EXISTENCE OF SOLUTION TO A CRITICAL EQUATION WITH
VARIABLE EXPONENT
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ABSTRACT. In this paper we study the existence problem for the p(z)—Laplacian operator with
a nonlinear critical source. We find a local condition on the exponents ensuring the existence
of a nontrivial solution that shows that the Pohozaev obstruction does not holds in general in
the variable exponent setting. The proof relies on the Concentration-Compactness Principle for
variable exponents and the Mountain Pass Theorem.

1. INTRODUCTION

In this paper we address the existence problem for the p(x)—Laplace operator with a source
that has critical growth in the sense of the Sobolev embeddings. To be precise, we consider the
equation

(1) {_Ap(.)U+ AP0~ = [uft0 20

u=20 on OU,

where U C R™ is a smooth bounded domain, p,q: U — [1,00) are Log-Hélder continuous
functions such that 1 < infyp < supyp <n and 1 < ¢(z) < p*(z) :=np(x)/(n — p(x)), z € U.

The p(z)-Laplacian operator A is defined, as usual, as
Apyu = div(|VulPY V).

This operator appears in the study of the so-called electrorheological fluids. We refer to the
monograph by M. Ruzicka, [19], and its references, for a detailed account. In particular, after
some simplifications, the modelling of these fluids lead to solve

{—Ap(.)u = f(-,u,Vu) in U,

1.2
(12) u=20 on OU,

for some nonlinear source f. In most cases, the source term is taken to be only dependent on u
and so, in order for the usual variational techniques to work, one needs a control on the growth
of f given by the Sobolev embedding.

When the growth of f is subcritical in the sense of the Sobolev embedding the existence of
solution follows easily by applying standard procedures of the calculus of variations (see e.g.
[6, 8, 9, 15, 16] and many others). On the other hand, when the source term has critical
growth, there are only a few results on the existence of solutions for (1.2) that we will review
thoroughly later. Let us just notice for the moment that these results only provide global
existence conditions. This strongly contrasts with the constant exponent case that has been
widely studied since Aubin and Brezis—Nirenberg’s seminal works [2, 5], and for which it is
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generally possible to provide existence conditions that are local in the sense that they involve the
behaviour of the coefficients of the equations (and possibly some relevant geometric quantities)
only in a neighborhood of a point. Our main purpose in this paper is to provide local existence
conditions for the equation (1.1).

In order to study (1.1) by means of variational methods, we introduce the functional J :
WoP(U) — R defined by
1 1
(1.3) J(u) ;:/ (1) 4 () ) d:c—/ L@ gy
v p(x) v q(z)
This functional is naturally associated to (1.1) in the sense that a weak solution of (1.1) is a

critical point of J. We refer to Section 2 for the definition and some elementary properties of
variable exponent spaces.

We need to assume that the smooth function h is such that the functional
1
1.4 I(u :z/(Vup(x)—i-hx up(x)) dx
(1.4) (u) Up(l_)l | ()|l

is coercive in the sense that the norm
p(z)
der <1

lul| := inf { A > 0/
U

is equivalent to the usual norm of VVO1 P (')(U ).

Vu + h(z)u(x)
A

When infrr ¢ > supy p, it is easy to show that J satisfies the geometric assumptions of the
Mountain—Pass Theorem (cf. Section 4). Hence if we assume moreover that the exponent ¢ is
subcritical in the sense that

(1.5) inf(p" —¢) > 0,

which implies that the immersion W(} P (')(U ) < LIO(U) is compact, then J satisfies the Palais—
Smale condition, and the existence of a nontrivial solution to (1.1) follows easily.

When (1.5) is violated, the immersion Wol’p(')(U) < LIO)(U) does not need to be compact
and so the Palais-Smale condition may fail. The existence of a non-trivial solution to (1.1) is
then a non-trivial problem.

We denote by
(1.6) A={zecU: q(z)=p"(x)}
the critical set. We will assume in this work that this critical set is nonempty.

In [17] the authors prove that if A is small and there exists a control on the rate of how ¢

reaches the critical value p*, then the immersion VVO1 P (')(U ) <= LIO)(U) remains compact, and
so the usual techniques can be applied. When the immersion fails to be compact they prove
that if the subcriticality set U \ A contains a sufficiently large ball, then (1.1) with h = 0 has a
nonnegative solution.

