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ABSTRACT. In this paper we analyze an eigenvalue problem associated to fractional operators
of the form

)

d
Cou(x) = 2p.v. / a(z,y, Du(z,y) — Y
R" |z — y|nts

which represents a generalization model for nonlocal, nonstandard growth diffusion problems.
‘We study this problem in the context of the fractional Orlicz Sobolev spaces without assuming
the so-called Ag—condition on the Young functions involved. We show existence of a sequence
of eigenpairs (ug, A) — (0, +00).

1. INTRODUCTION

Eigenvalue problems are among the most important topics in Partial Differential Equations due
to their wide range of applications in both pure and applied mathematics. See, for instance, the
classical books by Courant and Hilbert [I5] [16].

In particular, for linear elliptic operators such as the Laplacian, the study of the asymptotic
behavior of eigenvalues dates back to Courant. The classical Courant minimax principle ensures
the existence of an infinite sequence of eigenvalues { A }ren for the Dirichlet eigenvalue problem

—Au=Xu in €
u=20 in 01},

where A\ — 0o and 2 C R"” is a bounded open set.

In the early 1990s, attention shifted to nonlinear extensions of eigenvalue problems associated
with the Laplacian. One of the most extensively studied examples is the eigenvalue problem for
the p-Laplacian:

— — p—2 i
(1) Apu = MulP~?u in €,
u=20 on 0},

introduced in [33] (see also [34] 35]).

A standard approach to deal with nonlinear eigenvalue problems such as is based on the
Ljusternik—Schnirelmann theory, introduced in the early 1930s by Ljusternik and Schnirelmann
[36]. This theory provides a method for finding critical points of differentiable functionals on finite-
dimensional Riemannian manifolds. Its extension to infinite-dimensional settings was developed
by Schwartz [39), 40] for Riemannian manifolds modeled on Hilbert spaces, and by Palais [37] for
Finsler manifolds modeled on Banach spaces.

These ideas have been widely used to establish the existence of infinitely many distinct solutions
for nonlinear PDEs. A very incomplete list of contributions includes [4, [7} [8], [0} @] [T, T2, T3], 30}, 42].

To apply the Ljusternik—Schnirelmann theory to problem (|1.1]), one considers the functionals F’
and G defined on W, () by

F(u) :/ |Vul|P de and G(u) :/ |ul? dx.
Q Q
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In this framework, one obtains the existence of a sequence of eigenvalues {A;}reny with \p —
c0. A crucial point is that Wy ?(Q) is reflexive and separable, and the functionals F' and G are
differentiable (see [26], 27 [43]).

Another interesting nonlinear eigenvalue problem arises with the m—Laplacian operator, defined

by
A = div (Wvu) ,

where m: R, — R, is a nondecreasing function. This operator generalizes the p—Laplacian
operator when m(t) = tP~1.

The corresponding eigenvalue problem reads

(12) —Apu = Ag(u) ?n Q
u=0 in 092.

Here, the function g: R — R satisfies suitable growth conditions. These operators are particularly
appealing in applications due to the possibility of different diffusion behaviors when |Vu| < 1 and
|[Vu| > 1, a phenomenon commonly referred to as nonstandard growth.

A key role is played by the primitive function of m, defined as M (t) = fot m(s),ds. When M
satisfies the As-condition, namely

M(2t) < CM(1),

for some constant C' > 1 and all t > Tg, problem (1.2]) shares many properties with the p-Laplacian
case. In particular, the Ljusternik—Schnirelmann theory can be applied to obtain a sequence of
eigenvalues.

However, when M does not satisfy the As-condition, the situation becomes significantly more
delicate. In this case, the associated functional spaces are no longer separable or reflexive, and
the corresponding functionals fail to be differentiable. In [41], the author studied problem by
combining ideas from [29] with a Galerkin-type approximation method, overcoming the lack of the
As-condition. As a consequence, the Ljusternik—Schnirelmann theory can still be applied, yielding
the existence of an infinite sequence of eigenvalues for .

Recently, considerable attention has been devoted to the study of nonlocal diffusion problems

due to their numerous applications in the natural sciences. See [I} 14} 20, 28]. Arguably, one of
the most relevant nonlocal operators is the fractional Laplacian, defined by

(=A)’u(x) = C’(n,s)p.v./ ulz) = uly) d

€T — y|n+2s

n

A natural question in this context is the study of the corresponding eigenvalue problem and its
relationship with the classical Laplacian. This problem has been addressed by several authors, and
a comprehensive treatment can be found in [5].

Nonlinear extensions of this problem were considered subsequently. In particular, in [32, 25] the
authors study the eigenvalue problem associated with the fractional p-Laplacian, defined as

ju(z) ~ u(y) " *(ulx) - u(y)
o w

vmmmwzcm@mpm/

n

In this setting, the classical Ljusternik—Schnirelmann theory can be applied, since the associated
functional spaces, namely the fractional Sobolev spaces Wy (), are reflexive and separable, and
the corresponding functionals are differentiable.

More recently, in [24], the authors analyzed an eigenvalue problem associated with the fractional
m-Laplacian operator defined by

(—=Ap)*u(z) = p.v. / m (u<x) - u(y)) dzdy

o=yl ) Tyl

where m = M’ and M is a Young function. Note that when m(t) = [t|P~2¢, this operator reduces
to the fractional p-Laplacian.
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The corresponding eigenvalue problem is

{(—Am)su =Ag(u) inQ

1.3
(1.3) u=0 in R™\ Q,

where the function g: R — R satisfies suitable growth conditions. In [24], without assuming the
As-condition on either M or its conjugate M, the authors employ a Galerkin-type method to
obtain a countable sequence of distinct eigensolutions (ug, Ax),cy to problem . Moreover, it
is shown that A\, — 400 as k — oc.

