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ABSTRACT. In this work, we review and extend some well known results for
the eigenvalues of the Dirichlet p—Laplace operator to a more general class
of monotone quasilinear elliptic operators. As an application we obtain some
homogenization results for nonlinear eigenvalues.

1. INTRODUCTION

In this work we review the eigenvalue problem associated to the p—Laplace
operator,

—Apu = —div(|VuP72Vu) = dpu in
u=20 on 012,

we describe its history and the main results obtained in the past years, and we
extend those results to more general quasilinear problems.

To be precise, we consider the equation

—div(a(z, Vu)) = Mp(z)|u/P72u  in Q

1.1
(1.1) u=0 on 0f)

where the functions a(x,£) has the same homogeneity of |£[P72¢, and has precise
hypotheses that we state below (see Section 3). The domain Q C R¥ is assumed
to be bounded, N > 1, and the weight function p is assumed to be bounded away
from zero and infinity.

We denote the spectrum of (1.1) by X, i.e.
¥ := {X € R: there exists a nontrivial weak solution to (1.1)},

and we focus our attention on the properties of the set ¥ and the associated eigen-
functions.

The paper is organized as follows: in Section 2 we introduce the origins of
the p—Laplace operator, and the history of the developments made for the eigen-
value problem. In Section 3 we introduce more general operators generalizing the
p—Laplacian, we define its variational spectrum (which is not known if coincides
with X)), and we collect some necessary definitions and results. Section 4 is devoted
to the properties of eigenvalues and eigenfunctions. Finally we close the paper with
some recent results on eigenvalue homogenization in Section 5.
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2. A BIT OF HISTORY

The one dimensional p—Laplace ordinary differential equation,

(2.1) ~(ly'P~2y)" = pla)lyP~?y
was studied first by Leonhard Euler, in the work [26] appeared in 1728. Several

cases were presented as an example of a nonlinear second order equation which
cannot be integrated with known techniques.

He considered nonlinear equations of the general form
azx™dxP = y"dyP~2ddy,

where a is a constant, which correspond to equation (2.1) when a = —(p — 1)~ %,
p=2", and n = 1 — p. He introduced in that work the exponential function in
order to change variables, and reduced it to a first order equation. He used the
following substitution

1
{ rrFr=T = el #dt

Y= e(m'H’) J =dt

in paragraphs 7-9, where “dz constant ponatur” means that x was chosen as the
independent variable, and then ddx = 0.

Observe that, although this substitution enable us to work with Emden-Fowler
like equations

—(ly' P2y = lyl"?y,
a different one is needed when p = ¢ since n = 1 — p. This case was included in
paragraph 20, where he considered
dym—lddy — P(l‘)ymdl‘m+l + Q(Z‘)ym_bdybd$m_b+l

(we have interchanged x and y for readability; note that a wrong d was added in
translation, which is not present in the original work). In modern notation, with
m =p— 1, reads

1Py = P(@)|yP 2y + Qa)y” Iy,

Euler emphasized the homogeneity of the three terms involved, and the fact that
more similar terms can be added. For this equation he derived a generalized Riccati
equation, rediscoverd for the one dimensional p—Laplacian in the 20" century:

P72 4 2P = Q(y)2" + Ply),
or, by calling 2P~ = w
/

S WP = Qw4 P(y)

(2.2)

When @ = 0, the Riccati equation (2.2) was used by Beesack in 1961, see [9],
connected with optimal constants in Hardy’s inequality. Let us remark that Bihari
in 1956 studied a related nonlinear equation in [10],

-y =Q)f(y,9),

with yf(y,v") > 0, f(cy,cy’) = ¢f(y,y’), and Lipschitz on every bounded domain
of R. However, this last condition excludes the p—Laplacian.
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Few years later, Browder studied N —dimensional quasilinear equations, inspired
in previous works of Visik, see [13, 14] and the references in this work. He introduced
the so-called monotonicity methods (discovered almost simultaneously by Minty
[39], and Vainberg and Kachurovski [41]). Since then, the study of quasilinear oper-
ators experimented an explosive growth, and both variational and non-variational
techniques were introduced by by Browder, Fué¢ik, Ladyzhenskaya, Leray, Lions,
Morrey, Necas, Rabinowicz, Schauder, Serrin, Trudinger... among several other
mathematicians.

The eigenvalue problem for the p—Laplace operator started with the pioneer-
ing work of Browder [15, 16, 17, 18]. In those papers, he studied the nonlinear
eigenvalue problem A(u) = AB(u), where A is real parameter, and

A(u) = Z (—1)|Q‘Dana (z,u,...,D™u),

lal<m

Bu)= > (-G (x,u,...,D" u).
[B]<m—1
This higher-order elliptic problem is the Euler-Lagrange equation of the variational
problem

min{/ F(z,u,...,D™u)dz: u €V and /G(m,u,...,Dm_lu)dx:c}
Q Q

where V' is some closed subspace of WP ().

By introducing the variables ( = {(q4: || = m}, ¥ = {¢e: [¢] < m — 1},
the functions F, G are measurable in x, and C! in the variables 1, ¢, satisfying
polynomial growth conditions which include the following particular case for the
Dirichlet boundary value problem,

|F'(2, 10, Q)] <e(L+[CIP + [4[P),
|Fal + [Fel <c(I+[¢[P7" + [P,
G =ut

where 1 < p < 00, ¢ < np(n —mp)~! for n > mp, and any q for n < mp.

With appropriate conditions of ellipticity and coercivity, the existence of an
eigenvalue and a corresponding eigenfunction which is a weak solution of A(u) =
AB(u) can be found in [15]. Moreover, for p > 2, and imposing more regularity
on F and G (at least C? in the variables ¢ and (), the existence of a sequence
of eigenvalues was announced in [16] and proved in [17]. We can found in those
works the heavy —now standard— machinery of Palais-Smale sequences, deformation
lemmas, Lyusternik-Schnirelman category, and monotonicity arguments.