In [12], problem (1.1) is studied with 2 = 0 and with a subcritical perturbation. In this

work the authors generalize the Concentration-Compactness Principle (CCP) of P.L. Lions to
the variable exponent case and prove that if the subcritical perturbation is large enough on the
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critical set, the Palais—Smale condition is verified and so the existence of a nontrivial solution
follows. See also [13] where similar results were obtained independently.

In [21], using the CCP of [12, 13], a multiplicity problem for (1.1) with A = 0 and a nonsym-
metric subcritical perturbation is analyzed.

More recently, the authors in [11] studied the best Sobolev constant S(p(.),q(.),U) corre-
sponding to the embedding Wol’p(')(U) < L20)(U), namely

. 1Vl 100
(1.7) S(p(.)yq(),U) = inf  — O
wew Oy 1wl Lao @

Using a refinement of the CCP proved in [12], they gave sufficient conditions for the existence of
an extremal for S(p(.),q(.),U), and so the existence of a solution to (1.1) with A = 0 follows.

The study of (1.1) posed in the whole R™ is analyzed in [1, 14]. In those works the authors
studied the problem in the case where p, ¢ and h are radial functions and give somewhat restrictive
conditions to ensure the existence of a nontrivial radial solution.

From now on we will assume that

(1.8) supp < inf q.
U U

Our first result provides a condition for the functional J defined by (1.3) to satisfy the Palais-
Smale condition.

Theorem 1.1. The functional J satisfies the Palais-Smale condition at level ¢ € (0, %S") where
(1.9) S = nf lim S(p(), 4(), Be(2)),

and S(p(+),q(+), Be(x)) stands for the best Sobolev constant for the domain Be(x) defined in a
similar way as in (1.7).

The proof of Theorem 1.1 relies on a precise computation of the constants in the CCP recently
proved by [11].

As a corollary, we can apply the Mountain—Pass Theorem to obtain the following necessary
existence condition:

Theorem 1.2. If there exists v € Wol’p(')(U) such that
(1.10) sup J(tv) < S”
>0

then (1.1) has a non-trivial nonnegative solution.

Eventually the following result provide a sufficient local condition for (1.10) to hold:

Theorem 1.3. Assume that the infimum in the definition (1.9) of S is attained at a point zo € A
such that xqg is a local minimum of p and a local maximum of q. In particular

(1.11) —Ap(z) <0 < —Aq(zo).

Assume moreover that p,q are C? in a neighborhood of xq, and that h(xo) < 0 if 1 < p(zg) <

(n >4), orif 2 < p(xg) < v/n (n >5), that at least one of the two inequalities in (1 11)
strict, but h(zg) is arbitrary. Under these assumptions (1.10) holds. In particular (1.1) has a
non-trivial nonnegative solution.
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In the constant exponent case, the well known Pohozaev obstruction [18] affirms that if A > 0
and U is starshaped then there are no (positive) solutions to (1.1). Our result shows that for
variable p and ¢ and p(x) > 2 this does not need to be the case, showing a stricking difference
between the constant exponent case and the variable exponent one.

2. PRELIMINARIES ON VARIABLE EXPONENT SPACES.

In this section we review some preliminary results regarding Lebesgue and Sobolev spaces with
variable exponent. All of these results and a comprehensive study of these spaces can be found

in [7].

Consider a function p : U — [1, +00] Log-Holder continuous in the sense that

C
Ip(z) —p(y)| < Toglz — gl
for some constant C' > 0. This regularity assumptions is not needed to define the Lebesgue
and Sobolev spaces with variable p but turns out to be very useful for these Sobolev spaces to
enjoy all the usual properties like Sobolev embeddings, Poincaré inequality and so on. We will
therefore assume it from now for simplicity.

forx,ye U, z#y

The variable exponent Lebesgue space LP(®)(U) is defined by

LPO(U) = {u e Li (U): /U u(z)[P®) do < oo}.

