REFINABLE SHIFT INVARIANT SPACES IN R?
CARLOS A. CABRELLI, SIGRID B. HEINEKEN, AND URSULA M. MOLTER

ABSTRACT. Let ¢ : RY — C be a compactly supported function which satis-
fies a refinement equation of the form

o(z) = Z cpp(Az — k), cx €C,
keA

where I' C R? is a lattice, A is a finite subset of I', and A is a dilation matrix.
We prove, under the hypothesis of linear independence of the I'-translates of
, that there exists a correspondence between the vectors of the Jordan basis
of a finite submatrix of L = [cai—j]i,jer and a finite dimensional subspace
‘H in the shift invariant space generated by ¢. We provide a basis of H and
show that its elements satisfy a property of homogeneity associated to the
eigenvalues of L. If the function ¢ has accuracy k, this basis can be chosen
to contain a basis for all the multivariate polynomials of degree less than k.
These latter functions are associated to eigenvalues that are powers of the
eigenvalues of A~1. Further we show that the dimension of H coincides with
the local dimension of ¢, and hence, every function in the shift invariant space
generated by ¢ can be written locally as a linear combination of translates of
the homogeneous functions.

1. INTRODUCTION

Let T" be a lattice, i.e. T" is the image of Z% under any nonsingular linear trans-
formation and A be a dilation matriz associated to T', (i.e. A(T') C T and all
eigenvalues of A satisfy |A| > 1). We will say that a compactly supported function
p: R? — Cis refinable with respect to A and T, if it satisfies the dilation equation

o(z) = Z crp(Az — k), zeR?, (1.1)
keA

for some finite subset A C I', and coefficients ¢ € C.
The Shift Invariant Space (SIS) generated by ¢ is the space

Sp)=qf:R'—C: f(@) =) wpl@+k), y€Cherl
kel

Note that since ¢ is compactly supported, the right hand side of the previous
equation is well defined. Even though the SIS is an infinite dimensional space, the
fact that its generator is compactly supported yields “locally” a finite number of
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generators. More precisely, let E C R? be a fundamental domain for the lattice T,
and

E(p)={f/p: E—C: [f/px)=f(z)Vr € E, f € S(p)} (1.2)

The space E(y) is finite dimensional. A canonical set of generators is the set
{o(x —k)/g : E — C: with k such that |(Supp(y) + k) N E| > 0}.

The algebraic dimension of the vector space E(p) will be called the local dimension
of S(¢p) and a basis of E(p) a local basis for S(¢p).

If  satisfies a refinement equation (1.1), one may not explicitly know the func-
tion, but from properties of the coefficients of (1.1) one often can deduce (proper-
ties) of these finite generators. One question is if it is possible to obtain a different
set of generators with specific properties. In particular it is important to know if
some (or any) of these generators can be chosen to be polynomials. The accuracy
of ¢ is the maximum integer x, such that all polynomials of degree less or equal to
k — 1 are contained in S(¢). Hence, if ¢ has accuracy s, one can choose a local
basis containing «,, = Zf:_ol ds linearly independent polynomials, where d is the
number of linearly independent monomials of degree s.

In the one dimensional case, with dilation 2, the generator ¢ satisfies p(x) =
Z,ivzo ckp(2x — k). In this case a, = K and the accuracy of ¢ is related to spectral
properties of a finite matrix 7T'.

Precisely, under the hypothesis of linear independence of the integer translates of
the generator, ¢ has accuracy k, if and only if {1,271, ..., 2_("’_1))} are eigenvalues
of the (N + 1) x (N + 1) matrix T defined by T = {c2i—;}i j=0,...,n, (the scale
matriz) and there exist polynomials py, ..., px—1 of degree(p;) = i such that each
of the the vectors v; = {p;(k)}r=0... n is a left eigenvector of T corresponding to
the eigenvalue 27% ([Dau88], [CHM98]). Here the fact that the powers of 1/2 are
eigenvalues of T is related to the dilation factor 2 in the dilation equation.

So, if ¢ has accuracy k, we know & linearly independent functions in E(p). This
set of functions can then be extended to a local basis of S(¢). A natural question
is, in which way can this completion be done? If some eigenvalues are associated
to nice local basis functions, (i.e. local polynomials) would it be possible to extend
this set of nice functions to a basis of E(p) using the remaining eigenvalues? What
properties will these new functions have?

Blu and Unser [BU02] in the study of radial basis functions, and later Zhou [Zho02]
gave the first clue for the answer to these questions. They showed that associated
to an arbitrary eigenvalue A of the matrix T there is a function in S(p) that satis-
fies that h(2z) = %h(x) In particular, the monomial z*, satisfies this property, for
A = 27%_ So the set of functions associated in this way to all the eigenvalues of T
is a linearly independent set. Then in the case that the matrix T is diagonalizable
it is possible to complete the local basis for S(y).

In [CHMO3b] the problem was completely solved. They showed that to each
vector from a basis that gives the Jordan form of the matrix 7' it is possible to
associate a function h in S(p) that they called (), r)-homogeneous and satisfies
that

(Dy — AI)"h = 0.
Here for Dy f is the dilation operator defined by Dyf(xz) = f(5), and X is an
eigenvalue of T. In particular, the functions associated to eigenvectors are (A, 1)-
homogeneous, and correspond to the one’s obtained before. These (A, r)-homogeneous
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functions in S(¢) are linearly independent and provide a local basis. This local ba-
sis contain all the monomials x* within the accuracy. The generator ¢ can be
completely obtained from this local basis.

The goal of this paper is to carry on this study to R, with a general dilation
matrix and an arbitrary full rank lattice.

