\g), Ax \, Ag such that

inf @), (z) <0 or inf U,,(z) <O0.
TEXA, TET A,

Let us suppose that -
inf ®,,(z) <0. (3.12)

IEE)\k

13



Clearly, luranoo @), () = 0, then the infimum (3.12) must be located in
some point 2% € 3y, — Bagl (0,...,0,2Xg) if |[Ax — Ao| is small enough.
2

Now, z* cannot be an interior point by the equation that satisfies ®,, , and

as @), = 0in Ty,, thus #¥ must be located on the lateral wall

A
{z/21 =0, 2, < Mg, |z —(0,...,0,2X0)| > [Ao] 0|

}-

Then the tangential derivative E);T:’“(:Ek) = 0. Now, as ®,,, U,, verify (3.6)
and (3.7), the infimum of W), must also be less than 0, and by analogous
considerations must be located in the lateral wall too.

By the boundary conditions (3.6), (3.7) and by (3.9) we have that ®,, cannot
take a negative minimum at a point on the boundary {x; = 0} N{|z| > 1}, then
we must have |2¥| < 1. Therefore we can assume (via a subsequence) that
limy, o0 2F = x0.

Then we have
0Py,

6/\0 (330) = Oa axn

=0, xTo € T)\o N {.131 = 0} (313)

and, as a consequence of (3.13), we get

0P,
ox,

(z0) = 0. (3.14)

Let g be the solution of the following elliptic problem

Ag=0 in {3/2)\0 <z, < Mo, x%+--~+x%_1<1},

g(x)=0 on {z, = /\0} N {xl a2 <1},
g() =0 on{af+ - +ap ;= 1} N {3/2>\0 <z, < Ao},
glx)=n on{z, = 3/2/\0} N{af+- - +a5_, <1},
where n = inf{®,(z) : x, = 3/2X, i+ +2%_; < 1} > 0. By construction,

we have
®A0 Z g'

Now, as g is symmetric respect to {x; = 0}, we have
3 3
% (y) = —22(2) =0 on {z, =0}
and as @y, (zg) = g(xo) =0,

o® 7)
o (w0) < 5 (o).

But, by Hopf’s Lemma, 08 (z0) must be negative which is a contradiction
o (3.14) and proves our claim. O
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End of the proof of Theorem 1.2: ;From the last Lemma we have that
(T, ey —Tn) = (z1, 0y ), Tpn < 0.
As the same is valid for z,, > 0 we obtain that ¢ is symmetric with respect

to the z,, axis.

The same argument shows that ¢ is symmetric with respect to every direc-
tion perpendicular to x1, and hence

p(x) = q(z1, [(22, ., 2n))-

We conclude that v and v depends also of z1 and |(xa, ..., z,)|. As the origin
is arbitrary we obtain that v and v are functions of x; only and we can easily
see that this is not possible unless v = v = 0.0

Proof of Theorem 1.3: As before, if u = 0, then v = 0, then we can suppose
that v and v are not identically zero. By the maximum principle, we have

c= inf v(xz) >0
|z|=2R; x1>0

and by hypothesis ||u||pe~ < L.
We now construct the auxiliary function

(2R)*
¢@ﬁ=CTﬂ?-
A direct calculation shows that
—AyY <0 for x # 0 since n = 2 and € > 0,
%:Ogg—; on {z; =0},
Y(z) =c <v(z) on {z1 = 2R} N {z; > 0},

lim inf (v(z) —¢(z)) > 0.

M—o0 |z[>M

It follows from the maximum principle that

v(x) > (), for |x| > 2R, 1 > 0.

Now, letting ¢ — 07, we obtain

v(z) > ¢, for |x| > 2R, 1 > 0.