The aim of the present paper is to generalize the results in [24] by considering a class of
anisotropic fractional operators £ defined by

. u(z) —u d
Eau(l‘) = 2pV/ a (x,% (|.’L')— y|£y)) |.’L' _ ;;J|n+sa

where the function a is odd, symmetric, monotone, and satisfies suitable growth conditions (see
Conditions for precise assumptions).

In this framework, we study the associated nonlocal eigenvalue problem

{Eju =MAg(u) in Q

14
(1.4) u=0 in R™\ Q,

where g: R — R satisfies appropriate growth conditions.

Our main result establishes the existence of a sequence of eigenvalues Ay for problem (1.4)),
such that A\ — 400 as k — oo (see Theorem [4.10)).

Organization of the paper. The paper is organized as follows: after this introduction, in Section
we include the preliminaries on Young functions, Orlicz spaces and fractional Orlicz-Sobolev
spaces. Even though the content is not new, there is some not so standard notation and terminology
that will be used throughout the paper. In Sectionwe precisely define the operators £ and prove
some of the main properties of these operators, namely the pseudo-monotonicity (see Theorem.
Finally, Section [4| we analyze the eigenvalue problem and prove our main result about the
existence of eigenpairs, Theorem [4.10

2. PRELIMINARIES

In this section we present some preliminary definitions needed for the rest of the paper. The
first subsection is well known and does not contain any new result the book [31] being the standard
reference for the subject. The second subsection contains the definitions and basic results regarding
fractional Orlicz-Sobolev spaces. See for instance [23] where these spaces were introduced and [2, [3]
where several properties of these spaces were analyzed without requiring the As—condition. The
third subsection recalls the definition of complementary pairs introduced in [29] and the definition
of the segment property, and construct a complementary pair in the context of fractional Orlicz-
Sobolev spaces. In the fourth subsection we recall an abstract result due to [4I] that will be helpful
in the sequel. Finally, in the fifth subsection we state the definition of a deformation of a set that
will play a key role in the regularity of the level sets that we will use in section

2.1. Young functions and Orlicz spaces. Let M: R — R be an even, convex and continuous
function, such that M(t) > 0 for t > 0, M(t)/t — 0 ast — 0 and M (t)/t — oo as t — co. Such a
function M is called a Young function if it can be written as

[¢]
M(t) = /0 m(s)ds,

for m: [0,00) — [0,00) increasing, right continuous with m(¢t) = 0 if and only if ¢ = 0 and
m(t) — oo as t — oo.

It will be helpful to extend the function m to the entire real line by oddness, that is m(t) =
sign(tym(t)).

We recall now some basic definitions on Orlicz spaces that can be found, for instance, in [31].
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Let U ¢ RY be a bounded domain and let y be a Borel measure in U. The Orlicz class
Ly (U, dp) is defined as

Ly(U,dp) := {u: U — R, measurable: / M (u)dp < oo}.
U

The Orlicz space Lps(U,dp) is then defined as the linear hull of Lp(U,du). It follows that
Ly (U, dp) can be characterized as

Ly (U,dp) = {u: U — R, p—measurable: / M (%) dp < oo, for some k > 0}.
U

This space is a Banach space when it is equipped, for instance, with the Luzemburg norm, i.e.

. u
el 2 W) = Nellar,0ape = ullag,ape = inf {k > 0: / M (7) dn< 1} .
U
A well-known and interesting fact is that Ly (U, du) = Ly (U, dp) if and only if M satisfies the
so-called As—condition, i.e.
(2.1) M(2t) <CM(t), fort>T.

Also, the Orlicz space Ly (U, du) is separable if and only if M satisfies (2.1)).

Next, we define the space Ep(U,du) as the closure of bounded p—measurable functions in
Ly (U,dp), in the case pu(U) = oo the space Ep(U,dp) is the closure in Ly (U, du) of bounded
p—measurable functions with bounded support. It is easy to see that

u
k
Again, Ey(U,du) = L (U, dp) if and only if M satisfies (2.1)).

So, in general, we have

En(U,dp) = {u: U — R, p—measurable: / M( ) du < oo, for every k > 0}.
U

En(U,dp) € Lar(U,dp) € Ly (U, dp),

with equalities if and only if M satisfies (2.1)).
Observe that En (U, dp) and Ly (U, dp) are Banach spaces and L7 (U, du) is a convex set.

Given a Young function M, we define its complementary function M as
M(t) := sup{7|t| — M(7): T > 0}.
Observe that M is also a Young function and it is the optimal function in the Young inequality
(2.2) Tt < M(t) + M(7),
for all 7,t € R . Observe that equality in is achieved if and only if 7 = sign(t)m(t) or
t = sign(7)m(7) where m(t) is the derivative of M ().
It follows directly from that if u € Ly (U,dp) and v € Ly (U, dp), then uwv € L (U) and

/ o] dpe < 2ullae o] 7
U

This fact allows one to define in Ly (U, du) the topology o(Lyas, Lyz) and it follows that Ey (U, dp)
is dense in Ly (U, dp) in this topology.

It is casy to check that M = M. The Orlicz space Ly (U, dp) is the dual space of En (U, dp)
and so Ly (U, dp) is reflexive if and only if M and M satisfy (2.1)).

Finally, given M a Young function, we define
(2.3) Dom(m) :={u € La(U,dp): m(|u|) € Lz (U,dp)}.

It can be checked that Ey(U,dp) C Dom(m) C Lp(U,du) and hence, Dom(m) = Ly (U, dp)
if and only if M satisfies (2.1). Moreover, the map v — m(u) from Ep (U, dp) to Ly (U,dp) is
continuous if and only if M satisfies (2.1)).
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2.2. Fractional order Orlicz-Sobolev spaces. In the product space R” x R® = R?" we define
the measure
dxdy
dv,, = .

|z —y|”
Observe that this is a Borel measure and that if K C R?"\ A is compact, then v, (K) < oo, where
A C R™ x R™ is the diagonal A := {(z,z): x € R"}.

