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Abstract. In this paper we analyze an eigenvalue problem associated to fractional operators
of the form

Lsau(x) = 2p.v.

∫
Rn

a(x, y,Dsu(x, y))
dy

|x− y|n+s
,

which represents a generalization model for nonlocal, nonstandard growth diffusion problems.

We study this problem in the context of the fractional Orlicz Sobolev spaces without assuming
the so-called ∆2–condition on the Young functions involved. We show existence of a sequence

of eigenpairs (uk, λk)→ (0,+∞).

1. Introduction

Eigenvalue problems are among the most important topics in Partial Differential Equations due
to their wide range of applications in both pure and applied mathematics. See, for instance, the
classical books by Courant and Hilbert [15, 16].

In particular, for linear elliptic operators such as the Laplacian, the study of the asymptotic
behavior of eigenvalues dates back to Courant. The classical Courant minimax principle ensures
the existence of an infinite sequence of eigenvalues {λk}k∈N for the Dirichlet eigenvalue problem{

−∆u = λu in Ω

u = 0 in ∂Ω,

where λk →∞ and Ω ⊂ Rn is a bounded open set.

In the early 1990s, attention shifted to nonlinear extensions of eigenvalue problems associated
with the Laplacian. One of the most extensively studied examples is the eigenvalue problem for
the p-Laplacian:

(1.1)

{
−∆pu = λ|u|p−2u in Ω,

u = 0 on ∂Ω,

introduced in [33] (see also [34, 35]).

A standard approach to deal with nonlinear eigenvalue problems such as (1.1) is based on the
Ljusternik–Schnirelmann theory, introduced in the early 1930s by Ljusternik and Schnirelmann
[36]. This theory provides a method for finding critical points of differentiable functionals on finite-
dimensional Riemannian manifolds. Its extension to infinite-dimensional settings was developed
by Schwartz [39, 40] for Riemannian manifolds modeled on Hilbert spaces, and by Palais [37] for
Finsler manifolds modeled on Banach spaces.

These ideas have been widely used to establish the existence of infinitely many distinct solutions
for nonlinear PDEs. A very incomplete list of contributions includes [4, 7, 8, 10, 9, 11, 12, 13, 30, 42].

To apply the Ljusternik–Schnirelmann theory to problem (1.1), one considers the functionals F

and G defined on W 1,p
0 (Ω) by

F (u) =

∫
Ω

|∇u|p dx and G(u) =

∫
Ω

|u|p dx.
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In this framework, one obtains the existence of a sequence of eigenvalues {λk}k∈N with λk →
∞. A crucial point is that W 1,p

0 (Ω) is reflexive and separable, and the functionals F and G are
differentiable (see [26, 27, 43]).

Another interesting nonlinear eigenvalue problem arises with the m−Laplacian operator, defined
by

∆mu = div

(
m(|∇u|)
|∇u|

∇u
)
,

where m : R+ → R+ is a nondecreasing function. This operator generalizes the p−Laplacian
operator when m(t) = tp−1.

The corresponding eigenvalue problem reads

(1.2)

{
−∆mu = λg(u) in Ω

u = 0 in ∂Ω.

Here, the function g : R→ R satisfies suitable growth conditions. These operators are particularly
appealing in applications due to the possibility of different diffusion behaviors when |∇u| � 1 and
|∇u| � 1, a phenomenon commonly referred to as nonstandard growth.

A key role is played by the primitive function of m, defined as M(t) =
∫ t

0
m(s), ds. When M

satisfies the ∆2-condition, namely

M(2t) ≤ CM(t),

for some constant C > 1 and all t ≥ T0, problem (1.2) shares many properties with the p-Laplacian
case. In particular, the Ljusternik–Schnirelmann theory can be applied to obtain a sequence of
eigenvalues.

However, when M does not satisfy the ∆2-condition, the situation becomes significantly more
delicate. In this case, the associated functional spaces are no longer separable or reflexive, and
the corresponding functionals fail to be differentiable. In [41], the author studied problem (1.2) by
combining ideas from [29] with a Galerkin-type approximation method, overcoming the lack of the
∆2-condition. As a consequence, the Ljusternik–Schnirelmann theory can still be applied, yielding
the existence of an infinite sequence of eigenvalues for (1.2).

Recently, considerable attention has been devoted to the study of nonlocal diffusion problems
due to their numerous applications in the natural sciences. See [1, 14, 20, 28]. Arguably, one of
the most relevant nonlocal operators is the fractional Laplacian, defined by

(−∆)su(x) = C(n, s)p.v.

∫
Rn

u(x)− u(y)

|x− y|n+2s
dy.

A natural question in this context is the study of the corresponding eigenvalue problem and its
relationship with the classical Laplacian. This problem has been addressed by several authors, and
a comprehensive treatment can be found in [5].

Nonlinear extensions of this problem were considered subsequently. In particular, in [32, 25] the
authors study the eigenvalue problem associated with the fractional p-Laplacian, defined as

(−∆p)
su(x) = C(n, s, p)p.v.

∫
Rn

|u(x)− u(y)|p−2(u(x)− u(y))

|x− y|n+sp
dy.

In this setting, the classical Ljusternik–Schnirelmann theory can be applied, since the associated
functional spaces, namely the fractional Sobolev spaces W s,p

0 (Ω), are reflexive and separable, and
the corresponding functionals are differentiable.

More recently, in [24], the authors analyzed an eigenvalue problem associated with the fractional
m-Laplacian operator defined by

(−∆m)su(x) = p.v.

∫
Rn

m

(
u(x)− u(y)

|x− y|s

)
dxdy

|x− y|n+s
,

where m = M ′ and M is a Young function. Note that when m(t) = |t|p−2t, this operator reduces
to the fractional p-Laplacian.
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The corresponding eigenvalue problem is

(1.3)

{
(−∆m)su = λg(u) in Ω

u = 0 in Rn \ Ω,

where the function g : R → R satisfies suitable growth conditions. In [24], without assuming the
∆2-condition on either M or its conjugate M̄ , the authors employ a Galerkin-type method to
obtain a countable sequence of distinct eigensolutions (uk, λk)k∈N to problem (1.3). Moreover, it
is shown that λk → +∞ as k →∞.

The aim of the present paper is to generalize the results in [24] by considering a class of
anisotropic fractional operators Lsa defined by

Lsau(x) = 2p.v.

∫
Rn

a

(
x, y,

u(x)− u(y)

|x− y|s

)
dy

|x− y|n+s
,

where the function a is odd, symmetric, monotone, and satisfies suitable growth conditions (see
Conditions 3.1 for precise assumptions).

In this framework, we study the associated nonlocal eigenvalue problem

(1.4)

{
Lsau = λg(u) in Ω

u = 0 in Rn \ Ω,

where g : R→ R satisfies appropriate growth conditions.