Finally, a different approach can be found in [18], based on Galerkin approxi-
mations. Here, for higher-order quasilinear operators satisfying the same coercivity
and polynomial growth conditions, the regularity conditions can be relaxed, and a
sequence of eigenvalues is obtained for C! functions and 1 < p < oco.

Since then, several works devoted to this subject appeared. The interested reader
can browse into the book of Fucik, Necas, J. Soucek, and V. Soucek [33] for a survey
up to the mid 1970s. It is worth noticing that several of the works cited therein
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were published in Russian, or in journals from Central and East Europe, so many
results were rediscovered later. Nonlinear eigenvalue problems was an active area
of research among Czech, German and Hungarian mathematicians in this decade
(we mention Amann, Elbert, Fuéik, Hess, Kufner, Necas, and Zeidler, to cite only
a few of them). See for example [3] for generalizations of the Browder’s results and
applications to Hammerstein’s equations; [32] for integro-differential equations; and
[43] where two sequences of eigenvalues going to oo were obtained for indefinite
eigenvalue problems.

In the p—Laplacian case, i.e. when a(x,£) = [£[P~2¢, and for Dirichlet boundary
conditions, the structure of X has been analyzed by several authors and it is know
that

e ¥ C (0,00) is a closed set, see the work of Lindqvist [38].

e )\; = min Y is the only eigenvalue that has a nonnegative associated eigen-
function (i.e., is a principal eigenvalue). This principal eigenvalue has a
variational characterization given by

VoulPd
A = inf M
vewdr () fo |v|Pdz

The above infimum is realized precisely at eigenfunctions associated to Ap.
See [4, 38].
e )\ is isolated and simple. That is, there exists § > 0 such that

AL, A\ +0)NE =0,

and if uy,us € WO1 P(Q) are two eigenfunctions associated to A; then there
exists ¢ € R such that u; = cua. See [2, 4, 38].
e There exists a sequence of variational eigenvalues, usually denoted by X,
given by
N Jo V[P dx
kT e, igg S

where Cp = {C C W3P(Q): Cis closed,C = —C,~(C) > k} and 7 is
the Krasnoselskii genus. This was the approach of Browder, by using the
Lyusternik-Schnirelmann theory, see also [34, 35].

e There exists other possible ways to construct variational eigenvalues for
this type of equations. Some authors prefer to call X, the Lyusternik-
Schnirelmann eigenvalues, although in this work we will use the more ex-
tended denomination and refer to these as the variational eigenvalues. See
[24] for a comprehensive discussion on this topic.

e The sequence X,, has the asymptotic behavior given by the Weyl’s law

p\ X p\ X
C\| =7 S )\k S C (> )
(Iﬁl) €2
for some (universal) constants ¢, C > 0 depending only on N and p. See
[31, 35].
e As the first eigenvalue \; is isolated in 3 which is a closed set, the second

eigenvalue is well defined as

Ay :min{)\e % A>>\1} > M.



QUASILINEAR EIGENVALUES 5

It is known that As coincides with the second variational eigenvalue \s.
See [6, 22].

e For one dimensional problems, Q = (a,b) C R it is known that any eigen-
value is simple, the eigenfunction corresponding to A has exactly k + 1
zeros counting the boundary points a and b, and this fact enable us to ob-
tain them variationally. The eigenvalues can be computed explicitly, and
the corresponding eigenfunctions are obtained in terms of the Gaussian
hypergeometric function (see [8, 23, 28, 42]).

e A major open question is to know whether if ¥ = X,,, or not. An answer
to this problem is only known in one space dimension. In this situation
the question is answered positively, using that eigenvalues associated to Ag
has k nodal domains. See [28, 42]. A negative result is known for periodic
boundary conditions, see [11, 24, 25].

The objective of this paper is the extension of all these facts to the more general
problem (1.1). Let us observe that the first two items were already generalized to
(1.1) by [37]. So here we complete the program in performing the others extensions.

As a corollary of our results we obtain some alternative proofs of convergence
theorems for nonlinear eigenvalue homogenization that were originally proved in

[19].

3. PRELIMINARY RESULTS

In this section we review some results gathered from the literature, enabling us
to clearly state our results and making the paper self-contained.

3.1. Monotone operators. First, we give the precise hypotheses on the coeffi-
cient a(z, ) in order to be able to treat the eigenvalue equation (1.1) variationaly.
The precise context is the assumption that the induced operator A: WO1 Q) —
W12 (Q) given by

Au = —div(a(z, Vu)),
defines a monotone operator.

So we assume that a: Q x RN — RY satisfies, for every ¢ € RY and a.e. = € Q,
the following conditions:

(HO) measurability: a(-,-) is a Carathéodory function, i.e. a(z,-) is continuous
a.e. x € €2, and a(-,£) is measurable for every £ € RV,

(H1) monotonicity: 0 < (a(x,&1) — a(x, &2)) (&1 — &2).

(H2) coercivity: a|¢P < a(zx,§)E.

(H3) continuity: a(z, &) < BlEP~L.

(H4) p—homogeneity: a(x,t&) = tP~ta(x,€) for every t > 0.

(H5) oddness: a(x, —§) = —a(x,§).

Let us introduce ¥ (z, &1, &) = a(x, &)& + a(z, £)& for all £1,& € RY, and all
x € Q; and let 6 = min{p/2,(p — 1)}.

