MULTIWAVELETS IN R” WITH AN ARBITRARY DILATION MATRIX
CARLOS A. CABRELLI, CHRISTOPHER HEIL, AND URSULA M. MOLTER

ABSTRACT. We present an outline of how the ideas of self-similarity can be applied to
wavelet theory, especially in connection to wavelets associated with a multiresolution analysis
of R™ allowing arbitrary dilation matrices and no restrictions on the number of scaling
functions.

1. INTRODUCTION

Wavelet bases have proved highly useful in many areas of mathematics, science, and en-
gineering. One of the most successful approaches for the construction of such a basis begins
with a special functional equation, the refinement equation. The solution to this refinement
equation, called the scaling function, then determines a multiresolution analysis, which in
turn determines the wavelet and the wavelet basis. In order to construct wavelet bases with
prescribed properties, we must characterize those particular refinement equations which yield
scaling functions that possess some specific desirable property. Much literature has been
written on this topic for the classical one-dimensional, single-function, two-scale refinement
equation, but when we move from the one-dimensional to the higher-dimensional setting or
from the single wavelet to the multiwavelet setting it becomes increasingly difficult to find
and apply such characterizations.

Our goal in this paper is to outline some recent developments in the construction of
higher-dimensional wavelet bases that exploit the fact that the refinement equation is a
statement that the scaling function satisfies a certain kind of self-similarity. In the classical
one-dimensional case with dilation factor two, there are a variety of tools in addition to self-
similarity which can be used to analyze the refinement equation. However, many of these
tools become difficult or impossible to apply in the multidimensional setting with a general
dilation matrix, whereas self-similarity becomes an even more natural and important tool
in this setting. By viewing scaling functions as particular cases of “generalized self-similar
functions,” we showed in [CHM99] that the tools of functional analysis can be applied to an-
alyze refinement equations in the general higher-dimensional and multi-function setting. We
derived conditions for the existence of continuous or LP solutions to the refinement equation
in this general setting, and showed how these conditions can be combined with the analysis
of the accuracy of scaling functions from [CHM98], [CHM97] to construct new examples of
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nonseparable (non-tensor product) two-dimensional multiwavelets using a quincunx dilation
matrix.

We will sketch some of the ideas and results from [CHM99] in this paper, attempting to
provide some insights into the techniques without dwelling on the mass of technical details
that this generality necessitates. We emphasize that this work is intimately tied and con-
nected to the vast literature on wavelets and refinement equations, and while we cannot trace
those connections here, a full discussion with extensive references is presented in [CHM99].
In particular, the important and fundamental contributions of Daubechies, Lagarias, Wang,
Jia, Jiang, Shen, Plonka, Strela, and many others are discussed in [CHM99].

2. SELF-SIMILARITY

The seed for this approach can be traced back to Bajraktarevic [Baj57], who in 1957
studied solutions to equations of the form

u(z) = Oz, (uogy)(z),...,(uognm)(x)) (2.1)
where ¢;: X — X and O: X x E™ — FE, and the solution u: X — FE lies in some function

space F. Bajraktarevic proved that, under mild conditions on O and the g;, there is a unique
solution to (2.1). (See also [dR57].) A generalized version of this equation of the form

u(z) = Oz, pr(x, (wo g1)(@)), ..., om(z, (Wo gm)(x))), (2.2)

where @;: X X E — E, was studied in [CM99]. We will state one uniqueness result below, and
then in later sections demonstrate the fundamental connection between (2.2) and wavelets.
If there exists a set B that is self-similar with respect to the functions g;, i.e., it B =
U™, g; '(B), then we refer to the solution u of (2.2) as a generalized self-similar function.
This is because at a given point x € B, the value of u(z) is obtained by combining the values
of u(g;(x)) through the action of the operator O, with each g;(z) lying in B.

In order to state the uniqueness result, we require the following notation. Let X be a
closed subset of R, and let || - || be any fixed norm on C". Then we define L>(X,C") to be
the Banach space of all mappings u: X — C" such that

lullp= = sup|lg(z)]| < oc. (2.3)
zeX

This definition is independent of the choice of norm on C" in the sense that each choice of
norm for C" yields an equivalent norm for L>(X,C"). If F is a nonempty closed subset of
C", then L (X, F) will denote the closed subset of L>°(X,C") consisting of functions which
take values in . We say that a function u: X — F is stable if u(B) is a bounded subset of
E whenever B is a bounded subset of X.