Our main result establishes the existence of a sequence of eigenvalues λkk∈N for problem (1.4),
such that λk → +∞ as k →∞ (see Theorem 4.10).

Organization of the paper. The paper is organized as follows: after this introduction, in Section
2 we include the preliminaries on Young functions, Orlicz spaces and fractional Orlicz-Sobolev
spaces. Even though the content is not new, there is some not so standard notation and terminology
that will be used throughout the paper. In Section 3 we precisely define the operators Lsa and prove
some of the main properties of these operators, namely the pseudo-monotonicity (see Theorem 3.4).
Finally, Section 4 we analyze the eigenvalue problem (1.4) and prove our main result about the
existence of eigenpairs, Theorem 4.10.

2. Preliminaries

In this section we present some preliminary definitions needed for the rest of the paper. The
first subsection is well known and does not contain any new result the book [31] being the standard
reference for the subject. The second subsection contains the definitions and basic results regarding
fractional Orlicz-Sobolev spaces. See for instance [23] where these spaces were introduced and [2, 3]
where several properties of these spaces were analyzed without requiring the ∆2–condition. The
third subsection recalls the definition of complementary pairs introduced in [29] and the definition
of the segment property, and construct a complementary pair in the context of fractional Orlicz-
Sobolev spaces. In the fourth subsection we recall an abstract result due to [41] that will be helpful
in the sequel. Finally, in the fifth subsection we state the definition of a deformation of a set that
will play a key role in the regularity of the level sets that we will use in section 4.

2.1. Young functions and Orlicz spaces. Let M : R → R be an even, convex and continuous
function, such that M(t) > 0 for t > 0, M(t)/t→ 0 as t→ 0 and M(t)/t→∞ as t→∞. Such a
function M is called a Young function if it can be written as

M(t) =

∫ |t|
0

m(s) ds,

for m : [0,∞) → [0,∞) increasing, right continuous with m(t) = 0 if and only if t = 0 and
m(t)→∞ as t→∞.

It will be helpful to extend the function m to the entire real line by oddness, that is m(t) =
sign(t)m(|t|).

We recall now some basic definitions on Orlicz spaces that can be found, for instance, in [31].
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Let U ⊂ RN be a bounded domain and let µ be a Borel measure in U . The Orlicz class
LM (U, dµ) is defined as

LM (U, dµ) :=

{
u : U → R, measurable :

∫
U

M(u) dµ <∞
}
.

The Orlicz space LM (U, dµ) is then defined as the linear hull of LM (U, dµ). It follows that
LM (U, dµ) can be characterized as

LM (U, dµ) =

{
u : U → R, µ−measurable :

∫
U

M
(u
k

)
dµ <∞, for some k > 0

}
.

This space is a Banach space when it is equipped, for instance, with the Luxemburg norm, i.e.

‖u‖LM (U,dµ) = ‖u‖M,U,dµ = ‖u‖M,dµ := inf

{
k > 0:

∫
U

M
(u
k

)
dµ ≤ 1

}
.

A well-known and interesting fact is that LM (U, dµ) = LM (U, dµ) if and only if M satisfies the
so-called ∆2–condition, i.e.

(2.1) M(2t) ≤ CM(t), for t ≥ T.

Also, the Orlicz space LM (U, dµ) is separable if and only if M satisfies (2.1).

Next, we define the space EM (U, dµ) as the closure of bounded µ−measurable functions in
LM (U, dµ), in the case µ(U) = ∞ the space EM (U, dµ) is the closure in LM (U, dµ) of bounded
µ−measurable functions with bounded support. It is easy to see that

EM (U, dµ) =

{
u : U → R, µ−measurable :

∫
U

M
(u
k

)
dµ <∞, for every k > 0

}
.

Again, EM (U, dµ) = LM (U, dµ) if and only if M satisfies (2.1).

So, in general, we have

EM (U, dµ) ⊂ LM (U, dµ) ⊂ LM (U, dµ),

with equalities if and only if M satisfies (2.1).

Observe that EM (U, dµ) and LM (U, dµ) are Banach spaces and LM (U, dµ) is a convex set.

Given a Young function M , we define its complementary function M̄ as

M̄(t) := sup{τ |t| −M(τ) : τ ≥ 0}.

Observe that M̄ is also a Young function and it is the optimal function in the Young inequality

(2.2) τt ≤M(t) + M̄(τ),

for all τ, t ∈ R . Observe that equality in (2.2) is achieved if and only if τ = sign(t)m(t) or
t = sign(τ)m̄(τ) where m̄(t) is the derivative of M̄(t).

It follows directly from (2.2) that if u ∈ LM (U, dµ) and v ∈ LM̄ (U, dµ), then uv ∈ L1(U) and∫
U

|uv| dµ ≤ 2‖u‖M‖v‖M̄ .

This fact allows one to define in LM (U, dµ) the topology σ(LM , LM̄ ) and it follows that EM (U, dµ)
is dense in LM (U, dµ) in this topology.

It is easy to check that ¯̄M = M . The Orlicz space LM̄ (U, dµ) is the dual space of EM (U, dµ)
and so LM (U, dµ) is reflexive if and only if M and M̄ satisfy (2.1).

Finally, given M a Young function, we define

(2.3) Dom(m) := {u ∈ LM (U, dµ) : m(|u|) ∈ LM̄ (U, dµ)}.

It can be checked that EM (U, dµ) ⊂ Dom(m) ⊂ LM (U, dµ) and hence, Dom(m) = LM (U, dµ)
if and only if M satisfies (2.1). Moreover, the map u 7→ m(u) from EM (U, dµ) to LM̄ (U, dµ) is
continuous if and only if M̄ satisfies (2.1).
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2.2. Fractional order Orlicz-Sobolev spaces. In the product space Rn × Rn = R2n we define
the measure

dνn :=
dxdy

|x− y|n
.

Observe that this is a Borel measure and that if K ⊂ R2n \∆ is compact, then νn(K) <∞, where
∆ ⊂ Rn × Rn is the diagonal ∆ := {(x, x) : x ∈ Rn}.

We will consider two Orlicz spaces LM (U, dµ). One with U = Rn and dµ = dx (the Lebesgue
measure) and another with U = R2n and dµ = dνn.

We will use the notations

LM = LM (Rn, dx), LM = LM (Rn, dx), EM = EM (Rn, dx);

LM (νn) = LM (R2n, dνn), LM (νn) = LM (R2n, dνn), EM (νn) = EM (R2n, dνn).

Now, given a fractional parameter s ∈ (0, 1), we introduce the notation for the s−Hölder quotient
of a function u : Rn → R.

Dsu(x, y) :=
u(x)− u(y)

|x− y|s
.

Then Dsu : R2n \∆→ R.