(H6) equi-continuity:
‘G(I,fl) - a(m,£2)| < C\Ij<x761’52)(;0_1_6)/17(@(1'751) - a(£7€2))(€1 - 52)6/;0
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(H7) cyclical monotonicity: Zle a(x,&)( &1 — &) <0, for all K > 1, and

&1, Sty With & = Gy
(H8) strict monotonicity: let v = max(2, p), then

alé — &1 (x,€1,&) 0P < (a(z,€) — a(x, &) (€61 — &a).

See [7], Section 3.4 where a detailed discussion on the relation and implications
of every condition (HO)-(HS) is given.

In particular, under these conditions, we have the following Proposition:

Proposition 3.1 ([7], Lemma 3.3). Given a(z,§) satisfying (HO)—(H8) there exists
a unique Carathéodory function ® which is even, p—homogeneous strictly convex
and differentiable in the variable £ satisfying

(3.1) af]” < &(x,€) < BIEIP
for all ¢ € RN a.e. x € Q such that
Ved(z,8) =pal(z,§)
and normalized such that ®(x,0) = 0.
Remark 3.2. In the one dimensional case, hypotheses (H4) and (H5) imply that
a(z,€) = a(z)[E[P72¢,
with a(z) := a(z,1). In this case, the potential function ® is given by
P(z,§) = a(x)[¢]".
Remark 3.3. In dimension N > 1, the prototypical example for a(z, ) is
p=2
a(z,€) = |A()§ - €|"F A(x)é.
In this case, the potential function ®(x,&) of Proposition 3.1 is given by

O(x,€) = 2|A(2)€ - €|°

3.2. Definition of G-convergence. For our application to homogeneization, the
concept of G—convergence of operators is needed. We review here the basic defini-
tions and properties.

Definition 3.4. We say that the family of operators A.u := — div(ac(z, Vu)) G-
converges to Au := —div(a(x, Vu)) if for every f € W12 (Q) and for every f.
strongly convergent to f in W‘l’p/(Q), the solutions u® of the problem

{— div(ae(x,Vu®)) = fc inQ
u® =0 on Of)
satisfy the following conditions
ut —u weakly in W*(€2),
as(x, Vu®) — a(z, Vu) weakly in (LP(Q))V,
where u is the solution to the equation

—div(a(z,Vu)) =f inQ
u=20 on 0f.
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For instance, in the linear periodic case, the family —div(A(%)Vu) G-converges
to a limit operator — div(A*Vu) where A* is a constant matrix which can be char-
acterized in terms of A and certain auxiliary functions. See for example [21].

It is shown in [7] that properties (H0)—(H8) are stable under G—convergence, i.e.
Theorem 3.5 ([7], Theorem 2.3). If A.u := —div(ac(x,Vu)) G—-converges to
Au = —div(a(z, Vu)) and as(z,§) satisfies (H0)—(H8), then a(x,§) also satisfies
(HO)—(H8).

In the periodic case, i.e. when a.(z,§) = a(%,§), and a(-,§) is Q—periodic for
every £ € RV, one has that A. G—converges to the homogenized operator A;, given
by Apu = —div(an(Vu)), where ay, : RY — RY can be characterized by

(3:2) aM@zﬁm]A()M%Vﬁ+®M

where £ € RN, Q,(z;) is the cube of side length s centered at z, for any family
{zs}s>0 in RN and x§ is the solution of the following auxiliary problem

{— div(a(z, Vx5 +€) =0 in Q(2)

(3.3) ¥ € WEP(Qu(2)),

see [12] for the proof.
In the general case, one has the following compactness result due to [20]

Proposition 3.6 ([20], Theorem 4.1). Assume that a-(z,§) satisfies (H1)—(H3)
then, up to a subsequence, A. G—converges to a mazximal monotone operator A
whose coefficient a(z,§) also satisfies (H1)—(H3)

In the one dimensional setting the G—limit is easily computed. In fact we have
the following fairly easy proposition. For p = 2 this is well known, see [1] and for
general p the extension is straightforward

Proposition 3.7. Let A.u := —(a.(z)|u'[P~2u") with a. € L™ (R) that satisfies
(3.4) a<ac(x) < B,

for some constants o, > 0. Then, up to a subsequence, A. G—converges to
Au = —(a3(z)u'[P~2u'), with o}, € L™ (R) given by

1
* — g—(p=1) TNy
a, = a, and Qe — ap.

Proof. Let f. € W=1(I) be such that f. — f in W~1#'(I).
Let g. € LP(I) be such that ¢/ = f. and g. — g in LP(I). Hence ¢’ = f.
Let u. be the weak solution to
~(ac(@) P2y = £ in T
Lumuano
Then, there exists a constant c. such that a.(z)|ul[P~2u. = c. — g..

Let ¢, (z) = |z[P72z. Then ¢, is invertible and so

(3.5) ul = go;l(cs —ge)ac(z) TP 1.
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Since (ue)eso is bounded in VVO1 P(I), we can assume that is weakly convergent to
1

some u € VVO1 P(I) and, since a, is bounded away from zero and infinity so is ae "',
so we can assume that there exists a, € L°>°(I) such that

1

-5
Qe

= @
Moreover, we can assume that g. — ¢ in LP(I), and that ¢. — c.
Now we can pass to the limit in (3.5) and obtain
u' = ¢, (e — g)ay(x)

The proof is now complete. O

4. PROPERTIES OF THE EIGENVALUES AND EIGENFUNCTIONS

In this section we prove the main results of the paper, namely we study the
properties of the spectrum X of the following (nonlinear) eigenvalue problem

(41) —div(a(z, Vu)) = ApluP~2u in Q

’ u=0 on 0f)
where a(x, §) verifies (HO)—(H8) and

(4.2) 0<p <plx)<ph < a.e. in .

