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ABSTRACT. Let Q C RY be a bounded, smooth domain. We deal with
the best constant of the Sobolev trace embedding W'?(Q) — L7(89)
for functions that vanish in a subset A C €2, which we call the hole, i.e.,
we deal with the minimization problem S4 = inf Huﬂzvlvp((z)/”u”iq(am
for functions that verify w |a= 0. It is known that there exists an
optimal hole that minimizes the best constant S4 among subsets of 2
of prescribed volume.

In this paper we look for optimal holes and extremals in thin domains.
We find a limit problem (when the thickness of the domain goes to
zero), that is a standard Neumann eigenvalue problem with weights and
prove that when the domain is contracted to a segment it is better to
concentrate the hole in one side of the domain.

1. INTRODUCTION

Sobolev inequalities have been studied by many authors and it is by now
a classical subject due to their applications in the study of boundary value
problems for differential operators. This subject at least goes back to [1],
for more references see [5]. In particular, the Sobolev trace inequality has

been intensively studied in recent years, see [2, 6, 7, 8, 12, 16, 17, 18], etc.
Let Q be a smooth and bounded domain in RY, N > 2. For any subcritical

exponentq,thatisl§q<p*::p(]@[i__;)ifl<p<]\7and1§q<ooif

p > N, we have the compact embedding W1P(Q) — L4(09) and hence the

following inequality holds:

S l[ulzaan) < llull

p p
La(89 Wip(Q)

for all w € W1P(Q). This is known as the Sobolev trace embedding theorem.
The best constant for this embedding is the largest S such that the above
inequality holds, that is

5 > Jo IVulP + |uf? dw‘

ueWLP@\WSP(©@) ([, |uladS)P
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Here we are interested in the best Sobolev trace constant for functions
that vanish in a subset A of 2, that we will call the hole. That is,

VulP + |ulP d
fQ‘ ul [ul dz : u|A:O}.

Sy = n . { o
u€WLP(Q)\W, P () (fasz |ulg dS)

Since the embedding is compact it is easy to prove that there exist ex-
tremals for S4, see [12]. When A is closed an extremal u for Sy is a weak
solution to

“Apu+ [uPPu=0 inQ\A,
]u]p_2% =Au/T?u  on 0N\ A,
u=20 in A,

where Ayu = div(|Vu[P~2Vu) is the p—Laplacian and % is the outer normal
derivative. If the extremal is normalized as [|u[/z¢@9q) = 1 the Lagrange
multiplier A\ verifies A = S4.

Our main concern in this paper is to look for the behavior of this constant
and extremals with respect to A. Namely we are interested in the optimiza-
tion of S4 among subsets A of Q of a given positive measure. In [13] the
existence of an optimal hole A* is shown,

Theorem ([13], Theorem 1.2) Given 0 < o < 1. let us define
1.1 Sla) = inf S4.
(1.1) (a) AcaAj=al) "4
Then, there exists a set A* C Q such that |A*| = a|Q| and Sa= = S(a).
Moreover, every corresponding extremal u* verifies that |[{u* = 0} = «|Q].

A natural question now is what can be said about extremals u* and op-
timal holes A* = {u* = 0}. One method to get more information about the
best Sobolev trace constant and its corresponding extremals is to consider

the limiting problem in thin domains. This can be seen as a dimension
reduction technique. To this end, let N = n + k and define the family

Q, = {(:U,uy) D (z,y) € QCR” ka}.

For small values of j, €1, is a narrow domain in y direction.

We will call S, (a) the constant defined in (1.1) with Q replaced by €,,.
Observe that S, (a) has the following variational characterization

. fQM [VulP + |ufP dx
Sule) = ewlp(szl%f\wl’p(ﬂ ) o = 0N 2 el
" 0 u <f89u |u|q dS>

As a first approach assume that 2 is a product, = €y x Qo where
Q; C R” and Qy C R¥. Then Q, = Q1 x puf. As p gets smaller, the
domain € is approaching €21, so it is natural to expect that the problem
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(1.1) is converging to an optimal design problem in ;. It turns out that
this is the case. Moreover, the limit problem is

. le [VolP + [v]P dz
n
veW L2 (£)\{0 p/q
S ( 1)\{ } (]Ql |U|q dﬂ?)

