EXACT PACKING MEASURE OF CENTRAL CANTOR SETS IN
THE LINE

IGNACIO GARCIA T AND LEANDRO ZUBERMAN *

ABSTRACT. In this paper we consider a class of symmetric Cantor sets in R.
Under certain separation condition we determine the exact packing measure of
such a Cantor set through the computation of the lower density of the uniform
probability measure supported on the set. With an additional restriction on
the dimension we give also the exact centered Hausdorff measure by computing
the upper density.

1. INTRODUCTION

In the study of the size of sets with Lebesgue measure zero, Hausdorff and
packing dimensions and measures have been the most used tools. During the past
30 years there has been an enormous body of literature investigating Hausdorff and
packing dimensions of sets (cfr [Fal90, Mat95]). However, the computation of the
exact value of the measures is troublesome and only few results are known, most
of them for Hausdorff measure.

For self similar Cantor sets which satisfies the open set condition, the exact
Hausdorff measure was computed by Marion in [Mar85] and Ayer and Strichartz
in[AS99], while the packing measure was obtained by Feng et al in [FHWO00] for the
classical one third Cantor set and later, Feng [Fen03] gave the exact value for the
general case. In the case of central Cantor sets (defined below), Qu et al in [QRS03]
calculated the exact value of the Hausdorff measure. In this paper we compute the
exact packing measure.

Hausdorff and packing measures are closely related to densities (see next section
for definitions). In [Ols08], the author investigated this relation. In fact, the proof
in [FHWOO] relies on the lower density of the uniform measure supported on the set.
In [QZJ04] Qu et al considered central Cantor sets and, applying similar techniques,
they computed the upper density under some additional hypothesis, which implies
that the Hausdorff and packing dimension must coincide. In this article, we compute
both -upper and lower- densities under quite general hypothesis. We do not require
packing and Hausdorff dimension to coincide and -for lower density- we do not
impose bounds on the packing dimension.
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2. DEFINITIONS AND STATEMENTS OF RESULTS

In order to define the central Cantor sets we need to introduce some notations.
If K > 1, Dy will denote the set of binary words with length &, that is,

Dy ={o=(01,...,08) :0; =0or 1} = {0, 1}*.

Let Do =0 and D = UpDy. If 0 = (01, ,0k) € Dy and 7 = (71, ,Tm) € Dy
we define the concatenation, length and restriction by

aT = (0—17"'701677—17"'7Tm)€Dk+m
lo| = k
olj = (01,---,04) €D, for j < k.

respectively. We also consider D := {w = (w1, ...,wg,...) :w; = 0 or 1} = {0, 1}N,
with the same restriction and the concatenation defined on D x D.
Given (ri)r>1 a sequence of real numbers with 0 < r, < 1/2, we define the
collection of closed intervals F = {I, : ¢ € D}, called basic intervals, as follows:
(i) Ip = [0,1]
(ii) For k > 1 and o € Dy_1, the intervals I,y and I, have the same left
endpoint. I, and I, have the same right endpoint.

(iii) ||II°‘0“ = ‘|IIUII| = ri, where |F| denotes the diameter of the set E.

Then, Ey = Usep, Iy and E = Ni>1Ey. The set I is called the central Cantor
set associated to the ratios (ry)g>1 (it is called symmetric in [QZJ04]). Central
Cantor sets are nowhere dense and perfect, and they may have positive Lebesgue
measure. The classical one third Cantor set is an example of central Cantor set
with 7, = 1/3 for all k > 1. There is a 1-1 correspondence between points in F and
words in D: for every x € E there is a unique w(z) := w € D such that z € I,
for any k.

We need to introduce more notation. For ¢ € D) we denote by si the length of
I, and the length of the gap between the intervals 1,9 and I,; will be denoted by
Yk+1. With this notation,

[

Sk =T1""Tk, Sk—1=28p +yr and yr = (1—2rK)r1-  Tp-1.

