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§1 Introduction and Notation

By a general Cantor set, we mean a compact, totally disconnected subset of the real line.
Cantor sets arise in many different settings and as examples of many surprising properties.
They can be constructed in different ways.

A Cantor set can be viewed as the intersection of a countable number of closed sets
Fy, each of which is the finite union of closed intervals I Jk We will call these intervals
the intervals of step k. The complement of these intervals in Iy, where Iy is the smallest

interval that contains the Cantor set, are called gaps of step k.

§1.1 Construction of a Cantor set associated to a sequence.

Let A = {Ax},cIN be a sequence of non-negative numbers, such that >, Ay = K < +o0.

Let 0 : IN — IN be a bijective map, we will say that the sequence {A, ()} is a
rearrangement of A and we will denote this new sequence by o(\).

We can associate to any sequence A a Cantor set Cy in the following way: We start
with a closed interval Iy = [0, K| of length K = >~ Ax. (Clearly by normalization we
can always achieve Iy = [0,1].) In the first step we remove from I, an open interval of
length A, getting two intervals of step 1, namely I} and I{, and a gap of length A;. From
interval I} we remove Ay, from I} we remove A3, and so on. The length of I} is the sum
of the lengths of all intervals which will be removed by this construction, and it is easy to

see that

oo 2n~1_ oo 2"—1

1
=" > Aengyy =)0 > Asnyy
=0

n=1 n=14=2n—-1
In what follows, we use the notation length(/) = diam(I) = |I| for any interval.

In step k of this construction we have 2% intervals, I}, I¥, ... Ik and for each Z,

2k _1

0 < ¢ <2k —1, we remove from I} an open interval of length Agx_,, forming two intervals

I5 and IS, so the following relation holds,

k k
|I§| = ‘I2e+1| + )\2k+€ + |Ize++11 .



It is not difficult to verify that for all k =0,1,...and £ =0,1,...,2¥ — 1, we have

oo (L+1)2"7F_1

=3 3 e 1)

n=k j=gan—*k

We will say that the Cantor set constructed in this way using a sequence A, is the
Cantor set associated to the sequence \.

It is clear from this description, that the specific order in which the gaps are chosen
is related to the resulting Cantor set. As we will see in this paper, a rearrangement of the
original sequence can yield a Cantor set with different Hausdorff dimension. It is also clear,
that if two different sequences yield the same Cantor set, then one is a rearrangement of
the other.

Remark: Let C be any Cantor set in IR and let Iy be the smallest interval containing
C. The complement of C' in Iy is a countable union of open intervals U;, such that
>IN |Uil = [Lo]. The following procedure will show how to define a sequence a = {ay},
such that C, = C.

Let U;, be a gap of maximal length. Define a; = |U;,|. We then choose U;, a gap of
maximal length to the left of U;,, and U;, a gap of maximal length to the right of U;,. We
now define ay = |U,,| and a3 = |U;,|. In the next step we define a4 through a7 by picking
a gap of maximal length in each of the remaining intervals (i.e. Iy — (U;; U U;, U U;,).)
The sequence a defined in this way, satisfies that C, = C.

We say that a sequence a = {ay} has at least geometrical decay, if there exist 0 < d < 1
and ¢ > 0 such that a; < cd® for all kK € IN. We will need in different parts of the paper,
that any given sequence which tends to zero can be decomposed into finitely many or

countably many subsequences, all of them having at least geometrical decay.

Lemma 1. Let a = {a,} be a sequence of positive terms such that lima,, = 0. Then
there exists a family of functions {v; : N — IN, j=1,2,..} at most countable such that
1. v; is one to one and increasing for all j.
2. v (IN) Ny (IN) = 0 if j # §".
3. IN=J;7;(IN).