Observe that the limit problem is no longer a trace problem but an immer-
sion one.

(1.2) S(a):= : [{v =0} > a|]

Our first result is as follows,

Theorem 1.1. Let 2 =y x Qy. Given 0 < a < 1, it holds

S“(Od) . ’QQ‘ S’(Oé)

Moreover, if we scale the extremals u,, of S,(a) to the original domain Q@ as
vu(z,y) = uu(z, py), © € Q, y € Qa, and normalize with

u/ |v,|?dSy dy —|—/ lv,|Tdx dSy =1,
891 XQQ Ql ><8§22

vy — v =v(x) strongly in W'P(Q) as p — oo,

(1.3) W ke~ (90|l

then

where v € WHP() is an extremal for (1.2). Finally, if A, is an optimal
hole for S, (c) and we scale it back to Q as A, = {(z,y) : (z,py) € Au}
then, up to subsequences,

or, equivalently,
X4, — XA in L'($),
where A = A* x Qg and A* C Qy is optimal for (1.2).

Remark 1.1. Observe that S(«) is the best constant for the Sobolev em-
bedding W1P(21) < L9(Q4) for functions that vanish in a set of measure
at least a|€q].

To see how the best hole looks like for thin domains, we further simplify
the problem and consider the simplest case in which we contract the domain
to an interval. That is, we consider 2 = (a,b). In this case we can compute
the optimal limit constant S(«) in (1.2) and also every optimal hole A* with
measure |A*| = a(b — a). We have the following result,

Theorem 1.2. The optimal limit constant S(a) is attained only for a hole
A* = (a,a + a(b—a)) or A* = (b — a(b— a),b), that is the best hole is
an interval concentrated on one side of the interval (a,b). Moreover, the
optimal limit constant is given by

Sa)— TP

Galb—a)psin (D) T
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The result for the one-dimensional limiting case in Theorem 1.2 gives us
also an idea of how the optimal hole for very thin domains that are almost
an interval looks like. It is better to concentrate the hole on one side of the
domain.

Corollary 1.1. For p small enough the best hole A, for the domain 2, =
(a,b) x pu€do with measure |A,| = «|$,| looks like A, ~ (a,a+a(b—a)) x s
or like A, ~ (b—a(b—a),b) x ufds.

If Q1 has more than one dimension we are not able to prove a result
like Theorem 1.2. For n > 2, extremals for the limiting problem can look
different than in the one dimensional case. Even for the unit cube in R?
contracted to the two dimensional square in R? the optimal hole is not
analogue to its projections onto (0,1). In order to see how an optimal
hole looks like in higher dimensions, we consider the unit square with three
different holes of measure 1/2 in Section 5.

We can also generalize Theorem 1.1 and prove a result for general geome-
tries. In this case we arrive to a problem like (1.2) but with weights that are
the volume of the sections and the surface of the boundary of the sections.

We have,

Theorem 1.3. Let Q be a bounded and smooth domain in RY. Let Q, be
the z-section of 2 and P(§2) be the projection onto the x variables, i.e.

Qo :={ycR": (z,y) €Q} and P(Q):={zcR": Q, #0}.
Then, if we call p(x) = |Qz| and B(z) = |0Q| we have that

: Su(a) _ &
,1113% pka—kp+p)/a S(a, p, 6),

where

Vo|P p d
S(e, p, 8) := inf Jp)IVOI” + [v[P)p(z) de

veWLP(P(Q), p/q
EWLP(P(Q),p) (fP(Q) v|23(x) da:>

with |[{v > 0} < a|P()|.