This space is endowed with the norm

. u(x) |p(e)
fullsionn = nt {20 [ [ a0 <1},

The variable exponent Sobolev space W1P(#) (1) is defined by
WP () = {u e WEHU): w e LPP(U) and |Vu| € LP®(U)}.

loc

The corresponding norm for this space is
lully ooy = Il ooy + 190l oo 0

Define T/VO1 P (x)(U ) as the closure of C2°(U) with respect to the WP (U/) norm. The spaces
L@ (), W) (U) and VVO1 P (x)(U ) are separable and reflexive Banach spaces when 1 < p~ <
pt < oo, where p~ := ess — infy p and pt := ess — supy p.

As usual, we denote the conjugate exponent of p(z) by p/(z) = p(x)/(p(x)—1) and the Sobolev
exponent by

Np(z) :
p*(x) — N—p(ac) if p(.’L‘) < N7
00 if p(z) > N.

The following result is proved in [10] (see also |7], pp. 79, Lemma 3.2.20 (3.2.23)).
Proposition 2.1 (Hélder-type inequality). Let f € LP@(U) and g € LI®)(U). Then the
following inequality holds

S S

sl < ((2)+ (2) )1l lalzacoon.
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where

1 1 1

s@  p) | a@)

The Sobolev embedding Theorem is also proved in [10], Theorem 2.3.

Proposition 2.2 (Sobolev embedding). Let g : U € [1,+00) be a measurable function such that
1 < q(x) < p*(x) < oo for all z € U. Then there is a continuous embedding

W@ () s L1@(U).
Moreover, if infy (p* — q) > 0 then, the embedding is compact.

As in the constant exponent spaces, Poincaré inequality holds true (see [7], pp. 249, Theorem
8.2.4)

Proposition 2.3 (Poincaré inequality). There is a constant C > 0, C = C(U), such that
ull o) < OVl

for all u € Wol’p(ac)(U).

It follows in particular from the Poincaré inequality that |[Vullpee ) and [lully 1@ @) are

equivalent norms on WO1 P (x)(U )

Throughout this paper the following notation will be used: Given ¢: U — R bounded, we

denote

¢ =supg(z), ¢ :=infq(ax).
U U

The following proposition is also proved in [10] and it will be most usefull (see also [7], Chapter
2, Section 1).

Proposition 2.4. Set p(u) := [; [u(x dz. Foru,e LP@(U) and {u}ren C LP@(U), we
have
u
(2.1) uWA0= (HUHWW) =& p(3) = 1).
(2.2) [ull pr@r () < U=1;>1) < p(u) < 1(=1;>1).
(2.3) el oo 1y > 1= Ml iy gy < P(w) < HUlle(x) o)
(24) full gy < 1= Tl gy < () < [0l
(2.5) klgfolo Huk”LP(w)(U) =0< klgf)lo p(ug) = 0.
(2.6) klggo HUk:”Lp(z)(U) =00 = klggo p(ug) = oo.

The following Lemma is the extension to variable exponents of the well-known Brezis-Lieb
Lemma (see [4]). The proof is analogous to that of [4]. See Lemma 3.4 in [12].

Lemma 2.5. Let f, — f a.e and f,, — f in LP@)(U) then

lim ( / fuP@ g — / - fn\p@)dx) _ / |FP) da

For much more on these spaces, we refer to [7].
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3. PROOF OF THEOREM 1.1

In this section we verify that the functional J defined by (1.3) satisfies the Palais—Smale
condition (PS for short) for energy levels below the critical one 25™. The scheme of the proof
is classical (see e.g. [20]) but relies on a version of Lions’ concentration-compactness principle
adapted to the variable exponent setting in [12] and then refined in [11].