4. For all j, the subsequence al9) = {a,, (”)}nEN has at least geometrical decay.
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Proof. We define first vy; by
v1(1) = 1 and if 1 (n) is already defined then
y1(n + 1) = min{m € N : m > 1 (n) and a,, < 1/2"};
this being possible since a,, — 0. This defines 7; inductively. Now we assume that
Y1, ---s Yk are already defined, then if IN \ U?:1 7v;(IN) is finite, we stop, and redefine 7, in
such a way that v;(IN) = IN \ U?=2 7v;(IN). Otherwise, we define y;4+1 by

k
Yi+1(1) = min(IN '\ U 7v;(IN)) and if yx41(n) is already defined then
j=1

k
Yer1(n+ 1) = min{m € IN'\ (U v;(IN)) : m > y41(n) and a,, < 1/27F1}

If the process does not end in a finite number of steps then IN = |J i Vi (IN) since every

number n must be selected at most at step n. |

§1.2 Hausdorff measure and dimension

Definition. Let A C IR be a Borel-measurable set and a > 0, for 4 > 0 consider
HI(A) = inf{ Y (diam(E;)® : E; open, U E; O A, diam(E;) < 5}.
Then, the a-dimensional Hausdorff measure H*(A), is defined by the relation

HO(A) = lim HE (A).

§—0

The Hausdorff dimension of a set A,
dimg (A) = sup{a : H*(A) > 0}.

Throughout this paper, the only dimension with which we will be dealing is the Hausdorff
dimension, so from now on, we will omit the subscript H.

In general, the computation of the Hausdorff dimension or the Hausdorff measure of
a set is very difficult, see [2], [3] and references therein. The estimates from above are
usually simpler and for the lower bounds very few examples are known.

For our particular case, again, the upper bounds are relatively easily obtained, and
for the lower bounds we need some sharp estimates on the size of the intervals of the

construction.



§1.3 The p-sequence.

We will study the Cantor sets that are constructed using the p-sequence A = {Ax}, N
and its rearrangements where A\, = k7P; we call such sets p-Cantor sets. Sets of similar
structure (only more complicated since they are random and are in R? with d > 2) arise
when studying the set of extremal points of the boundaries of random stable zonotopes,
which were introduced in [1] as examples of a random element in the space of compact
convex subsets of R? with a non-atomic distribution. Thus, in a sense, this study is
intended to understand what can be expected when studying the above mentioned sets of
extremal points.

Our main result is the following theorem.

Theorem 1. Let A = {Az}, v be defined by Ay = (%)p, p > 1. Then
1
dim C)y = —.
p
Moreover, if o()) is any rearrangement of the sequence A, then

1
0 < dimCU(,\) < -
p

Furthermore, for each 0 < s < %, there exists a rearrangement os(\) such that

dimC, (»y =s and 'HS(CUS()\)) > 0.

The proof of this theorem will occupy us for most of the remainder of the paper, and

we will break it up into several parts, some of which are of interest in themselves.

(i) We will first show that for any rearrangement o (), dim Cp () < %.

(ii) We will then show, that dim Cy = 1 and H(Cy) > 0.

iii) Finally, for each 5,0 < s < 1, we will exhibit a particular rearrangement o,(\), such
P

that dim Cj (x) = s. In particular this rearrangement will satisfy ’HS(C(,S( A)) > 0.

§2 Upper bound of Hausdorff dimension



Theorem 2. Let Cy be the Cantor set associated to the sequence A\ = k7P, k € IN,
with p > 1. Then

1
dim C)\ S —.
p

Moreover, if o()) is any rearrangement of this sequence, then

1
dim CU()\) < -
p
Proof. Consider n large enough such that Z;’in +1Aj < 0. Suppose that we removed
from Iy open intervals of lengths A1, Aa, ..., A;. What remains can be written as the
. . . . 41 (n)| _
union of closed intervals E](.n), j=1,2,...,n+ 1. Since 2?21 \Ejn | = Z;im-l Aj, then