Now, with all the notation introduced, the fractional order Orlicz-Sobolev spaces are defined as

W sLM := {u ∈ LM : Dsu ∈ LM (νn)}
and

W sEM := {u ∈ EM : Dsu ∈ EM (νn)}.
These spaces are naturally equipped with the norms

‖u‖s,M = ‖u‖M + ‖Dsu‖M,νn .

Also, these spaces can be isometrically identified as closed subspaces of LM × LM (νn) and
EM × EM (νn) respectively using the map

u 7→ (u,Dsu).

Now, given Ω ⊂ Rn a bounded open set, the space W s
0LM (Ω) is then defined as the closure of D(Ω)

in W sLM with respect to the topology σ(LM ×LM (νn), EM̄ ×EM̄ (νn)). By Poincaré’s inequality
(see [23, Corollary 6.2]) in W s

0LM (Ω) the quantity ‖Dsu‖M,νn is equivalent to ‖u‖s,M . Therefore
in W s

0LM (Ω) we will consider the norm ‖u‖W s
0LM (Ω) = ‖Dsu‖M,νn .

The space W s
0EM (Ω) is defined as the closure of D(Ω) in W sEM in norm topology.

In order to define the dual spaces, we need to introduce the notion of fractional divergence. See
[22].

Given F ∈ LM̄ (νn), the fractional divergence of F is defined as

divsF (x) := p.v.

∫
Rn

F (y, x)− F (x, y)

|x− y|n+s
dy

= lim
ε→0

∫
Rn\Bε(x)

F (y, x)− F (x, y)

|x− y|n+s
dy.

In [21] it is shown that if F ∈ LM̄ (νn), then divsF ∈ (W s
0LM (Ω))∗ and the following fractional

integration by parts formula holds

(2.4) 〈divsF, u〉 = −
∫∫

R2n

FDsu dνn.

So, we define the following spaces of distributions

W−sLM̄ (Ω) := {φ ∈ D′(Ω): φ = f + divsF with f ∈ LM̄ , F ∈ LM̄ (νn)}

W−sEM̄ (Ω) := {φ ∈ D′(Ω): φ = f + divsF with f ∈ EM̄ , F ∈ EM̄ (νn)}.
Recall that since EM̄ and EM̄ (νn) are separable then W−sEM̄ (Ω) is also separable.

These spaces are endowed with the usual quotient norms,

‖φ‖−s,M̄ := inf{‖f‖M̄ + ‖F‖M̄,νn : φ = f + divsF}.
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2.3. Complementary systems and segment property. In [18, 19] the authors introduce the
notion of complementary systems in order to work in spaces without the usual reflexivity assump-
tion.

Let Y and Z be real Banach spaces with a pairing 〈·, ·〉 : Y × Z → R. Let Y0 ⊂ Y and Z0 ⊂ Z
be closed and separable subspaces. We say (Y, Y0;Z,Z0) is a complementary system if Y ∗0 = Z
and Z∗0 = Y (where equality is understood in the sense of a natural isometry via the pairing 〈·, ·〉).

The first natural example of a complementary system is Y = LM , Y0 = EM , Z = LM̄ and
Z0 = EM̄ .

Observe that it is immediate to see that

(2.5) (LM × LM (νn), EM × EM (νn);LM̄ × LM̄ (νn), EM̄ × EM̄ (νn))

is also a complementary system.

In [29] the author provides with a general method to generate complementary systems from a
previous one. More precisely

Lemma 2.1 ([29], Lemma 1.2). Given a complementary system (Y, Y0;Z,Z0) and a closed subspace
E of Y , define E0 = E ∩ Y0, F = Z/E⊥0 and F0 = Z0/E

⊥
0 .

Then, the pairing 〈·, ·〉 between Y and Z induces a pairing between E and F if and only if E0

is σ(Y, Z) dense in E that is if u ∈ E then there exists {um}m∈N ∈ E0 such that 〈um, v〉 → 〈u, v〉
if m→∞,∀v ∈ Z. In this case, (E,E0;F, F0) is a complementary system if E is σ(Y, Z0) closed,
and conversely, when Z0 is complete, E is σ(Y,Z0) closed if (E,E0;F, F0) is a complementary
system.

Using this Lemma, in [29] it is shown that

(W 1
0LM (Ω),W 1

0EM (Ω);W−1LM̄ (Ω),W−1EM̄ (Ω))

is a complementary system when the domain Ω satisfies the segment property.

See Section 8.1 in [17] for the definition of the segment property.

Using similar ideas, in [24, Section 2.3] it is shown that if Ω satisfies the segment property, then

(2.6) (W s
0LM (Ω),W s

0EM (Ω);W−sLM̄ (Ω),W−sEM̄ (Ω))

is also a complementary system.

3. Nonlocal, quasilinear, anisotropic operators

In this section, we will define the operators that will be the subject of our investigation. These
operators are natural extensions of the fractional order m−Laplace operator that were introduced
in [23]. See also [24].

To this end, let a : Rn × Rn × R → R, a = a(x, y, ξ). On this function a we will impose the
following conditions:

Conditions 3.1. We will assume from now on that a : Rn × Rn × R→ R satisfies

• (Caratheodory condition) a(·, ·, ξ) is a measurable for all ξ ∈ R and a(x, y, ·) is a continuous
function for a. e. (x, y) ∈ R2n.
• a(x, y,−ξ) = −a(x, y, ξ), for all ξ ∈ R and a.e. (x, y) ∈ R2n.
• a(x, y, ξ)ξ > 0 for a.e. (x, y) ∈ R2n and all ξ ∈ R with ξ 6= 0.
• (Growth condition) There exists a Young function M , a function d ∈ EM̄ (νn) and constants
b, c ∈ R+ such that for a.e. (x, y) ∈ R2n and all ξ ∈ R

(3.1) |a(x, y, ξ)| ≤ d(x, y) + bM̄−1(M(cξ))

where M̄ is the complementary function of the Young function M .
• (Monotonicity condition) For a.e. (x, y) ∈ R2n and all ξ, ξ′ ∈ R

(3.2) (a(x, y, ξ)− a(x, y, ξ′))(ξ − ξ′) ≥ 0.
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Given a function a : Rn × Rn × R → R that satisfies conditions 3.1, we define the operator
Lsa : Dom(Lsa)→W−sLM̄ as

Lsau(x) := −divs(a(x, y,Dsu(x, y))),

where Dom(Lsa) = {u ∈W s
0LM (Ω): a(x, y,Dsu(x, y)) ∈ LM̄ (νn)}.

Observe that

Lsau(x) = −divs(a(x, y,Dsu(x, y)))

= −p.v.

∫
Rn

(a(y, x,Dsu(y, x))− a(x, y,Dsu(x, y)))
dy

|x− y|n+s

= 2p.v.

∫
Rn

asym(x, y,Dsu(x, y))
dy

|x− y|n+s

= 2 lim
ε↓0

∫
|x−y|≥ε

asym(x, y,Dsu(x, y))
dy

|x− y|n+s
,

where asym is the symmetric part of a given by

asym(x, y, ξ) =
a(x, y, ξ) + a(y, x, ξ)

2
.