As we mentioned in the introduction we extend here to (4.1) the results that are
well-known for the p—Laplacian case.

The methods in the proofs here very much resembles the ones used for the
p—Laplacian and we refer the reader to the articles [5, 6, 4, 36, 38].
We recall that the spectrum ¥ is defined by

> := {\ € R: there exists u € W, ”, nontrivial solution to (4.1)}.

We begin with this proposition

Proposition 4.1. The spectrum X of (4.1) is closed and, moreover, 3 C (0, 00).

Proof. First, observe that (H2) trivially implies that ¥ C (0, +00). In fact, if A € &
and u € W, P(Q) is an eigenfunction associated to A, then we have, from (H2)

(4.3) a/ [Vul|P de < / a(xz, Vu)Vudr = )\/ p(x)|ul? d,
Q Q Q

from where it follows that
o [o | Vul? dx

A>
= Jop@)lulp da

The fact that X is closed follows from the monotonicity of the operator A. In fact,
let A; € ¥ besuch that A\; — A and let u; € Wol’p(Q) be an eigenfunction associated
to Aj. We can assume, from (H4), that u; is chosen so that |lu;|zrq) = 1. Then,
since {\;}jen is bounded, from (4.3) it follows that {u;},cy is bounded in W, ().
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Therefore, taking a subsequence if necessary, we have that there exists u €
WP (€) and, from (H3) that there exists n € (L?' (Q2))Y such that
uj —u  weakly in W, P(9Q)
u; — u strongly in LP(2) and a.e. in Q
a(xz,Vuj) = n weakly in Lp/(Q)

From these convergences we obtain that ||ul/z»o) =1 (so that u # 0) and

(4.4) / nVudr = )\/ p(x)|[u|P~ uw da
Q Q
for every v € Wy’ (). So, the proof will be finished if we show that
(4.5) /a(:b,Vu)Vv dx = / nVoudz
Q Q

for every v € VVO1 (Q). For this purpose, we make use of the monotonicity inequality
(H1) and the fact that u; is an eigenfunction associated to A;. In fact, for every

w e WP (Q),

0< /Q(a(x, Vu;) — a(z, Vw))(Vu; — Vw) de

= / Nip(2)|us P 2w (v — w) do —/ a(z, Vw)(Vu; — Vw) dz.
Q Q

Taking the limit j — oo in the former inequality, we get, using (4.4),

0< /Q Mo () [ulP~?u(u — w) do — /Qa(a;7 Vw)(Vu — Vw) dz

= /Q n(Vu — Vw) dz — /Q a(x, Vw)(Vu — Vw) dx.

So, if we take w = u — tv with v € Wol’p(Q) given and t > 0, we immediately get
0< / (n —a(z, Vu — tVv))Vu dz,
Q
and taking t — 0+, we arrive at

OS/Q(T]—a(:r,Vu))Vvdm.

From this inequality is easy to see that (4.5) holds and so the claim follows. (]

The existence of a sequence of variational eigenvalues for (4.1) can be traced
back to the papers of F. Browder, as we pointed out before. We state the result
here for further reference.

Theorem 4.2 ([20]). Let {\;}ren be the sequence defined by
P(x, Vv
A = inf sup 7&7 ( )
CeCivec  JoplolP
where ®(x, &) is the potential function given in Proposition 3.1,
Cr = {C Cc WP (Q): C closed, C = —C, v(C) > k}

and ¥(C) is the Kranoselskii genus.
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Then {\g}keny C X and Ay — 00 as k — oo.

We refer the reader to [40] for the definition and properties of ~.

As for the asymptotic behavior of the sequence Xyar = { A bren this follows easily
from the variational characterization given in Theorem 4.2, the coercivity inequality
(3.1) and the asymptotic behaviors for the eigenvalues of the p—Laplacian found in
[35] and refined in [31].

More precisely we have

Theorem 4.3. There exists ¢,C > 0 depending only on p, N such that

o [ k\V 5<k>5
c— (=) <n<CcZ (),
p+(|9|> i p~ \ 19

where «, 8 are given in (3.1) and p_, p4 are given in (4.2).

Proof. From (3.1) and (4.2) it follows that, for every v € W, () we have
o Jo Vol de - Jo ®(z, Vv) - B JoIVulP d:v.
0T JltlPds = Jopl S o JyoPde
From these inequalities and the variational characterization of X, we obtain

« B
THE < Ak < —— ik,
P p

where {p }ren are the variational eigenvalues of the p—Laplacian. Now, the con-
clusion of the Theorem follows from the Weyl’s asymptotic formula for {uy }ren
proved in [31]. O

The following maximum principle for quasilinear operators was proved in [37]
and it will be most useful in the sequel.

Theorem 4.4 ([37)], Section 6.2). Assume that u € W,P(Q) satisfies

loc
/ a(z, Vu)Vé + plulP2up > 0, V¢ € C3°(Q), ¢ > 0.
Q
Consider its zero set
3:={z € Q: a(x) =0},
where 4 is the p—quasi continuous representative of u.
Then, either Capy(3) =0 or u = 0.

For the properties of the p—capacity and the p—quasi continuous representative
of a Sobolev functions, we refer to [27].

The following result gives the positivity of the first eigenfunction.

Theorem 4.5 ([37], Proposition 5.3). Let u be an eigenfunction corresponding to
A1. Then exactly one of the following alternative holds:

u >0 or u <0
and the set of zeroes of u satisfies
Capp({u=0}) =0.
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Proof. Assume that u*#0 and let us show then that 4~ = 0.

First observe that a(z,£){ = ®(z,£). This fact follows from the homogeneity of
® and Euler’s differentiation formula for homogeneous mappings.

