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ABSTRACT. The problem of determining an appropriate signal or image model
from experimental data is addressed. Specifically, given a finite set of signals or
images belonging to a fixed but unknown shift invariant space, the problem is
whether the known signals at hand are sufficient for determining the unknown
shift invariant space to which they belong. This problem gives rise to the
concept of determining sets for shift invariant spaces, and we obtain necessary
and sufficient conditions needed for determining an unknown shift invariant
space V(®) from a finite subset F = {f1, f2,..., fm} of V(®).

1. INTRODUCTION

In many signal and image processing applications, images and signals are as-
sumed to belong to some shift invariant space of the form:

V@) :={f=> > ai(i)ei(-+4): ai €1’ i=1,...,n} (1.1)

i=1 . _r7d
7 1JEZ

where ® = [¢1, P .. . ]! is a column vector consisting of functions in L2(R?) called
a generator for the space V = V(®) (see e.g., [2]). For example, if n = 1,d = 1 and
¢(x) = sinc(z), then the underlying space is the space of band limited functions
(often used in communications). However, the assumed model (often the band
limitedness assumption) is seldom derived from experimental data.

Thus, given a class of signals belonging to a certain fixed - but unknown - shift
invariant space V, the problem is whether it is possible to determine the space V'
from a set of m experimental data F = {f1, fo,..., fm}, where f; are observed
functions (signals) belonging to V(®). If a finite set F is sufficient to determine
V(®), we will call it a determining set for V(®). The goal is to see if we can
perform operations on the observations F = {f1, fa,..., fm} to deduce whether
they are sufficient to determine the unknown shift invariant space V(®), and if so,
use them to find some generator ¥ for V(®), i.e., find ¥ such that V(¥) = V(®).
If the observations are not sufficient to determine V(®), then we need to obtain
more observations until a determining set is found.

In this paper we give necessary and sufficient conditions for a finite subset F of
the space V(@) to be a determining set for V(®). In the case F is a determining
set, we shall exhibit an orthonormal generator for V' (®) that is written in terms of
the elements of F and thereby reconstruct the whole space.
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The paper is organized as follows. In section 2, we will recall some known
properties of shift invariant spaces, Riesz basis and the Gramian matrix. In section
3, we will introduce the notion of determining set and will give a necessary and
sufficient condition on F to determine V(®). Finally, in section 4, we will prove
our results.

2. NOTATION AND PRELIMINARIES

Throughout this paper, we assume that the unknown space V' can be generated
by some generator ® = (¢1,...,¢,)" such that {¢;(z — k) :i=1,...,n, k€ Z%}
forms a Riesz basis for V. This Riesz basis assumption can be restated in the
Fourier domain using the Gramian matrix of ®. Specifically, the Gramian Gg of a

vector function © = [0y, ,60,]" is defined by
Go(w)= > Ow+k)O"(w+k) (2.1)
keZ?

where O(w) := Jra ©(x)e ™" dz, and ©* is the adjoint of ©. With this definition,
it is well-known that ® induces a Riesz basis for V if and only if there exists two
positive constants A > 0 and B > 0 such that

Al < Gy(w) < BI, a.e. w, (2.2)

where I is the n x n identity matrix (see e.g., [1, 3, 4]). The set B = {¢;(z — k) :
i=1,...,n, k € Z%} forms an orthonormal basis if and only if A = B =1 in (2.2).
Throughout the paper we assume that ® = [¢q,- -+, ¢,]! satisfies (2.2).

For a set A C R, the complementary set in R? will be denoted by A°.

We use F to indicate a set of functions and we use F' to denote the vector valued
function whose components are the elements of F in some fixed order.

3. MAIN RESULTS

Our main goal is to find necessary and sufficient conditions on subsets F =
{f1,"++, fm} of V(@) such that any g € V can be recovered from F. A set F with
such a property will be called a determining set for V(®). Specifically,

Definition 1. The set F = {f1, fo,.-., fm} C V(@) is said to be a determining
set for V(®), if any g € V(®) can be written as

G=a1f1 +Aofs+ ...+ Qmfm (3.1)

where a1, ..., Q,, are 1-periodic measurable functions. In addition, if F is a deter-
mining set of V(®) we will say that V(®) is determined by F.

Remarks

(i) The vector F' = [f1,..., fm]" need not be a generator for V. In fact, series
of the form Y1 | 3", ¢; fi(x — k) need not even be convergent for all ¢; € I2.
(ii) An equivalent definition of a determining set can be obtained (e.g., see
[3, Theorem 1.7]): a set F is a determining set for V(®) if and only if
V(@) C closurer, (span{ fi(x — k) : f; € F)).
It is not surprising that if the generators of V' are vector-functions of size n, then
the cardinality m of a determining set F must be larger or equal to n. This result
is stated in the following proposition:
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Proposition 1. Let V be a shift invariant space generated by some Riesz basis
{¢pi(x—k):i=1,...,n, k€ Zd}, where ® = [p1,...,¢n]" is a vector of functions
in V. If F is a determining set for V then card (F) > n.