The following result is a special case of more general results proved in [CM99]. In partic-
ular, we will consider here only uniform versions of this result; it is possible to formulate L?
and other versions as well.

Theorem 2.1. Let X be a compact subset of R", and let E be a closed subset of C". Let
| - || be any norm on C". Let m > 1, and assume that functions w;, ¢;, and O are chosen
with the following properties.

e Foreachi=1,....,m, let w;: X — X be continuously differentiable, injective maps.
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o Let pi: X X E— FE fori=1,...,m satisfy the Lipschitz-like condition
sup ||gi(z, u) = @i(z, v)[| < Cllu—2. (2.4)

1<i<m

o Let O: X x E™ — FE be non-expansive for each x € X, i.e.,

OG- t) — O vn,- . v)| < max s — vyl (25)
Let ty be an arbitrary point in E. For v € L>®(X, E), define
Tu(z) = Oz, ¢1(z,u(w; ' (2))),- -, om(z, u(w, (2)))), (2.6)

where we interpret

(@) =ty if o ¢ wi(X). .7
If O and the @; are stable, then T maps L*>°(X, E) into itself, and satisfies

| Tu—TV| = < Cllu—v|p=. (2.8)

In particular, if C° < 1, then T is contractive, and there exists a unique function v* €
L>* (X, E) such that Tv* = v*, and, moreover, v* is continuous. Further, if C <1 and v(©)
is any function in L>(X, E), then the iteration v0T) = Tv converges to v* in L®(X, F).

3. REFINEMENT EQUATIONS

The connection between Theorem 2.1 and wavelets is provided by the now-classical concept
of multiresolution analysis (MRA). To construct a multiresolution analysis in R", one begins
with a refinement equation of the form

f(z) = ch f(Ax — k), z € R", (3.1)

keA

where A is a subset of the lattice Z" and A is a dilation matriz, i.e., A(Z™) C Z" and every
eigenvalue A of A satisfies |A\| > 1. We assume now that A, A, and ¢, are fixed for the
remainder of this paper.

A solution of the refinement equation is called a scaling function or a refinable function.
If f is scalar-valued then the coefficients ¢, are scalars, while if one allows vector-valued
(f:R™ — C") or matrix-valued (f:R" — C"**) functions then the ¢, are r x r matrices. We
will consider the case f:R™ — C" in this paper. We say that the number r is the multiplicity
of the scaling function f.

The fact that A can be any dilation matrix (instead of just a “uniform” dilation such as
27) means that the geometry of R" must be carefully considered with respect to the action of
A. Note that since A(Z") C Z", the dilation matrix A necessarily has integer determinant.
We define

m = |det(A)].

By [Mey92], to each scaling function that generates a MRA there will be associated (m — 1)
“mother wavelets,” so it is desirable for some applications to consider “small” m.
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The refinement operator associated with the refinement equation is the mapping S acting
on vector functions u: R” — C" defined by

Su(z) = ch u(Az — k), z € R". (3.2)
keA
A scaling function is thus a fixed point of S.

We will focus on compactly supported solutions of the refinement equation, and therefore
will require that the subset A be finite. Let us consider the support of a solution to the
refinement equation in this case. For each k € Z", let wy: R” — R” denote the contractive
map

wp(r) = A Yz + k). (3.3)

Now let H(R") denote the set of all nonempty, compact subsets of R" equipped with the
Hausdorff metric. Then it can be shown that the mapping w on H(R") defined by

w(B) = J wg(B) = A7 (B+A) (3.4)

keA

is a contractive mapping of H(R") into itself [Hut81]. Hence there is a unique compact set
K, such that

KA = w(KA) = U Ail(KA—Fk)

keA
In the terminology of Iterated Function Systems, the set K, is the attractor of the IFS
generated by the collection {wy}rex. It can be shown that if f is a compactly supported
solution of the refinement equation, then necessarily supp(f) C K, [CHM99].
Let