Let H® and P?® denote the s-dimensional Hausdorff and packing measures, re-
spectively (see [Fal90, Mat95] for definitions and properties of these measures and
corresponding dimensions). The asymptotic behavior of the sequence (2"s?),, is
related to H*(E) and P*(E). In fact, there are finite and positive constants ¢y, ca,
c3 and ¢4 such that

(1) c1 liggioléf 2%s; <H*(E) < e hnrgio%f A
and
(2) czlimsup 2"s!, < PY(E) < ¢y limsup 2",

Equivalence (1) was shown by Besicovitch and Taylor [BT54]while (2) was estab-
lished in [GMSO07], Theorem 4.2, replacing packing measure by packing premeasure;
then, an application of the mass distribution principle implies (2); see [CHM10],
Theorem 3.5. Both papers assume that the lengths of the removed gaps are de-
creasing, but if the Cantor set is central, an inspection of the proof of that theorems
shows that this hypothesis is not necessary.
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In particular, the Hausdorff and packing dimensions of E are given by

n

log 2™

log 2
(3) dimpy E = liminf © and dimp F = limsup ———,
n—oo |log s, n—oo | log sy
respectively, and this values may not coincide.
In [QRS03], Qu et al established the following result.

Theorem ([QRS03]). If the sequence (yx)r>1 of gaps lengths is decreasing, then
(4) H?(E) = liminf 2"s) .

n—oo
In fact, their result is for homogeneous Cantor sets, which are a wider class of
symmetric Cantor sets.
Our goal is to give the exact value of the packing measure of a central Cantor
set . We will require the following separation condition:

1
(5) there exists B < 3 such that r, < B for all k large enough.

Our main result is the following.
Theorem 1. Let E be a central Cantor set for which (5) holds. Then
(6) PUE) = 2" limsup 2" (s, + yn)"-

Remark 2. If PY(E) =0 or oo, then (6) holds in view of (2) and because
(7) 2"st < 2" (s, 4 yp)t < 2.2 st
the last inequality is because s,_1 = 28, + Yn.-

Remark 3. We note further that Meinershagen [Mei02] compute the packing mea-
sure of a class of Cantor sets that includes central Cantor sets. When restricted
to this subclass, the hypothesis assumed on that paper implies that Hausdorff and
packing dimensions must agree and it must be smaller than log2/log(5/2).

We emphasize that condition (5) is quite general, since it does not require that
the dimensions match nor impose bounds on the packing dimension. In fact, given
B < 1/2, by (3) we have dimp E < log2/|logg].

The proof of Theorem 1, which is given in Section 3, relies on the computation
of the lower density of a natural measure. Given ¢ > 0 and v a measure on R, the
lower t-density of v at © € R is defined by

v(B
Ol (v,z) = ligljélf w,
where B(z,r) is the closed ball centered at x with radio r. The upper density
©*'(v, x) is defined analogously by taking limsup instead of liminf. There is one
natural measure supported on F that we will denote by ug and is the only probabil-
ity measure satisfying that up(I,) = 2719, For central Cantor sets, lower density
and packing measure are related as follows.

Proposition 4. Let E be a central Cantor set such that 0 < P'(E) < co. Then,
its lower density ©L(ug,-) is pr almost everywhere the reciprocal of P'(E); in
particular, it is pg almost everywhere constant.
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Proof. For each o € Dy, and k > 1, the set I, N FE is a translation of Iyx N E. Hence,
the translation invariance of packing measures implies that P*(E) = 28PH(EN1,).
If we define v = (PY(E))"'P!g, then v and pp coincide on each I,, and by
regularity, these measures are identical.

It is known (see [SRT88] or [Mat95], Theorem 6.10) that % (P?|g,z) = 1 for P!
a.e. ¢ € E. Then, ©.(up,r) = (PYE))~! for up a.e. z € E. O

As a consequence of the previous Proposition, the proof of Theorem 1 is the
computation of the lower density of pg which is our next result. Define:
By = limsup 2™ (s, + yn)".
n—oo

The following Theorem is valid.

Theorem 5. Let E be a central Cantor set such that P'(E) < co. Then,

1. ©L(ug,x) > (2!B,)~ ! for all x € E;

2. if condition (5) holds, then ©L(ug,x) < (2!B;)~! for up a.e. v € E.
In particular, ©' (up,z) = (2'B;)~! for ug a.e. v € E.