Here WP(P(€), p) is the weighted Sobolev space,
WP(P(Q),p) = {U :P(2) - R : / (IVuP + [vP)p(x) dz < —i—oo} .
P(Q)

Organization of the paper. To simplify and clarify the exposition, we
prove in Sections 2 and 3 our main results in the product case. In Section 2
we look at contractions in the product case and prove Theorem 1.1. In Sec-
tion 3 we deal with the limit problem in one space dimension, i.e. Theorem
1.2. In section 4 we indicate how to modify our arguments to deal with
general geometries. Finally, in Section 5, we discuss the difficulties in order
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to extend Theorem 1.2 to more that one dimension and illustrate our results
with some examples.

2. DIMENSION REDUCTION. PROOF OF THEOREM 1.1

In this section we analyze the limit, as g — 0 of S, («). We consider the
case where ) = 1 x () and leave the extension to more general geometries
to the final section.

The following notation will be used
P P
_ Jo, IVl + ful? da dy

Qu(u)
iz (faﬂu |u‘qu>P/q

)

with w € WP(Q,) \ Wy ().

We are interested in the limiting problem for S, (o) when p — 0. For this,
let us call u, an extremal for S,(«). The optimal hole is A, := {u, = 0}
and |A,| = a|Q,|. We define the rescaled extremals as v, (z,y) = u,(z, py).
We have that v, € WHP(Q), v, = 0 ae. in A, = {(x,y) | (z,ny) € 4,}
and, by a simple change of variables,

Qp(up) /Q (Vv 1™ Vyva)IP + |uu[P de dy

pka—kptp)/a - p/q
(u/ lvu|?dSy dy + / lv,|? da dSy>
001 X Q1 x002

where Vou = (Ug, ..., Us,) and Vyu = (uy,,...,uy, ). Observe that the
rescaled holes verify that |A,| = a|Q2]. We can assume that the extremals
u,, have been chosen so that the rescaled extremals v, are normalized with

(2.1) ,u/ |vu|?dS, dy +/ |o|Tdx dSy = 1.
691><Qg lean

We will also need the following lemma, that has been proven in [10]. We
only make a sketch of the proof for the reader’s convenience.

)

Lemma 2.1 ([10], Lemma 3.1). Let fp, f : Q@ — R>q be measurable functions
such that fn(z) — f(x) a.e. in Q. Suppose that |{f, = 0} — [{f = 0}].
Then

Hfn=0}A{f =0} —0, asn— oo.

Proof. By Egoroff’s Theorem, given € > 0, there exists a closed set C. C 2
such that
|IC:| < ¢ and fn — f uniformly in Q\ C..
We call E. := Q\ C:. By the uniform convergence, for any 6 > 0,
(2'2) {fn = 0} NE: C {f < 5} N Ee,

if n is large enough.
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Now, {f =0} \ {fn = 0} C (({f <O\ {fo =0} N E) U C.. Therefore,
by (2.2), we obtain
{f =0\ {fa =0} < [{f <0} — {fn =0} + 2.

Taking limit first as n — oo and then as § — 0 we obtain, as € > 0 is
arbitrary,

Tim_ [{f = 0}\ {f = 0} = 0.
The fact that lim, o [{fn =0} \ {f = 0}| = 0 follows in the same way. O

Now, we proceed with the proof of Theorem 1.1.

Proof of Theorem 1.1. First, let us prove that Q,(u,)/p*a=*r+p)/a i
bounded independently of .

To this end we choose a test function depending only on the = variable,
that is w(z,y) = f(x) € WHP(Q) with [{z € Q1 : f(z) = 0} = o]
Then, [{w = 0}| = «|€?| and

| / Vaf P+ | P da
1951

(sl [ 1s1ds,+ioa) [ 1f17d)
891 Q1

Qpuluy)

pka—kptp)/q =

P/q

>0
) A'Vmﬂpﬂfﬁdw )
1
e ( \fyqd>p/q TR
X
1971

with a constant C' independent of p. Observe that C' can be taken to be
S(a) minimizing among all possible choices for f. So we have obtained

Quln) 19|

(23) plka—kp+p)/a = |90, |P/a (@):

Next, we show convergence of v,,. For an extremal v, normalized by (2.1)
it follows that

V017 V) o d dy < €,
Q
and therefore v,, is bounded in W1P(Q) independently of u. Extracting a
subsequence p; — 0 we get
vy, = vg  weakly in WHP(Q),
vy, — vo  strongly in LP(€2).