{EJ(-") :7=1,2,...,n+ 1} is a d-covering of C. Using the Holder inequality, we have

S

n+1 n+1

SIEME < [ STIEM) (1)t
j=1 j=1

But using integral comparison, we have
1 _ > 1\? - > (1\* 1
—— (n+ 17 :/ (—) dx < Z Aj < / (—) de = ——n'P.
b—- 1 n+1 z j=n+1 n x p—- 1

Therefore

+1 s —s
S pe < () el
J ~\p-— 1 nspP—s )

=1

Hence, if s > L,
P
(o)
. n
lim sup E B < oo

n—oo j=1

This proves, that for any s > 1%, H3(Cy) < oo, and therefore dim C) < %.

To prove the second part of the Theorem, we can argue as follows. Let o(\) be any
rearrangement of A = {\;}. Regardless in what order we remove open intervals from I,
there will be a step m at which the first n intervals of length Ay, As, ..., A, will be removed

(m > n). We consider the n + 1 closed intervals E’J(-") which are complementary (in Iy) to
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these removed n-intervals. Clearly E]("), J=1,...,n+1 again forms a j-covering of Cjy)

and the same bounds as before hold. Thus Theorem 2 is proved. ]

Using a similar proof as in this theorem, we can show that if a = {ax} is a sequence

that decays geometrically or faster, i.e. ar < r* with r < 1, then dimC, = 0.

Proposition 1. Let a = {ak}kelN be any sequence such that aj, < r* for r < 1. Then,

the Cantor set C, has Hausdorff dimension 0.

Proof. We will show, that for each ¢ > 0, dimC, < e¢. We argue as before: suppose

that n is sufficiently large and such that Z‘;‘;n 41 rJ < §. Suppose that we removed from

Iy = [0, ag| open intervals of lengths ay, ag, ..., a,. What remains can be written as
. . . . +1

the union of closed intervals EJ(."), j=1,2,...,n+ 1. Since 2721 |EJ(")| = Z;im—l a; <

D ieni1 rJ < §, then {EJ(-") : 7=1,2,...,n+ 1} is a d-covering of C,. Using the Holder

inequality, we have for each € > 0,

€

n+1 n+1
SOIEI < [ DIEM] (41t
Jj=1 Jj=1
< ) ) (m+1)
Jj=n+1
T'n—}-l €
= <1_Ir> (n+1)1_6.
But then
n+1 (n)
lim su EX™ ¢ < oo,
o 817

which proves that dimC, < e. Since this is true for every ¢ > 0, we conclude that

dim C, = 0. 1
Using this Proposition, together with Lemma 1, we are now able to prove the following.

Proposition 2. Let a = {a,} such that a, > 0 and ) a, < oo, then there exists a

rearrangement o(a) of a such that dim C,4) = 0.



Proof. Using Lemma 1, we can decompose the sequence a into at most countably many
subsequences, all of then having at least geometrical decay. Let {v;} be the family of
functions given by Lemma 1 and let C,; be the Cantor set associated to the subsequence
{a4,;(n)}- Note that, since the sequence {a., ()} has at least geometric decay, dim C,; =0

by Corollary 1. Define now:
to=0

and tj:Zavj(n), j:1,2,....
n

Then we have C,; C [0,t;]. Define C be the union of translates

c=J (C%. - (itk)) :
J k=1

The set C is a Cantor set and dim C = 0 (since it is the at most countable union of
Cantor sets of dimension zero.) The lengths of the gaps of C' correspond to the terms
of the original sequence a. Then, there is a rearrangement o(a) of the sequence, that is

assoclated to the Cantor set C, that is C = Cy(q)- ]

83 Lower bound of the Hausdorff dimension.

An estimate for the lower bound of dim C'), is much more involved.



§3.1 The Cantor set C).
In this section we are going to prove that the Cantor set C) has positive %-Hausdorff

measure.