In [QZJ04] it is computed ©*°(ug, r), where the conditions (a) ry < 1/3 Vk and
(b) 0 < lim,,—» 2"s5 < oo are assumed. By (3), condition (a) implies dimp E <
log2/1og 3. Furthermore, (b) implies that the Hausdorff and packing dimension of
FE must agree. In the same article, an example is given showing that some bound
on the dimension is needed.

In section 4, we compute the upper density without imposing condition (b).
Precisely, if

B, :=liminf 2" (s, + yn)°,

n—oo

we have:

Theorem 6. Let E a central Cantor set with r, < 1/3 and 0 < H*(E) < oo.
Then,

1. ©(up,x) <2'7*B;' forallz € E
2. O (up,x 21_8@;1 for ug a.e. x € E.
In particular, ©**(ug, ) = 217555_1 for pg a.e. x € F.

If the limit B = lim, o 2"s$, exists and is finite and positive (which implies
that Hausdorff and packing dimensions agree), then B, = B, = (21/* — 1)*B (see
[QZJ04], Lemma 2.4). This implies, by (4) and Theorem 6, that the Hausdorff
measure is (up to a constant) the inverse of the upper density, which gives an idea
of duality between Hausdorff and packing mesures. This is not true in the general
case. In [SRT88] was proved that the upper density is not related with Hausdorff

measure but with centered Hausdorff measure, which is defined as
C°(E) =sup{C*(F): F C E}

) <
) >

where
C*(FE) := sup {inf {Z |B;|°: E C UBi,Bi is a ball centered in E , |B;| < 6}} .
>0 p p

As a consequence of Theorem 6 we have:

Theorem 7. If E is a central Cantor set with v, < 1/3 for all k large enough,
then C*(E) = 2~ liminf,,_ o0 2" (85 + Yn)®.
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Finally, in Section 5 we discuss condition (5). We give an example where this
hypothesis is not satisfied but still the proof of Theorem 1 can be modified to
conclude that formula (6) holds. However, this formula is not true for central
Cantor sets in general, since we have the following result.

Theorem 8. Given 0 <t < 1, there exists a central Cantor set E such that
PYE) < 2'B;.

Therefore, it is necessary to ask some separation condition for the conclusion in
Theorem 1 remains valid.
In the next section we prove Theorem 1.

3. LOWER DENSITY AND PACKING MEASURE

We will note by a(c) and b(o) to the endpoints of the interval I,. For the first
part of the Theorem 5 we need the following Lemma.

Lemma 9. If a;, b; are positive numbers and 0 <t < 1 then:

. ) a . ar+az+---+ag
mind —:1<j<k,; < .
{b; =)= }_(b1+b2+"'+bk)t

Proof. Let m be the term on the left. It follows that mbz» <aj; for 1 <j <k and,
in consequence (remember ¢ < 1),

m(by + by + -+ b)) <m(bh +bh+..00L) <ap +ax+ -+ ay

and the Lemma follows. O

Proof of Theorem 5.1. Given ¢ > 0, let ko be such that 2¥(s;, + yx)! < By + ¢ for
all k > kg. Fix x € E and r > 0. There exists 0 € D such that

(8) I, C B(z,r) but Iz ¢ B(z,r) whenever |5| < |o]|.

Put n = |o|. So, pg(B(x,r)) > 27" We assume r is small enough so that n > k.
If r < s, + yn, then
peBar) 27 1
(2r)t T 24sp +yn)t T 2By +¢)

Then, it remains to consider the case in which r > s, + y,. Notice that there are
at most two words which verify (8). We will only analyze the case in which the last
letter in o is zero and x > a(o), since the other cases are analogous. We have

r+x > a(0) + sy + yn = a(o]p-1)l).

Then B(z,r) contains a portion of the interval IU|(H71)1 . We divide the proof in
two cases, according the right endpoint of the ball B(x,r) belongs or not to the set
E.