D — {dla---;dm}

be a full set of digits with respect to A and Z", i.e., a complete set of representatives of the
order-m group Z"/A(Z"). Because D is a full set of digits, the lattice Z" is partitioned into
the m disjoint cosets

I, = A(Z"Y—d = {Ak—d:keZ"}, deD. (3.5)

Let @ be the attractor of the of the IFS generated by {wg}acp, i-e., @ is the unique nonempty
compact set satisfying
Q=Kp = U AHQ+a).
deD
We will say that @ is a tile if its Z" translates cover R” with overlaps of measure 0. In that
case, the Lebesgue measure of () is 1 [Ban91] and the characteristic function of ) generates
a MRA in R" [GM92]. This MRA is the n-dimensional analogue of the Haar MRA in R,

because if we consider dilation by 2 in R with digit set D = {0, 1}, and set
1 1 1
wo(x) = 37 and wi(z) = Jtt g

then the set [0, 1] satisfies
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0.5 1 1.5

FiGURE 1. Twin Dragon and Parallelogram Attractors

and therefore is the attractor for the IFS {wg, w;}. Note that [0,1] is a tile, and that the
Lebesgue measure of [0, 1] is 1.

Example 3.1. Tiles may have a fractal boundaries. For example, if we consider the di-

1 _1 and digit set D = {(0,0), (1,0)}, then the tile @ is the
celebrated “twin dragon” fractal shown on the left in Figure 1. On the other hand, if
L]

Tl 1
{(0,0), (1,0), (2,1), (1,1)} pictured on the right in Figure 1. For these two matrices A; and
Ay, the sublattices A;(Z?) and Ay(Z?) coincide. This sublattice is called the quincunz sub-
lattice of Z?. As a consequence, these two matrices A;, A, are often referred to as quincunz
dilation matrices. &

lation matrix A; =

] and D = {(0,0), (1,0)}, then the tile @) is the parallelogram with vertices

It is not always the case that, given an arbitrary dilation matrix A, there exists a set of
digits such that the associated attractor of {wg}4ep is a tile [Pot97], [LW9I8]. We will not
address this question here, and will only consider dilation matrices for which a tile ) exists,
and we assume that the digit set D has been chosen in such a way that @) is a tile. Without
loss of generality, we can assume that 0 € D, and therefore the tile () will contain the origin
[CHM99].

Let us now return to setting up the notation required to connect the refinement equation
(3.1) to Theorem 2.1.

Since supp(f) C K, which is compact, and since @) is a tile and therefore covers R by
translates, there exists a finite subset (2 C Z" such that

Ky CQ+Q = JQ+w) = {g+tw:qeQ,weN}.

weN

Consider now any function ¢g: R”™ — C" such that supp(g) C K,. Define the folding of g to
be the function ®g:Q — (C")% given by

Og(z) = [9(z +F)lkea,  7€Q.
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If for k € Q we write (®g)x(z) = g(x + k) for the kth component of ®g(x), then this folding
has the property that (®g)g, (1) = (Pg)k,(x2) whenever x1, xo € Q) and kq, ky € Q are such
that z1 + k1 = x9 + ko (it can be shown that such points x1, zo would necessarily have to lie
on the boundary of ) [CHM99)).

Here (and whenever we deal with vectors indexed by general sets) we consider that €
has been ordered in some way; the choice of ordering is not important as long as the same
ordering is used throughout. We use square brackets, e.g., [ug]req, to denote column vectors,
and round brackets, e.g., (ug)req, to denote row vectors.

Since @ is the attractor of the IFS {wg}4ep, it satisfies Q = J,ep A1 (Q + d). Moreover,
since @ is a tile, if d; # dy then A'(Q + dy) N A'(Q + ds) has measure zero, and in fact
it can be shown that these sets can intersect only along their boundaries. We will require
subsets Qg of A~'(Q + d) whose union is @ but which have disjoint intersections, i.e., such
that

U Qa=CQ and Qg NQqg, = 0 if dy # ds. (3.6)

deD

A precise method for creating these sets @y is given in [CHM99].
For each d € D, define a matrix T, by

Ty = [caj k+dljren (3.7)