Observe that asym also verifies conditions 3.1 whenever a does. So, without loss of generality,
we may assume that a is symmetric, i.e. a = asym, in this way

(3.3) Lsau(x) = 2 lim
ε↓0

∫
|x−y|≥ε

a(x, y,Dsu(x, y))
dy

|x− y|n+s
,

where the kernel a satisfies conditions 3.1 and is symmetric.

We observe that, by definition, Dom(Lsa) ⊂ W s
0LM (Ω). Let us now see that W s

0EM (Ω) ⊂
Dom(Lsa).

Lemma 3.2. Let 0 < s < 1 and Ω ⊂ Rn be a bounded open set and let a satisfies conditions 3.1.
Then, if u ∈W s

0EM (Ω) we have that a(x, y,Dsu) ∈ LM̄ (νn).

Proof. Let u ∈W s
0EM (Ω), then

(3.4)

∫∫
R2n

M (|cDsu|) dνn <∞,

for every constant c ∈ R.

We claim that bM̄−1(M(c|Dsu|)) ∈ LM̄ (νn). Indeed by (3.4)∫∫
R2n

M̄

(
bM̄−1(M(c|Dsu|))

b

)
dνn =

∫∫
R2n

M(c|Dsu|) dνn <∞.

The proof concludes thanks to the growth condition (3.1). �

Next, from the properties of the fractional divergence divs, we get the following result

Theorem 3.3. Let 0 < s < 1 be fixed and let a satisfies conditions 3.1. Then for every u ∈
Dom(Lsa), we have that Lsau ∈W−sLM̄ (Ω). Moreover, for every v ∈W s

0LM (Ω),

〈Lsau, v〉 =

∫∫
R2n

a(x, y,Dsu)Dsv dνn,

Proof. Observe that if we denote F (x, y) = a(x, y,Dsu(x, y)), if u ∈ Dom(Lsa) then F ∈ LM̄ (νn).
Therefore, the integration by parts formula (2.4), gives us

〈Lsau, v〉 = 〈−divsF, v〉 =

∫∫
R2n

FDsv dνn =

∫∫
R2n

a(x, y,Dsu)Dsv dνn,

and the proof is complete. �

A very important property of the operator Lsa is the pseudomonotonicity. The following result
is the main theorem of this section.
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Theorem 3.4. Let Ω ⊂ Rn be a bounded and open domain that satisfies the segment property.
Then, the operator Lsa is pseudomonotone. That is, If {ui}i∈N ⊂ Dom(Lsa) is a sequence such that
it fulfills

(3.5)


ui → u for σ(W s

0LM (Ω),W−sEM̄ (Ω))

Lsaui → f ∈W−sLM̄ (Ω) for σ(W−sLM̄ (Ω),W s
0EM (Ω))

lim supi→∞〈Lsaui, ui〉 ≤ 〈f, u〉
then

(3.6)


u ∈ Dom(Lsa)

Lsau = f

〈Lsaui, ui〉 → 〈f, u〉 if i→∞.

The proof of Theorem 3.4 is divided into a series of lemmas for the reader’s convenience. It will
be helpful to introduce the following notation: for a given function u we define the sets

Rj(u) := {(x, y) ∈ R2n : |(x, y)| ≤ j and |Dsu| ≤ j}.

Lemma 3.5. Let u ∈ W s
0LM (Ω) and v ∈ W s

0EM (Ω) respectevely. If 0 < |λ| < 1 then, for each
j ∈ N

a(x, y,Dsu+ λDsv)Dsv, a(x, y,Dsu)Dsv ∈ L1(Rj(u), dνn).

Moreover

lim
λ→0

∫∫
Rj(u)

a(x, y,Dsu+ λDsv)Dsv dνn =

∫∫
Rj(u)

a(x, y,Dsu)Dsv dνn.

Proof. Let u ∈W s
0LM (Ω) and v ∈W s

0EM (Ω) then using Young’s inequality we have

|a(x, y,Dsu+ λDsv)Dsv| =
∣∣∣∣a(x, y,Dsu+ λDsv)

2b

∣∣∣∣ |2bDsv|

≤M(2bDsv) + M̄

(
a(x, y,Dsu+ λDsv)

2b

)
,

where b ∈ R is given by the growth condition (3.1).

Since v ∈W s
0EM (Ω) it follows that M(2bDsv) ∈ L1(R2n, dνn) and by growth condition we have

in Rj(u)

M̄

(
a(x, y,Dsu+ λDsv)

2b

)
≤ M̄

(
d(x, y)

2b
+
M̄−1(M(c(Dsu+ λDsv))

2

)
≤ 1

2

(
M̄

(
d(x, y)

b

)
+M(c(|Dsu|+ |Dsv|)

)
≤ 1

2

(
M̄

(
d(x, y)

b

)
+M(cj + c|Dsv|)

)
≤ 1

2

(
M̄

(
d(x, y)

b

)
+

1

2
M(2cj) +

1

2
M(2c|Dsv|)

)
,

using the fact that d ∈ EM̄ (νn) and v ∈ W s
0EM (Ω) the right hand side in the last inequality is

integrable in Rj(u). We observe that the last inequality is valid uniformly in λ.

Finally, using the fact

a(x, y,Dsu+ λDsv)Dsv → a(x, y,Dsu)Dsv,

as λ→ 0 a.e. in Rj(u) and the dominated convergence theorem we conclude the proof. �

Lemma 3.6. If there exists u ∈W s
0LM (Ω) and Φ ∈ LM̄ (νn) such that

(3.7)

∫∫
R2n

(a(x, y,W )− Φ)(W −Dsu) dνn ≥ 0,

for all W ∈ L∞(R2n, dνn) with compact support then a(x, y,Dsu) = Φ ∈ (W s
0LM (Ω))∗ that is∫∫

R2n

a(x, y,Dsu)Dsv dνn =

∫∫
R2n

ΦDsv dνn ∀v ∈W s
0LM (Ω).
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Proof. Let w ∈W s
0LM (Ω) be such that Dsw ∈ L∞(Rl(u), dνn). Taking l ≥ j we define

W := DswχRj(u) −DsuχRj(u) +DsuχRl(u) = Ds,jw −Ds,ju+Ds,lu,

then using W in (3.7)

(3.8)

∫∫
R2n

(a(x, y,Ds,jw −Ds,ju+Ds,lu)− Φ)(Ds,jw −Ds,ju+Ds,lu−Dsu) dνn ≥ 0.