Assume first that x +r ¢ E. In this case, there exists 7 € D such that = +r €
[b(0|n—1170),a(0|pn—1171)]. Define:

ny = min{i >1:7 =1},

njy1 = min{i >n;: 7, =1} if the set is not empty .
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If L is the maximum of the indices for which n; is defined, we have that

L
pp(Blx,r) > 27" 4 Y o7 (tn) 4 g=(ntir+D),
j=1
On the other hand, we have
r+r < a(o|p-1171)
L
= Cl(o') + s +Yn + Z(Snj-i—n + ynj-l-n) + Sn+|r|+1 + Yn+|r|+1-
j=1

Since z > a(c), using the last two inequalities, Lemma 9 and n > kg, we have:

pe(B(z,r)) Zf:o 9—(nj+n) 4 o—(n+r|+1)

>
2r)t - L T
( ) 2t (Zj:O(SanFTL + ynj+n) + S"‘HTH'I + yn+‘7_|+1)
- 2—(nj+n) ) 9—(n+|7]+1)
9) > 27'min(§ —————:0<j< LU
Snj+n + Ynj+n Spt|r|+1 + Ynt|r|+1

Z 2_t<§t +8)_17

where ng = 0.

Now consider the case x +r € E. If x 4+ r is the endpoint of a basic interval,
then the existence of the 7 and the prove below is still valid. If not, then there is
an infinite word w € D such that z +r € I, for any k > 1, where v’ = o|,,_11w.
Similarly to (9) we define:

an

ny = min{i >1:w; =1},
njt1 = min{i >n;:w; =1}

In this case, (n;) is not bounded and for any L, then

L
pe(B(z,r) = 27" 4> 27 (),

j=1
We also have that

L
r+r< b(w/|nL) =a(o) + (sn+nj + yn+nj) + Sny -
=0

J

Since s,, — 0 when L — oo, taking L large enough, we have:
L —(nj+n
pe(Bar) o Y27
2r)t — L t
(2r) 2t (Zj:o(snj+n + ynj+n)>

Similarly to (9), this is bounded by 27¢(B; +¢)~! — . O

— &

For the second part of Theorem 5 we need the following Lemma.
Lemma 10. There exists L > 0 such that

(10) Sn+ Yn <yYn—e for L <Ll <nand all nlarge enough.

)
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Proof. Firstly note that the inequality
(11) Sn + Yn < Yn—t

is equivalent to
1-— 27”n_g
1—r,
since s+ yn = (1—1p)(r1 - 1rn—1) and yn—¢ = (1 —2rp,—¢)(r1 -+ - Tp—¢—1). We have

Tn—¢ " Tn—1 S

1 1—2r,_
TnogTno1 < o7 and 1-925< 2=t

3

1—r,

hence (11) holds if 27¢ < 1 — 283, or equivalently ¢ > logy /5(1 —23). If we choose
L = [logy /5(1 — 23)], then the Lemma follows. O

Proof of Theorem 5.2. We begin constructing a set A C E of full measure, that is,
ur(A) = 1. Then we show that each point in this set verifies the stated inequality.
Let (ng) be an increasing sequence such that

(12) lim 2 (sp, + Un, )" = limsup 2" (s, + yn)"

k—oo n—oo

We assume that ngy1 —ng > k for all k.
For each k > 1, let j be such that 2/ < k < 29*!, Then, with L as in Lemma
10, we define the set

Ak = {(E ekE: Jnk,L(iL’) = 1, Unk,LJrl(:C) =...= Unka%»j(l') = O}

Note that 1(Ax) = 277! and therefore Y, 15 (A;) = oo. Moreover, our assumption
on the sequence implies that the events Ay are independent. Hence, Borel-Cantelli
Lemma implies that the upper limit

4= U 4
n>1k>n

has full measure.
Now fix x € A. Then z € Ay, for infinite values of k, and for each of these values
we define 7y = Sp, + Yny — Snp—L+j, Where 27 < k < 29+1,
Set 0 = o(z) and m = ny—L. Then 2—a(0|m) < Spm+j since a(o|m) = a(o|mj)-
Moreover, if j > L, we have a(o|,,) = a(o]n, ). Then
4T =T = Smtj + Snp T Yni < a(0lny) + S0y, + Yny = a(a],m0" 1),

where 01~! € Dy _; is the word with L — 1 zeroes. Furthermore, the gap to the
left of Io|nk has length y; for some 1 <4 < m, and by Lemma 10 we have