We will consider two Orlicz spaces Ly (U, dp). One with U = R™ and dp = dx (the Lebesgue
measure) and another with U = R?" and du = dv,,.

We will use the notations
EM:LM(]R",dx), LMZLM(Rn,dl‘), EM:EM(R",dx);
Lar(vn) = Ly (R*", dvy),  La(vn) = Lyy(R*™,dvy,),  En(vn) = Ex(R?", dvy,).
Now, given a fractional parameter s € (0, 1), we introduce the notation for the s—Hdolder quotient
of a function u: R™ — R.
Du(z,y) = 711(30) — u(y)
|z —y|*
Then Du: R?"\ A — R.
Now, with all the notation introduced, the fractional order Orlicz-Sobolev spaces are defined as
WSLM = {u € Ly: Du € LM(”n)}
and
WSeE\N = {U € Ey: DPu € EM(Z/.,L)}.
These spaces are naturally equipped with the norms
[ulls,ar = llullar + 1D ullar,p, -
Also, these spaces can be isometrically identified as closed subspaces of Lj; X Las(vy,) and
Ey; x Ep(vy) respectively using the map
u > (u, Du).
Now, given 2 C R™ a bounded open set, the space W L/ (12) is then defined as the closure of D(2)
in W#Ly; with respect to the topology (L X Ly (Vn), Exp X Ejz(vy)). By Poincaré’s inequality

(see [23] Corollary 6.2]) in WLy (2) the quantity ||D®u||as,, is equivalent to ||ulls as. Therefore
in W§ Las(§2) we will consider the norm |[ullw;s Ly, ) = [|D*ullar,u, -

The space W§E(£2) is defined as the closure of D(Q2) in W#E), in norm topology.
In order to define the dual spaces, we need to introduce the notion of fractional divergence. See
[22].
Given F' € Lj;(vy), the fractional divergence of F is defined as
. F —F
div®F(z) := p.v./ (v, ) @’y)
no o=yt
F - F
— im (y, ) JEw Y)
e=0 Jrn\ B, (z) |z —y|"ts

In [21] it is shown that if F' € Ly;(vy,), then div’EF € (WL (Q2))* and the following fractional
integration by parts formula holds

(2.4) (div®F,u) = —// FD*udy,.
R2n
So, we define the following spaces of distributions
WLz (Q):={peD'(Q): ¢ = f+div’F with f € Ly, F € Ly;(vp)}
W Ey(Q) :={peD'(Q): ¢ =f+div’F with f € Ey, F € Ey;(vn)}-
Recall that since Ejy; and Ej;(v,) are separable then W—*E;(Q) is also separable.

dy

dy.

These spaces are endowed with the usual quotient norms,

101l - 57 := WELF 5z + [1F 57,0, 2 & = f + divF}
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2.3. Complementary systems and segment property. In [I8, [I9] the authors introduce the
notion of complementary systems in order to work in spaces without the usual reflexivity assump-
tion.

Let Y and Z be real Banach spaces with a pairing (-,-): Y x Z - R. Let Yy C Y and Zy, C Z
be closed and separable subspaces. We say (Y, Yy; Z, Zy) is a complementary system if Y = Z
and Z§ =Y (where equality is understood in the sense of a natural isometry via the pairing (-, -)).

The first natural example of a complementary system is Y = Ly, Yo = Ep, Z = Ly and
Zy = Ey;.

Observe that it is immediate to see that
(2.5) (Lavs X Lyg(Vn), Ene X Eng(vn); Lip X Lig(vn), Exp X Eyr(vn))

is also a complementary system.

In [29] the author provides with a general method to generate complementary systems from a
previous one. More precisely
Lemma 2.1 ([29], Lemma 1.2). Given a complementary system (Y, Yo; Z, Zo) and a closed subspace
E of Y, define Eg = ENYy, F = Z/Ey and Fy = Zy/Ejy .

Then, the pairing (-,-) between Y and Z induces a pairing between E and F if and only if Ey
is 0(Y, Z) dense in E that is if u € E then there exists {tum, }men € Fo such that (upm,,v) — (u,v)
if m — oco,Yv € Z. In this case, (E, Ey; F, Fy) is a complementary system if E is o(Y, Zy) closed,
and conversely, when Zy is complete, E is o(Y,Zy) closed if (E, Eo; F, Fy) is a complementary
system.

Using this Lemma, in [29] it is shown that
(W L (), Wo Ene (Q); W Ly (9), W™ By ()

is a complementary system when the domain () satisfies the segment property.
See Section 8.1 in [I7] for the definition of the segment property.
Using similar ideas, in [24 Section 2.3] it is shown that if {2 satisfies the segment property, then

(2.6) (W5 Lt (), W5 En (2); W2 Ly (), W Ey ()

is also a complementary system.

3. NONLOCAL, QUASILINEAR, ANISOTROPIC OPERATORS

In this section, we will define the operators that will be the subject of our investigation. These
operators are natural extensions of the fractional order m—Laplace operator that were introduced
in [23]. See also [24].