When moving to higher dimensions, the situation turns much more complicated.
In analogy to the one dimensional case, we will consider functions that satisfy the
relation h(Az) = +h(z) (see section 4). Here h : R — C, A is a d x d invertible
matrix and A € C. More in general, we will consider functions satisfying that
(Da—AI)"h = 0. To avoid any ambiguity, we will say that functions satisfying this
equation are in the class H(A, A\, r), in place to use the word homogeneous, since we
will also be dealing with polynomials that are homogeneous in the standard way.
(i.e. a polynomial p of degree s is homogeneous, if p(az) = a®p(x), z € R?Va € R).)
Note however, that with this definition, for d = 2 the monomial h(z1,x2) = z122
will be in H(A, A\, 1) only if A is diagonal and A = m.

When trying to extend the notion of accuracy from one to higher dimensions, it
could be seen that the fact that ¢ had accuracy x was not immediately related to
spectral properties of a finite submatrix of L = [c4;—;]i,jer. The relation was much
more subtle and involved (see [CHM9S8], [CHM99], [CHMO00]).

In spite of this, however, in this paper we are able to obtain an analogous result
to the 1-dimensional case. Again we are able to show that a local basis of ¢ can be
obtained using solely functions from H(A, A, r), where A is an eigenvalue for a finite
submatrix T of L. The result is very pleasing, in the sense that the 1-dimensional
results are completely recovered and one obtains a different way of writing the
functions of S(¢), namely, each function in S(¢) can be written locally as a linear
combination of the translates of functions in H(A, A, r) (c.f. equation (4.10)).

In particular, if ¢ has accuracy k, then we will find «, linearly independent
polynomials that are in the class H(A, A, r) for some eigenvalue A of T, and some
r € N.

The difficulty here is to find the appropriate matrix 7. Since we are in R%, the
indexes vary along a d-dimensional lattice, so to write L as a matrix, one has to
order the points. Which order is not important, as long as it is always the same.
In the one dimensional case, it was straightforward to look at a submatrix of L
that was intimately related to the support of . In the higher dimensional setting,
it may be a difficult problem to determine the support exactly. This is one of the
problems one has to overcome to solve the question raised here.

The paper is organized as follows: In section 2 we briefly review some geometric
properties of the support of a refinable function ¢ related to the dilation A and
define the finite matrix T whose spectral properties will be fundamental for our
analysis of the class H(A, A, r). In section 3, we relate the spectral properties of the
infinite matrix L to those of T, and in section 4 we define the class H(A, A, r) and
show how one associates one of these functions to each vector of the Jordan basis
of T. We further prove, that these functions satisfy a vector refinement equation
and that they are a basis for the space E(p) (1.2). Finally, in section 5, if ¢ has
accuracy s, using results from [CHMO3a], we show that the space of all functions
in the class H(A, A\, r) in S(p), contains ay linearly independent polynomials.
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2. ATTRACTORS, TILES AND ADMISSIBLE SETS

Let I' be a lattice and A a dilation matrix associated to I'. Then A has integer
determinant and the group I'/A(T") has order |det(A)| (see for example [Wo0j97]).
Set

m = |det(A)|,
and let D = {dy,...,d»} be a set of representatives of the group I'/A(T') of order
m. We call D a full set of digits, or digit set.

The cosets
FZ:A(F)—dZ:{Ak—deEF}7 d; € D,
form a partition of I". Assume that ~1,...,74 is a set of generators for I', that is,
Y1, .. .,74 are linearly independent vectors in R? and

F:{ll’ler...Jrld’)/d:li GZ}.
We will call the set
P={zym+...4+2474:0<x; <1}

a fundamental domain for the group Rd/f‘.

2.1. Attractors. For each k € I', we define wy, : RY — R? by
wi(z) = A~z + k).
Since A is a dilation matrix, A~! is contractive for some appropriate norm in R,
so each wy, is a contractive mapping on R for that norm.
The space
HERY) = {K cRY: K # 0 and K is compact},

is a complete metric space under the Hausdorff metric d defined by

d(B,C)=inf{e >0: BCC. and C C B},
where

B, = {x e R?: dist(z, B) < 6}.

For each finite subset H C I, we define
wg(B) = | J we(B) = A" (B + H)
keH

It can be shown that wy is a contractive map in H(R?) (using that each wy, is a
contractive mapping on Rd). Consequently, by the Contraction Mapping Theorem,
there exists a unique nonempty compact set Ky C R such that

’U}H(KH):KH, i.e. KH:Ail(KH'FH)

In fact, we can write

Kg=Y A7(H)={Y A7hj:h;eH;. (2.1)
j=1

j=1

The set Ky is called the attractor of the iterated function system generated by
{wk}keH. [HutSl]
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2.2. Tiles. Given the digit set D = {d1,...,d,,}, we consider the attractor

(oo} oo
Q=Kp=)» AID)=4> Ale:c;€D (2.2)
j=1 j=1
of the iterated system generated by {wq}aep. We have that, for v € T
Kpin =Y A7(D+7) =Y AD+(A-I)"y=Kp+(A-1)"'y. (23)
j=1 j=1
Therefore we can assume without loss of generality that 0 € D, and hence, by
equation (2.2), we have 0 € Q.
The set ) satisfies the following properties (see [Ban91] and [GM92]):

a) Uper @ +k =R?.

b) QY #0,Q =Q°, and |0Q| = 0.

c) |QN(Q+ k)| =0 for every k € T' — {0} if and only if |Q| = |P|, where P
is a fundamental domain for Rd/F. In this case QN (Q + k) C 9Q for all
kel —{0}.

A longstanding problem was the question of whether for each dilation matrix
A there exists a full set of digits D such that the corresponding attractor @ is a
tile. A counterexample was found recently. (See [Pot97] and also [LW99].) We will
assume in this paper that @Q is a tile, or a fundamental domain for I, that is, the
I'- translates {Q + k}rer cover R? with overlaps of measure zero (hence |Q| = | P|).
Then the local dimension of ¢, will be the dimension of Q(y). See (1.2).

2.3. Admissible sets. Let H be a fixed finite subset of I'
Definition 2.1. We say that a set Q C I' is H-admissible if
ATYQ+H)NT C Q, (2.4)
which is equivalent to say that wy(Q)NT C Q.
Remark. If H C H and Q is Hl—admissible7 then Q is H-admissible.
We immediately have the following Proposition:

Proposition 2.1. If Qg is defined as Qg = Ky NT, then Qg is an H-admissible
set.