Let {ug}ren € WHPO(U) be a PS-sequence for .J. Recall that this means that the sequence
{J(ux) }ren is bounded, and that D.J(uy) — 0 strongly in the dual space WhP0) (U,

Recalling that the functional I defined by (1.4) is assumed to be coercive, it then follows that
{ug }ken is bounded in WLrO)(U). In fact, for k large, we have that

1
c+ 1> J(up) = —(DJ (uk), ug)
1 1 1 1
>(——— Vu p(x)—i-ha:up(x)dx—/ —— — ) g7 dae
(p+ q)/U| 4 (@) |uy| U(‘I(x) q*)‘ k|
1 1
- (=) €))
> (p+ q)/U|Vuk|p + h(z)|ug[P® da.

from where the claim follows recalling assumption (1.8).
We may thus assume that u; — u weakly in Wol’p(')(U). We claim that u turns out to be a
weak solution to (1.1). In fact, since up — u weakly in WOLP(')(U) it follows that
IVug PO 2V, — |VulPO~2Vu  weakly in L2 O(U),
ug|PO 20, — |[uPO %0 weakly in LP O(U),

g |90 20y, — [u|?O72u  weakly in LI O)(U).

So
k—o00
(3.1) = / Vg [PV up Vo + hlug PO da _/ g |1 20

= [ IVl P da = [l
v U

for every ¢ € C§°(U). This proves that u is a weak solution of (1.1).
By the CCP for variable exponents (see [12] and the refinement proved in [11]) it holds that

g |70 = v = Ju|?0) + Z v;05, weakly in the sense of measures,
el
Vg PO — > |VuPO) + Zﬂi‘sxi weakly in the sense of measures,
iel
1/p*(x; 1 i

Sv! /P (@) < Mi/z’(r ),
where I is a finite set, {v;};cr and {u;}ier are positive numbers and the points {x;};c; belong
to the critical set A defined in (1.6).
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It is not difficult to check (arguing as in (3.1)) that vy := uy — u is PS-sequence for J(v) :=
J(w) = [, chc)h\v\p(m). Now, by Lemma 2.5 we get

J(uk)—J(u):/Up(lx)[vvk\p<@+h|vk|p<w>] d:c—/Uq(lx)\vk\Q(‘”)dx—ko(l)
= T + [ s hu P de -+ o)
= J(vg) + o(1).

Since u is a weak solution of (1.1), and since p* < ¢~

1 1
J(u Z/ VulP® 4 h(z)|uP® dac—/ u|?®) dz
2 - [ (19up® @) o - L [

1 1

= <+ - _>/ [u] 1) da
p q U

> 0.

Therefore,
J(ug) > J(vg) + o(1).

Let ¢ € C(U). As DJ(v;) — 0, we have
o(1) = (DJ (v), vk )
= / IVo|P®) ¢ d — / | 7®) ¢ da + / [V |P®) 2V, V puy, da
_ AU_ BiC U U

Since v, — 0 weakly in Wol’p(')(U) it is easy to see that C' — 0 as k — co. By means of Lemma
2.5 it follows that

A—>/¢dﬂ and B—>/¢dﬁ,

U U

where i = pu — |Vu|P®) and 7 = v — |u|?®). So we conclude that i = 7. In particular v; >
(¢ € I) from where we obtain that v; > S™. Hence

- 1 1
=1 > i = —dn — ——dv
o= ) = Jim J(w) /p(:v) : / a(@) "

N / (p(lw) N 61(136)) =2 <p(;i) - p*ém)) v

i€l

> #(I)%S".

We deduce that if ¢ < %S” then I must be empty implying that u, — u strongly in W10 (U).

4. PROOF OF THEOREM 1.2

The proof of Theorem 1.2 is an immediate consequence of the Mountain—Pass Theorem, The-
orem 1.1 and assumption (1.10).
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In fact, it suffices to verify that J has the Mountain—Pass geometry and that J(tu) < 0 for
some t > 0. Concerning the latter condition notice that for ¢ > 1,

p(@) a(x)
J(tu) = / s (1VulP® + b)) d - / )t da
v p(x) v q(x)
- 1
< tp+I(u) —t1 / —— | Vu)?®) d,
v (@)
which tends to —oo as t — ~+oo since ¢~ > p™.
It remains to see that J has the Mountain-Pass geometry. But J(0) = 0 and, if [|v]|;,15()
0

)~
r small enough, then

/ Vo) + hof® do > Cllo|”
U W

OwP(')(U)
and
Il ooy @y = Cllvllyaee gy = Cr <1,
S0)
a(®) g < a

[t e < Ol
Therefore c o

J(v) > —P" — =t 5,

(w) =3 -

since p™ < ¢~. This completes the proof.