Next, let K > 2R be a large positive number and take a smooth cut-off
function ¢(x) such that

15



(@)=0  on{lal < K} U {ja] 2 4K},
C(z)=1 on {2K < |z| < 3K},
0<¢(x) <1, |V¢(@) < £

Multiplying the equation Au = 0 by u~!'¢? and integrating by parts, we
obtain

2
/ —v”dS+// <2|V“| // 20V VY g <
{z,=0} U {z1>0} u? {z1>0} U
2
g// |VC\2d:r,+// §2@dx
{z1>0} {z1>0} u

/ —vpdS<// V¢ Pda,
{z,=0} U {z1>0}

cP 3K yp C? C

It follows that

which implies that

This is a contradiction if K is large enough. O

A Appendix

In this Appendix we prove the uniform bounds needed in the proof of Theorem
1.1. The main difficulty comes from the fact that ¢ can be less than one, so one
of the nonlinearities needs not be Lipschitz.

Let © be a bounded domain with boundary 9Q € C?T, Q) = {y € R" :
ARy + z* € Q} and ¢y, ¥y the solutions of

9er — A in Qy X [—445,0
Js ex in Q) x| INZ s Al
{ T = Ay in Qy X [~ 555, 0], (A1)
with the following boundary conditions
8% Ky in 0Qy x [—555,0], (A.2)
ﬂ =l in 90y x [—z,0].
These functions ¢y and ) also verify
o P
0< (p)\(y75)7¢)\(yv3) < la E( S) s (y7 ) = 07 (A3)
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£2(0,0) = 1. (A4)

Let D = Q\N{|y| < K} x (—K?,0). For each point (y,s) € R} x (—o0,0],
there exists a cylinder Dyg(y,s) C IR} x (—00,0]. Therefore, following the
argument of [3] we obtain a countable number of cylinders{ Dag, }ien such that
Dsg, C IR} x (—00,0] and {Dg, }ien covers IR? x (—o0,0] where Dpg, is the
cylinder with its top having the same center as the top of the cylinder Dsp,,
but with half the radius.

Since Q) approaches IR as A — 01 (see [3]), the families {px} and {¢x}
will be defined on each cylinder if A is small enough. Therefore, by (A.1), (A.3)
and the Schauder interior estimates, we obtain that

[eallcataitar2(Dr;) < ClloallLoe(pog,) < C,
[¥allcatartarz(Dr,) < CllYallze(pas,) < C,

for each 4 (see [7]), where the constant C' is independent of A.

Since the sets {@x}, {1a} forms bounded sets in C2t*1+2/2(Dp ), we obtain
that {@x}, {1A} are precompact in C?+#148/2(Dp ) for 0 < § < a (see [12]).
Therefore, by the diagonal method, we form a sequence \; — 07 such that

©Ox;, — P and Yy, — ¢ (A.5)

in C2+0:14+8/2(Dp ) for each i.
Now, let us obtain some boundary estimates for ¢y and . Let C' > 0 such
that K, < C VA, then we have

O 0Py
Hi@n | o (9D2xn00) < C, HTnHLw(aDmmam) <1

therefore, from [15], we obtain

llexllgaare @y Il casare By < Ck-
Also, if B = 0Dsg N OOy,
oYz
||87n||cw/2(3) = K¢Sl vz sy < ClleSllcrnremy <

<C (Ilw‘il\m(B) + Wi]ow/?(fﬁ)) =

q _q
<cl1+ sup |S0,\(?Jlas) @A(y275)|_’_
ly1 — y2|7

(yi,8)EB;y17#y2

+ s |3 (1, 51) — 5 (y, 52)]
(y,5:)€Bis1#s2 |51 — s2|7/2
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If ¢ > 1, from the mean value theorem, we get

|(10§\(y1a5) B <pl/1\(y27s>| — q|£|q71 |§0)\(y1as) - @A(y%s)‘
ly1 — y2|7 ly1 — y2|7

where £ is an intermediate value between ¢ (y1, s) and px(y2, s), then we obtain

% (y1,8) — @3 (y2, )| < ealy1,5) = oa(y2,9)]
ly1 — yo|” o ly1 — y2|?