The left hand side on (3.8) can be expressed as∫∫
R2n

(a(x, y,Ds,jw −Ds,ju+Ds,lu)− Φ)(Ds,jw −Ds,ju) dνn

+

∫∫
R2n

a(x, y,Ds,jw −Ds,ju+Ds,lu)(Ds,lu−Dsu) dνn

−
∫∫

R2n

Φ(Ds,lu−Dsu) dνn

= I + II + III.

The first integral I is zero outside Rj(u), the second integral II is zero, and III integral tends to
zero if l→∞. Hence, letting l→∞, we obtain∫∫

Rj(u)

(a(x, y,Dsw)− Φ) (Dsw −Dsu) dνn ≥ 0.

Now let v ∈ D(Ω), using Lemma 3.5 with λ > 0, first with w = u + λv and then w = u − λv, we
have ∫∫

Rj(u)

(a(x, y,Dsu)− Φ)Dsv dνn = 0 ∀v ∈ D(Ω).

Taking the limit j →∞, we have∫∫
R2n

(a(x, y,Dsu)− Φ)Dsv dνn = 0 ∀v ∈ D(Ω),

and by the density, ∀v ∈W s
0EM (Ω). Using the density of W s

0EM (Ω) ⊂W s
0LM (Ω) with respect to

the σ(LM × LM (νn), LM̄ × LM̄ (νn)) topology, we conclude the proof. �

Now we are in position to prove the pseudomonotonicity.

Proof of Theorem 3.4. Let {ui}i∈N ⊂ Dom(Lsa) and f ∈ W−sLM̄ (Ω) such that (3.5) is satisfied.
We must prove that u = limui and f satisfy (3.6).

Let us first prove that the sequence {a(x, y,Dsui)}i∈N remains bounded in LM̄ (νn), indeed let
V ∈ L∞(R2n, dνn) with compact support, by the monotonicity condition (3.2) we have

(3.9)

∫∫
R2n

(a(x, y,Dsui)− a(x, y, V ))(Dsui − V ) dνn ≥ 0,

which implies ∫∫
R2n

a(x, y,Dsui)V dνn ≤
∫∫

R2n

a(x, y,Dsui)D
sui dνn

−
∫∫

R2n

a(x, y, V )Dsui dνn

+

∫∫
R2n

a(x, y, V )V dνn

= I + II + III,

the first integral remains bounded by (3.5), the convergence ui → u implies that the second integral
is uniformly bounded in i and the last integral is independent of i, therefore there exists a constant
C, independent of i, such that ∫∫

R2n

a(x, y,Dsui)V dνn ≤ C,

for all V ∈ L∞(R2n, dνn) with compact support and therefore for all V ∈ EM (νn), then by the
uniform boundedness principle we have ‖a(x, y,Dsui)‖LM̄ (νn) ≤ C uniformly in i and so there exists
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a subsequence that we still denote by {a(x, y,Dsui)}i∈N and Φ ∈ LM̄ (νn) such that a(x, y,Dsui)→
Φ in σ(LM̄ (νn), EM (νn)), using the above convergence and the fact Lsaui → f ∈ W−sLM̄ (Ω) for
σ(W−sLM̄ (Ω),W s

0EM (Ω)) we have

〈f, v〉 = lim
i→∞
〈Lsaui, v〉

= lim
i→∞

∫∫
R2n

a(x, y,Dsui)D
sv dνn

=

∫∫
R2n

ΦDsv dνn,

for all v ∈W s
0EM (Ω). This formula together with the density of W s

0EM (Ω) in W s
0LM (Ω) with re-

spect to the σ(LM×LM (νn), LM̄×LM̄ (νn)) topology allows us to extend v to the space W s
0LM (Ω),

that is

(3.10) 〈f, v〉 =

∫∫
R2n

ΦDsv dνn ∀v ∈W s
0LM (Ω).

Now taking limit in (3.9) we obtain∫∫
R2n

(Φ− a(x, y, V ))(Dsu− V ) dνn ≥ 0,

for all V ∈ L∞(R2n, dνn) with compact support and so by Lemma 3.6 we have a(x, y,Dsu) = Φ
in (W s

0LM (Ω))∗, that is Lsau = f .

On the other hand putting ui = u in (3.9), using Lsau = f and (3.10) we have∫∫
R2n

a(x, y,Dsu)V dνn ≤
∫∫

R2n

ΦDsu dνn

−
∫∫

R2n

a(x, y, V )Dsu dνn

+

∫∫
R2n

a(x, y, V )V dνn,

<∞,

for all V ∈ EM (νn) that is a(x, y,Dsu) ∈ LM̄ (νn) and so u ∈ Dom(Lsa).

Finally, we prove that

〈Lsaui, ui〉 → 〈f, u〉 for i→∞.
Let

L = lim inf
i→∞

∫∫
R2n

a(x, y,Dsui)D
sui dνn,

we only need to prove that L ≥ 〈f, u〉.
Using the monotonicity property again we have∫∫

R2n

(
a(x, y,Dsui)− a(x, y,Ds,ju)

)
(Dsui −Ds,ju) dνn ≥ 0,

where Ds,ju = DsuχRj(u). Taking the limit in i and rewriting, we obtain

L ≥
∫∫

R2n

a(x, y,Ds,ju)(Dsu−Ds,ju) dνn +

∫∫
R2n

a(x, y,Dsu)Ds,ju dνn.

In Rj(u) the factor Dsu −Ds,ju = 0, and in Rj(u)c the factor a(x, y,Ds,ju) = a(x, y, 0) = 0, so
the first integral in the above inequality is zero. Therefore

L ≥
∫∫

Rj(u)

a(x, y,Dsu)Dsu dνn,

for arbitrary j, then

L ≥
∫∫

R2n

a(x, y,Dsu)Dsu dνn = 〈f, u〉.

This concludes the proof of the theorem. �
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4. The eigenvalue problem

In this section we analyze the eigenvalue problem

(4.1)

{
Lsau = λg(x, u) in Ω

u = 0 in Rn \ Ω,

where a(x, y, ξ) verifies conditions 3.1 and, moreover, we also assume the coercitivity condition

(4.2) a(x, y, ξ)ξ ≥ θM(cξ), for every ξ ∈ R and a.e. (x, y) ∈ R2n,

for some constants θ, c > 0.

On the source term g : R → R we will assume that it is an odd and continuous function such
that g(t) > 0 for all t > 0 and that it verifies the growth condition

(4.3) |g(x, t)| ≤ e(x) + a1M̄
−1(a2M(a3t)) ∀t ≥ 0,

where a1, a2 and a3 are positive constants and e(x) ∈ LM̄ .

Next, we define the notion of eigenpair for (4.1):

Definition 4.1. We say that (λ, u) is an eigenpair for (4.1) if u ∈ Dom(Lsa) and

(4.4)

∫∫
R2n

a(x, y,Dsu)Dsv dνn = λ

∫
Ω

g(u)v dx,

for all v ∈W s
0LM (Ω).