To this end, let a: R® x R* xR = R, a = a(z,y,£). On this function a we will impose the
following conditions:

Conditions 3.1. We will assume from now on that a¢: R® x R® x R — R satisfies

e (Caratheodory condition) a(-,-,£) is a measurable for all £ € R and a(z, y, -) is a continuous
function for a. e. (z,y) € R*".

o a(z,y,—¢) = —a(z,y,§), for all ¢ € R and a.e. (z,y) € R?".

o a(r,y,£)E >0 for ae. (r,y) € R?™ and all £ € R with £ # 0.

e (Growth condition) There exists a Young function M, a function d € Ej;(vy,) and constants
b,c € RT such that for a.e. (z,y) € R?" and all £ € R

(3.1) la(z,y,€)| < d(z,y) +bM ™ (M(ct))

where M is the complementary function of the Young function M.
e (Monotonicity condition) For a.e. (z,y) € R*™ and all £,¢ € R

(3.2) (a(z,y,€) —alz,y,£))(E €)= 0.
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Given a function a: R™ x R™ x R — R that satisfies conditions |3.1, we define the operator
L:: Dom (L) = W—*Ly; as
Liu(x) := —div®(a(z,y, D*u(z,y))),
where Dom(L:) = {u € W5 Ly (Q): a(z,y, D*u(z,y)) € Liz(vn)}-
Observe that
Liu(z) = —divi(a(z,y, D°u(x,y)))

a

= —p.v. /n(a(y,x,Dsu(y,x)) —a(x,y, D’u(x,y))) |x_d§|n+s
— 2p.v./ asym (7, y, D*u(z,y)) _
. |z —y["te
= 2lim asym (2, Y, D*u(,y)) L’
B S ERNES

where agym is the symmetric part of a given by

a(r,y, &) + a(y, r,§)
2

Observe that asym also verifies conditions whenever a does. So, without loss of generality,
we may assume that a is symmetric, i.e. a = agym, in this way

asym(xa Y, g) =

(3.3) Liu(x) =2lim a(z,y, D°u(z,y)) | dy

b)
0 Jg—y|>e x —y["ts

where the kernel a satisfies conditions [3.1] and is symmetric.

We observe that, by definition, Dom (L) C W§La (). Let us now see that WiEy(2) C
Dom(L3).

Lemma 3.2. Let 0 < s <1 and Q C R" be a bounded open set and let a satisfies conditions [3.1]
Then, if u € W§EN () we have that a(x,y, D%u) € Ly (vy).

Proof. Let uw € W§Ej(£2), then
(3.4) / M (|eD?ul) dvy, < o0,
R2n

for every constant ¢ € R.
We claim that bM ~1(M (c|D%u|)) € Ly;(vy). Indeed by (3.4)

//RM M <bM1(Mb(c|DSu|))> dv,, = /R% M (| D*ul) dvy < 0.

The proof concludes thanks to the growth condition (3.1)). a

Next, from the properties of the fractional divergence div®, we get the following result

Theorem 3.3. Let 0 < s < 1 be fized and let a satisfies conditions |3.1, Then for every u €
Dom(L:), we have that Liu € WL (). Moreover, for every v € WL (),

(Lou,v) = // a(x,y, D°u)D%v dvy,
R2n

Proof. Observe that if we denote F(z,y) = a(z,y, D°u(z,y)), if v € Dom(L:) then F' € Ly;(vy).
Therefore, the integration by parts formula (2.4), gives us

(Lou,v) = (—diviF,v) = // FD?vdy, = // a(z,y, D°u)D%v dvy,
R2n R2n
and the proof is complete. O

A very important property of the operator £ is the pseudomonotonicity. The following result
is the main theorem of this section.
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Theorem 3.4. Let 2 C R™ be a bounded and open domain that satisfies the segment property.
Then, the operator L: is pseudomonotone. That is, If {u; }iey C Dom(L3) is a sequence such that
it fulfills

u; = u for o(WgLa(Q), W2 E;())
(3.5) Liu; — fe WL (Q) for cW—*Ly;(Q), WSEn(Q))

lim Supi—)oo<£2,ui7 u’b> < <f7 ’LL>

u € Dom(L)
(3.6) Liu=f

(Leui,u) — (f,u) if i = oo.

The proof of Theorem [3.4]is divided into a series of lemmas for the reader’s convenience. It will
be helpful to introduce the following notation: for a given function u we define the sets
Rj(u) = {(z,y) € R*": |(w,y)| < j and | D*u| < j}.
Lemma 3.5. Let u € W5Lp(Q) and v € WSEN(Q) respectevely. If 0 < |A| < 1 then, for each
jeN
a(z,y, D*u + AD*v)D*v, a(z,y, D*u)D%v € L*(R;(u), dvy,).

lim // a(z,y, D°u + AD*v)D*vdy, = // a(z,y, D°u)D%v du,,.
A0SRy (u) R;(u)

Proof. Let w € W§Lp () and v € W§E

Moreover

Q) then using Young’s inequality we have
a(z,y, D%u + AD*v)
2b

la(z,y, D*u 4+ AD*v)D%v| = D*v|

< M(2bD%0) + M (a(x,y,Dgz—F AD v)) ,

where b € R is given by the growth condition ([3.1)).
Since v € Wi Ep () it follows that M (2bD%v) € L*(R?",dv,,) and by growth condition we have
in Rj (’LL)
i <a(x, v, ng - ADSv))

IN
=

(d(ng) M=Y(M(e (D u+ AD%v )))

1
3 ( ( + M (c(|D%ul + |st|))
1
2

’)
(i (12 i+

< % (M (d(f)’ y)) + 5M(zcj) + ;M(%D%D) 7

using the fact that d € Ey;(v,) and v € W5 EpN () the right hand side in the last inequality is
integrable in R;(u). We observe that the last inequality is valid uniformly in A.