Additionally we get

/ |V, P da dy < C,
Q
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where C' is a constant independent of u. Hence
/ |VyoulP de dy < pPC — 0  as p— 0,
Q

and it follows that the limit vy does not depend on y, that is vg = vo(x). As
WhP(Q) — L(09), we further have that v,, — vo strongly in LI(92).

Considering now the normalized boundary terms (2.1) and taking the
limit, we obtain that vy verifies

1
volfder = ——.
/Ql| e = e

Finally we want to see what limiting problem v satisfies. We begin by
considering what happens to the rescaled holes /_1“ when p — 0. As [1“ are
bounded, its characteristic functions x 4, are bounded in LP(£2). Therefore
there exists a subsequence, p; — 0, and a function ¢ € L*(Q2), 0 < ¢ < 1
such that

XA, = ¢ weakly in LP(Q2).

So that, in particular, for A = {¢ > 0}

A1z [ 6=tim [ x4, =limld,| = alol

Since we can always restrict ourselves to nonnegative test functions by chang-
ing vg, ¢ by its absolute value, vy, ¢ > 0 and

/QUO¢ = ].im/’l)quAMj =0

it follows that vy vanishes almost everywhere in A and |A| > «|Q|. Therefore
[{vo > 0} < (1 = a)]Q2].

Now we consider the quotient @, (u,,)/u*=FP+P)/ with the rescaled ex-
tremals v, normalized by (2.1). Hence

Qulu) .
i /Q'(Vw”w“ Y0P+ ul? de dy

> / IV atul? + 5P| 0P +loal? da: dy
Q N———
>0

> / |Vavul? + v, P do dy.
Q
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Taking the limit as p — 0 we get

lim inf @ ()

_XHNTH) p p
pu—0 M(kq—karp)/q > ’QQ|/§21 ’vaﬂ)0| + |Uo| dx

|V Uo‘p—i- ‘Uo’pdw‘
|QQ| /Q1 )

- |02|P/a p/q
</ |vo|? d:z;)
971

192 /Q |Vzul? + |v|P dx
= 3 1
= |0 |P/a verBP(Ql) p/q
[{v>0}<(1—a)|Q| </ |v|qd:c>
Q1

_ 9] &
= \892\7’/‘15(@).

So, combining this with (2.3), we arrive at

. Qu(uu) _ Q0] &
(2:4) ,1112% pka—kp+p)/q o |392|p/q (a)

with v is an extremal for the limiting problem. Moreover, since v, — vg
weakly in W1P(Q) and, by (2.4), lvallwir@) = lvollwie(qy, it follows that
v, — v strongly in W1P(Q).

The fact that |A,AA| — 0 as u — 0 is a consequence of Lemma 2.1. This
finishes the proof. O

3. THE LIMIT PROBLEM IN ONE DIMENSION

In this section we investigate the limit problem (1.2) in the one dimen-
sional case. This case is obviously simpler than the higher dimensional
one, mainly because two facts: first, the geometry is easier and second, the
Sobolev spaces W1P((a,b)) are contained in the space of continuous func-
tions.

Proof of Theorem 1.2. In this case, Q1 = (a,b). Now, if u € W1P((a,b))
is an extremal for (1.2), then the set {u > 0} is open and u verifies

(3.1) —([o'|P~2u) = AuP~2u  in (a,b) N {u > 0},
. =0 on d(a,b) N {u > 0},
where
1082]
A= S(a) — 1.
2] (@)

So, if we denote by Ag = {u = 0}, this is a standard eigenvalue problem for
the p—Laplacian with mixed boundary conditions on (a,b) \ Ao.
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Now, the problem of computing S(a) can be formulated in terms of opti-

mizing the first eigenvalue of (3.1), i.e.
3.2 inf A(Ap).
( ) AOC(avb) ( 0)
|Ao|>a(b—a)
In the following we solve (3.2).