Recall that Dom(Lsa) ⊂ W s
0LM (Ω) ⊂ EM (Ω) and therefore the right hand side of (4.4) is well

defined. In fact, ∫
Ω

|g(u)||v| dx ≤
∫

Ω

e(x)|v| dx+ a1

∫
Ω

M̄−1(a2M(a3|u|))|v| dx.

The first integral is well defined by Young’s inequality (2.2) and the second one, using again Young’s
inequality it is bounded by

ka2

∫
Ω

M(a3|u|) dx+ k

∫
Ω

M

(
|v|
k

)
dx <∞.

In order to study problem (4.1) we define the functionals

As : Dom(As) ⊂W s
0LM (Ω)→ R and G : W s

0LM (Ω)→ R
as

As(u) :=

∫∫
R2n

A(x, y,Dsu) dνn and G(u) :=

∫
Ω

G(u) dx,

respectively, where A(x, y, t) =
∫ t

0
a(x, y, τ) dτ,G(t) =

∫ t
0
g(τ) dτ and

Dom(As) := {u ∈W s
0LM (Ω): As(u) <∞}.

A similar argument as the one used to check the well definition of (4.4) gives us that G is a well
defined functional for every u ∈W s

0LM (Ω).

We observe that W s
0EM (Ω) ⊂ Dom(Lsa) ⊂ Dom(As) ⊂W s

0LM (Ω), and the functions As and G
vanish only at zero. These inclusions are a direct consequence of the point wise inequality

A(x, y, ξ) ≤ ξa(x, y, ξ).

Let B = {φ1, φ2, . . . } ⊂ D(Ω) be a countable linearly independent subset in W s
0EM (Ω) such

that the linear hull is norm dense, and we define the sets V and Vk as the linear hull of the sets
B and Bk := {φ1, φ2, . . . , φk} respectively. We denote the continuous pairing between W−sLM̄ (Ω)
and W s

0EM (Ω) by 〈·, ·〉, and the one between Vk and (Vk)∗ by 〈·, ·〉k.

A straightforward calculation gives

〈(As)′(u), v〉k =

∫∫
R2n

a(x, y,Dsu)Dsv dνn ∀u, v ∈ Vk,

〈G′(u), v〉k =

∫
Ω

g(u)v dx ∀u, v ∈ Vk,
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for each k = 1, 2, . . . , and the fact Vk ⊂W s
0EM (Ω) allows us to conclude As,G ∈ C1(Vk).

By the growth condition (4.3) and the compact immersion W s
0LM (Ω) ⊂⊂ EM (Ω) (see Theorem

B.3 in [24]), it follows that Dom(G) = W s
0LM (Ω) and

G(uk)→ G(u)

〈G′(uk), uk〉k →
∫

Ω

g(u)u dx

〈G′(uk), v〉 →
∫

Ω

g(u)v dx,

whenever uk ∈ Vk, uk → u ∈W s
0LM (Ω) in σ(W s

0LM (Ω),W−sEM̄ (Ω)), and v ∈ V .

In order to analyze existence of solution, we reduce the problem (4.1) on the finite dimensional
space Vk that is

(As)′(u) = λG′(u) in V ∗k

u ∈ N s
k , λ ∈ R,

(4.5)

where N s
k = {u ∈ Vk : As(u) = 1}.

Now, to attack the problem (4.1) we need the following notation

N s = {u ∈W s
0EM (Ω): As(u) = 1}

Ksi = {K ⊂ N s compact and symmetric : gen(K) ≥ i}
Ksi,k = {K ⊂ N s

k compact and symmetric : gen(K) ≥ i}
ci = sup

K∈Ks
i

inf
u∈K
G(u)

ci,k = sup
K∈Ks

i,k

inf
u∈K
G(u),

where gen(K) stands for the Krasnoselskii genus (see [38, Chapter 7]).

The proof now will make use of the finite dimensional Ljusternik-Schnirelman theory developed
in [43]. The following lemma contains the necessary properties for the operator As and the level
set N s

k needed in order to apply [43, Theorem 2].

Lemma 4.2. a) (As)′ : Vk → V ∗k is a potential operator with potential As.
b) (As)′ is uniformly continuous on bounded sets.
c) There exists a real number r(u) > 0 such that As(r(u)u) = 1 for every u 6= 0.
d) The level set N s

k = {u ∈ Vk : As(u) = 1} is bounded.
e) If u 6= 0 then 〈(As)′(u), u〉 > 0 and infu∈N s

k
〈(As)′(u), u〉 > 0.

Proof. The proof of a) has been observed before.

The item b) is consequence of the uniform continuity theorem.

We prove now item c). Let u ∈ Vk with u 6≡ 0. Define the function ϕ : R+ → R as

ϕ(r) := As(ru) =

∫∫
R2n

A(x, y, rDsu) dνn.

We observe that ϕ is a continuous function with ϕ(0) = 0. Now, for r > 1, we have

As(ru) =

∫∫
R2n

A(x, y, r|Dsu|) dνn

On the other hand, for ξ > 0,

A(x, y, rξ) =

∫ rξ

0

a(x, y, τ) dτ ≥
∫ rξ

ξ

a(x, y, τ) dτ ≥ (r − 1)a(x, y, ξ)ξ.

Therefore, we obtain

ϕ(r) = As(ru) ≥ (r − 1)

∫∫
R2n

a(x, y, |Dsu|)|Dsu| dνn.

Using now (3.2) we obtain that ϕ(r)→∞ when r →∞. Then, by the intermediate value theorem,
there exists 0 < r(u) such that ϕ(r(u)) = 1, that is As(r(u)u) = 1.
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Item d) is consequence of item c). Indeed the map h : Sk−1 → N s
k , where Sk−1 = {u ∈

Vk : ‖u‖W sLM
= 1}, defined as h(u) = r(u)u is an homeomorphism therefore N s

k is compact and
in particular is bounded.

Finally to prove item e) we observe, by the monotonicity of a(x, y, ·),

(4.6) A(x, y, ξ) =

∫ ξ

0

a(x, y, τ) dτ ≤ a(x, y, ξ)ξ

and

〈(As)′(u), u〉 =

∫∫
R2n

a(x, y,Dsu)Dsu dνn > 0 ∀u 6= 0.

Finally, if u ∈ N s
k using (4.6) we have

1 = As(u) =

∫∫
R2n

A(x, y,Dsu) dνn ≤
∫∫

R2n

a(x, y,Dsu)Dsu dνn,

this implies infu∈N s
k
〈(As)′(u), u〉 ≥ 1 > 0. �

Now we are in position to provide solution for the problem (4.5).

Lemma 4.3. Let i ∈ N given. Then, for any k ≥ i there exist uik ∈ W s
0EM (Ω), and λik ∈ (0,∞)

such that

uik ∈ N s
k ⊂ Vk

(As)′(uik) = λikG′(uik) in V ∗k

G(uik) = ci,k.