Because of the proposition above, we will only consider sets F with cardinality
m larger than or equal to the size n of the generators for V. Given such a set F

there are L = < ZL > subsets F, C F of size n. For each such subset F, of size n,

we define the set
A ={w : det Gp, (w) # 0}, 1<¢<L, (3.2)

where G, is the n x n Gramian matrix for the vector Fy. We now state our main
theorem on determining sets.

Theorem 1. A set F ={f1, -, fm} C V(®P) is a determining set for V(®) if and
only if the set Z = ﬂzL:1 A§ has Lebesgue measure zero.
Moreover, if F is a determining set for V(®), then the vector function

B(w) = G (@) F1(@)X8, (@) + -+ G (@) Fwys, @) (3.3)

where By := Ay, By := Ay — Uf;} Aj, £ =2,...,L, generates an orthonormal basis
{i(x—k):i=1,...,n, keZ of V().

Remarks

(i) Theorem 1 provides a method for checking whether and when a set of
functions generates a fixed (yet unknown) shift-invariant space generated
by some unknown & of known size n. Since other than the value n the only
requirement is that the set of functions belong to the same (unknown) shift-
invariant space, we can apply the theorem to a set of observed functions
(the data) if we know that they are all from some shift-invariant space V'
and either determine the space or conclude that we do not have enough
data to do so and need to acquire more data.

(i) The orthonormal basis constructed in the Theorem is only in L? but not in
L' in general. Further investigation is needed for the construction of better
localized bases.

4. PROOFS
4.1. Proof of Proposition 1.

Proof. Let F ={f1, fay-- -, fm},and F = [f1, fo, ..., fm]'. Since F is a determining
set, there exists § = #(w) an nxm matrix of 1-periodic functions such that ® = SF.
Then
Go(w) =) (w+ k)2 (w+k)
keZ
=Y " Bw+k)F(w+k)F*(w+ k)3 (w+k)
kEZ

=3 B@)Fw+ WF* (w+ k)F ()

keZ

= B(w)Gr(w)F* ().
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Therefore rank (Gg) < rank (Gr) < m, since the rank of the product of matrices is
not greater than the rank of any of its factors, see [5]. In addition, since {¢(x —
k), p2(x — k) ... ¢n(x — k)} form a Riesz basis, the rank (G4) = n. O

4.2. Proof of Theorem 1. In order to prove Theorem 1, we need to prove the
following lemma:

Lemma 1. If a vector function T = [t1,. .., t,]" satisfies that T(w) = Cr(w)®(w),
a.e. w for some nx n measurable matriz function Cr(w), with entries in L2([0, 1]4)
and if Gr(w) = Ixa(w) then there exist constants, B’ > 0 and B" > 0 such that
Crllzmy < B, and [ =y < B".

Proof. The Gramian of T is given by Gp = C/?ché;*. Since by (2.2) G is positive
self adjoint a.e. w, the square root G<11>/ % makes sense and we can write G as

1~k

Gr = CrGe?Ge2Cr . (4.1)
Define the n x n matrix function U(w) by U = CrGe?. Then, from (4.1) and our

assumption on G, we have that I'xyq = UU* and hence U* = U~! on €. Thus we
also have I'yqg = U*U. Therefore GqﬁCT C’TG@% = Ixq and,

Cr é;XQ = G@_%Gqf%)m =Gy'xa.
Using (2.2), we conclude that AlIxqg < 6’;*5; < BlIxq where I is the identity

matrix, and A, B are positive constants independent of w.
But trace (Cr Crxa) = Y n_; Ar(w) where A, is an eigenvalue of

D(w)xq = C/';*(W)C/';(W)XQ,
thus

n

nA < trace (D(w)xq) = Z)\r(w) <nB.

r=1
It follows that . .
ICT | =) <D 1(Cr); ;(w)|* < B'=nB.
,J
Similarly, since Cfl C;lxg = GoXxgq, there exists B” such that H@THLoo(Q) <
B/I. |:|
We can now prove Theorem 1.

Proof of Theorem 1. <= Let Ay be as in (3.2), and define By := Ay, By := Ay —
Ufj Aj, £=2,...,L We will proceed in four steps:

Step 1): Since F; C V(®) and card F; = n, we can write Fy = 6;2713 for some n x n
square matrix Cr, with L2([0, 1]%) entries, and we have

Gr(w) =Y (Cp(w+ k)®(w + k) (Cp, (w + k)D(w + k))*
k
= Z @(w T k)®(w + k)P (w + k)@*(w + k)
k

= Cr,(w)Ga(w)Cr, (W),

since ég(w) is 1-periodic.
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Moreover, since ® induces a Riesz basis then G¢ is positive definite, and
there exists A > 0 such that vGg(w)v* > A|v||? > 0 for almost all w and
for all v # 0 in R™. Hence for any non-zero vector z € R"