5. PROOF OF THEOREM 1.3

Let zg € A be such that
S := inf lim S<p()7Q(>7Be(x)> = lim S(p(')7q(')7Be(x0))'

z€A e—0 e—0

For ease of notation we assume that zy = 0, write p = p(0) and observe that ¢ = ¢(0) = p*.
From Theorem 6.1 in [11]|, we have that if 0 is a local maximum of ¢ and a local minimum of p,
then

S = lg% S(p()7 Q(), B6(O)) = K(nap)ila
where K (n,p) is the best constant in the Sobolev inequality in R", i.e.

K(n,p)~' = IVollzrgey
vew e (R ||V Lo* (g

Let U be an extremal for the constant K (n,p). That is, U verifies

VU n
U] o (mm)
It is well known, see |2, 22|, that U can be given by the formula

-p

U(zx) = (1 + |x|ﬁ) v
Moreover, any extremal for K (n,p) is obtained by a translation and a dilation of U in the form

Ueay(z) = €7 Ul(z — 0) /).
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Given § > 0 small we take a cut-off function n € C$°(Bays, [0,1]) such that n = 1 in Bs. We
then consider the test-function

ue(x) = Ueo(z)n(x).
For this test function we have:

Proposition 5.1. Assume that 0 is a critical point of p and q. We have

o Ifp< 3,
(5.1) ) f@)ud® de = Ag + A1e® Ine + o(? Ine)
with :
Ao = £(0) / UP dz, A = —”;pf(zo)/n UP"(D2q(0)z, z) da
e If p < min{y/n, 52},
(5.2) ) F(2)|Vu P dz = By + Bie?Ine + o(e? Ine)
with -
Bo = £(0) /Rn VU[Pde, By = —Zf(;) /Rn VU P(D?p(0)z, z) dz
o Ifp</n,
(5.3) /R (@) ud?® de = G+ of) with  Co = £(0) / U

Remark 5.2. Observe that if g(x) is a radial function then

[ s sy ds =) [ gatae =" [ gl an

n

for any A € R™"™ (with adequate decaying assumptions at infinity on g). In fact this is a
consequence of the fact that, for i # j,

/ g(x)zix;de = 0.

With this observation, we easily conclude that

A= —f;S)Aq(O)/ UP" |z|? dx
and
B, = —f(O)Ap(O)/ |VUP|z|* da.

We postpone the proof of this proposition to Section 6.

As U is an extremal for K(n,p) it follows that U verifies
K(n,p)"

_ p*—1 _ p*—1
T,
Ly (Rm)

P
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n—p

Then V = CﬁU = %U solves —A,V = VP' =1 and satisfy
p
IVV | Loy = K (n, p) /7.
Consider the test function
ve(x) = e_%V(x/e)n(:c) = C’ﬁue(:c).
Using the previous proposition we immediately obtain

Proposition 5.3. Assume that 0 is a critical point of p and q. If p < min{/n, ”T”} then
F(@)0I® dz = F0)K (n,p)™" + f(0) A’ Ine 4 o(e? In¢),

(5.4) F(@)|VuP® da = f(0)K (n,p)™™ + f(0)Be*Ine + o(e? Ine),

with

K(n,p)™"||U

e z|2UP" dz,
7 [
Ap(0 I
5= -2 gy gol? [ jaPivoras,
D Rn
€ = Knp) U7 U

Using v, as a test-function in (1.10) we can see that there exists top > 1 such that J(tv.) < 0
for t > tg. Now if p < 2, we can write

fe(t) := J(tve) = fo(t) + € fi(t) + o(€”)
Cl-uniformly in ¢ € [0, t], with
folt) = K(n,p) " (tp - tp) Cand A1) = Len)C.
p P p

Notice that fp reaches its maximum in [0, tp] at t = 1. Moreover it is a nondegenerate maximum
since f§(1) = (p —p*)K " # 0. It follows that f reaches a maximum at t, = 1+ ae? + o(e?) for

_ @
a= oL Hence

sup J(tv0) = J(tevd) = “K (n,p) ™" + A1) + ofe?)
t>0 n
Then if h(0) < 0 we get sup,~q J(tve) < 2K (n,p)™".
We now assume that p > 2. Then
fet) = J(tve) = fo(t) + fi(t)e’ Ine+ o(e* Ine),
Cl-uniformly in ¢ € [0, to], with

tP
fil)=—=A-=B.
p p
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As before f. reaches its maximum at t. = 1 4+ ae®Ine + o(e? In¢€) with a = —]ﬁ/—((ll)). Hence
0

sup J(tve) = J(teve) = fo(1) + fi(1)eIne+ o(e? Ine)
t>0

1 _
= —K(n,p) ™"+ fi(1)eIne+ o(e* Ine).
n
We thus need fi(1) < 0 i.e.