Note that Ty consists of an 2 x 2 collection of 7 x r blocks, i.e., Ty € (C"™*7)**. Assume that
E is a subset (but not necessarily a subspace) of (C") that is invariant under each matrix
Ty (we will specify E precisely later). Then for each d € D we can define ¢4: Q x E — E by

wa(z,e) = Tye, (3.8)
and define O:Q x EP — E by
O(.’E, {ed}dep) = Z XQ(Z (.’E) *€4- (39)

deD

That is, O(x,{eq}taen) = eq if x € Q4. It is easy to see that this operator O is stable and
satisfies the non-expansivity condition (2.5). Now define an operator 7' acting on vector
functions u: Q — E by

Tu(z) = Oz, {palz,u(w;" (v)))}den)
=) Xg,(z) - Tyu(Az — d). (3.10)

Or, equivalently, T' can be defined by
Tu(x) = Tyu(Az —d) ifz € Qq. (3.11)
This operator T is connected to the refinement operator S defined by (3.2) as follows.

Proposition 3.2 ([CHM99)). Let Q C Z" be such that Ky C Q4. If g:R™ — C" satisfies
supp(g) C Ky, then

®Sg = Tdg a.e. (3.12)
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If the function g satisfies supp(g) C K, and additionally vanishes on the boundary of Kj,
then the equality in (3.12) holds everywhere and not merely almost everywhere. This is the
case, for example, if ¢ is continuous and supported in K.

In light of Proposition 3.2, in order to solve the refinement equation (3.1), we need to find
a solution to the equation

u = T,

and this is precisely the type of generalized self-similarity that is defined in (2.2).

To do this, we apply Theorem 2.1. The operator O is non-expansive, the wj are affine
maps, and the functions ¢, are linear. Hence, if there exists a constant C' with 0 < C' < 1
and a norm | - || on (C")% such that

Vde D, Vo eQ, Vee E, |pa(z,e)ll <Cell,

then T will have a unique fixed point. Considering the definition of ¢4, this means that there
must exist a norm in (C")% such that

Vde D, Veec E, [Tl <Clel-

In other words, there must exist a norm under which all the matrices T, are simultaneously
contractive on some set. This leads naturally to the definition of the joint spectral radius
of a set of matrices. Here we will focus only on the uniform joint spectral radius; it is
possible to consider various generalizations as well. The uniform joint spectral radius was
first introduced in [RS60] and was rediscovered and applied to refinement equations by
Daubechies and Lagarias in [DL92].
If M = {My,...,M,} is a finite collection of s x s matrices, then the uniform joint
spectral radius of M is
p(M) = lim max ||TT)|"/*, (3.13)

{—oo TPy,

where
Po = {I} and Pe = {M; ---M,:1<j <m}.

[t is easy to see that the limit in (3.13) exists and is independent of the choice of norm || - ||
on C**°.

Note that if there is a norm such that max; ||M;|| < d, then p(M) < §. Rota and Strang
[RS60] proved the following converse result.

Proposition 3.3. Assume that M = {Mj,..., M} is a finite collection of s X s matrices.
If p(M) < 6, then there exists a vector norm || - || on C* such that max; || M,|| < 6.

Consequently, a given set of matrices is simultaneously contractive (i.e., there exists a norm
such that max; ||M,|| < 1) if and only if the uniform joint spectral radius of M satisfies
p(M) < 1.

We can now state the main theorem relating generalized self-similarity to the existence of
a continuous solution to the refinement equation.
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Theorem 3.4. Let Q2 C Z" be a finite set such that Ky C @Q 4+ €2. Let E be a nonempty
closed subset of (C")? such that Ty(E) C E for each d € D. Let V be a subspace of (C")%
which contains E — E and which is right-invariant under each Ty. Define

F = {g € L*(R",C") : supp(g) C Kn and Pg(Q) C E} (3.14)

If F # 0 and p({Tylv }aen) < 1, then there exists a function f € F which is a solution to the
refinement equation (3.1), and the cascade algorithm fU+Y = Sf0 converges uniformly to
f for each starting function f© € F. Furthermore, if there exists any continuous function
fO e F, then f is continuous.

Proof. We will apply Theorem 2.1 with X = @ and with E the specified subset of (C")%.
We let wy, @4, O, and T be as defined above, specifically, by equations (3.3), (3.8), (3.9),
and (3.10).