Theorem 3. Let p > 1 and let A = {Ax}, v be the sequence defined by A, = k~P. If

C\ is the Cantor set associated to the sequence A\, then

1 2P %
> - .
(O3 2 5 <2p — 2)

3=

H

First we prove the following lemma which is the main ingredient to the proof of the
theorem. We remind the reader that [ é“ stands for the /th interval obtained in the kth
step of construction, which was described in the introduction. The length of the interval

I} is given by equation (1).

Lemma 2. Forallk=1,2,...and £=0,1,...,2F —1,
9 Lop
)\2k+£+1m < I < m)\ﬂure-

Proof. We can rewrite the expression for |I}| in (1) as follows

oo 2Ph—1

‘Ié‘:‘ = Z Z )\2k+h+32h+j-

h=0 j=0

Then

e o]

2h
Ik < -
Il < hz:% (2h(2k + £))P
1 > 1 \"
- 2 (71)
(2F +2) Py p
or—1 2P

= A2k+£ﬁ = A2k+em.
The bound from below is obtained in similar way:

oo 2h—1

IF] = Z Z Agkthppah 4

h=0 j=0
fe’s) [es) h
2h 1 1
Z 2hp 2k / 1 1\P Z (2k +£+ 1)p Z (2(1)_1))
h=0 ( +e+1- 2_h) h=
9P
241y o

v

>



Corollary 1. Forallk and all0 < £ < ¢ < 2%,

1< 1271 < 9P,
| 2]
Proof. Since
f 1]
15|~ 5Ll
the result follows from Lemma, 2. ]

The next lemma, is a simple algebraic property of numbers which we will use repeat-

edly.

Lemma 3. Let a,b,c be arbitrary positive numbers, let p > 1 and set x = a + b + c.

Then

< 2 — ¥ >ab +bp
P p p
TS oo xr >a
Proof.
P r—c T
If th < —.
T < ——¢, en 5 <o
Equivalently,
a+b\» < é ’
2 - 2
and since by convexity of the function x%,
ar +b5 _ (a+b\”
2 - 2 ’
the result follows. 1

Lemma 4. Forallk>1and{=0,1,...,2% -1,

1 k 1 k 1
IF|? > |I2e+1|” + ‘IzeJr+11“’-
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Proof. By construction and from Lemma 2 we have
G| = [+ 1150 + Asegy  and
|I£{c | < %)\2k+e
Hence, by Lemma 3 the result is obtained. ]

Lemma 5. Let J be an arbitrary open interval such that J C Iy and assume that
JNCy # 0. Define ko := min{k € IN : J contains an interval of step k}. Then we have
the following bound on the length of J:

gz > S e
£:I°NJT#0
Proof. Note first, that since J N Cy # (0 and J is open, kg is well defined. Next observe
that if T f and éc+1 are consecutive intervals from step k and obtained from one interval
in step k — 1, (we shall say that these two intervals have a common “father”), then £ is
even. If we consider two consecutive intervals of step k£ not having a common father, i.e.
I} and I, with £ odd, let I be the minimal closed interval containing I} and I}, ;. Then

I—- (IéC U Iéﬂrl) is a gap of a previous step, i.e.
1] = |T§] + Agetr + [T

. _ [t ¢ l k|3 k|3
with s <k — 2 and r = [53=5] < 55=5. We want to prove that [I|» > [I7|> + |I} ,|». By

Lemma 2 we have

2D
k
|I£ | < o0 _ 2)‘2k+£7

and since
1

A = <
2k 10 (2k +€)p = (2k—s)p (23 +,,,)P7

we conclude that
2P

k
|Ie ‘ < (2k—s)p Qv

g A2t

Since |If,,| < |If| and k — s > 2, we have

2 2P 2P
Il < <(2k_s)p 5% 3 + 1> Ags yp < Ags .
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Thus we can apply Lemma 3 to obtain
1P 2 |If |5 + |If 7 (2)

Let now kg be defined as above. First we observe that the interval J can contain at most
two intervals of step ky. We will prove the case in which J contains exactly two, the other
case can be proved similarly. (Note that by definition of kg, J must contain at least one
interval of step ko.)