IN

Finally, using the fact
a(z,y, D°u+ AD*v)D*v — a(z,y, D°u)D’v,
as A — 0 a.e. in R;(u) and the dominated convergence theorem we conclude the proof. O

Lemma 3.6. If there exists u € WLy () and ® € Ly (vy,) such that

(3.7) // (a(z,y, W) — ®)(W — D*u)dv,, > 0,
R2n
for all W € L>°(R?"™, dv,,) with compact support then a(z,y, D’u) = ® € (W§Lp (Q))* that is

// a(x,y, D°u)D%vdy, = // ®D%vdy, Yo € WLy (82).
R2n R2n
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Proof. Let w € W5 Ly () be such that DSw € L*®(R;(u),dv,). Taking [ > j we define
W = D*wXR, ) — D uXR; ) + D°UXR,(u) = D% — D%y + D',
then using W in (3.7))
(3.8) // (a(z,y, D w — D*>Iu + D*'u) — ®)(D*w — D u + D¥'u — D%u) dv,, > 0.
R2n
The left hand side on (3.8]) can be expressed as

// (a(x,y, D*Iw — D*Iu + D*'u) — ®)(D*w — D*Iu) du,
R2n

+ // a(z,y, D*Iw — D*Iu + D*'u)(D%'u — D*u) dv,
R2n

— // ®(D*'u — D*u) dv,
RQn

=1+II+1III

The first integral I is zero outside R;(u), the second integral IT is zero, and ITT integral tends to
zero if [ — co. Hence, letting [ — oo, we obtain

// (a(z,y, D°w) — @) (D*w — D°u) dv, > 0.
Rj(u)

Now let v € D(Q), using Lemma with A > 0, first with w = v + Av and then w = u — A\v, we
have

// (a(z,y, D°u) — ®) D°vdv, =0 Vv e D(Q).
R;j(w)

Taking the limit 7 — oo, we have
// (a(z,y,D°u) — ®) D°vdy, =0 Yv e D(Q),
R2n

and by the density, Yo € W5 Ep(2). Using the density of Wi En () C W§ Ly (2) with respect to
the o(Lar X Las(vp), Ly X Lyz(vy)) topology, we conclude the proof. O

Now we are in position to prove the pseudomonotonicity.

Proof of Theorem[3.4} Let {u;}ien C Dom(L5) and f € W—5Ly;(Q) such that (3.5) is satisfied.
We must prove that v = limu; and f satisfy (3.6).

Let us first prove that the sequence {a(z,y, D*u;)}ien remains bounded in Lj;(v,,), indeed let
V € L>®(R?", dv,,) with compact support, by the monotonicity condition (3.2]) we have

(3.9) / / (@l y, D) — ala,, V))(DPus — V) vy > 0,

which implies
// a(z,y, D%u;)V dv,, < // a(z,y, D°u;)D%u; dvy,
Rzn RQn
—// a(z,y, V)D%u; dvy,
R?n
+// a(z,y, V)V dv,
R2n

=T +1I+1III,

the first integral remains bounded by ({3.5]), the convergence u; — u implies that the second integral
is uniformly bounded in ¢ and the last integral is independent of i, therefore there exists a constant
C, independent of ¢, such that

// a(z,y, D°u;)V dv, < C,
R2n

for all V € L*(R*", dv,) with compact support and therefore for all V' € Ej;(vy,), then by the
uniform boundedness principle we have ||a(z, y, D%u;)| 1, (v,) < C uniformly in i and so there exists
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a subsequence that we still denote by {a(x,y, D%u;) }ieny and ® € Ly (v, ) such that a(z,y, D%u;) —
® in o(Ly;(vn), Ear(vn)), using the above convergence and the fact Liu; — f € W°L;(Q) for
o(W=*L;(Q),W§Ep(Q)) we have

{f,v) = lim (Loui, v)
= lim // (z,y, D°u;)D°vdyy,
i—00 R2n

= // dD%v dvy,
R2n

for all v € W Ej (). This formula together with the density of Wi En () in Wi L () with re-
spect to the o(Las X Las(Vn), Lz X Lz (vy)) topology allows us to extend v to the space Wi Ly (),
that is

(3.10) (f,v) = //Rzn ®D%vdv, Yo € W§La(82).

Now taking limit in (3.9 we obtain

//R%((I) —a(z,y,V))(D*u — V) dv, >0,

for all V€ L>(R?",dy,,) with compact support and so by Lemma we have a(z,y, D%u) = ®
in (W5 La(92))*, that is L5u = f.
On the other hand putting v; = u in , using Liu = f and (3.10) we have

// a(x,y, D°u)V dv,, < // dD%udv,
R2n R2n
—// a(z,y, V)D’udy,
R2n
—|—// a(z,y, V)V dvy,,
R2n
< o0

for all V € Ep(vy) that is a(z,y, D°u) € Ly;(vy) and so u € Dom(L3).
Finally, we prove that
(Lou;,u) — (f,u) for i — oo.
Let

= hmlnf// a(z,y, D°u;) D*u; dvy,
R2n

11— 00
we only need to prove that L > (f, u).

Using the monotonicity property again we have
[ (@t D) — (e, D00) (D = Dy vy >0,
R2n
where D$Jy = D*uxp; (). Taking the limit in ¢ and rewriting, we obtain

L> // a(z,y, D*u)(D%u — D¥u) dv,, + // a(z,y, D5u)D*udy,.
R2n R2n

In Rj(u) the factor D%u — D*Ju = 0, and in R;(u)¢ the factor a(z,y, D*Iu) = a(z,y,0) = 0, so
the first integral in the above inequality is zero. Therefore

L> // a(x,y, D°u)D*udvy,
R;j(u)

b= // a(@,y, D*u) D udv, = (f,u).
R2n

This concludes the proof of the theorem. O

for arbitrary j, then



NONLOCAL QUASILINEAR ANISOTROPIC EQUATION 11

4. THE EIGENVALUE PROBLEM

In this section we analyze the eigenvalue problem

s .
(o e
where a(x,y,£) verifies conditions and, moreover, we also assume the coercitivity condition
(4.2) a(z,y, )¢ > OM(ct), for every ¢ € R and ae. (z,y) € R*™,
for some constants 6, ¢ > 0.