We will show that the hypotheses of Theorem 2.1 are satisfied. First, wy(z) = A~ (z +d)
is clearly injective and continuously differentiable.

Second, let d be any number such that

P{Talvtaen) < 6 < 1.

Then by Proposition 3.3 applied to the matrices T,|y, there exists a vector norm || - ||y on
V such that

max ||[Tyw|ly < §||w||v, all w e V.

deD
Let || - || denote any extension of this norm to all of (C"). Recall that p4(z,e) = Tye. Since

E — E CV, we therefore have for each = € () and u, v € E that

— = — < — vl.
max [|ga(z, u) = ¢alz, v)|| = max | Ty(u —v)|| < dflu—of
Therefore the functions ¢, satisfy the condition (2.4) with constant C' = 4. It is easy to
check that each ¢, is stable.

Finally, O is non-expansive. Thus, the hypotheses of Theorem 2.1 are satisfied. Since
C < 1, Theorem 2.1 implies that 7" maps L>°(Q, F) into itself, and satisfies

| Tu—-Tv| < Cllu-v|.

It follows that 7" is contractive on L>(Q, F) and there exists a unique function v* € L*(Q), E)
such that Tv* = v*. Further, the iteration vi*+Y) = Tv() converges in L>(Q, F) to v* for
each function v{® € L>(Q, F).

We want to relate now the fixed point v* for 7" to a solution to the refinement equation.
First, it can be shown that the space F is invariant under the refinement operator S. Hence,
by Proposition 3.2, the following diagram commutes, with 7" in particular being a contraction:

F 25 IL=Q,F)

5 |

F T) L>*(Q,E).
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Now suppose that f(© is any function in F, and define f0+Y) = Sf(®_ Then f® € F for
each 7, and if we set v() = & ) then

VD @) = @S0 = TR0 = Ty,

so v(¥ must converge uniformly to v*. By choosing an appropriate choice of norm on F (see
[CHM99)), it follows that f® converges uniformly to some function f € L>*(R",C"). We
must have f € F since F is a closed subset of L>*(R", C"). Further,

Of = v =Tv = TOf = ®Sf a.e.

Therefore f satisfies the refinement equation (3.1) almost everywhere. Since v* is unique,
the cascade algorithm must converge to this particular f for any starting function f(© e F.
It only remains observe that if any f(©) € F is continuous, then the iterates f) obtained
from f(9) are continuous and converge uniformly to f, so f must itself be continuous. O

From the proof of the above theorem, it is clear that the rate of convergence of the cascade
algorithm is geometric and can be specified explicitly if desired.
The preceeding theorem immediately suggests two questions:

e Does there always exist a space F which is invariant for all 7,7
e Does F always contain a continuous function?

The answer to both of these questions is yes, under some mild additional hypotheses.
To answer the question of the existence of the space E, let us recall the one-dimensional,
single-function case. In this setting, if we impose the standard “minimal accuracy condition”

d e =Y e = 1, (3.15)

keZ keZ

then F is the hyperplane through (1,0, ..., 0) that is orthogonal to the row vector (1,1,...,1).
This vector is a common left eigenvector to all of the matrices 7, [DL92]. The minimal ac-
curacy condition is so-called because it is directly related to the accuracy of the solution f.
In n-dimensions with multiplicity r, i.e., with f: R™ — C", the accuracy of f is defined to be
the largest integer x > 0 such that every polynomial ¢(z) = ¢(z1,...,z,) with deg(q) < &
can be written

q(z) = Z apf(z+ k) = Z Zak,ifi(:r + k) ae., x € R",

kezn kezZm i=1

for some row vectors ay = (a1,...,ar,) € C**". If no polynomials are reproducible from
translates of f then we set kK = 0. We say that f has at least minimal accuracy if the constant
polynomial is reproducible from translates of f, i.e., if K > 1. We say that translates of f
along Z" are linearly independent if ), . aif(x 4+ k) = 0 implies a; = 0 for each k. In one
dimension, under the hypotheses of linear independence of translates, the minimal accuracy
condition (3.15) implies that f has at least minimal accuracy. In the general setting of
n dimensions and multiplicity 7, the minimal accuracy condition is more complicated to
formulate than (3.15). However, this condition is still the appropriate tool to construct an
appropriate set E. We present here a weak form of the minimal accuracy condition, and
refer to [CHMO98] for a general result.
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Theorem 3.5 ([CHM98]). Let f:R™ — C" be an integrable, compactly supported solution
of the refinement equation (3.1), such that translates of f along Z" are linearly independent.
Then the following statements are equivalent.