T—TE =T+ Smtj — Snyp — Yny, > &(0lm) — s

Then B(z,r4) N E C I, N E (and possibly the point a(o, 0% '1)). For the
opposite inclusion, if j is sufficiently large (j > 2L works), then by Lemma 10 we
have

Smtj < Smaj T Ymti < Ynys
hence

T+rE > T+ Sn, > b(0|n,);
on the other hand,

T =1k < a(0]n,) + 28myj — Sy — Yni < a(0|ny)-
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We conclude that pg(B(z,r;)) = 27 ™. Hence

(13) pe(B(@y) 2

(2ry)t 28 (Sny, + Yny, — Smj)’*

B 1 1
2T (s T Y (L= 2
Note that
Sm+j < 41 Sny, )
St Yni 27 Sn + Un,

Then, taking limit in & in (13), we conclude the proof. O

We are now ready to prove Theorem 1.

Proof of Theorem 1. If PY(E) = 0 or P*(E) = oo, then the Theorem follows from
(2) and inequalities (7). If 0 < P*(E) < oo, then it follows from Proposition 4 and
Theorem 5. (]

4. UPPER DENSITY AND CENTERED HAUSDORFF MEASURE

In this section we prove Theorem 6 and Theorem 7.

Proof of Theorem 6.1. Fix € > 0 and « € E. There is kg such that
(14) B, —e < 2"(sp +yp)°

whenever k > kg.
Fix r > 0. There is a ¢ € D with the following property:

B(xz,r) 2 I, but B(z,r) 2 Iz  whenever|s| < |o|.

Put n = |o|. By choosing r small enough we can assume n > ko. Our hypothesis
implies (yy) is decreasing and x € I,. In consequence r > max{a(c) — x + s, 2 —
a(o)}. We can assume the last letter in o is a zero, since the other case is analogous.
With this assumption, pug(B(z,7)) = pgla(o), z+r]. We will divide into two cases.
Case 1: 7 < a(o) — x + $p + yn. In this case pg(B(x,r)) = 27™. Then,

pe(B(z,r))

@)’ < 27"27%(max{a(0) — x + sp,x — a(o)})~°.

It is enough to prove that max{a(c) —x+ s,, 2 —a(0)} > Sp+1+ Ynt1. By reductio
ad absurdum, suppose that a(o) —x+ s, < Spt1+Ynt1 and x—a(0) < Spt1+Ynt1-
This implies that a(o) + sp+1 < ¢ < a(0) + Spt1 + Ynt+1 what is a contradiction
since x € EN1,.

Case 2: v > a(0) — & + 8, + Y. In this case, x +-r € I, _,; and

pe(B(z,r)) = 27" + pp((a(o) + sn + yn, © +1]).

Assume first that @ +r ¢ E. So, there is a finite word 7 such that z +r €
[b(0|n—-1170),a(0|p—1171)]. Associated to 7 we define:

ny = min{i>1:7 =1},

njy1 = min{i > n; :7; = 1} if the set is not empty.
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Let L be the maximum of the indices for which n; is defined. We have:

L
9-n 4 Z 9= (nj+n) 4 o—(n+|r|+1)
ue(Ba.r) _ =
(2r)s L 5
28 01(0-) —T+Sp+Yn+ Z(Snj-‘rn + ynj-‘rn) + Sn4|7]4+1
j=1

Put ng = 0. Since a(o) — x + s, > 0, we want to prove that for any 7 € D,

L
S gl g (i)
=0

(15) s <2B,—e)