To this end we introduce some general results for the p—Laplacian eigen-
value problem. The first eigenvalue for the p—Laplacian on an interval I
with Dirichlet boundary conditions can be explicitly computed, see [3], and
is given by

(2m)P(p—1)
(UDpsin (Z))°

where ¢(I) stands for the length of the interval. This formula shows that A;
is decreasing as the length of the interval I increases.

(3.3) A =

Now, as the set {u > 0} is open we can write it as an union of disjoint
open intervals

k=1

Considering problem (3.1) on each interval I, = (ag, bx) gives us eigenvalues
A(Ix) greater than or equal to the eigenvalues \ of the original problem (3.1).
For the location of an interval (ag, bi) there exist two possibilities
(1) (ak,bx) C (a,b) lies within the interval (a,b), that is a < ax < by, < b
and by, — ar < a(b— a),
(2) (ag,br) C (a,b) touches the boundary of (a,b), that is ar = a and
b <a+ (1—a)(b—a) or the symmetric case ap > b— (1 —«a)(b—a)
and b, = b.
We will denote by ¢(I)) = by, — ax the length of the interval I.
We begin with case (1) and the corresponding eigenvalue problem

—(|/|P72Y = Mu|P~%u  in (ax, by),
{u(ak) = u(by) = 0.
The first eigenvalue for this problem is given by
(2m)P(p—1)
((Ik)psin (5))P°

If we consider on the other hand case (2), the corresponding eigenvalue
problem is

A (Iy) =

—(W/P2Y = A" u in (a,by),
u'(a) =0,
u(bg) = 0.
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By reflecting the interval (a, bg) via the Neumann boundary we get an equiv-
alent problem as follows

{—<Iu’l”‘2u’>’ = AulPu in (o — (b — a), by),
u(a — (by —a)) = u(by) = 0.

The first eigenvalue of this problem is

2m)P(p —1)

M (1) = (%(Ik)psin(%))zf

So A(Ap) = infy A1 (I) is realized as the first eigenvalue of the interval of
largest length. That is, if we call

by = max{{(I},) : I N{a,b} =0}
and

01 = max{{(I},) : Iy N {a,b} # 0},
then we have obtained that

2m)P(p—1)

A(Ag) = (max{g()’Qﬁl}psin(%))p.

Now, it is obvious that this quantity is minimized among closed sets Ay
of measure |Ag| > a(b — a) when its complement is an interval of length
a(b — a) concentrating on the boundary of (a,b), that is,

(a,a+a(b—a)) or

(a,b) \ Ag = {(b—a(b—a)ab)

and in this case,

This ends the proof. O

Proof of Corollary 1.1. The corollary is a consequence of the convergence
of the optimal holes A, as yt — 0 proved in Theorem 1.2. U

Remark 3.1. In the special case of contracting the unit square (0,1)? in
R? to the interval (0,1) we have €, = (0,1) x (0, ). In the case p = 2 and
a = 1/2 the optimal eigenvalue for the limit problem is given by \* = 72
with corresponding eigenfunction

w N Jeos(VA*x) in [0,l)a
u(m)—{o e
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FIGURE 1. The extremal for S4 for the unit interval with an
optimal hole of measure %

4. GENERAL GEOMETRIES

In this section, we show how to modify our previous arguments in order
to generalize the results when € is a general bounded domain in RY and
not necessarily a product. As we mentioned in the introduction, what we
get as the limit of the best Sobolev trace constant is the best constant of
a weighted Sobolev type inequality. To prove our result we use the same
ideas as in [11], but we include the main arguments here for the sake of
completeness.

Let Q ¢ RY = {(z,y) | * € R*, y € R} be a general bounded smooth
domain and we consider Q,, = {(z, ny) | (z,y) € Q}.