a) f has accuracy k > 1.
b) There exists a row vector ug € C'*" such that ugf(0) # 0 and

Uy = Z ug ¢, for each d € D.

kely

In the case that either statement holds, we have

Zugf(x—l-k) =1 a.e

kel

Assume now that the minimal accuracy condition given in Theorem 3.5 is satisfied, and
let uy be the row vector such that >, .. uof(x + k) = 1 a.e. It can be shown that the
inclusions supp(f) C Ky C @ + Q imply that if € @, then the only nonzero terms in the
series Y, s tuof(x + k) =1 occur when k£ € Q. Hence, if we set g = (ug)req, i-e., € is the
row vector obtained by repeating the block ug once for each k£ € €2, then

e®@f(z) = Zuof(m—l-k) — Zugf(x—l-k) = 1ae., for z € Q.

ke kezn

Thus the values of ®f(z) are constrained to lie in a particular hyperplane E; in (CT)%,
namely, the collection of column vectors v = [v;]ycq such that eqv = ), o ugvy, = 1. This
hyperplane Ej is a canonical choice for the set £ appearing in the hypotheses of Theorem 3.4.
In order to invoke Theorem 3.4, the starting functions £ for the cascade algorithm should
therefore also have the property that ®f()(z) always lies in this hyperplane Ejy. Note that
with this definition of Ej, the set of differences Vy = Ey — Ej is the subspace consisting of
vectors v = [vg]keq such that eqv = Y, o ugvy = 0. Hence the minimal accuracy condition
immediately provides an appropriate choice for the space E, namely, we take F = Ej.

Now, having defined F = Ej, we are ready to address the second question, whether the
set F defined by (3.14) always contains a continuous function. First we rewrite JF as

F = {g € L*(R",C") : supp(g) C K, and Z wog(z + k) = 1},
kezn
and note that this set is determined by two quantities: the set A and the row vector ug. The
set A is the support of the set of coefficients ¢, in the refinement equation and is determined
only by the location of the ¢; and not their values. The vector ug, on the other hand, is
determined by the values of the ¢, as well as their locations. However, it can be shown that,
in fact, the question of whether F contains a continuous function is determined solely by A
and not by ug. Thus only the location of the coefficients ¢ is important for this question,
and not their actual values. This is made precise in the following result.

Lemma 3.6 ([CHM99]). Let A C Z" be finite, and let ug be a nonzero row vector in C'*".
Then the following statements are equivalent.

1. F 40,

2. F contains a continuous function.
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3. Ky +7Z" =R", i.e., lattice translates of the interior K3 of K cover R".

Thus, in designing a multiwavelet system, after choosing the dilation matrix A and digit
set D, the next step is to choose a set A will fulfills the requirements of Lemma 3.6. Small
A are preferable, since the larger A is, the larger the matrices T; will be, and the more
computationally difficult the computation of the joint spectral radius becomes. While we
expect that some “small” A may fail the requirement K3 + Z" = R", it is not true that all
“large” A will necessarily satisfy this requirement (see [CHM99] for an example).

In summary, once we impose the minimal accuracy condition and choose an appropriate
set A, in order to check for the existence of a continuous scaling function we must evalu-
ate the uniform joint spectral radius p({Ty|v, }acp). Unfortunately, this might involve the
computation of products of large matrices. It can be shown that if the coefficients ¢, satisfy
the conditions for higher-order accuracy, then Vj is only the largest of a decreasing chain of
common invariant subspaces

%DWDDVK,1

of the matrices Ty, and that, as a consequence, the value of p({Ty|v, }acp) is determined by the
value of p({Ty|v._, }aep) [CHM99]). This reduction in dimension can ease the computational
burden of approximating the joint spectral radius. Moreover, these invariant spaces V, are
directly determined from the coefficients ¢, via the accuracy conditions, which are a system of
linear equations. Hence it is a simple matter to compute the matrices T,|y,_,. Additionally,
the fact that accuracy implies such specific structure in the matrices T, suggests that this
structure could potentially be used to develop theoretical design criteria for multiwavelet
systems.