/ \VU|pdx/ |z]2UP" dx
n R”

(5.5)  —Ap(0) < —Aq(0)(p/p*)2D(n,p), where D(n,p):= - .
Up d:c/ |22 VUP da
R™ R™

Since 0 is a local maximum of ¢ and a local minimum of p we already know that (1.11) holds.
Then if one of the two inequalities in (1.11) is strict we see that (5.5) holds.

This ends the proof of Theorem 1.3.

As a final remark, we notice that we can compute D(n,p) exactly. To do this let
I(g)T'(p—q)

I'(p) ~
where B(z,y) = [;°t*71(1 + )" ¥ dt is the Beta function. This formula can be found, for
instance, in [3]. Passing to spherical coordinates and then performing the change of variable

_p_ _1,—1L .
t=rr1, dr = th » dt, we obtain

- - -1 - — —
(5.6) Il .—/0 97 (1+t)Pdt =B(¢,p—q) =

nP—L
p

* _1
/ UP de = U, 2—=1) 7
n p

p=1_2
n=, +2

* - ].
/ |x‘2Up dr = wn—lp D I, .

-1 (n—p\¥ n2ts
/|VU|pdx:wn_1p Aot Y
n P p—1

—1 (n—p\F ntt-243
/ya;\QyVU\dezwn_lp(" p) oo
R» p

p—1
Then
n(p—1) +1 "7'(1’*1)72+2
D( ) In P In P P n (n_p)_2(p_1)
MP)= Ta-D n-D_2 = ’
—243 n — n + 2
I,? I,°" P p
where we used that
Jatl — q I
P p—q-17

which follows from (5.6) and the formula I'(z + 1) = 2I'(2).

6. PROOF OF PROPOSITION 5.1

As 0 is a local minimum of p(-) we can assume that p,; := mingep,; p(x) = p.
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6.1. Proof of (5.1). We first write
fayuc(a) do = |
R’I’L

Bas\B_1/p

F@)ud® da + / F(@)ue (1)@ da = I,(€) + In(e).
1/

136 »

Since uc(x) < 1if || > €'/, we have, letting ys := ming,; g that

DO <l [ wla)ds
Bas\B_1/p
< Wl 7% | U () d,
R™M\B —(p-1)/p
where the integral in the right hand side can be bounded by
C’/ (1+ Tﬁ) s gL gy < C/ L LY Ce 7 T s,
(p— 1)/? (p=1)/p

Hence I () < Ce? so that

f( Jue () )dx—/B f(@)ue()™) do + O(e"?)
l/p
_ / Flex) 1D 5 U ()1 gz 1+ O(eP).

B —(p-1)/p

As Vq(0) =0 we get
1
q(ex) = q(0) + 562(DZQ(0)3?, ) + o(€’]z[?),
with ¢(0) = p(0)* = p*, so
@) (@)™ dz = Ag(e) + Ar(e)In € + / o(n 6)|a2U (z)? da
B —p-1)/p

+e / U(z)P" YV £(0) -z dx 4+ O(eVP)

B _p-1)/p

=Ap(e) + A1 ()€’ In e 4 0(2In €) + O(e™P),

]Rn

where Ag(e) and A; (e) are the same as Ag and A; except that we integrate over B, _(,-1y/, instead
of R™ and we have used the fact that

/ U(x)P" V() zde =0,

B _—p-1)/p

since U is radially symmetric. We have

|Ao(e) — Aol < C Ulz)? dx
RMNB _(p-1)/p

< C’/ (1+ r%)*"rnfl dr
(p— 1)/p

<C/ r;nzlhrn Ly
(p—1)/p

SCEP.
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If p<(n+2)/2, we can estimate

|Ai(e) — Ay < C 22U ()P dx
R™NB__(p-1)/p

+oo »
< C'/ (1—|—7‘P—1)_"r”+1 dr
e—(=1)/p
n+2—2p

<Ce v
We thus have

f(@)ue(@)?® dz — Ag — A1 Ine = O(€P) + o(e?In ¢),
R”
which reduces to (5.1) if we assume that p < n/2.