S

L
Yn + Z(Snj+n + ynj+n> + S’rl—‘r‘Tl-‘rl
j=1

In order to prove (15), we consider two subcases. Put N =n + |7| + 1.
Case 2.1. T is not constantly 0 nor constantly 1 (when |T| > 1). We follow the

ideas in [QRS03] and use induction in |7|. If |[7| = 0, then the left side of (15)
27" 427N

becomes L Define
(yn + SN)S

A= Yn — N .
Sn = SN +Yn — YN
Since r, < 1/3 for all k, we have A > 1/2. Using concavity of the function ¢*,
estimate (14) and A > 1/2 we obtain:
(yn + sn)° Alsn +yn)" + (1 = A)(sy +yn)°
(B, —e)(A27" + (1= A)27Y)
(B, —)1/227" +27),

(A\VARAVARLV]

So, the case |T| = 0 is proved.
s
Now, assume |7| > 0. Put A := (yn + Z§:1(871_7~+n + Ynjan) + sN> . We have

s
L-1

A > Myt Z(Sn_ﬁn + ynj+n) + Snp4n
j=1
L S
+ (I=A) vt Z(Snj-i-n + yn,-+n) +2sy +yn
j=1

with
. SN T YN
Ynptn + 258 YN
Note that A < 1/2 since (yg) is decreasing.
As 7 is not constantly 0, applying the inductive hypothesis to 7|,, 1 (or 7 =0
if ny, = 1), we obtain

L—1 s (B . E) L—-1
(yn + z;(snj+n + Ynytn) + snﬁn) > %( > 9—(ng+n) | 2—(nL+n))'
J= J=
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Moreover, as 7 is not constantly 1, put J = max{j : 7; = 0}. Applying the inductive
hypothesis to 7|;_1, we obtain

L L
5 (Es B E) —(n;+n —(J+n

=1 =0

where L = max{j : n; < J}.
Using the last three inequalities we have:

L
(Es — E) —(nj+n)
Az = §'7 9—(n+n) |

Mw

L
9~ (nj+n) 4 o=(J+n) _ ZQ—(nﬁ-") }

) §=0
L

> Z (ng+n) 4 (1 — \)2~-(»HI7h
3=0

Since A < 1/2 the proof is complete.
Case 2.2. If 7; = 0 for all ¢ then the proof is exactly the same as in the case |7| = 0.
If 7; = 1 for all 4, then (considering the same convex combination as above) the
proof is direct.

Finally, we consider = + r € E. If = is an endpoint of a basic interval, we still
have existence of a word 7 as before, and the proof is still valid. If not, then there
is a word w € D such that z +r € In for any N, where w' := o|,_11w. Define:

ny = min{i >1:w;, =1}
nj+1 = min{i >n;:w; =1}

Put ng = 0. If N is large enough, using (15), we obtain

pp(Ble.r) 2z 2
(2r)° T 2%(yn + 22501 (Snyan t Ynytn))*
< D2t 2 +¢
2%y + 2521(5nj+n + Yn;4n) + SN)°.
BEICEOA
where L = max{i: n; < N —n}. O

Proof of Theorem 6.2. We proceed in a similar fashion to the proof of Theorem 5.2.
Consider an increasing sequence with ng1 — ng > k such that

lim 2™ (8y,, + Yn,,)° = B,.
For each k > 1, let j be such that 2/ < k < 2/+1. We define the set
A = {[L’ €EE:on(z)=1, opgt1(x) =... = Opnp44(x) = O}

Note that pg(Ay) =270 so the series 3 up(Ax) diverges.Slnce the events Ay
were chosen independent Borel Cantelli Lemma applies and we can conclude that
the set A = Np>1 Up>pn Ag has full measure.
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We will prove that our thesis is valid for x € A. So, pick z € A and for those
k for which = € Ay, define 1, = S5, + Yn, + Sny+j- Then B(z,7;) contains the
interval [a(c|n,) — Sny — Yngs @(0|ny) + Sny + Yn, ) Whose measure is 27+, So,

pe(B(z, ) 2-27™
(2rk)s 925 (Snk + ynk)s (1 + Snlciﬂ)

SnytUny

O

Taking limit in k, we obtain the desired result.

Proof of Theorem 7. Ifliminf, o 2™ (sp+yn)® is zero or infinity, so lim inf,, o 2
and H*(E) are, in view of (7) and Theorem[QRS03]. Since H*(E) < C*(FE)
2°H*(E) (see [SRT88], Lemma 3.3), C*(E) is zero or infinity.