On the source term g: R — R we will assume that it is an odd and continuous function such
that g(t) > 0 for all ¢ > 0 and that it verifies the growth condition

(4.3) lg(z,t)| < e(x) + a1 M (agM (ast)) vt >0,
where a1, az and a3 are positive constants and e(x) € L.
Next, we define the notion of eigenpair for (4.1)):

Definition 4.1. We say that (A, u) is an eigenpair for (4.1]) if v € Dom(L?) and

(4.4) // a(z,y, D°u)D*vdv, = X [ g(u)vdz,
R2n Q
for all v € W§Lp(£2).

Recall that Dom (L) € W5 L () C Ep () and therefore the right hand side of (4.4)) is well
defined. In fact,

/ng(u)llv\dxé/Qe(x)lvldwal/QM* (aaM (as|ul))|v| dz.

The first integral is well defined by Young’s inequality (2.2)) and the second one, using again Young’s
inequality it is bounded by

kaQ/QM(ag\udek/ (' > dz < oo.

In order to study problem (4.1]) we define the functionals
A®: Dom(A*) CW5Ly () =R and G: WLy (Q) - R
as

A’ ( / A(z,y,D°u)dv,, and G(u /G
R2n

respectively, where A(z,y,t) fo z,y,7)dr, G(t fo 7)dr and
Dom(A%) :={u € WOLM(Q) A®(u) < oo}
A similar argument as the one used to check the well definition of (4.4) gives us that G is a well
defined functional for every u € WLy (Q).
We observe that W§Ej(Q) C Dom(L2) C Dom(A%) C W§ Ly (R2), and the functions A* and G
vanish only at zero. These inclusions are a direct consequence of the point wise inequality

Az, y,8) < &a(r,y,§).

Let B = {¢1,02,...} C D(Q) be a countable linearly independent subset in W§Ep () such
that the linear hull is norm dense, and we define the sets V' and V}, as the linear hull of the sets
B and By, := {¢1, P2, . . ., ¢r } respectively. We denote the continuous pairing between W—°L ()
and W5 Ep () by (-, -), and the one between Vj, and (Vi)* by (-, ).

A straightforward calculation gives
(@@= [[ oz DuDwds, Vv € Vi,
R2n

(G'(u),v)p = /Qg(u)v dx Yu,v € Vi,
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for each k =1,2,..., and the fact Vi, C W§Ep () allows us to conclude A%, G € C1(V},).

By the growth condition (4.3 and the compact immersion W§ Ly (2) CC Ep(2) (see Theorem
B.3 in [24]), it follows that Dom(G) = WLy (©2) and

G(ur) = G(u)

(G (ug), up)r — g( Yu dx

"(u), —>/ u)v dz,

whenever uy € Vi, up = u € WLy (Q) in o(WELy (), W E;(Q)), and v € V.

In order to analyze existence of solution, we reduce the problem (4.1)) on the finite dimensional
space Vj that is

W (A (1) = A (0) n Vi
u € NJ AER,
where N} = {u € Vj: A%(u) = 1}.
Now, to attack the problem we need the following notation
N ={ueWiEyu(Q): A%(u) =1}
K{ ={K C N* compact and symmetric: gen(K) > i}
K: . = {K CNj compact and symmetric: gen(K) > i}

¢i = sup inf G(u)
Keks uveK

ik = 5 f
ik = Sup o).

where gen(K) stands for the Krasnoselskii genus (see [38, Chapter 7]).

The proof now will make use of the finite dimensional Ljusternik-Schnirelman theory developed
n [43]. The following lemma contains the necessary properties for the operator A° and the level
set NV needed in order to apply [43, Theorem 2].

Lemma 4.2. a) (A®)': Vi = V¥ is a potential operator with potential A®.
b) (A®) is uniformly continuous on bounded sets.
) There exists a real number r(u) > 0 such that A®(r(u)u) =1 for every u # 0.
d) The level set N = {u € Vi: A%(u) = 1} is bounded.
e) If u#0 then ((A®) (u),u) > 0 and inf,epns ((A*) (u),u) > 0.

Proof. The proof of a) has been observed before.
The item b) is consequence of the uniform continuity theorem.

We prove now item c¢). Let u € Vj, with u # 0. Define the function ¢: Ry — R as

p(r) := A%(ru) // (z,y,rD’u) dvy,.
R2n

We observe that ¢ is a continuous function with ¢(0) = 0. Now, for r > 1, we have
A’ (ru) = / . A(z,y,r|D?ul) dv,
On the other hand, for £ > 0, )
A = [ atesnmyar [ ateprydr > - ate, 06
Therefore, we obtain 6
o(r)=A%(ru) > (r—1) //]R2 a(z,y, |D°ul|)|D*u| dv,,.

Using now ([3.2]) we obtain that ¢(r) — oo when r — co. Then, by the intermediate value theorem,
there exists 0 < r(u) such that ¢(r(u)) = 1, that is A®(r(u)u) = 1.
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Item d) is consequence of item c). Indeed the map h: S*~1 — N, where S*~1 = {u €
Vie: |Jullwer,, = 1}, defined as h(u) = r(u)u is an homeomorphism therefore N} is compact and
in particular is bounded.

Finally to prove item e) we observe, by the monotonicity of a(z,y, ),

3
(46) A9 = [ aley)dr < ol )¢
0
and
(A% (u),u) = // a(z,y, D°u)D’udy, >0 Yu #0.
R2n
Finally, if u € N using (4.6) we have

1=A%u) = / A(z,y, D’u) dv,, < // a(z,y, D°u)D*u dvy,
R2n R2n
this implies inf,ens ((A®) (v),u) > 1> 0. 0O

Now we are in position to provide solution for the problem (4.5)).