We want, as in the product case, to write the integrals involved in the

quotient @, (u) as integrals over the projection of €2 over y. To do this, we
define

Q= {y eR" : (z,y) € O}
and
P(Q) = {z € R" : 3y € R* with (z,y) € Q}.
For a given function u, € WHP(Q,), we call v,(z,y) = w,(z,py). Then
v, € WP(Q) and, by Fubini’s theorem,

/ Vuul? + |u P do dy = p* /Q (Vs 1 Vo) [P+ foufP dae dy

I
[ < [ At )i+ |vu|pdy) iz,
P(Q) Qz

Observe that if v, = v,(x), we obtain

/ Vgl + [ual? de dy = o / (V0P + [04[?) 2] da
QM P(Q)
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To deal with the boundary, by our assumptions on the domain, 02 can
be locally described as the graph of a smooth function. So we have that

l T
00 = U S; U U T; (disjoint union),
i=1 j=1

where, after relabelling the variables if necessary,
S; = {(z,y) : y1 = hi(x,y)}, where h; : D; CRV"! - R
and the terms labelled T} collect the “vertical” parts of the boundary
Ty = {(z,y) : 21 = g;(«,y)}, where g;: E; CRY"! - R,

As T} is “vertical”, we can assume that the parametrization has been taken
such that, in the case x; = g;j(2’,y), the function g; verifies V,g; = 0 in Ej.
Observe that

!
P(Q) = U P(D;) (not necessarily disjoint).
i=1
Hence, 052, is described as
l r
o, = U Sipu U U Tj . (disjoint union),
i=1 j=1

where S; , = {(z,y) : y1 = phi(z,p~y)}, with h; : D; C RN~ — R and
Tip={(x,y) : &1 =g;(a',p1y)}, with g; : E; C R¥N~1 — R. We have

l T
/ |u,,|?dS = Z/ |u|?dS + Z/ |u|? dS.
o, i—1 Y Siu j=1"Tjn

In the first case,

/ || dS = pF! /D |Uu|q\/1 + 12|V ehil? + |V hi|? dz dy’

Sip

= uk_l/ v Tw; p dz dy'.
D;
It is easy to see that w; , — w; uniformly in D;, where

wi =4/14+ |Vy/hl-]2.

In the second case, using that V,g; = 0 in E;, we get

| tdras =i [ Q15 Fog ¢ g e dy

VAL J

=u’“/ (091 + (Vg 2 d’ dy
E.

J

= 'u,k/ |Uu|q’)/j dIL‘/ dy

J
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Collecting all these facts, we have that

/ Vul? + |l da dy

Qulup) 1 2
p/q
‘“u|qu)

L

pka—kp+p)/a — y(ka—kp+p)/q
/Q ‘(vmvm /J'_lvyvp,)‘p + ‘Uﬂ‘p dx dy

l T
Z/ v |w;,y, da dy’+u2/ v,| Ty dx’ dy
i=17Di j=1"E;

p/q’

Once these observations have been made, using the obtained expression
for Qu(u), all the arguments given in the previous sections follow without
major changes.

After performing the computations, we get that the weights that appear
in the statement of Theorem 1.3 are given by

!
p(z) = || and B(z) = Z/(D) widy'.
i=1 7 (Di)a

Note that, from the explicit expression of 3(x) we get

l
ﬂ(m):Z/ V14 [ Vyhil2dy = |09
i=1 7 (Di)a

Finally, observe that by our assumptions on 0f2, the functions w; €
L%(Dy), s0 3 € L®(P()).

5. THE LIMIT PROBLEM IN HIGHER DIMENSIONS. EXAMPLES

The difference in more than one dimension is the difficulty of computing
the optimal hole for the limit problem. Theorem 1.2 is not true for n > 2
and extremals for the limiting problem can look different than in the case
of an interval. Even for the unit square contracted to two dimensions the
optimal hole is not analogue to its projections on (0,1). To see this we
consider the unit square with three different holes of measure 1/2, compare
Figure 2.

1st hole We begin with the unit square Q = (0,1)? with the hole A;
plotted in the first image of Figure 2. The corresponding eigenvalue problem
—Au= M u (0,3)x(0,1),
Uy =0 z =0,
Uy = y=0Ay=1,
u=0 (3,1) x (0,1).
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can be solved explicitly and gives the first eigenvalue A = 72. Taking \ =
254, — 1 we get

(5.1) S, ~ 5.4348.