Let IF° and I}9

41 be the intervals in J. Then £ is odd and only four Cantor intervals of

and I%0

tho- Let I be the smallest interval

step kg can intersect J. These are Ifﬂl, Ifo, Ifil,

containing I fo and [ ﬁr Using (2) and since J D I, we have

1 =1 1 1
I > I]7 > |17 + |13, |7 (3)

Now using Corollary 1 we know that

2P|1,°| > |12, ,

that is,
21J|» > 2105 > [I°, ] (4)
Finally, since [Ij9,] > |I2,| and If?, C J,
1 k 1 k 1
[T[7 > 13,7 > L5, (5)

From (3), (4), and (5) we get

AT|7 > IR 5 4 IR0 4 1o |5+ |1F0, |5,

Lemma 6. Let J be an arbitrary open interval in Iy. Let k € IN be fixed. Then
TVEESS ST
£ IfCJ
Proof. If J N Cy = (, the result is trivial.
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Now, if JNCy # 0, and J is open, then there exists some Cantor interval Ié“ C J.
Define, as before, ko := min{k € IN : I} C J for some 0 < £ < 2¥ — 1}. By Lemma 5

N SN AL
eIocy
Now, if k' > kg, using Lemma 4 inductively, we have

1 Y
g > > g

eI¥ cg

and if &/ < ko there are no intervals If' c J, ¢ =0,. ..,2’“' — 1 and the inequality is
obvious. 1
Lemma 7. Let {E;};=1,. , be a finite family of open intervals such that

(1) C\ C U, E;

(2) E; = (a;,b;) witha; € Cx, b; & Cy, |E;| < d,i=1,...,n.

Then

Z|Ei|% > 1%
i=1 42 —2)7

Proof. Since a;,b; & C, for k large enough, we can arrange that for all £, | é“| is sufficiently
small so that for all £, I f C E; for some 1.

Therefore, using Lemma 6,

n n

1 1 1
SiEEY S
i=1 =1 E:IfCEi
2k _1
1
> > Il
£=0
Since |If| > |If, |, we get
1 21 1 ok 1
kil koot
7 D0 EE = Sty
£=0
and, using the estimate of Lemma 2, we get the result. ]

We are now ready to prove Theorem 3.
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Proof (of Theorem 3).
Let F' = {F;},.y be a covering of Cx with open intervals of length less than 4,

UF:oCy and diam(F) <6, Vi.

Since C) is compact, let {Fp, = (ax, Bx)}7, be a finite subcovering of Cy, Fp, € F, k =
1,...,m.
Let € > 0. Since IR \ C), is dense, we can construct open intervals, Fy = (ag, bg), k =

1,...,m such that
1 L €
Fhk C Fg, ‘Ek‘P < |Fhk|1’ + E and ag, bg Q Ch.

Therefore,
m

STIEF < [P, |7 e

k=1 k=1

Since ¢ is arbitrary and using Lemma 7 we have

ﬁ( S SIS LT

20 —2)r 3 N

Since F' was an arbitrary open d-covering of C) this shows that

that is,

1
4 (210_2)% “p
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§3.2 The Cantor sets C;

In this section we are going to prove the following theorem.

Theorem 4. Let A = {\; = k™ P}. For each 0 < s < % there exists a rearrangement
os(\) of X such that
H*(Cy,n)) > 0.

For this, we will first find the Hausdorff dimension of some Cantor sets C5 where Aisa
particular subsequence of the original p-sequence, and then we will use this result together

with the following Lemma to establish our result.