By using u* as test function in (1.1) we deduce that

/<I>(x7Vu+):/\1/p|u+|p
Q Q

* is also an eigenfunction corresponding to ;. It satisfies hence

and therefore u
(1.1) and we get

—div(a(z, Vu™)) = ApluT P~ in Q,

ut >0, ut#0 in Q,

u=20 on 0f).
By the maximum principle as stated in Theorem 4.4, we deduce that v~ = 0 and
Capp({u =0}) =0. O

The following result gives the simplicity of the first eigenvalue. It follows by
using a Picone type identity, see [2, 4, 36, 38]. We consider that eigenfunctions
associated to A; are regular enough to guarantee that the following Picone type
identity holds.

Lemma 4.6. Let v > 0, u > 0 be two continuous functions in Q differentiable a.e.
Let us denote

L(u,v) = ®(x,Vu) + (p — 1)(%)p<1>(x, Vv) — (E)p_1<a(x, Vv), Vu),

v

R(u,v) = (alx, Vu), Vu) — (afz, V0), 7 ur ).

pp—1

Then, (i) L(u,v) = R(u,v), (4) L(u,v) > 0, (i) L(u,v) = 0 a.e. in Q if and
only if u = cu for some c € R.

Now, simplicity of the first eigenvalue can be proved with a standard argument
by using the Picone’s identity given in Lemma 4.6.

Theorem 4.7. Let u, v be two eigenfunctions corresponding to \1. Then there
exists ¢ € R such that u = cv.

Proof. Let u,v be two eigenfunctions associated to A\;. We can assume that u and
v are both positive in 2. We apply Lemma 4.6 to the pair u,v + ¢ and obtain

OS/L(u,v—i—s)dx:/R(u,v+a)da:
Q Q

uP

:)\1/9;)(3:)|u|1’d3:—/Q<a(3:,Vfu),V(vp_l)>da:.

Since the function # € Whr(Q), it is admissible in the weak formulation of
v. It follows that

pP~1

0< /QL(u,v +e)dx < )\1/QP($)|U|p(1 - m)dw.
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Letting € — 0, we obtain

/ L(u,v)dz = 0,
Q

but then L(u,v) = 0 and by Lemma 4.6, there exists ¢ € R such that u =cv. O

The proof in the general case, when Lemma 4.6 is not true a.e. in 2, is quite
more complex and can be found in [37], Theorem 1.3.

Theorem 4.8 ([37], Section 6.2). Let uy be an eigenfunction corresponding to A,
then uy does mot changes sign on ). Also, the first eigenvalue is simple, that is,
any other eigenfunction u associated to \1 is a multiple of u.

Next, we show that the first eigenvalue A; is isolated in ¥. The key step in the
proof of the isolation is the next result:

Proposition 4.9. Let A € X and let w be an eigenfunction corresponding to A # A1.
Then, w changes sign on Q, that is ut # 0 and u~ # 0. Moreover, there exists a
positive constant C independent of w and A such that

QT > CATY, Q] > CAY,

where QF denotes de positivity and the negativity set of w respectively, ~ is a positive
parameter, and C depends on N,p, p™ and the coercivity constant o in (H2). Here,

y=(N-p)/pifp<N,y=1ip=N,andy=(p—N)/N ifp> N.

Proof. Let w be an eigenfunction corresponding to A # A; and let u be an eigen-
function corresponding to A;.

Assume that w does not changes sign on 2. We can assume that w > 0 and
u > 0in Q. For each k € N, let us truncate u as follows:

ug(z) = min{u(x), k}

and for each £ > 0 we consider the function u? /(w + )P~1 € W, *(Q). We get

ub ub
4.6 , Vu)Vu—a(x,V V(i’“):/)\ P \pwP ! ——E
46) [ alwVu)Vu—ate. )V () = [ e - e
We claim that the integral in the left hand side in (4.6) is non-negative. Indeed, let
® be the potential function given by Proposition 3.1. Then, as ® is p—homogeneous
in the second variable we have (see [37], p.19)

a(z, Vu)Vu — a(z, Vw)V((w_fE)p_l) =

(4.7) v

p{CI)(:c, V) + (p — 1)®(z, Vw) — afz, w“ﬁ va)vuk}.

w+ €
By using the property that & — ®(z,£) is convex, we easily deduce that (4.7) is
nonnegative. Therefore, coming back to (4.6) we get

p
u
k > 0.

4. Apu? — ApwP~t——FE
(4.8) /Q 1pU pw (w e =
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Since by the strong maximum principle for quasilinear operators (Theorem 4.4) the
set {0 = 0}, where w is the p—quasi continuous representative of w, is of measure
zero then (4.8) is equivalent to

p
u
(4.9) / ApuP — ApwP™——E >,
{w>0} (w +e)pt

Now, letting € — 0 and k — oo in (4.9), we get

(a2 [ plul =0
Q

which is a contradiction. Therefore w changes sign on (2.

The second part of the proof follows almost exactly as in the p—Laplacian case.
Let us suppose first that p < N. In fact, as w changes sign, we can use w™ as a
test function in the equation satisfied by w to obtain

/a(x,Vw)Vw+ z)\/ plw|P~2ww™
Q Q

=X [ plwf
Q+

<t / P
Q-+

< )\P+Hw+H§p* Q+|p/(N—p)

(Q)|
< At | P / utp,
Q

where K, is the optimal constant in the Sobolev-Poincaré inequality.
Now, by (H2), it follows that

/a(m,Vw)Vw+ > a/ |Vw™ P,
Q Q

Combining these two inequalities, we obtain

|Q+| > ( « )(N*P)/p-

Kpip™
The estimate for |2~ ] follows in the same way.
The remaining cases are similar: p = N follows by using the Sobolev’s inclusion
VVO1 N(Q) c LY (Q), and the case p > N follows from Morrey’s inequality. O
Now we are ready to prove the isolation of A;.
Theorem 4.10. The first eigenvalue \1 is isolated. That is, there exists § > 0
such that (A, A1 +0)NE = 0.