2nd hole Now we consider the same problem with a hole A like in
the second picture of Figure 2. This gives an eigenvalue problem for the
laplacian on a triangle with mixed boundary conditions. Since the solution
of this problem is much more complicated than in the first example we only
consider the value of the quotient in Sy, for a test function. For this let
u(x,y) =y — z and

/ lu® + |Vul? dz dy
(0,1)2

/ lul? da dy
(0,1)2

the quotient of Sy, for this particular choice of u. This quotient Q(u) can
be easily computed and gives an upper bound for S4,

(5.2) Sa, <Qu) =4.
The comparison between the value for S4, in (5.1) with the upper bound for

S4, in (5.2) shows that A; is not the optimal hole for the limiting problem
of the unit square.

Q(u) =

3rd hole Our last example is the unit square = (0,1)? with a hole
A3 =(0,1) \ B(0,+/2/m) and the cone centered in one corner of the square
as a test function. The cone ¢(r, #) written in polar coordinates is given by

T = 1cosb,

y =7rsind,
with 7 € (0,4/2/7), 0 € (0,%). Again the quotient Q in S4, can be com-
puted explicitly and gives an upper bound on Sg4,

Sa, < Q(c(r,0)) =~ 7.1730.

A1

A2 A3

FIGURE 2. Three examples of unit squares with holes
(flt.r.) Ay, Ay and A3 of measure 1/2 respectively.
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General geometries Now we turn our attention to general geometries.
To illustrate the influence of the weight in the limiting problem for general
domains we consider two examples of domains with nonconstant weights,
compare with Figure 3.

(=]
- — - =
W
(=]
N

(a) (b)
FIGURE 3. Two examples of domains in R? with nonconstant weight.

Example 1 The corresponding weight for the L-shaped domain in Figure

3(a) is
)2 z€(0,1)
p(x)_{l ze(1,2),

and the weight for the boundary in the denominator of the limiting quotient

Q is constant 3(z) = 2. For a fixed hole A in the interval (0,2) and corre-
sponding function u, () can be computed explicitly. Concentrating the hole
of measure 1 (that is |Qg| /2 = |(0,2)| /2) on the left side of the interval with

- 0 T € (0, 1], 0 u)
w(z) = { z ve(12)

we get Q(u) = (%2 + 1)/2. Comparing this with the same hole placed
on the right side of the interval with Q(u,) = %2 + 1 we end up with the
following inequality

Q) < Q(uy).

This supports the conjecture that in the case of a constant boundary weight
[ the hole should be placed where p attains its maximum values. Note that a
nonsymmetric domain 2 like in the case of the L-shaped domain also results
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in a nonsymmetric limiting problem that depends on the geometry of the
domain.

Example 2 Now, we consider the example of a domain like the one in
Figure 3(b) consisting of two balls of radius 1 and a rectangle of size 2 x 1/2
we want to discuss three cases of locating a hole of measure || /2 = 3 in
the interval (—3,3) (that is the limit domain in this case). The weight in
the domain (—3,3) this time is given by

(@) 1 within the support of the rectangle
xr) =
p 1—(z+2)? within the support of the two balls.

The boundary weight ( is again constant and equal to 2. The following
results were computed numerically with Maple. We begin with considering
two examples again pointing out the role of the weight p. In the first case
we concentrate our hole in the middle of the interval on the support of the
rectangle,

uc(z) = { cos(5z) x € (—1.5,15), o)
0 x € [1.5,3).

This gives Q(u.) = 1.04831.
Now consider the quotient for the hole splitted in two parts each located
on one side of the interval

cos(5(z+3)) =z € (-3,-15), ]
us(z) =40 ze[-15,15], O -
cos(5(x —3)) z € (1.5,3). 1

This gives Q(us) = 1.73887. The role of the weight p appears again,
namely that it is better to place the hole where p is large.

To conclude with this example, we now concentrate the hole on one side of
the interval. Because our problem is symmetric it does not matter on which
side we place it. The quotient gives Q(u;) ~ 0.9094 which is, as follows from
our theoretical results, the best that can be obtained.
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