2Gry(w)?" = 2(Cr, (w)Ga(w)Cr, (w)*)2*
= (2CF, ()G (w)(2CF, (w))*

must be positive in By if we prove that zéE(w) # 0 in By. But this is

true since det G, = (det 6’;@)2 det Gy and det Gr, # 0 on By, so @(w)
is non-singular a.e. w € By. Thus, G, is self adjoint and positive definite
on By.
The vector H. o defined by PAIZ = G;f EX B, is well defined and belongs to
(L?(R%))™ (we are abusing notation and writing G;f even though G;ﬁ
only makes sense on B, however there should be no ambiguity about the
definition of Hy because of the term XB,)-

Since by step 1) the Gramian G, (w) is self adjoint and positive for a.e.

1
w € By, the inverse square root G r, makes sense in By. Moreover

Gr,(w) = (Z(G 2w+ k)Folw + k) (G, Hw+ k) Fiw+ k)" > X5, (w)

Step 3):

Step 4):

k
=Gt () <Z Fo(w + k) Fo(w + k)" ) (G ) (@)xp, (@)

= G ()G r ()G (@)xs, (@)

But H(w) = GF@( W) Fw)xs,w) = Grfw )CF/Z( )®(w)x, (), since
Fy(w) = Cr,(w)®(w) for some n x n matrlx CFZ Wlth LQ([O7 ]¢ entries.
)Cr (w

Hence we can apply Lemma 1 to get that CH,Z( )= ( CFL, )xB, (W)
belongs to L>=([0,1]¢) ¢ L%([0,1]¢). Hence H, € V(® ) c (L2 (RM))".

We now construct an orthonormal basis of V' as follows: Define ¥ =
[t1,- .., 1]t by the the following equation:

o~ 1 — 1 —

V(W) = Gp’ (W) Fi(w)xs, (W) + -+ Gp (W) FL(w)xB, (@) (4.2)
where By are defined as in the beginning of the proof, and Fj as in the
statement of the theorem. By claims 1 and 2, T is well defined and Y €
V(®),i=1,...,n
We claim that the set {1);(z—k) : i = 1,...,n k € Z?} forms an orthonormal
basis for V(®). To see this, we note that since ¢; € V(®), i = 1,...,n
U= 6’;&) Moreover given w, there exists some unique ¢ such that w € By,
and Gy (w) = Gy, (w) = 1. Thus Gy (w) = I, a.e.w. Therefore by Lemma
1, there exist positive constants B’ and B”, such that ||Cy|/L~ < B’, and
|Co L < B”. Tt follows that {¢(x — k) i =1,...,n, k € Z% is a
Riesz basis for V(@) with Gramian Gy = I, hence an orthonormal basis
for V(®). In particular V(¥) = V(®).

)
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Now, since the translates of {¢1,...,1,} are an orthonormal basis, we
have that if g € V(®), then there exists C' € (L2(]0,1]¢))" such that § =
CVU. So

~ 1 — ~ _1 —
§(w) = C() Yo(G @xi (@) Felw) = Y (C)Gr? @)xe, @) Felw),
¢ ¢

and this last equation can be rewritten as: g =Y .-, aifi.

This completes the proof of one of the implications of the Theorem. For the
converse, we proceed by contradiction. Suppose that the set Z = ﬂ£:1 Aj has
positive Lebesgue measure.

Since each f; € V(®), there exists a 1-periodic measurable m x n matrix A with
entries in L2([0,1]%) such that F = A®. If we denote by A, i=1,...,m the i-th

row of A, so f; = A;®, then for each choice 1= (i1,...,1,), the vector
B A
P
fi A;, @
and if A; denotes the n x n matrix whose rows are 4;,,...,A; , then we have that
Gp = AiGgp AL
~2
Thus, det A7 = 0, a.e. on Z, since detGg # 0 and we are assuming that
det G = 0 for all choices of 1. Hence any minor of A of order n is 0 and we

conclude that rank A < n a.e. on Z. R
Since F is a determining set, given any C, a 1-period vector in (L2([0, 1]%)", there
exists D a 1-periodic measurable vector of length m such that, éq? = ZA)f: 15(225)
Thus for a.e. w

~

Clw)dlw) = (

o)}
£
)
£
)
£
P
/N
»
£
[

o)
£
)
£

N—
E
Il
()

Hence,

and therefore

~ ~ ~

(C(w) - D(w)ﬁ(w)) Ga(w) (C(w) - ﬁ(w)ﬁ(w))* —0.

Since G4 is positive definite a.e., it follows that

o~ ~

C(w) - Dw)A(w) =0 ae. weR. (4.3)

But since rank A(w) < n in Z, we can always choose C(w) € (rangeA)’ with

~

the property that ||C(w)|| = 1 and C(w) = C(w + k) for all k € Z so that C €

~

(L(0,1)%)™. Finally, by construction of C(w), no D can be found such that (4.3)
is satisfied giving a contradiction. (I
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