Proof. Assume by contradiction that there exists a sequence A\; € ¥ such that
Aj = A1 as j — 00. Let u; be the associated eigenfunctions normalized such that

/p|uj\p= L.
Q
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By (H2) it follows that the sequence {u;}jen is bounded in W, () so, passing to
a subsequence if necessary, there exists u € VVO1 P(Q) such that

uj —u weakly in W, * ()
Uj = U strongly in LP(§2)

UH/Q@(x,w)

is weakly sequentially lower semicontinuous (see [7]), it follows that u is an eigen-
function associated to A;.

Now, as the functional

Now, by Theorem 4.8, we can assume that u > 0 and by Proposition 4.9 we have
[{w = 0}| > 0. But this is a contradiction to the strong maximum principle in [37],
Theorem 4.4. O

As a consequence of Theorem 4.10 it makes sense to define the second eigenvalue
A5 as the infimum of the eigenvalues greater than A;. Next, we show that this
second eigenvalue Ay coincides with the second variational eigenvalue A\o. This
result is known to hold for the p—Laplacian (see [6]) and we extended here for the
general case (4.1).

Theorem 4.11. Let Ay be the second variational eigenvalue, and let Ao be defined
as
Ay =inf{A > X\;: A e X},
Then
)\2 = AQ.

Proof. The proof of this Theorem follows closely the one in [30] where the analogous
result for the Steklov problem for the p—Laplacian is analyzed.

Let us call
u = inf {/Qq)(a:,Vu): HpuHiP(Q) =1 and |QF] > c,\z} )

where ¢y, := C\, " and C,~ are given by Proposition 4.9.

If we take ug an eigenfunction of (4.1) associated with Ay such that ||pu||I£p(Q) =
1, by Theorem 4.9, we have that uy is admissible in the variational characterization
of u. It follows that y < As. The proof will follows if we show that p > As. The
inverse of u can be written as

1
:sup{/ plul?: /@(m,Vu)zland |Qi>c)\2}.
H Q Q

The supremum is attained by a function w € Wy**(€2) such that Jo ®(z,Vw) =1
and [QF| > ¢y,. As wt and w™ are not identically zero, if we consider the set

C = spanfu*, wy 1 {u € WP(Q): Jullyrn g = 1},
then v(C) = 2. Hence, we obtain

(4.10) > inf [ plulP

Ao ueC Jq



QUASILINEAR EIGENVALUES 15

but, as w* and w~ have disjoint support, it follows that the infimum (4.10) can be
computed by minimizing the two variable function

Glab) = |af? / plut P+ b / plur P
Q Q
with the restriction

H(a,b) := |a|p/Q<I>(x,Vw+) + |b|p/Q<I>(x,Vw_) =1

Now, an easy computation shows that

+|p —p
1>mm{ Jo plw| Joplw™| }

Jo @(z, Vwt)” [, ®(z, Vw™

We can assume that the minimum in the above inequality is realized with w™.
Then, for t > —1 the fuction w-+tw™ is admissible in the variational characterization
of p, hence if we denote

T [o ®(z, Vw + tVut)’
we get
0=0Q'(0)= p/ plwlP2ww™ — B/ a(x, Vw)Vw™
Q HJa
therefore
Jo plw+|p 1
Jo @z, Vut)
and the result follows. O

In dimensions N > 1 it is not known even in the p—Laplacian case whether A,
is isolated in ¥ or not or if ¥ is countable or not. So we cannot expect to obtain
much more information in the general case (4.1).

However, in the one dimensional problem N = 1 it is known since the work of
Fucik and coauthors in [33] (see also the more recent works [28, 42]) that ¥ = X,,.
So now we generalize this fact to (4.1). That is, we study

(4.11) —(a(@)[u'[P~2u")" = Ap(@)ulP 2w in J = (0,£)
' u(0) =u(f) =0
where 0 < p_ < p(x) < p; and 0 < o < a(x) < B for some constants p_, p4, « and
B.
For the one dimensional p—Laplace operator in J with zero Dirichlet boundary

conditions, that is (4.11) with a(z) = p(x) = 1, we denote by ¥ = Zyar = {jtx bren
the spectrum given by

(4.12) £ sup d2 1
. = inf sup =¥———
He = cee, ueg S lulpdz

Here, all the eigenvalues and eigenfunctions can be found explicitly:
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Theorem 4.12 (Del Pino, Drabek and Manasevich, [23]). The eigenvalues pi; given
by (4.12) and their corresponding eigenfunctions ug on the interval J are given by
P kP
_p
e ==

u(x) = siny (mpkx /).

The function sin,(z) is the solution of the initial value problem
—(Ju'[P2) = [ulP~u
u(0) =0, uw'(0) =1,
and is defined implicitly as

sing, (x) —1\1/p
T = / (p ) dt
A 11—

Moreover, its first zero is mp, given by

1
—1\1/r
Tp =2 / (p ) dt
In [5], problem (4.11) with @ = 1 is studied and, among other things, it is
proved that any eigenfunction associated to A has exactly k& nodal domains. As

a consequence of this fact, in [5] it is obtain the simplicity of every variational
eigenvalue.

The exact same proof of [5] works in our case, and so we obtain the following:

Theorem 4.13. Fvery eigenfunction corresponding to the k—th eigenvalue \, has
exactly k — 1 zeroes. Moreover, for every k, A\ is simple, consequently the eigen-
values are ordered as 0 < Ay < Ay < -+- < A\ N 400,

Now, using the same ideas as in [28] is easy to prove that the spectrum of (4.11)
coincides with the variational spectrum. In fact, we have:

Theorem 4.14. > =3, .