Proof. Since Qg C Ky, we have
’UJH(QH) NnI'c wH(KH) NI =Qg,
which shows the desired property. ([l

Let ¢(T") be the space of all sequences defined in T', and let L be the infinite matrix
associated to the refinement equation (1.1), L;; = c4,—;, whenever Ai—j € A, and
L;; = 0 in all other cases.

In this paper we will mainly be interested in A-admissible sets. The reason for
that is that if Q C I' is A-admissible, then the space £(Q2) = {Y € {(T') : yr, = 0,k &
Q} is right invariant under L.

We will need to “extend” finite vectors to infinite ones with certain prescribed
properties, and such that they coincide with the finite one if restricted to a finite
subset of the lattice. Therefore, the following Proposition found in [CHMO04], will
be very useful.
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Proposition 2.2 (CHMO04). For each finite H C T, there exists a strictly increasing
sequence {Qy n>0 of H-admissible sets whose union is I', such that Qo = Qg and

wy (1) NT C Q, (2.5)
for alln > 0.
Proof. Let || - || be any norm in R? such that ||A~!| < 1 and fix £ > 0, such that

H C B(e), where B(e) = {z € R? : ||z|| < ¢}, the closed ball with radius ¢ centered

at the origin. Now set
€

S AT
Chose ¢ > dp in such a way that Qg C B(d) and set Fy = B(d). Since 6 > dp, we
have ||[A7Y|(§ +¢) < 4. Hence,

wy(Fy) = AYBO) + H) c AY(B(5+¢)) € B(|JA™Y|(6 +¢)) € B(6) = Fp.

8o (2.6)

We define recursively Fj 1 = wg(F};) for j > 0. It is easy to see, by induction, that
F;41 C Fj for every j. Since Fp is compact, the Contraction Mapping Theorem
tells us that (F; = Kpg. It follows that F; NT = Qg for every j large enough,
and consequently {F; NT'} is a finite collection of sets. Let

Qp=0C C--CQy=FnT

be the distinct elements of this collection and fix 0 < n < N. Since there exists a
7 € N such that

O, =F,NT CF_1NT=Q.1,

we have
WH (1) NT Cwg(Fjo)NT=F;NT =Q,. (2.7)
So inclusion (2.5) holds for n =0,1,...,N — 1.
Now we set 6 = ¢ and define recursively, §,11 = H145+1H —eforn > N. The
sequence of numbers dy < dyy1 < --- is increasing. Define Q, = B(d,) NT for

n > N. If Q.41 = Q,, we skip that one and continue until Q,, 4, # Q,. In this way
we obtain a strictly increasing sequence of sets {€2x}x>n. Combining with the sets
Qo, ..., Qn constructed previously, we have a strictly increasing sequence {2, }n>0.
The inclusion

wy(Qpe1)NT C O, (2.8)
holds for every n € Ny, since for n > N, again there exist a j € N such that
Qn = B(3;) T € B(0j4+1) NI = Dy,
and then
Wit (Quar) = A~ (Quir + H) € BIIA™ (611 +2) = By, (2.9)

We already showed that (g = Qp is H-admissible. Since €2,, C 2,41, it follows from
(2.8) that Q2,41 is H-admissible for every n € Ny, which completes the proof. [

Corollary 2.1. If H C H' C T, then there exists ng > 1 and a strictly increasing
sequence {Qp }n>0 of H-admissible sets whose union is I', such that

Qo =y, Qn, =g, and wyg(Quy1)NT CQ, for alln >0.



REFINABLE SHIFT INVARIANT SPACES IN R¢ 7

Proof. First construct the sequence {2} } associated to H' using the previous propo-
sition. Note that by Remark 2.3 the sets €2/, are also H-admissible.

Using the notation of the previous proof, let jo be such that £, NI' = Qg/. Now
consider the sequence {G;};>;,, where G;, = F}j, and G,+1 = wu(G;), for j > jo.
Since

Gjo-‘rl = wH(Gjo) = Ail(Fjo + H) - Ail(Fjo + Hl) = wH/(Fjo) - Fjo = Gjm

then G;41 C G; and therefore N;>;, G; = Ky and hence, {G,; NI'} is again a finite
collection of sets of say ng + 1 elements. Consider now the distinct elements
Qr=Q N T CQy =F;,NI'=Qg,
and let
Qgrk = Q.

This new sequence satisfies all the desired properties. O

For a more complete treatment of admissible sets see [CHMO04] and also Jia [Jia98].

3. SPECTRAL PROPERTIES OF L

Let us now return to the refinement equation (1.1), p(z) = >, crp(Az — k).
If we consider the infinite column vector

®(z) = {p(x + k) }rer, (3.1)

this equation becomes
O(x) = LO(Ax). (3.2)

It can be shown (see [CHMO0]) that the set K, which is the particular case taking
H = Ain (2.1), satisfies that if ¢ is a compactly supported solution of the refinement
equation (1.1), then Supp(¢) C K. Also, by Proposition 2.1, the set Q4 = Ky NT
is A-admissible. However, it is not necessarily true that Supp ¢ C Uxeq, @ + .

We will therefore consider the bigger set ' = Ky, NT', where A’ = A — D D A.
In [CHMO04] it was shown that the translations of @ using all elements of ' cover
the support of the compactly solution to (1.1). Moreover, Q' is A’ admissible, and
hence also A-admissible. As noted earlier, the A-admissibility of ' guarantees that
the space £(2) ={Y € 4(T) : y, = 0,k &€ '} is right invariant under L.

Let now {{,}n>0 be a sequence of subsets of I" that satisfies:
Qo =
FOI' Z 2 O, Qz g_ Qi+1, and Ui Qz = F
For ¢ > 0 §; are A-admissible and w (2;11) N T C ;.
Qpy =
For i > ng, Q; are A’-admissible and wy/ (2;21) NT C Q;.
These sets exist by Proposition 2.2 and its Corollary 2.1.