Lemma 4.3. Let i € N given. Then, for any k > i there exist ui, € Wi En (), and \i € (0, 00)
such that

ut € N C Vi
(A°) (uf) = NG (up)  in V'
G(uy,) = ci k-

EE N SE

Proof. The content of Lemma puts us in a position to directly apply [43, Theorem 2 and
Corollary 7.1] and that gives us exactly the claim of this lemma. O

In order to show analyze the behavior of the sequence {(\}, ul)}r>; as k — oo we need first to
prove that the map u + r(u)u given by Lemma [4.2] defines an homeomorphism between the unit
ball of W§Ej () and the manifold V. We begin with a lemma that shows the continuity of r(u).

Lemma 4.4. Let r(u) be the unique positive real number r such that A*(ru) = 1. Assume that

luklls,pr =1 and that uy, — w in WS Ep(Q), then r(ug) — r(u).

Proof. We divide the proof into several steps for the reader convenience.

Step 1. We claim that 7 := r(ug) is bounded. In fact, we may assume that ry > 1 and arguing
as in Lemma[4.2] we get

1=A%(rpug) > (rp — 1) // a(x,y, D°ug) D uy, dvy,.
R2n
Next we use the coercivity condition [d.2] to obtain
1> (rg — 1)9/ M (eD?uy) dvy,.
R2n

Now we claim that there exists a constant § > 0 such that ffR% M(eD?uy) dv, > § for every
k € N. Otherwise, [[gs, M(cD%ug)dv, — 0 up to a subsequence, but in turn this implies that
cur, — 0 in W§ E)p () which is a contradiction.

Combining these estimates. we arrive at
1 Z (’I“k - 1)95

and the claim follows.

Without loss of generality, we can assume that r, — o as k — oo.

Step 2. We claim that the functional A® is continuous in W§E)p(9).
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Using the monotonicity of a(z,y, §) together with (3.1) and Young’s inequality (2.2]), we obtain
the pointwise estimate

Az, y,€) < €a(z,y,€) < &(d(x,y) +bM " (M(cE)))
< M(d(x,y)) + M (&) + b(M(€) + M(c€)) < M(d(x,y)) + bM (c€).
Observe now that if vy — v in Wi Ep (), then M (cD%vy) — M(cD*v) v,—a.e. and, moreover,

[ Jgen M(cD*vy) dvyy — [ [z2. M(cD*v) dvy,. Therefore, we can apply the Dominated Convergence
Theorem to conclude that

/ A(z,y, D*vg) dvy, — / A(z,y, D*v) duy,
R2n R2n

from where the claim follows.

As a corollary of Steps 1 and 2, we have that A®(ryug) — A®(rou).

Step 8. Since A®(riuy) = 1 for every k € N, it follows from the previous steps that A®(rou) = 1.
But, since ¢(r) = A®(ru) is strictly increasing, we can conclude that r(u) is unique, and so
r(u) = ro. O

Lemma 4.5. There exist constants 6 > 0 such that § < |lu||sar <571 for every u € N, i.e. N*
18 bounded away from zero and infinity.

Proof. Observe that the proof of Lemma Step 1 gives us that ||u||s s is uniformly bounded for

u € N*5. In fact, if u € N5, then v = u/||u||s,ap satisfies that ||v|[s,ar = 1 and 7(v) = |Jul|s,ar. Since

Step 1 in Lemma [4.4] says that r(v) is uniformly bounded for ||v||s,as = 1 then the claim follows.
In order to obtain the lower bound, we argue similarly to the proof of Step 2 in Lemma

O
Proposition 4.6. The map H: Byw;: g, ) — N given by H(u) = r(u)u is an homeomorphism.

Proof. We observe that Lemma implies that H is continuous. On the other hand a straight-
forward calculation gives H~!(v) = v/||v||s,as. Finally, Lemma 4.5 give us the continuity of H 1.
Therefore H is a homeomorphism. (|

The following theorem gives the asymptotic behavior of the sequence {(A%, ul)}g>;.

Theorem 4.7. Leti € N fized and let {(\i,ul)}k>i C (0, +00) x WSEnN (Q) be the sequence given
mn Lemma . Then there exists u; € Dom(L2) and \; € (0,400) such that up to a subsequence,

e — N and ul, — u; for o(Wg Lar(Q), W Ey (). Moreover, A*(u;) = 1,G(u;) = limg_s00 i
and (A\;,u;) is an eigenpair for .
Proof. We observe that {u} }x>; C N C N* and by Lemma there exists an homeomorphism
H:{ue WSENM(Q): [|ullwsr, ) = 1} = N* defined as H(u) = 7(u)u where 7(u) > 0 is the same
that in Lemma therefore N'® is bounded and so {ux};2; is uniformly bounded in WL (£2)
then there exists u; € W3 Lar(2) such that up — w; in o(WgLas (), W Ey;(Q)), Lemmagive
us limy oo €1 p = limg 00 G(ur) = G(uy).

We prove now the convergence of the sequence {\;}72,. Suppose that A\ — +o0 if k — oo,
since {c;;}72,; are increasing and positive we have G(u;) > 0 implying g(u;) # 0 (and therefore
u; Z 0). Then there exists ¢ € Vi, for some ko > i such that

/ g(ui)(u; — ¢) dz < 0.
Q
Using the monotonicity condition ([3.2)) we have
J[[ (@, Dw) - alo.y. D6 (DA ux ~ D*6) v = 0,
R n

from where we obtain

// a(x,y, D°ug)(D*u, — D*¢) dv,, > // a(x,y, D°¢)(D*uyp, — D*¢) dvy,
R2n R2n
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and using that (A, uy) is solution

Aﬁégwmwkf@dxz/émamwiﬁ@ufmfwf@d%,

the left hand side in the above inequality tends to —oo and this is a contradiction therefore there
exists \; such that A\, — \; if £ — oo.