Proof. The proof of this theorem is completely analogous to that of Theorem 1.1
in [28]. O

5. EIGENVALUE HOMOGENIZATION

In this section, as an application of the results in Section 3, we analyze the
convergence of the spectrum X, of problem

(5.1) —div(ac(z, Vu)) = Xpe|ulP~2u  on Q
) u=20 on 0N

to the spectrum ¥ of the limit problem

{— div(a(z, Vu)) = AplulP~2u  on Q

5.2
(52) u=20 on 0N

under the assumption that A. G—converges to A and that p. — p in L=(f).
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The result in this section are not original, since they were obtained in [19] (for
pe, p = 1 though). Nevertheless, the proof that we provide are much simpler than
those in [19].

In the linear case, it is well known (see [1]) that the G—convergence of the oper-
ators implies the convergence of their spectra in the sense that the kth—eigenvalue
A}, converges to the kth—eigenvalue of the limit problem.

We want to study the convergence of the spectrum in the non-linear case. We
begin with a general result for bounded sequences of eigenvalues. This result was
already proved in [7] but we include here a simpler proof for the reader’s conve-
nience.

Theorem 5.1. Let Q C RN be bounded. Let \* € . be a sequence of eigenvalues
of problems (5.1) with {u®}.s0 associated normalized eigenfunctions.

Assume that the sequence of eigenvalues is convergent

lim A® = \.
e—0t

Then, A € ¥ and there exists a sequence £; — 0% such that
usi — u weakly in Wy P (Q)
with u a normalized eigenfunction associated to .

Remark 5.2. In most applications, we take the sequence ¢ to be the sequence of
the kth—variational eigenvalue of (5.1). In this case, it is not difficult to check that
the sequence {A{}e>0 is bounded and so, up to a subsequence, convergent.

In fact, by using the variational characterization of A7, (3.1) and our assumptions
on p we have that

ng|Vv|p - Jo @<, Vv) Jo [V0]P

pt fQ lo[p — pr5|U|p P fQ [v|P ’
therefore P
«
— i < AL < — Mk
pt P

where pj is the kth variational eigenvalue of the p—Laplacian.

Proof. As ). is bounded and ¢ is normalized, by (H2) it follows that the sequence
{u}es0 is bounded in WP (Q).
Therefore, up to some sequence £; — 0, we have that
(5.3) us —u  weakly in W, P()
u¥ — u  strongly in LP(92).
with u also normalized.

We define the sequence of functions f. := \p.|u|P~2u. By using the fact that
pe — p F-weakly in L () together with (5.3) it follows that

fe; = f=Aplu[’"*u  weakly in LP(Q)

and therefore
fe; = f strongly in WP (Q).
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By Proposition 3.6 we deduce that u® converges weakly in W () to the unique
solution v of the homogenized problem

—div(a(z, Vv)) = Ap|u|P~2u in Q
v=0 on Of).

By uniqueness of the limit, v = u is a normalized eigenfunction of the homogenized
problem. ([

Remark 5.3. In the case where the sequence A® is the sequence of the kth—variational
eigenvalues of (5.1) it would be desirable to prove that it converges to the kth—
variational eigenvalue of the homogenized problem (5.2) (see Remark 5.2).

Unfortunately, our method only allow us to treat the first and second variational
eigenvalues in the general setting. In the one dimensional case, one can be more
precise and this fact holds true. See [19] for a general proof of this fact using the
I'—convergence method.

5.1. Convergence of the first and second eigenvalue. The first eigenvalue of
(5.1) is the infimum of the Rayleigh quotient
P (z,Vv
A= inf 7&2 ( )
vewpr(@) o pelvlP

In the following result we prove the convergence of A\j when ¢ tends to zero.

Theorem 5.4. Let be \S the first eigenvalue of (5.1) and Ay the first eigenvalue
of the limit problem (5.2), then

lim )\i = )\1.

e—0
Moreover, if u§ and uy are the (normalized) nonnegative eigenfunctions of (5.1)
and (5.2) associated to X; and Ay respectively, then

u§ =y weakly in Wy (Q).

Remark 5.5. In [7] using the theory of convergence of monotone operators the
authors obtain the conclusions of Theorem 5.4. We propose here a simple proof of
this result which exploits the fact that the first eigenfunction has constant sign.

Proof. Let uj be the nonnegative normalized eigenfunction associated to Af, the
uniqueness of u§ follows from Theorem 4.8.

By Theorem 5.1, up to some sequence, u§ converges weakly in VVO1 P(Q) to u, an
eigenfunction of the homogenized eigenvalue problem associated to A = lim._,o A§.

But then, u is a nonnegative normalized eigenfunction of the homogenized prob-
lem (5.2) and so u = uj. Therefore A = A and the uniqueness imply that the
whole sequences A] and uj are convergent. O

Now we turn our attention to the second eigenvalue. For this purpose we use the
fact that eigenfunctions associated to the second variational eigenvalue of problems
(5.1) and (5.2) have, at least, two nodal domains (cf. Proposition 4.9).
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Theorem 5.6. Let \§ be the second eigenvalue of (5.1) and Ao be the second
eigenvalue of the homogenized problem (5.2). Then

"o
5 = e

Proof. Let us be a normalized eigenfunction associated to Ag and let QF be the
positivity and the negativity sets of us respectively.

We denote by u. the first eigenfunction of (5.1) in Q¥ respectively. Extending
ug to Q by 0, these function have disjoint supports and therefore they are linearly

independent in W, ().
Let S be the unit sphere in W, *(€2) and we define the set C5 as
C5 :=span{u’,u®} NS.