We denote by {7}, },>0 the finite submatrices of L

T, = [cai—jlijea,- (3.3)

Since Q,, C Qy,11, if the order in I' is appropriately chosen, actually T3, is a subma-
trix of T},41, for each n.

Let Y = {yr}rer € £(T") be an infinite row vector, and P, : £(I') — C**% n >
0 be the restriction mappings defined by

P.Y = {yr}treq,- (3.4)
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We consider L — Al : 4(T') — £(T") the left-multiplication operator who maps
Y — Y(L — \I) (where I is the identity operator acting on ¢(I")). By abuse of
notation, I will be any identity operator, no matter on which space it is acting on.

Note. In what follows we will use powers of the matrix (L — AI). Note that these
powers are point-wise well defined, since the rows of the matrix L have a finite
number of non-zero elements.

The next proposition shows the relation between the spectrum of L and T5,:

Proposition 3.1. Consider A € C, r € N and n > 0.
(1) LetY € {(T"). We have
Y € Ker(L — M\I)"  implies P,Y € Ker(T,, — \I)". (3.5)
Conwversely,
(2) If v € Ker(T,, — AI)" and A # 0, then we can extend v to an infinite row
vector Y, (i.e. Y, € {(T') and P,Y, =v), so that Y, € Ker(L — A\I)".
(8) If X\ #0,Y #0 and Y € Ker(L — A\I)", then P,Y # 0. In particular the
extension in (2) of v to Y, is unique.
Proof.
(1) First note that j € Q, and Ai —j € A implies i € Q,. For, in this
case, Ai € Q,, + A and since §2,, is a A-admissible set it follows that i €
A7 Q, +A)NT C Q,. Hence

JEQ,, i ¢Q, = [L—A\];=0. (3.6)
Moreover, we will show by induction on r that,
if j € Qy and i & Qy, then [(L — AI)"];; = 0. (3.7)

(a) The case r = 1 is simply (3.6), since we assume that ¢, =0 if k & A.
(b) Suppose now that (3.7) holds for some fixed r > 1. Using (a), for
7 € Q,, we have
[(L— /\I)T+1L‘j = Z [(L = AD)"]; [L = M]g;
kel
= > (L =AD", [L = Ay
kEQ,
Now, if i & Q,,, the inductive hypothesis yields that the last sum is
zZero.
Therefore, the statement is true for all r € N.
To prove the first part of the Proposition, let Y € ¢(T') and Y € Ker(L —
A",
Applying the preceding equality, we obtain for each j € €,
[(PY) (T =AD"y = D wil(L =AD",
IS92%
= Zyi[(L - )‘I)T]ij
i€l
=[Y(L-A)"; =0.
This completes the proof of (1).
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(2) Assume that v € C® X # 0 and v € Ker(T, — AI)". We want to
construct a vector Y, € ¢(T") such that P,Y, = v and Y,, € Ker(L — A\I)".
We now prove by induction on r that,

0 for i # j

(=\)" fori=j. (3:8)

for j € Qpir, 1 € Qi k 20, [(L— )‘I)T]ij = {
(a) Caser = 1. If i were such that Ai—j € A, theni € A=} (Qxi1+A)NT C
;. Hence, if ¢ ¢ Q then Ai —j ¢ A and so L;; = 0, and therefore

[L - /\I]” =0 for ¢ 75], and [(L - )\I)]jj =-\
(b) Assume that (3.8) holds for » > 1. Then for j € Qi1 and i &€ Qg, k >

0, we have
[(L =AD" =D (L= M) ] [L = ATy
Ler
= > (L =AD", = Ae,
L0,

since by the inductive hypothesis [(L — AI)"],, = 0 if £ € Qi C Q41
and ¢ € Q. It follows using the case r = 1 that

o for i # j
[(L =AD" lij = {(—)\)T'H for i = j, .

which proves (3.8), for every r € N.
Define now y; = v; for j € Q,, and define recursively, for j & €2,,,

ST wlL =AD" G € Qi \ Qo k> (3.10)
1€Q

1
SECONE
The vector Y, = {y; }jer is an extension of v. To see that Y, € Ker(L—\I)",
since (Y/(L —AI)"); = > ;cp vil(L — AI)"]i;, we have:
o If j € Q,, then by (3.6)

STwlL =AD" = >0 wil(T — AN,

el i€Qy,
= (T, = AD)"];; = 0. (3.11)
1€Q,
o If j & Q,, then there exist k € Ng,k > n such that j € Q11 \ Q.
Therefore,
Z%[(L—/\I)T]zj = Z (L =AD" 5t Z yil(L — AI)" ]
el 1€Q i€ Q
= Z Yil(L = AD)"];; + 5 (=A)")
1€Q

= 0. (by (3.10))

(3) For the last part of the Proposition, assume that A # 0,Y # 0, and Y €
Ker(L — AI)". To show that P,Y # 0, take ko € T such that Yy, # 0. If
ko € Q,, there is nothing to prove. Otherwise, let

to = mln{k eEN:ky e Qk} (312)
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Since Y(L — AI)" =0,
Doyl =AM T = D wlL=AD T+ D wil(L = A ],

= i€Qg—1 i@ 1
= Z yi[(L — /\I)T]iko + Yro (—A)" = 0.
iEQtO—l

So, there exist k1 € Q,0 < k < tg, such that Y, # 0. If k1 € Q,,, we can
stop here. If not, we repeat the procedure until k; € §2,,.

O

Remark.

e Since the previous Proposition is true for any set of the sequence €2,,, in
fact the smallest matrix Tj already has all the spectral information of L.

e The extension of the vectors of Ker(Ty — AI)" to vectors of Ker(L — AI)"
will produce intermediate vectors of Ker(T,, — AI)", by the construction of
the sets €2, produced in Corollary 2.1.