Lemma 8. If A is a subsequence of A = {\, = k™?} such that dim C5 = s, then there

exists a rearrangement o(\) = o4(A) of A, such that
dim Cos()\) = dim C;\ = S.
Proof. Let v = {7y} be the subsequence obtained from A\ after deleting the terms of

the subsequence A. By Proposition 2 there exists a rearrangement o(7) of v, such that

dim Cy(y) = 0. Let now t; = ), v&, then we have C,(,y C [0,;]. Define

C = Coiyy | J(Cx + {t1})-

The set C is a Cantor set and dim C = s (since it is the union of one Cantor set of
dimension s and one of dimension 0.) The lengths of the gaps of C correspond to the
terms of the original sequence A. Then, there is a rearrangement o of the sequence, that

is associated to the Cantor set C, that is C = Cy(y)- 1

It is now clear, that in order to obtain Theorem 4, it suffices for each s to find a
particular subsequence 5\, such that dim C5 = s.

Let x > 2 be a fixed real number. We define a subsequence 5\m by the following
relation: using the fact that m can be decomposed uniquely into m = 2¥ 4+ j with & > 0
and j =0, 1, ..., 2871 and using the notation [z] to denote the greatest integer in z, we
set

- - 1 p
Am = Agipj = Agh)4j = (W) :
Since this subsequence is completely determined by z, and in order to avoid cumber-

some notation, we denote by C, the Cantor set C5.
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Theorem 5. With the above notation and with

(p, ) log 2
a(p,z) = ,
P plogz
then

dimCy = a(p, x),
moreover

HP2)(C) > 0.

Proof. The proof of this Theorem has the same flavor as that of Theorem 2 and Theorem 3.
However since we are dealing with subsequences of the original p-series, the estimates are
not the same. Again we will split the proof of the Theorem into two separate statements
- one for the upper bound and one for the lower bound. We use the following notation:
all quantities introduced in the proofs of Theorems 3 and 4 corresponding to the sequence

A; } will be used with the sign ~ to denote quantities corresponding to Xt
J J

To shorten notation, from now on let & = a(p,z) = plfog;m.

Proposition 3. Let C, be the Cantor set associated to the sequence A= {5\2k+j =

Aighl4j> k€ IN,j =0,1,...,2F —1}. Then
dim C; < a.

Proof. The proof goes along the lines of the proof of Theorem 2, only instead of A;, we

now have S\j. Suppose that n is sufficiently large such that Z;’;n 41 5\j < 4. Also, to make

the calculations simpler, we choose n of the form n = 2*¥ — 1. Suppose we remove from

Iy = [0, Zj 5\]] open intervals of lengths A1, As, ..., A,. What remains can be written as
. . (1 . . +1 | ~(n 3

the union of closed intervals E]( ) j=1,2,...,n+ 1. Since Z?zl |EJ( )\ = Z‘;‘;nﬂ Ajs
then {EJ(") :j=1,2,...,n+ 1} is a d-covering of C,. Using the Holder inequality, we
have s

n+1 ~ n+1 R

Z|Ej(n)|s < Z|E3(n)| (n+1)1—s

j=1 j=1

[ 8w
j=n+1



We now need an estimate of the quantity

j=n+1 m=k j=0
We have
oo 2™M-—1 o 2M-—1
DD damii =D Y A
m=k 37=0 m=k j=0

I
M8
=
3
~
:
ke
INA
M]3
?s o
-

m=k 5=0 m=k
0 1 p 00 9 \™
m Y2 R
<Y () ez (2)
m=k m=k
k k
2 xP 2
N op < =
(=) 755 <x0(5)

where K (p) = 4P /(2P — 2) is a bound for (2z)?/(2P — 2). Since 2* =n+1 and o = plfoggzwa

we have that

a?* = (n+ 1),
and o
K " s s (’I’L + 1)3 —s
SIEP <Ko (et 1)
j=1

= K*(p)(n+1)'"=,

which again, if s > « yields limsup,,_, . S04}

it1 \]_3]](-")|S < 00, and therefore,

dim C; < a.