If liminf, o 2"(s, + yn)® is neither zero nor infinity, then 0 < H*(E) < oo
(moreover, we are in the hypothesis of Theorem 6).

As in Proposition 4, since C® is also invariant by translations, the measure v :=
(C*(E))~'C*|g coincides with up. Using that ©*5(C*|g,z) = 1, for C%-a.e. = €
E (see [SRT88], Corollary 7.1) we conclude ©**(ug,z) = (C*(E))~! for ug- ae.
x € E. The thesis follows comparing this and the value of the density obtained in
Theorem 6. (]

n oS
s’ﬂ
<

In the next section we discuss the hypothesis of Theorem 1.

5. ON THE SEPARATION CONDITION

In view of Lemma 10 and the proof of Theorem 1, the hypothesis of this Theorem
can be replaced by: there exist L > 0 such that

Sn+Yn < Yn—¢, for L<L<n andall n large enough.

It may happen that there is no such L. For example, when 7, > ¢ > 0 for all £ and
there is a subsequence (k;) such that r;, — 1/2. However, if there is some control
on the subsequence, the proof of Theorem 1 can still be adapted.

Example 1. Ezample of a Cantor set such that 0 < P*(E) = By < oo and there
is a subsequence of the ratios that tends to 1/2.

Let 0 < a < 1/2 and B, = (1 — €x)/2, where €, — 0; below we impose conditions
on a and €. For k£ > 1 we define

| a, k odd
"k = Br, k even

and let E be the corresponding Cantor set. Notice that
Son = (a/2)" H(l —¢€;) and Sgp1 = ala/2)" H(l —€j).
Jj=1 j=1

If t = log4/log(2/a) we have 2a® = 2'~t. Then, if (¢;) is a summable sequence, it
is easily verified from (2) that 0 < P*(F) < .
Also, by the identity si + yr = Sg_1 — Sk, we have that

n—1
22n(s2n + yZn)t _ (2at)n(2l—t)n—1 H(l o 6]_)152(1 _ ﬂQn)t
j=1



12 IGNACIO GARCIA AND LEANDRO ZUBERMAN

and

n
22" (89541 + Yont1)! = 2(1 — a)*(2a")™(2'71) H (1—¢)"

Therefore, B, is obtained by taking limit to any subsequence with odd subindices.

Let us define ¢; = j~2. We will mimic the proof of Theorem 5.2). In this
case we can not find L as in Lemma 10, but recalling that s, + vy, < yp_¢ iff
Tt Tno1 < (1 —=2r,_¢)/(1 —r,), and noting that

Pt a1 < (a/2)2 and (1 =2r,_0)/(1 —1,) >1 =28, o= (n— )72,
then, we need (a/2)¥/2) < (n —¢)=2. Hence, if L,, = [4logn/log(2/a)], we have
Sn+Yn < Yn—e, forall L, <l <n.

Set ny = k(k+ 1)+ 1 and Ly := Ly, ; as before, for k > 1, let
Av={2€E:0p,_1,(x)=1, op—p,+1(x) = ... = Ony—r,+j(x) =0},

where j is such that 29 < k < 29*!. For k large enough, the 1ndependence of
these events holds since ny — Ly, + j < ng4+1 — Liy1 for all k large enough. Then,
Borel-Cantelli Lemma applies and A = Nyp>1 Ug>rn Ag has full measure. The rest
of the proof is the same as before, but we must note that j — L, — oo as k — oo.
In fact, since log k? + 1 > log(k(k + 1) + 1) for k large enough, we have

log k 410g(k(k +1)+1)
log 2 log(%)

1 12
> logk -2,
o8 (logZ log(§)>

which tends to oo if @ < 2711,

-2

Jj—Lg >

We conclude the paper with the proof of Theorem 8, which shows that the
formula from Theorem 1 is not true for central Cantor sets in general.