Proof. The content of Lemma 4.2 puts us in a position to directly apply [43, Theorem 2 and
Corollary 7.1] and that gives us exactly the claim of this lemma. �

In order to show analyze the behavior of the sequence {(λik, uik)}k≥i as k →∞ we need first to
prove that the map u 7→ r(u)u given by Lemma 4.2 defines an homeomorphism between the unit
ball of W s

0EM (Ω) and the manifold N s. We begin with a lemma that shows the continuity of r(u).

Lemma 4.4. Let r(u) be the unique positive real number r such that As(ru) = 1. Assume that
‖uk‖s,M = 1 and that uk → u in W s

0EM (Ω), then r(uk)→ r(u).

Proof. We divide the proof into several steps for the reader convenience.

Step 1. We claim that rk := r(uk) is bounded. In fact, we may assume that rk > 1 and arguing
as in Lemma 4.2, we get

1 = As(rkuk) ≥ (rk − 1)

∫∫
R2n

a(x, y,Dsuk)Dsuk dνn.

Next we use the coercivity condition 4.2 to obtain

1 ≥ (rk − 1)θ

∫∫
R2n

M(cDsuk) dνn.

Now we claim that there exists a constant δ > 0 such that
∫∫

R2n M(cDsuk) dνn ≥ δ for every

k ∈ N. Otherwise,
∫∫

R2n M(cDsuk) dνn → 0 up to a subsequence, but in turn this implies that
cuk → 0 in W s

0EM (Ω) which is a contradiction.

Combining these estimates. we arrive at

1 ≥ (rk − 1)θδ

and the claim follows.

Without loss of generality, we can assume that rk → r0 as k →∞.

Step 2. We claim that the functional As is continuous in W s
0EM (Ω).
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Using the monotonicity of a(x, y, ξ) together with (3.1) and Young’s inequality (2.2), we obtain
the pointwise estimate

A(x, y, ξ) ≤ ξa(x, y, ξ) ≤ ξ(d(x, y) + bM̄−1(M(cξ)))

≤ M̄(d(x, y)) +M(ξ) + b(M(ξ) +M(cξ)) ≤ M̄(d(x, y)) + b̃M(cξ).

Observe now that if vk → v in W s
0EM (Ω), then M(cDsvk)→M(cDsv) νn−a.e. and, moreover,∫∫

R2n M(cDsvk) dνn →
∫∫

R2n M(cDsv) dνn. Therefore, we can apply the Dominated Convergence
Theorem to conclude that∫∫

R2n

A(x, y,Dsvk) dνn →
∫∫

R2n

A(x, y,Dsv) dνn,

from where the claim follows.

As a corollary of Steps 1 and 2, we have that As(rkuk)→ As(r0u).

Step 3. Since As(rkuk) = 1 for every k ∈ N, it follows from the previous steps that As(r0u) = 1.
But, since ϕ(r) = As(ru) is strictly increasing, we can conclude that r(u) is unique, and so
r(u) = r0. �

Lemma 4.5. There exist constants δ > 0 such that δ ≤ ‖u‖s,M ≤ δ−1 for every u ∈ N s. i.e. N s

is bounded away from zero and infinity.

Proof. Observe that the proof of Lemma 4.4, Step 1 gives us that ‖u‖s,M is uniformly bounded for
u ∈ N s. In fact, if u ∈ N s, then v = u/‖u‖s,M satisfies that ‖v‖s,M = 1 and r(v) = ‖u‖s,M . Since
Step 1 in Lemma 4.4 says that r(v) is uniformly bounded for ‖v‖s,M = 1 then the claim follows.

In order to obtain the lower bound, we argue similarly to the proof of Step 2 in Lemma 4.4.

�

Proposition 4.6. The map H : BW s
0EM (Ω) → N s given by H(u) = r(u)u is an homeomorphism.

Proof. We observe that Lemma 4.4 implies that H is continuous. On the other hand a straight-
forward calculation gives H−1(v) = v/‖v‖s,M . Finally, Lemma 4.5 give us the continuity of H−1.
Therefore H is a homeomorphism. �

The following theorem gives the asymptotic behavior of the sequence {(λik, uik)}k≥i.

Theorem 4.7. Let i ∈ N fixed and let {(λik, uik)}k≥i ⊂ (0,+∞)×W s
0EM (Ω) be the sequence given

in Lemma 4.3. Then there exists ui ∈ Dom(Lsa) and λi ∈ (0,+∞) such that up to a subsequence,
λik → λi and uik → ui for σ(W s

0LM (Ω),W−sEM̄ (Ω)). Moreover, As(ui) = 1,G(ui) = limk→∞ ci,k
and (λi, ui) is an eigenpair for (4.1).

Proof. We observe that {uik}k≥i ⊂ N s
k ⊂ N s and by Lemma 4.6 there exists an homeomorphism

H : {u ∈W s
0EM (Ω): ‖u‖W sLM (Ω) = 1} → N s defined as H(u) = r(u)u where r(u) > 0 is the same

that in Lemma 4.2, therefore N s is bounded and so {uk}∞k=i is uniformly bounded in W s
0LM (Ω)

then there exists ui ∈W s
0LM (Ω) such that uk → ui in σ(W s

0LM (Ω),W−sEM̄ (Ω)), Lemma 4.3 give
us limk→∞ ci,k = limk→∞ G(uk) = G(ui).

We prove now the convergence of the sequence {λk}∞k=i. Suppose that λk → +∞ if k → ∞,
since {ci,k}∞k=i are increasing and positive we have G(ui) > 0 implying g(ui) 6≡ 0 (and therefore
ui 6≡ 0). Then there exists φ ∈ Vk0

for some k0 > i such that∫
Ω

g(ui)(ui − φ) dx < 0.

Using the monotonicity condition (3.2) we have∫∫
R2n

(a(x, y,Dsuk)− a(x, y,Dsφ))(Dsuk −Dsφ) dνn ≥ 0,

from where we obtain∫∫
R2n

a(x, y,Dsuk)(Dsuk −Dsφ) dνn ≥
∫∫

R2n

a(x, y,Dsφ)(Dsuk −Dsφ) dνn,



NONLOCAL QUASILINEAR ANISOTROPIC EQUATION 15

and using that (λk, uk) is solution

λk

∫
Ω

g(uk)(uk − φ) dx ≥
∫∫

R2n

a(x, y,Dsφ)(Dsuk −Dsφ) dνn,

the left hand side in the above inequality tends to −∞ and this is a contradiction therefore there
exists λi such that λk → λi if k →∞.