6.2. Proof of (5.3). As before,

. F(@)uP® da —/B f(x)ur® dm+/ F@)uP® da

l/p B25\B61/p

where, noticing that p = ps;, the 2nd integral in the right hand side can be bounded by

o0

_P_
[ wizoo [T gty
326\351/;, el/p—1

n—p2

< CeéPe v
— Cev,
if p?> < n. Then
[ f@uds = [ @ do+ 0(c)
" Bayp
- /B Flea)e™™ “FHDU ()" 4 4 O(e¥)

el/p—1
= epf(())/ U(x)P dx + o(€P).
Rn”
6.3. Proof of (5.2). We first write

F(@)|VueP® do = / F(@)[nVU: 4 UNyP®) dz = / f(@)[nVUJP® da + R,
R™ R™ R

where, using the inequality
lla+ |7 —|al?| < C(]b|” + [bllal”™"),
(the constant C' being uniform in ¢ for ¢ in a bounded interval of [0, +00)) we can estimate
Ri<C[ [ vapeurdes [ VU@ VUPO ds] = Ol + B(o)
BQ(;\B(; B26\Bé
Since U, < 1 in R™\ By for € small, we can bound I3 (¢) as before by

n— 2 n—
hie)=C UE dx < Ce”/ UPdx < CePe T = Cev 1,
Bas\Bs R"\Bs/e
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if p? < n. Since |VU,| < 1 in R™\ Bs for € small, we also have
L) < C / U (2)| VU~ da
R”\Bj
< C”U ||LP(R"\35 ||VU ||Lp (R™\Bs)
< Cer-D ) || VU HLP (R\B;)’

—1
with, since |U'(r)| ~ rTr1 as r ~ 400,

+oo .
L vupase [ et < et
Rn\Bé 5/6

It follows that Iz(e) = O(e%) and then R, = O(e%). Independently, since

[VU()] ”_’1’ —n/p (lf:!) <1+ <\f|>p”1>n/p

we have
n—p n — p 11')1,;71
(6.1) VU (2)] <1 for |z| > Cpert-11,  C), = 1 .
Taking some constant C' > C),, we thus write
F@IVa @ de = [ ) vU
B ap
Cep(n—1)
- / F(@)| VU@ da + O(er1).
R™\B n—p
cep(n—1)
Since |VU(z)| < 1in R"\B np_, We can bound the second integral on the right hand side by
Cep(n—
+oo P P\ 1 n(n—p) nfp
C VU AP dx < C [ np-1) rp1 (1-{—7‘1’*1) " dr < Cer(n=1) = o(er—1).
RMB . ¢ PinD)
Ccep(n—1)
Hence
ﬂ@W%MmM:/1 F(@)| VU™ dz + O(er 1)
B ayp
cep(n—1)

=Bo(€) + 31(6)62 In € + o(e2 Ine) + O(e%)

where By(e) and Bj(€) are the same as By, By but integrating over B -1 instead of R™.
e p(n—1)
Again, as in the computation of (5.1), the term involving V f(0) vanishes for symmetry reasons.

(1=n)
Since |U'(r)[P ~ P as T~ +00, we have

+oo p—n _ n(n—p) nfp
|Bo — Bo(e)| < C IVUPde < C | npony ro i tdr < CernD = o(eb 1),
Rn\B _n(p—1) € p(n=1)

ce p(n—1)
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n(n—3p+2) n-+2

|B; — By(e)| < C |z]?|VU|Pdx < Ce »-1 if p<
RMB - np-1)
ce p(n—1)

n+2

Hence if p < "3* we have

F(@)|VueP™ dz — By — Bie?In € = o(e? In¢).
RTL
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