For the special case A = 0, under some mild assumptions, we have an additional
property. We say that the I' translates {¢(- — k) }rer are linearly independent, if
for any sequence {ay trer in £(T),

Z app(-—k)=0 implies «f =0.
ker

Lemma 3.1. If {¢(- — k)}rer are linearly independent, then the operator L :
L) — UT),Y — YL is one to one.

Proof. Let YL = 0. Then
Y®(z) = YL®(Az) = 0. (3.13)
Since {¢(-—k) }rer are linearly independent, Y® = 0 implies Y = 0, so Ker(L) = {0}.
[

4. THE CLASS H(A,\, 1)
Assume Y € Ker(L — AI)". If we define h(z) = Y®(z), we have

0=Y(L—-A)'®(z)=Y (Z (Z) (—A)T—kLk) d(z)

k=0
-y (kz_:o (;) ()\)T’“@(Akx)> ,
- kz_o (17;) (=A\)Fh(AFT ).

This leads to the following definition:
Definition 4.1. A function h is in the class H(A, A, r), if it satisfies

Z <2> (=\)FR(A*Tz) =0  for every z € RY. (4.1)
k=0
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If we define the operator D4 by D4(f)(x) = f(A~1x), then h is in H(A, \,r) if
and only if
(Da — A)"h = 0.
A function in H(A, A, r) will also be said to be of class H(A, A, 7).
Note that if h € H(A, \,r), then h € H(A, A, s) for every s > r.

Proposition 4.1. Let V C R be a bounded set such that 0 € VO and V C AV.
Set C = AV\V and a € Z. Let h be a function of class H(A, \,r). Then the values

of h in R\ {0} can be determined from its values in any set of the type:

Furthermore, if A # 1 then h(0) = 0.
Proof. Since h € H(A, A\, r) we get that

h(z) = —Z ( 7]; ) (=A\)*n(A*Fz)  and (4.2)
k=1

IOEESY ( ; ) (=A)Fh(A k). (4.3)
k=1

On the other side, it has been proved in [ACMO04] that the set C satisfies:

%) Ujez 470 = R\(0)

b) The sets {AjC}jGZ are pairwise disjoint.
So, from (4.2) we deduce that the values of & in A2~1(C can be obtained from the
values in C', and analogously, from (4.3) the values of h in A**"*1C can be obtained
from the values in C.

Then we proceed inductively to obtain all the values in R? \ {0}. Finally, it is
immediate from the definition, that h(0) = 0 when X # 1. O

Proposition 4.2. Suppose {o(- —k)}rer are linearly independent. Let f1,..., fi €
S(p), fi = Y'®, where Y € {(T') . Then f1,...,fi are linearly independent func-
tions if and only if Y',... Y are linearly independent in ¢(T).

Proof. Since

l l l
daifi=) a(Y'®) = (Z aiYi> P, (4.4)
i=1 i=1 =1

and the translates of ¢ along the lattice I' are linearly independent, we conclude
that 22:1 a; f; = 0 if and only if (22:1 a;Y*) = 0, which leads to the desired
result. (|

Remark. Let E : S(¢) — £(T') be the function that associates to each element of
S(y), its coordinates in {¢(z+k)}. Proposition 4.2 shows that E is an isomorphism.

Proposition 4.3. Assume that {¢(- — k) }rer are linearly independent.

(1) If h € S(¢),h = Y® and h € H(A,\,r), then Y € Ker(L — A\I)" and
P,Y € Ker(T,, — AI)".

Conversely
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(2) Assume that X\ # 0,v € Ker(T,, — AI)" and that Y, is the unique extension
of v such that'Y, € Ker(L — AI)" (see Proposition 3.1). Then the function
h =Y, ® belongs to H(A, A\, ).

Proof. It h =Y ® is of class H(A, A\, r), then we have

s

0=>" <,’;> (=A)Fh(AF ")

k=0

= (I:) (=Y L™ *®(2)
k=0
=Y (L—AI) ®(z).

Since the I' translates of ¢ are linearly independent, it follows that Y (L —AI)" = 0,
and consequently, by Proposition 3.1, P,Y € Ker(T,, — AI)".

To prove the second part, note that if v = 0, the statement is trivially true. If
A # 0and v € Ker(T,,—AI)" and v # 0, then, by Proposition 3.1 we can extend v to
a vector Y, € Ker(L — AI)", and so the function h = Y, ® is of class H(A,\,r). O

4.1. Jordan decomposition of T,. Let m, = #,. Consider the set A, of
eigenvalues of T,, and the associated Jordan basis B,, = {v1,..., v, } of C™". For
each v; € B,, we have that v; € Ker(T},, — M\ )* and v; & Ker(T,, — A\I)¥~! for some
A € A, and for some k > 1. So to each v; there corresponds a unique pair (A, k).
Note however that to two different v;s in the basis there could correspond the same
pair. For each vector of B, set v; = v;(\, k). If A # 0, by Proposition 4.3 we can
associate to each v;(\, k) a function A,y x) in H(A, X, k) NS(p). Since the vectors
v;(A, k) are linearly independent, its extensions {Y,,} are linearly independent in
£(T"), so the functions {hy, k) }v;eB,,220 are linearly independent.
If hy,...,h are of class H(A, A\ k;), for some k;,i = 1,...,l, then a linear
combination of them is of class H(A, A, k), with £ = maxi<;<;(k;), for if h =
Zé:o aihi()‘a kl)a then
! 1
(Da=AD"h=(Da—- A" aihi =" a;(Da— )" h; =0,
i=0 i=0
and consequently, h € H(A, \ k).
Let
xr, (@)= [ =2 (4.5)

AEA,

be the characteristic polynomial of T;,, and set

Hr(p) ={h €S(p): h € H(A,\ k), forsome k >11}, Xe€A,.