Clearly C§ is compact, symmetric and v(C5) = 2. Hence,

(z, Vv) x, Vv)
A5 = inf sup fQ < fQi
Celz yeo fQ Ps‘“|p vEC’5 fQ Pe‘”‘p

As C5 is compact, the supremum is achieved for some v® € C§ which can be
written as

v = acuf + bout
with ac,b. € R such that |a.|P + |b.|P = 1. Since the functions u5 and u® have
disjoint supports, we obtain, using the p—homogeneity of ®. (see Proposition 3.1),

fQ (x, Vv©) _ acl? for @c(z, Vug) + [be|? [ @c(z, Vul)
fg pe|ve[P fQ pelvelP

Using the definition of u5 , the above inequality can be rewritten as

(5.4) A < lac[PAT | fQ+ Pelus [P 4 |be[PAT _ fo pelus [P
°- Jo pelvelp

where \{ . is the first eigenvalue of (5.1) in the nodal domain QOF respectively.

<max{A] ,A] _}

Now, using Theorem 5.4, we have that A\f , — A1+ respectively, where A\; 1+
are the first eigenvalues of (5.2) in the domains QF respectively. Moreover, we
observe that these eigenvalues A; + are both equal to the second eigenvalue A in
Q, therefore from (5.4), we get

A5 <A +0
for § arbitrarily small and ¢ tending to zero. So,
(5.5) limsup A5 < A

e—0

On the other hand, suppose that lim._,g A5 = A where A € ¥;. We claim that
A > A

In fact, we have that u§ — u in VVO1 P(Q) where u is a normalized eigenfunction
associated to A. As the measure of the positivity and negativity sets of u§ are
bounded below uniformly in € > 0 (see Proposition 4.9), we have that either u
changes sign or [{u = 0} > 0. In any case, this implies our claim.
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Then, as A > A\ it must be A > A\3. Then
e—0

Combining (5.5) and (5.6) we obtain the desired result. O

5.2. Convergence of the full spectrum in the one dimensional case. The
goal of this subsection is to prove the following Theorem

Theorem 5.7. Let N =1 and assume that A. G—converges to A and that p. — p
weakly® in L>(I). For each k > 1 let Xj, be the k-th eigenvalue of (5.1). Then we
have that

i = A
where A the k—th eigenvalue of (5.2).

Moreover, up to a subsequence, an eigenfunction uj, associated to \j, converges
. 1 . . .
weakly in Wy'(I) to uk, an eigenfunction associated to .

The main tool that allows us to prove that A = Ag is Theorem 4.13 that says that
any eigenfunction associated to the k—th eigenvalue of (5.1) has exactly & nodal
domains.

Moreover, we need a refinement of this result, namely an estimate on the measure
of each nodal domain independent on . This is the content of the next Lemma.

Lemma 5.8. Let A}, be a eigenvalue of (5.1) with corresponding eigenfunction us,.
Let N = N (k,¢) be a nodal domain of us,. We have that

N|>C

where C = C(k) is a positive constant independent of .

Proof. We can write Aj, as

/|p
N = XN) = @
u€Wy P (N) fj\/pe(x)‘ulp

by our assumptions (4.2) we get

o a 7P
MNll) =2 —pu V) = ——=
g P+ p+ NP
where 1 (N) is the first eigenvalue of the p—Laplacian on A/. Moreover,
D) < Lyt = L
Combining both inequalities we get
D
Wps & T aps L
P+ AL() T By kP
and the result follows. O

Now we are ready to establish the main result of this section:
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Proof of Theorem 5.7. Let uj be a normalized eigenfunction associated to Ay and
according to Theorem 4.13, let I;, ¢ = 1,...,k be the nodal domains of uy.

We denote by u$ the first eigenfunction of (5.1) in I; respectively. Extending
u$ to I by 0, these function have disjoint supports and therefore they are linearly
independent in W, *(I).

Let S be the unit sphere in Wol’p(l) and we define the set C}, as
C}, :==span{uj,...,uz}NS.
Clearly C¢ is compact, symmetric and v(C5) = k. Hence,

A5 = inf sup fl ac(@)lv]? < ff ac(@)|']P
Cels yeC f[ pelvlp UECE f[ pelv|?

As Cf}, is compact, the supremum is achieved for some v* € Cf which can be

written as
k
g __ E, €
V" = E asus
i=1

with af € R such that Zle |a5|P = 1. Since the functions u have non-overlapping
supports, we obtain

k
< Jras@ P iy [ail? Jy, ac(@)lus’|P
prg|U P f1p5|v€|p
Using the definition of u{, the above inequality can be rewritten as
k
Zi:l |az§|p)‘ii fzi pelug|?
max {A];}
J; pelvep 1<1<k

where A{ ; is the first eigenvalue of (5.1) in the nodal domain €2; respectively.

(5.7) B <

Now, using that A7 ; — A1; respectively , where A; ; are the first eigenvalues of
(5.2) in the domains I; respectively (see Theorem 4.4, [29]). Moreover, we observe
that these eigenvalues A; ; are all equal to the k—th eigenvalue )\ in I, therefore
from (5.7), we get

A <A +9
for ¢ arbitrarily small and ¢ tending to zero. So
(5.8) limsup A\f, < Ag.

e—=0

On the other hand, suppose that lim._,g A = A. By Lemma 5.8 the k£ nodal
domains of uj, have positive measure independent of . Then it must be A > Ag. It
follows that

. <A=1 Z

(5.9) A < A gl_I}(I) A%

Combining (5.8) and (5.9) we obtain the desired result. O
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