Proof of Theorem 8. Let E be the Cantor set given by the sequence (1) defined as
follows. Let 0 <t < 1 and

oL B 2m < k< 2t
T am, k=2"

where 3, = 1/2 — ¢, with €, \, 0 (¢, will be specified later), and let «,, be such

that
- 1 1/t
O‘nﬁn = 2271, a

it is easily verified that o, — O.
Firstly we claim that for all n large enough, if 2" < | < 2"+, then

(16) 2l(sl + yl)t < 2l+1(sl+1 + yl+1)t.

In fact, s;41 + Y1 = (s + y)ri(1 — ri41)/(1 — 7). We have two cases.
Case 1. If ;41 = By, then

(17) 2 (s11 + yi)" = 2 (s + )26,
and (16) holds since g, > 1/2 if n is large enough.
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Case 2. If rjy1 = apyy (e [+ 1=2"T1) then

1—a, t
(18) T“@H1+wﬂf=a%a+mfmﬁ<L_ﬁ”),

and the claim holds since the last quotient tends to 2.
Furthermore, if ny = 2%, then

2m* (S’I’Lk + ynk)t =2"k (Snkfl - Snk)t
t

k—1 091 k—1 k—1 1 k
=2 ([T ) I es — (T8 ) [T

j=1 j=0 j=1 j=0
=4al (1 — ag)".

Then, from (16), the sequence (ny) reaches the upper limit, that is

B = lim sup 2" (s, + yn)t = khm 2"k (Snk + ynk)t7
— 00

and also, 0 < PY(E) < cc.

Now we show that % (ug,z) > C(Ztﬁ)fl for pp-a.e. x € E, with C' > 1, which
implies P*(E) < 2'B. Here we do not care about the optimality of C.

Let € F and let r be small enough. Then I, C B(x,r) for some o € D but
I; ¢ B(z,r) if |6] < |o|. Set n = |o|. Note that r < s,_1. We need to separate
the proof in two cases.

Case 1. Suppose n # n; Vj. Set ny = min{n; : n; > n}. Then, using (17) and
(18), we obtain

p(Blr,r) |1

(QT)t - 2t2n87;71
_ 2 <8n + Yn > T (sues + yess)!
2t2nk (Snk + ynk)t Sn—1 j=1 (Sn+j—1 + y”"‘j_l)t

S — -~ th)Mn<1—aky
T2 (s, by )t R 1= B
1

= i (s, gy P01 o)’
Nk Nk

Note that ny —n > 1. Moreover, given 1 < C' < 2'7% then 283! (1 —ay)! > C for
all k large enough, hence
pe(Bar)
(2r)t 7 227 (sp, + Yny )t

if 7 is small enough.
Case 2. We construct a set A of full measure such that on each level ny (that is,
whenever n = ny) we have

pe(B(@,r) o 1
ey o <2t2”’“(8nk + Yni)

Then, this inequality together the previous case implies the theorem.

(19) ) , forzeA
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We assume that r > (sp, + Yn,, )/2, otherwise (19) is immediate. First note that
for k large enough,

S’I’L;C + y’ﬂk

(20) 2Snk + Ynp_1+1 < B) s fO’f’ 1< | < Nk—1-

In fact,
1 1/t 1 1/t
28p, + Ynp_1+1 = 20000 (22k_2> + aoak—lﬂ;izll <22k1_2) (26k_1)

1/t
kE—1
< 2a9 (22k_2> (o + a1 (22 ) 'exy)

and (20) holds if we choose e,_; < (22" )1/,
Now, let

ﬁnk = {o €D, 0= 701" or o= TlOl, 1<l<ng_1, TE an—(l+1)}

and define
Ae= |J LNE and A= ] () Aw

Uef)nk n>1k>n
Note that if z € A, then, for all k large enough, x belongs to a basic interval of

level ny which is next to a gap of length y,, ,+:. Hence, inequality (20) implies
that B(z,r) contains two basic intervals of level nj. Then, (19) holds because

pp(Brr) 2 21—
(2r)t T 202mesy, g 2027k (s + Yyt
Finally, the events A are independent and
~ 11
I’LE k) — 2nk - 271k - an,l .

Hence,

. 2

pe(A) = lim H(l - 2”?) =1
k>n

which concludes the proof. ([l
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