Then, if X # 0, using Proposition 4.3, dim(H(p)) = 7, and a basis for H,(p) are
the functions of class H(A, A\, k) corresponding to the vectors v; € B, such that
v; = v;(\, k), for some k > 1. So, if we denote

H= P Hilp) S,
AEAL,AFD

then, dim(H) = m,,—ro, where rq is the dimension of the subspace generated by the
vectors of the Jordan basis associated to A = 0. (Note that m, =3 \cA y207r-)
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In order to be able to include the case A = 0 in our analysis, we need to consider
the case in which Supp¢ C U,eq, @ + w. This will guarantee, that (except for a
possible set of measure zero), p(x + k) =0 if k & Q,,.

4.2. The case in which Q, contains Supp(y). If we recall the choice of the
sequence {{,} at the beginning of section 3, it is clear, that for n > ng, we have
that Supp ¢ C U,eq, @+w, and hence, the local dimension of ¢ is dim span{y(x+
k)}kea, -

In that case for x € Q° A # 0, hy,(x0)(T) = D1cq, WiA, k)ip(z + 1) since
ol +j) =0t j & Q.

Moreover for A = 0 we have the following Proposition:

Proposition 4.4. Let n > ng, and let ro be the power of x in xr, (c.f (4.5)).
Consider v; = v;(0,7), with r < ro. Define h(z) = 3, cq [vilkp(x + k). Then
h=0ae onQ.

We postpone the proof to remark that with this Proposition, if n > ng, and B,

is (as before) the matrix whose columns are the vectors of the Jordan basis for 7,,,
then

oy (1) (@)

: =B, Po®(z) ae ze. (4.6)

hvmn (X, k) (3?)
Hence, since the matrix B, is invertible the local dimension of ¢ coincides with
dim span{h,, ) (z),z € Q,v; € By}, which is equal to the dimension of H.
So the local dimension of ¢ can be found by finding the Jordan form of any of
the finite matrices T, as long as n > ny.
Moreover, any function of the shift-invariant space S(p) can be written as a
linear combination of the lattice translates of the homogeneous functions. Namely,

let f € S(p), then

flz) = Z ayp(z+v) zeR%a, eC. (4.7)
~€er
If we call g : R® — C™" and h : R” — C™" the functions
oy (1) (@)
g(z) = Pa®(2)xq(x) and h(z) = | : xq(@), (4.8)
P, (1) (@)
and for v € T' we denote by @y = (i 4~,...,4,, +-) the vector of length m,

whose indices are in Q,, + (here ,, = {i1,...,4m, }), then (4.7) becomes
f@) =D @z +7), (4.9)
yel’
and using (4.6) we obtain
flx) = Z B,h(z+~) where 3, =a,B,". (4.10)
yel

We will now prove Proposition 4.4. For this, let rg be the power of z in xr,
(c.f. (4.5)). Choose m > n large enough such that

QD Qyy— (D+AD+---+ A™7'D). (4.11)
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Define the matrices [(Tk)d]ij = CAi—jtd; % J € Q, for any k € N, and d € D. It is
shown in [CHMO04], that if 2 € @, for any r > 1 there exists y. € Q, v, € ', such
that

T = A_T(y'r + ’Vr) with Vr = dr + Adrfl + -+ Ar_ldl (412)
where d; € D,1 < i <. Therefore, if £k > ng and Py, is as in (3.4)
Pk¢(m) = (Tk)dl (Tk)drpkq)(ArLL' — 'Yr) xr € Q (413)

For convenience, we will call 2 = Q,,.

Lemma 4.1. With the previous notation, if r < 1o, then for k € Q and j € Q,,,
we have

[T;;L]k(j—'yr) =[(Tm)a - -- (Tm)dr]k]‘ )
where v, € D+ AD +---+ A™71D.

Remark. Note that the preceding equation does not state that both matrices are
equal.

Proof. We will prove the Lemma by induction on r. Let v, be as in (4.12).

e The case r = 1 is trivial by the definition of (T,,)4, -
e 7 — 1 = r Observe first that by the choice of 2,

[Tm]u(jfry,,,) = [(Tm)dr]u(ij'y,,.,l) , uc€ Q,j € Qno.

Now

[T’r?;t]k(jf’yr) = Z [T;L_l} ku [Tm]u(j*'\/r)

ue
= Z [T e [T i )
ue)
= Z [T;fl]ku [(To)d, Jug— a1 > (4.14)

UEQn,O—’erl
where the last equality follows from the A’-admissibility of Q,,,. But
[(To)ar)ug—am, 1) = (T (s, 1)j 0% € g = Vr—1,7 € g,

and therefore, using induction and the A’-admissibility of £,,,, (4.14) be-
comes

[Trrn,]k(j—%) = Z [T]’;l]ku [(Tm)dr}(u_s_w,l)j

UEQnO —Yr—1

=) [ngl}k(f?%il)[(Tm)dr]@‘

£eQn,

= Z [(Tm)dl e (Tm)dr—l] ke [(Tm)dr]éj
£EQn,

= [(Tndas - Ty 1] [ Tda
Leq)

which completes the inductive step.

We can now prove Proposition 4.4.



REFINABLE SHIFT INVARIANT SPACES IN R¢ 15

Proof. Let Q = Q,, be as before, and let z € Q\ (0QUU,_; A"0Q+A"D+---+
A~1D). Note that with this choice of x, A"z — =, € Q°, and therefore, if u ¢ Q,,,
then p(A"x — v, +u) = 0.

Using this, together with the previous lemma, and equation (4.13) for k = m,
we have

[T Pm®(A™z)]), = ze; (Toli; (A" + 7)
= ];Q (Toli—y,y PA"T =7 + )
= jz (To)ay - - (Tm)a, ]y (A" = 70 + )
= Zf& + k).

Therefore, for x € Q\ (0QUJ;_; A™0Q + A~*D+---+ A™'D)

he) = Y [odrp(z + k)

keQy,

D lile Do [Tl (AT + )

keQ, JEQ

= Z ( Z [vilk [T:;L]kg) A"z +j) =0

JEQ \kEQ,

5. ACCURACY AND HOMOGENEOUS POLYNOMIALS

In this section we will relate the previously obtained results, to the “accuracy”
of a scaling function. We will use the notation of [CHM98].