The second stage, is to provide the lower bound for the Hausdorff dimension of C,. We
will again show, that actually the Hausdorff measure of C,, H*(C,), is positive, however

this estimate is much harder to obtain. The theorem that we will prove is the following.
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Theorem 6. Let p > 1, z > 2 and let A\ = {S‘k}keﬂ\f be the sequence defined by
~ P ~
Agkgj = (ﬁ) . If C, is the Cantor set associated to the sequence A\, and o = ]%gg%,

then there exists ¢ > 0, such that

xP @
(67 > .
H(Cp) > ¢ (xp — 2)

This Theorem is the analogue of Theorem 3, which was proved combining Lemmas

2,3, 4,5, 6 and 7. We will need to provide the analogues of these Lemmas for this new
sequence. Note that Lemma 3 is independent of the sequence, so we only need to prove
the other Lemmas. These are the contents of Lemma 9 (c.f. Lemma 2), Lemma 10 (c.f.

Lemma 4), Lemma 11 (c.f. Lemmas 5 and 6) and Lemma 12 (c.f. Lemma 7).
Lemma 9. For every fixedz > 2 and allk > 1 and £=0,...,2% — 1,

xP 1 ~ xP 1 P
. < Ik < .
P —2 gk+1l)p —‘Ie|—xp_2 (xk—1> (6)

Proof. The proof is similar to the proof of Lemma 2. We have that

0o 2h—1
=D D Aakrngaanyy < 22 Agih oo
h=0 5=0
oo oh
<22 Z
k+h R\P = k+h]p
— ([ ] + £2h) [a: ]
0o 1 0o 9 h
<Z xk+h_1p < (xk_l)pz<$_p>
h—O h=0
P
(mk — 1) P — 2
The bound from below is obtained in a similar way
oo 2h—1 ~
TEL= ) Mawrnspany
h=0 j=0
00 _ 00 9h
Z 22 Aghetnis = Z [z +HITh]p
1 &2\ P 1
> w2 \wr) =wos -
x(k-l-l)p — xP P — 2 aj(k"'rl)P

We again have the corollary whose proof is a direct application of the estimates of

Lemma 9:
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Corollary 2. Forallk and all0 < ¢ < /¢ < 2%,

15|

~

/|
4

1<

< (2z)P.

1

Since Lemma 9 gives an estimate which is not as precise as that of Lemma 2, we have

now a weaker version of Lemma 4.

Lemma 10. Forallk € Nand all £ =0,1,...,2F -1
IF1 > b(k) (157 + |41 (7)
where the sequence b(k) satisfies, 0 < b(k) < 1 and [[;° b(k) = ¢, with ¢ = ((p,z) > 0.

Proof. From Lemma 9 we get the following estimate

= xP L AN
it 22 () e

TP — T — 1

and since £ < 2F — 1,

k k p
~k P o+ 28 =1\ <
‘I£|§.'L'p_2< o Aok 1 g

Since |I¥| = [I5Y 4+ Aox g + |I~§;rl1‘, this gives the estimate

k p
7k xP —2 zt—1 Fk+1 Fk+1
11 (1- 752 (e ) ) 2 1+ 8L

or, regrouping,

HE| (a8 (2, b -1 \"\ o [+
P 2 zk +2k -1 - 2 ’

P
2
~k -~
ﬂ 14+ x—p—l 1— & : >‘12€+1|+|I2€_:-11|
xP .'L'k—]_ p
k=11 — —1 1 - ——

taking both sides to the power «, applying convexity agruments as in Lemma 3 and

8

Denoting

remembering that zP* = 2, we get

Tk Tk
(15 + T4 )
2 )

Ll
2

(c(k))* >
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and therefore

1 2 k) (151 +T5EA)  where b(k) = e

Since ¢(k) > 1, 0 < b(k) < 1. To see that [[, b(k) = ¢ > 0 it is enough to see that

[17° e(k) < +oo. Since 2 > 2 and p > 1 we can write

Zﬂk -1 p 1 )
_ (2N -1 e (142057 2R
IO D (RO,

2
< QP(E)’C-

The second inequality follows by an application of the Mean Value Theorem. Using this,

we see that the following series converges

£ (50 (Z5)) == ()£

and therefore II°c(k) < +o0. [

Here it is appropriate to mention that the proof can not be carried out for the case
x = 2, since the estimate in Lemma 9 is too rough.