Now we prove that the sequence {a(x, y,Dsuk)}∞k=i is uniformly bounded in LM̄ (νn). Let
V ∈ L∞(R2n, νn) with compact support, again by the monotonicity condition 3.2 we have∫∫

R2n

(a(x, y,Dsuk)− a(x, y, V ))(Dsuk − V ) dνn ≥ 0,

from where we obtain∫∫
R2n

a(x, y,Dsuk)V dνn ≤
∫∫

R2n

a(x, y,Dsuk)Dsuk dνn−

−
∫∫

R2n

a(x, y, V )Dsuk dνn+

+

∫∫
R2n

a(x, y, V )V dνn

= I + II + III,

the first integral I is λk
∫

Ω
g(uk)ukdx→ λi

∫
Ω
g(ui)uidx therefore I is bounded, the second integral

II is bounded since uk → ui in σ(W s
0LM (Ω),W−sLM̄ (Ω)) and third integral III doesn’t depends

on k then there exists a constant C > 0 such that∫∫
R2n

a(x, y,Dsuk)V dνn ≤ C,

for all V ∈ L∞(R2n, νn) with compact support and by density for all V ∈ EM (νn) therefore
by the uniform boundedness principle the sequence {a(x, y,Dsuk)}∞k=i is uniformly bounded in
LM̄ (νn) and so there exists F ∈ LM̄ (νn) such that a(x, y,Dsuk) → F in σ(LM̄ (νn), EM (νn))
and Lsauk = −2divs(a(x, y,Dsuk)) → −2divs(F ) := f in σ(W−sLM̄ (Ω),W s

0EM (Ω)). Also, for
φ ∈ D(Ω) we have

〈f, φ〉 = lim
k→∞

〈Lsauk, φ〉

= lim
k→∞

∫∫
R2n

a(x, y,Dsuk)Dsφdνn

= lim
k→∞

λk

∫
Ω

g(uk)φdx

= λi

∫
Ω

g(ui)φdx,

since D(Ω) is norm dense in W s
0EM (Ω) and W s

0EM (Ω) is dense in W s
0LM (Ω) in the topology

σ(LM × LM (νn), LM̄ × LM̄ (νn)) it follows that

〈f, φ〉 = λi

∫
Ω

g(ui)φdx ∀φ ∈W s
0LM (Ω.

On the other hand

lim
k→∞

〈Lsauk, uk〉 = lim
k→∞

∫∫
R2n

a(x, y,Dsuk)Dsuk dνn

= lim
k→∞

λk

∫
Ω

g(uk)uk dx

= λi

∫
Ω

g(ui)ui dx

= 〈f, ui〉.

That is

(4.7) lim
k→∞

〈Lsauk, uk〉 = 〈f, ui〉.
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The above and the pseudomonotonicity of the operator Lsa implies that ui ∈ Dom(Lsa) and Lsaui =
f , it follows for φ ∈W s

0LM (Ω)∫∫
R2n

a(x, y,Dsui)D
sφdνn = 〈Lsaui, φ〉 = 〈f, φ〉 = λi

∫
Ω

g(ui)φdx,

then (λi, ui) ∈ (0,+∞)×Dom(Lsa) is an eigenpair for (4.1).

Finally, by Lemma 4.4 in [24] and (4.7) we have that a(x, y,Dsuk)Dsuk → a(x, y,Dsui)D
sui

in L1(R2n, dνn) and so, by [6, Theorem 4.9], there exists a integrable majorant h ∈ L1(R2n, dνn)
such that |a(x, y,Dsuk)||Dsuk| ≤ h νn−a.e. in R2n then

|A(x, y,Dsuk)| =

∣∣∣∣∣
∫ Dsuk

0

a(x, y, τ) dτ

∣∣∣∣∣ ≤ a(x, y,Dsuk)Dsuk ≤ h,

νn−a.e. in R2n. By the compact immersion W s
0LM (Ω) ⊂⊂ EM (Ω) there exists a subsequence

that we still calling {uk}∞k=i such that uk → ui a.e. in Ω, and extending ui = 0 in Ωc we have
Dsuk → Dsui νn−a.e. in R2n, and consequently A(x, y,Dsuk) → A(x, y,Dsui) νn−a.e. in R2n.
It follows from the dominated convergence theorem

As(ui) =

∫∫
R2n

A(x, y,Dsui) dνn

= lim
k→∞

∫∫
R2n

A(x, y,Dsuk) dνn

= lim
k→∞

As(uk)

= 1.

�

Now to give the correct asymptotic behavior of the eigenpairs {(λi, ui)}∞i=1 we need the following
two lemmas whose proofs can be found in [24] or [41].

Lemma 4.8. Let i ∈ N be fixed. Then ci,k → ci as k →∞.

Lemma 4.9. ci → 0 as i→∞.

We can give the proof of the main result.

Theorem 4.10. Let Ω ⊂ R be an open and bounded domain which satisfies the segment property.
Then there exists a sequence of eigenpairs {(λi, ui)}∞i=1 ⊂ R+ × W s

0LM (Ω) of (4.1). Moreover
λi → +∞ and ui → 0 in σ(W s

0LM (Ω),W−sEM̄ (Ω)) as i→∞.

Proof. Theorem 4.7, Lemma 4.8 and Lemma 4.9 imply that there exists a sequence of eigenpairs
{(λi, ui)}∞i=1 ⊂ R+ ×W s

0LM (Ω) for the problem (4.1) and G(ui) → 0 if i → ∞. Using Theorem
4.7 and (4.2) we have

1 =As(ui)

=

∫∫
R2n

∫ Dsui

0

a(x, y, τ) dτ dνn

≥
∫∫

R2n

a

(
x, y,

Dsui
2

)
Dsui

2
dνn

≥
∫∫

R2n

θM

(
c
Dsui

2

)
dνn,

where θ, c > 0 are constants independent of i. Therefore we have∫∫
R2n

M

(
c
Dsui

2

)
dνn ≤

1

θ
,

from where we obtain

‖Dsui‖M,νn ≤
2 max{1, 1/θ}

c
,
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and so the sequence {ui}∞i=1 is uniformly bounded in W s
0LM (Ω) then there exists ũ ∈ W s

0LM (Ω)
such that ui → ũ in σ(W s

0LM (Ω),W−sEM̄ (Ω)) and G(ui) → G(ũ) as i → ∞. From the above we
have ũ = 0 and therefore ui → 0 in σ(W s

0LM (Ω),W−sEM̄ (Ω)).

Finally, using the fact that for each i the pair (λi, ui) is solution for (4.1), the monotonicity
condition (3.2) of a and Theorem 4.7 we conclude

λi =

∫∫
R2n a(x, y,Dsui)D

sui dνn∫
Ω
g(ui)ui dx

≥ As(ui)∫
Ω
g(ui)ui dx

=
1∫

Ω
g(ui)ui dx

,

then λi → +∞ as i→∞. �
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Instituto de Matemática Aplicada San Luis, IMASL, CONICET.
Italia avenue 1556, office 5, San Luis (5700), San Luis, Argentina.

Email address: msguzman@unsl.edu.ar
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