Definition 5.1. The accuracy of ¢ is the highest degree « such that all multivariate
polynomials ¢ with degree (¢) < & are in S(¢p).

Let © = (x1,...,24) € R?. With the standard multi-index notation we write
z® = zi" - xy?, where a = (ai,...,aq) with each o; a nonnegative integer.
Denote with |&| = a1 + -+ 4+ ag. The number of multi-indices « of degree s is

_(s+d-1
e (590

For each integer s > 0, we define the vector valued function X : R? — C%
by

Xg(x) = [2%)0)=s, z € R%.

The ordering of the multi-indices « of degree s is not important as long as the same
ordering is used throughout.

We will now look at the behavior of X (z) under the multiplication by an
arbitrary d x d matrix Z with scalar entries z; ;. If |a| = s, then (Zz)® is not
in general a monomial. Instead, it is a new polynomial of degree s, that is still
homogeneous, but possibly involves all terms z° with |3| = s.
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Let Zj = [zgﬁ]|a|zs,|mzs be the ds x ds; matrix whose scalar entries 2, ; are
defined by the equation
d
Z z;ﬁxﬁ = (Zx)* = H(zi’la:l + o4 2z gxa)
|8l=s i=1

The matrices Z[,) and their properties have been intensively studied in [CHM98],
[CHM99]. In particular, if I; denotes the identity matrix in R?, we have that

({a)gs) = 1a,
and if Z and U are two matrices,
(ZU)s) = ZiyUjs)  and hence, if Z is invertible (Z7 ")y = (Z5) "
Dilation of X4 (z) by Z obeys the rule
Xi5)(Zz) = Zig X (2),
hence, if A is the dilation matrix corresponding to the refinement equation (1.1),
X{S] (A_lx) = A_l[S]X[S] (CL‘)

If J, is the Jordan form of A’l[s], then there exists an invertible dg X ds matrix Q
such that QSA_l[S]Qs_l = Js. So we have that

QSX[S] (A_lx) = (QSA_I[S]QS_I)QSX[S] ({L‘)

~ ~ ~ ~ t
Denote by Qs(z) = QsX[q(z). Observe that Q,(z) = (Qi(m), ce Qs (x)) is a
column vector of polynomials of degree s that are homogeneous. By the previous
equation, we have that

Qs(A™'2) = J,Q,(2).
Let 8 be an eigenvalue of A_l[s] and B the Jordan block of order ¢ associated to
B, i.e.,

B0 0 0
1 8 ... 00
B=| . . ... . . € C¥t.
00 ... 30
0 0 1 B

We write Qp(z) for the vector that is the restriction of Q,(x) to the coordinates
that correspond to the block B, i.e, if j,j+1,...,54+£—1 are the columns of B in

Js then @B(x) = (@g(x), ol @g“”(@)t. Since
QS(A_l'r) = Jsés(l‘),

we have _ _

Qp(A™'z) = BQp(w). (5.1)
This relation will enable us to show how, under the hypothesis of accuracy, we
can relate the Jordan form of A‘l[s] to the one of T,,. This relation also gives a
necessary condition for ¢ to have accuracy k.

Proposition 5.1. Assume that ¢ has accuracy k and that {o(-—k)}rer are linearly
independent. Let s < k. If B is an eigenvalue of A’l[s] and B is a Jordan block
of Ail[s} associated to B of order £, then T,, has a Jordan block associated to 3 of
order ¢ with ¢/ > (.
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Proof. Consider Qp(z) = (@}3(%), e @%(x) . It follows from (5.1) that

)
(

Qh(a~a) = BOYE)
Qp(A7'x) = Qplx)+pQ%(2)
. . (5.2)
Qp(Ae) = Q@)+ AQ5(),
Since éZB(:L‘) € S(p) for 1 <14 < ¢, we can write
Qp(z) = Y'®(x),
for some infinite column vector Y. From (5.2) we have for 2 <i < ¢,
Yi®(A 1 z) = Y7 1d(z) + Y D (2),
which implies
YIL®(z) — fY'®(z) = Y ' d(2).
So, the linear independence of {p(- — k) }ger yields
YY(L—pI)=Y"1. (5.3)

Since QEB(:C) € H(A, 8,£), by Proposition 4.3 we have that v = P,Y* € Ker(T},, —
BI)*. Consider the vectors vy = P, Y vy = (P,Y) (T, —BI),...,ve = (P,Y*) (T, —

BI)*~1. Let us show that vy, ..., v, are linearly independent: Assume that
[
Z a;V; = 0. (54)
i=1
Since

14 l
<Z am) (T, — BI) ! = (Z a;v(T, — 51)“) (T, — BI)" !
i=1 i=1
14

= (Z a;v(T, — ﬁ])£+i72

i=1
=av(T, — 6[)471,

it follows from (5.4) that
arv(T, — ﬁ])fﬁl =0.
Since for every Y € £(T"),r € N we have that
(PY ) (T — BI)" = Pu(Y (L — BI)"),

part 3 of Proposition 3.1 tells us that v(T,, — BI)*"! # 0. Hence a; = 0. If
we multiply each side of (5.4) by (T}, — BI)~2 we see that as = 0. Analogously
ag = ... = ay = 0 and therefore vy, ..., v, are linearly independent. This implies
that we have a Jordan block of T,, associated to 3 of order at least £. We can
repeat this procedure for every Jordan block By,..., By of A_l[s] associated to (3
of respective orders I; > 1ly > ... > l;. Let, for 1 <j <k

Q3 (x) =Y ®(x).
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All we have to prove now is that