We can now prove the analogues of Lemma 5 and 6.

Lemma 11. Let J be an arbitrary open interval in fo. Let k € IN be fixed and again let
a =log2/(plogz). Then there exists c, independent of k, such that
clJ*> Y I
E:fé"Cj

Proof. If J N C5; = 0, the result is trivial. Otherwise, define ky := min{k € IN :
J contains an interval of step k}. As before, J can contain at most two intervals of step
ko. Again we will only prove the case in which J contains exactly two.

Let I fo and I ﬁl be the intervals in J. Then £ is odd and only four Cantor intervals
of step ko can intersect J. These are fé“fl, ff”, Iko and I%o Since J D fé““ and

{41 {42

g | > I

ool > |152,|, we have

_|_
BT\ > |Ifo|™ + |Ifo, | + 152,
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Now using Corollary 2 we know that
7k 7k
(22)P[I5°| = 1,24,

that is

(22)PLT|* > (22)P*|I}0|* > |I}°, |
Hence
(3 4 (22)P*)|J|™ > |Ijo, ™ + || + [If2, | + |17,

Now inductively we apply Lemma 10 and therefore we get:

(3+ (22)P*)|J|* > bko)b(ko + 1) ...b(k—1) > |If|“.

E:fé“Cj
Since -
b(ko)b(ko +1)...b(k — 1) > [ b(4) = ¢ >0,
7=1
we have
34+ (2z)P> - -
N
E:}“Cj

The last remaining lemma is the analog of Lemma 7.

Lemma 12. Let {E’Z}zzln be a finite family of open intervals such that
(2) E; = (ai,b;) witha; € Cy, b; & Cy, |Es| < 0,i=1,...,n.

Then there exists ¢ > 0 such that

n 5 .’ij (6
.Cll

EI‘EZ| ZC(&:P—2> }

=

Proof. As in the proof of Lemma 7, since a;, b; & C, if k is large enough, we have that for

all £, |I¥| is sufficiently small so that If C E; for some i.
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Therefore using Lemma 11, and denoting 2¢ = (/(3 + (22)P%), we have

— = a - ¢ 7k |
;‘EJ Egm Z | I§

2k 1
> 20 Y |
£=0
Since |T}F| > \ff+1|, we get
2k —1
D I = 285,
£=0
and using the estimate of Lemma 9 and the fact that 2P¢ = 2, we get

n B k ,’L'p a 1
|
;\Ezl > 22 (xp_2) e

xP *
=c .
(+2)

The proof of Theorem 6 can be completed by combining Lemmas 9, 10, 11 and 12.

84 A generalization

In this section we will generalize the results obtained in the previous sections, to the case
in which at each step instead of removing one interval from each interval of step k, we
remove £ — 1 intervals. The particular case £ = 2 is the one considered so far. We will call
the associated Cantor set Cy.

Surprisingly, the same results are true. Since the proofs can be obtained by the same
methodology as presented in the previous sections, we will only state one of the generalized
results in this direction. Note that when carrying out the proofs, the role played by 2F is
now played by £F since everytime we had 2* intervals at a given step k, now we have £*

intervals at that same step k.

Theorem 7. Let A = {Ag}, v be defined by Ay = (%)p, p > 1. Then for £ > 2,

1
dim Cg = —.
b
Moreover
/H%(Cg) > 0.
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