Now we prove that the sequence {a(z,y, D°ux)}32, is uniformly bounded in Ly;(vy,). Let
V € L>®(R?",v,) with compact support, again by the monotonicity condition we have

//R% (a(z,y, D>ur) — a(x,y,V))(Dup — V) dvy, >0,

from where we obtain

// a(z,y, D°ug)V dv, < // a(z,y, D’u) D uy dv,—
R27 R27
7// a(z,y, V)D’uy dv,+
R2n

+// a(z,y, V)V dy,
R2n

— [+ IT+1II,

the first integral I is Ay fQ glug)urdr — X; fQ g(u;)u;dx therefore I is bounded, the second integral
IT is bounded since uy — u; in o(WgLa(Q), W*L;;(Q)) and third integral I77 doesn’t depends
on k then there exists a constant C' > 0 such that

// a(x,y, D’ug)V dv, < C,
R2n

for all V € L*°(R?",1,) with compact support and by density for all V € Ej;(v,) therefore
by the uniform boundedness principle the sequence {a(z,y, D*ux)}52; is uniformly bounded in
L;;(vy) and so there exists F' € Ly;(vy,) such that a(z,y, D%uy) — F in o(Li;(vn), En(vn))
and Liup = —2div¥(a(z,y, D%uy)) — —2div¥(F) := f in o(W*L;(Q),W§EN(Q2)). Also, for
¢ € D(2) we have

<f7 ¢> = kli>H;O<‘CZuka ¢>

= lim // a(z,y, D%u,)D®¢ dv,,
R27n

k—o00
= lim )\k/g(uk)qbdx
k—oo O
i [ tw)ods.
Q

since D(Q) is norm dense in W§Ep(Q) and W5Ey(Q) is dense in WLy () in the topology
o(Lar X Lag(vn), Lz X Lz (vy)) it follows that

On the other hand

lim (£5up, up) = lim // a(z,y, D*ug)D?uy dvy,
k—o0 k—o0 R2n

= lim )\k/g(uk)uk dx
k—oco Q
:)\i/g(ui)uidx
Q
= <fa ui>'
That is
(4.7) lim (L3 ug, up) = (f,u;).

k—o0
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The above and the pseudomonotonicity of the operator £3 implies that u; € Dom(L£3) and L3u; =
f, it follows for ¢ € WL ()

/ / a(z,y, D) D p vy = (Lous ) = (F,6) = A / g(us)é de,
R27 Q

then (A, u;) € (0,+00) x Dom(L3) is an eigenpair for (4.1)).

Finally, by Lemma 4.4 in [24] and (4.7) we have that a(x,y, DSur)D%ur — a(x,y, D%u;)D?u;
in L'(R?",dv,,) and so, by [6l, Theorem 4.9], there exists a integrable majorant h € L!(R?*", dv,,)
such that |a(z,y, D%uy)||D%ux| < h v,—a.e. in R?" then

Dsuk
/ a(z,y,7)dr
0

vp—a.e. in R?". By the compact immersion WLy (Q) CC Ep () there exists a subsequence
that we still calling {ug}72, such that ur — u; a.e. in Q, and extending w; = 0 in Q° we have
D3uy — D%u; vy,—a.e. in R?" and consequently A(z,y, Dui) — A(x,y, D%u;) v,—a.e. in R?".
It follows from the dominated convergence theorem

A () = / Alz,y, D*uy) duy
R2n

|A(z,y, D*ug)| = < a(z,y, D’up)D*uy, < h,

k—o0

= lim/ Az, y, D*uy) dvy,
R2n
= lim A°(ug)
k—oo
=1.
]

Now to give the correct asymptotic behavior of the eigenpairs {(\;, u;)}$2, we need the following
two lemmas whose proofs can be found in [24] or [41].

Lemma 4.8. Let i € N be fized. Then ¢;, — ¢; as k — oo.

Lemma 4.9. ¢; — 0 as i — oo.

We can give the proof of the main result.

Theorem 4.10. Let 2 C R be an open and bounded domain which satisfies the segment property.
Then there exists a sequence of eigenpairs {(Ai,u;)}52; C Ry x WLy () of (4.1). Moreover
Ai = Fo0 and u; — 0 in o(W§S Ly (), W E; () as i — oo.

Proof. Theorem Lemma and Lemma [£.9] imply that there exists a sequence of eigenpairs
{( N, uy)}52, C Ry x WELp(Q) for the problem (4.1) and G(u;) — 0 if § — oco. Using Theorem
and (4.2]) we have

Dsui
z// / a(z,y,7)dr dvy,
R2" 0
>// alx % D, dv
— R2n 7y7 2 2 n
2// oM <cD “i) v,
eon 2

where 6, c > 0 are constants independent of ¢. Therefore we have

D3uy; 1
M n < N
\//1;271 (C 2 > dvn < 0

2max{1,1/6}
c b

from where we obtain

1Dl s, <
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and so the sequence {u;}$2; is uniformly bounded in W3 L/ () then there exists @ € W5 L (Q)
such that u; — @ in o(W§Lp (), W °E;(Q)) and G(u;) — G(u) as i — co. From the above we
have @ = 0 and therefore u; — 0 in o(W§Lp (), W5 Ej;(Q)).

Finally, using the fact that for each ¢ the pair (A;,u;) is solution for (4.1)), the monotonicity
condition (3.2)) of @ and Theorem we conclude

\ JJzon a(z,y, D*u;) D*u; dvy, < A (u;) _ 1
! Jo 9(ui)u; dz ~ Jo9iuide [, g(ui)u; da’
then A\; = 400 as i — . O
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