In a similar way, we obtain

23y 51) = QA s2)| _ palys s1) — oa(y, 2
|51 — 32"‘//2 - |31 — 52|7/2 ’

Now, if 0 < ¢ < 1,

X (y1,8) — X (w2, 8)| o (w1, 8) — 5 (v2, 5)] (w(yhs)—w(yg,s)l)q <

ly1 — y2|? lea(yr, s) — oa(yz, 9)| lyr — yo |2/
q _ 9 _ q
< swp |29 — | (Iw(yw) wx/(y2,8)> <
sye(0,1) [T =yl Y1 — y2|7/4

<C <|S0>\(y175) - w(yz,S)l)q.
ly1 — y2|1/4

Then if we set v < min{aqg; a}, ||833%||va/2(3) < Ck. Analogously, we get
||83%H07w/2(3) < Ok, with v < min{«; ag} (observe that p > ¢). This implies
(see [17]) that ||<P>\Hcl+m1/2+w/2(m)a ||¢>\Hol+v,1/2+w/2(m) < Ck, where the
constant Ck is independent of .

Then, by the same argument as before, we can assume that the limit func-
tions ¢,¢ € CHAYZB2(RY x (—o0,0]) N C*HAIFE/2(RT x (—o0,0]) for
0 < B <. Also, we can assume that K, — K.

By this estimates, we obtain that ¢, ¥ verify

a%f =Ap in R} x (—o0,0]
{ % =A¢ in IRE % (=00, 0] (A.6)
a .
o0 = Koy?  in {y1 =0} x (~00,0]
{ %% = ¢! in {y; =0} x (—00,0] (A.7)
©(0,00=1, 0<¢ <1 (A.8)

So by the regularity theory of parabolic PDEs [15], we find that ¢, € C*
for the y and s directions up to the boundary {y; = 0}.
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By (A.3), (A.5) and the fact that the functions ¢s(y, ), ¥s(y, s) are contin-
uous up to the boundary {y; = 0}, we get that

0s(y,8),¥s(y,8) >0 for 0 <y < o0, —00 < 5 <0.

Now, by (A.8) and Hopf’s lemma we obtain that for a fixed K > 0 there
exists 6x > 0 such that ¢,9) > 6 > 0 on Hx = 0R} N{|y| < K} x [-K?,0].

Therefore, by the use of this lower bound for ¢, and the fact that ¢y, —
®; ¥, — ¢ uniformly on Hp, we have that there exists ex > 0 such that for
sufficiently large j, ¢x;, ¥, > €x >0 on Hg.

We can use this fact to obtain more regularity on the boundary. We have

that
{8%] _ [w] _
on C1H7:1/247/2 (H ) A C1+1/247/2(H )
- 50
|21|1=p1[ v(0x) CJ(HK>+ ey O (i)
—1 a
= sup [ppr Dy (¥y, } +Ck <
laj=1 L v() oy
—1 —1
p'(/}p. D '(/)/\j) 9175)_171/)1). Dy ’(/})\j) Y2, S
< sup s Yy, Dy () N, Dy(n,)(y2,9)] O <

la|=1 (yi,s)EHK; y17Y2 |y1 — y2|7
— Da’l/])vy S _Da'L)/J)\.y S
Sop s o, e D) Z D e )]

la|=1 (yi,s)EHKk; y1#Yy2 ‘yl - y2|’y

e (g1, 8) — v} (32, 9))|
+sup osup DS, (g, 9)) =
la|=1 (yi,s)EHK; y17Y2 1 — vl

K-

Now, by our previous estimates, the first term is bounded by a constant C,
and because of the lower bound for ¢y;, 1, and the mean value theorem, the
second term is bounded by another constant. Therefore,

8(,0,\,
I 877] lcrevr24vr2(pyey < Ok

and in a similar way

O,
I 317] lcr4v1249/2(m,0) < Ck

This implies that

HSDAj ||cz+w,1+w/2(HK/2); ||<,0>\]» ||C2+’Y,1+’Y/2(HK/2) < Ck,

where the constant Ck is independent of A (see [12]).
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So again, by compactness and if necessary by further refinment of the se-
quence, we obtain that

lox; = ellczroaterz(ay, ) = 0,

W,\j - ¢||c2+ﬁ,1+ﬁ/2(HK/z) — 0,

for 0 < g <~.0
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