PYY, (PY)(To = BI), ooy (PY{)(Tw — DM

PY, (PN T, —BI), ..., (PY*)T, — BIE1
are linearly independent. Let

AP Y+ Q3(PYINT, - 8D+ ...+ (PY)N(T, - BN+

At P YR a2(PY)N T, — B0+ o4 o (BT, — D1 =0
(5.5)
Let By, ..., B; the Jordan blocks of order I;. If we multiply each side of the previous
equation by (T, — BI)"*~!, we obtain

t
S ol (Y )T, - gD =0, e

i=1
t
P, (Z aly} (L - M)“l) = 0.
i=1
Since Y!_, alV'(L — BI)"~' € Ker(L — BI), part 3 of Proposition 3.1 implies
that

t
Sy (L -pn =0

i=1
So, since by (5.3) and Proposition 4.2, Y]*(L — gI)" =1 ..., Y} (L — BI)"~1 are
linearly independent, it follows that af = ... = o} = 0. Repeating a similar
argument for every [;,2 < j < k we can see that every scalar of (5.5) is equal to
zero. This completes the proof. (I

Let us now recall (5.1), and notice that

Qp(A™'2) - BQp(x) = (B - BI)Qp(x).
Equivalently, if we recall the definition of D4 of the previous section, Da(f)(z) =
f(A™1z), we have

(Da — BI)Qp(x) = (B - BI)Qxs(x),

where the product on the left side is understood coordinatewise. Moreover, for

keN,
(4) v mncn

k
N2
k

k ipt @
Z( ) (@)
= (Da - B1)*Qp(x).

In particular, since (B — 3I) is nilpotent of order ¢, we have

(D4 — B1)'Qp(x) = (B - BI)'Qp(x) =0

(B — BI)*
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Hence, all entries of Qp(z) belong to H(A, 3,¢). We can repeat this argument for
every Jordan block associated to 3 and every eigenvalue 3 of A1 [s]- It follows that
each component of @5(3&) belongs to H(A, A, r) for some eigenvalue A of A_l[s], and
some r € N. Since Q)5 is an invertible matrix and the monomials z* with |a| = s
are linearly independent. It follows that Q! (z), ..., Q% () are linearly independent
and all homogeneous polynomials g(z) = g(x1, ..., x,) with deg(q) = s, are a linear
combination of QL(z),...,Q% (z).
We can now state the next theorem:

Theorem 5.1. Assume that ¢ has accuracy k and that {¢(- — k) }rer are linearly
independent. If q is a homogeneous polynomial in R with deg(q) < K, then q €
H=@,cn, Halp), where A, is the set of eigenvalues of T,.

Proof. Let s < k, and letNCi)vS and @B be as before. Since ¢ has accuracy £, and
s < K, all components of @p (in fact all components of Q) are in S(p), and satisfy

B0 ... 00

- 1 g ... 00 | _
00 ... 30
0 0 1 g

If we denote by QL (z) the first coordinate of Q5 () we see that QL (z) is actually of
class H(A, 3,1). Hence, by Proposition 4.3, Q% (z) = Y ®, where P,,Y € Ker(T, —
BI). This means that 3 is also an eigenvalue of T, and the theorem follows. O

The following corollary imposes conditions on the eigenvalues of T;,, under the
hypothesis of accuracy.

Corollary 5.1. Assume that ¢ has accuracy k and that {o(- — k) }rer are linearly
independent. Let \1,...,\q be the eigenvalues of A (counted with multiplicity). If
n= ()\%, R %d), then [n*]ja)=s are eigenvalues of Ty, for s =0,1,...,k— L.
Proof. Let A1, ..., Aq be the eigenvalues of A. By [CHM98], [A%]||=, are the eigen-
values of Af. Also, recall that since A is invertible, Ay is also invertible and
(Aig)™! = A7y, So the eigenvalues of A™'y are [n*]/q=s. We have already
proved that if ¢ has accuracy k and s < s, then every eigenvalue of A‘l[s] is also
an eigenvalue of T),. So the result follows.

6. 1-DIMENSIONAL EXAMPLES

We conclude the paper by exhibiting two examples of (), k)-homogeneous func-
tions, associated to scaling functions in dimension 1. The higher dimensional ex-
amples can be obtained in the same way.

6.1. Daubechies D4. Daubechies wavelets, are those refinable functions of N co-
efficients, that are orthogonal and provide the highest order of accuracy possible.
(Note that the splines do not form an orthonormal base).

dy4 is the refinable function that satisfies the refinement equation of 4 coefficients:

da(z) = HE8(dy(22) + 358y (22 — 1) + 358dy (20 — 2) + 158 d, (22— 3). (6.1)

dy4 has accuracy 2 (it reproduces the constant and the linear functions).
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FIGURE 1. Daubechies D4 with the homogeneous functions.
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FIGURE 2. Scaling function for coefficients 1/3,2/3,2/3,1/3 with
Homogeneous functions - hq, ho, hg. hg is a 2-homogeneous func-
tion

In this case the matrix 7" has eigenvalues 1, % and ¢y = 1+4‘/§. So a basis for
span{dy(z), ds(x—1),ds(x—2)}ze[0,1] is also given by span{1, z, he, () }ze[0,1] Where

he, is the homogeneous function associated to co.

6.2. (A, 2)-Homogeneous function. In the previous example, we obtained a local
basis of span{ f(z), f(z —1), f(z —2) },e[0,1) just by using 1-homogeneous functions.
The following example is to illustrate, that even in the simple case of only 4 coef-
ficients, it may be necessary to use homogeneous functions of order bigger than 1.
Consider the function:

f@) = 3FQa) + S f@r—1) + 2 f@e -2+ 5f2r-3).  (62)

It can be shown that f has accuracy 1, and the eigenvalues of T are {1, %} So in this
case, span{ f(z), f(z — 1), f(z — 2)}zep0,1) = span{l, k(1313 (%), hyi/3,2} (@) baepo,1),
where hyi/31) is a 1-homogeneous function corresponding to the eigenvalue 1/3,
and hyy /3,9y is a 2-homogeneous function corresponding to the eigenvalue 1/3 (see
Figure 2).
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