A final question concerns the converse of Theorem 3.4, namely, what can we say if after
choosing coefficients ¢, that satisfy the minimal accuracy condition, the joint spectral radius
of p({Tylv; }aep) exceeds 17 The following theorem answers this question, and is somewhat
surprising because it essentially says that if a given operator has a fixed point, then that op-
erator must necessarily be contractive. This theorem is proved in this generality in [CHM99],
but is inspired by a one-dimensional theorem of Wang [Wan95.

Theorem 3.7. Let f be a continuous, compactly supported solution to the refinement equa-
tion (3.1) such that f has L>-stable translates (defined below). Assume that there ezists a
row vector uy € C**" such that

uof((]) #0 and Uy = Z ug ¢y ford € D.

kely

If Q C 7" is any set such that
KyCcQ+9Q and A Q+A-D)NZ" C Q,
then

p({Talvy yaep) < 1.
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Here, we say that a vector function g € L>(R", C") has L*°-stable translates if there exist
constants Cy, C'y > 0 such that

Zakg(x—l-k)

kel

< Cy sup max |ag
[, kel 4

C) sup max |ay,;| <
kel ¢

for all sequences of row vectors ay = (a1, .., ax,) with only finitely many a; nonzero.

4. EXISTENCE OF MULTIRESOLUTION ANALYSES

In this section we turn to the problem of using the existence of a solution to the refine-
ment equation to construct orthonormal multiwavelet bases for L?(R™). As in the classical
one-dimensional, single-function theory, the key point is that a vector scaling function which
has orthonormal lattice translates determines a multiresolution analysis for R”. The mul-
tiresolution analysis then, in turn, determines a wavelet basis for L?(R").

The main novelty here, more than allowing more than one scaling function or working in
arbitrary dimensions, is the result of having an arbitrary dilation matrix. The viewpoint of
self-similarity and iterated function systems still leads naturally to the correct decompositions

[CHMO99).

Definition 4.1. A multiresolution analysis (MRA) of multiplicity r associated with a dila-
tion matrix A is a sequence of closed subspaces {V;};cz of L*(R™) which satisfy:

P1 V,; C Vj4, for each j € Z,

P2 g(z) € V; <= ¢(Ax) € V,;, for each j € Z,

P3 NV, ={0},
JEZ

P4 |J V; is dense in L*(R"), and
jez

P5 there exist functions ¢, ..., p, € L?(R") such that the collection of lattice translates
{oi(r — ) bremn iz,

forms an orthonormal basis for V.

If these conditions are satisfied, then the vector function ¢ = (¢1,..., )" is referred to as
a vector scaling function for the MRA.

The usual technique for constructing a multiresolution analysis is to start from a vector
function ¢ = (p1,...,¢,)" such that {g;(x — k)}xrezn i=1.., is an orthonormal system in
L*(R™), and then to construct the subspaces V; C L?(R") as follows. First, let YV be the
closed linear span of the translates of the component functions ¢;, i.e.,

Vo = span{yi(z — k)}keZ”,i:l,...,r- (4.1)
Then, for each j € Z, define V; to be the set of all dilations of functions in Vg by A7, i.e.,
V, = {g(Az) : g € Vy}. (4.2)

If {V;},cz defined in this way forms a multiresolution analysis for L*(R™) then we say that
it is the MRA generated by .
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Example 4.2. In one dimension, the box function ¢ = X[ ;) generates a multiresolution
analysis for L?(R). This MRA is usually referred to as the Haar multiresolution analysis,
because the wavelet basis it determines is the classical Haar system {2%/24(2"2 — k)}, kez,
where 7,D = X[O’l/g) — X[l/gyl).

Grochenig and Madych [GM92] proved that there is a Haar-like multiresolution analysis
associated to each choice of dilation matrix A and digit set D for which the attractor Q = Kp
is a tile. In particular, they proved that if ) is a tile then the scalar-valued function Xg
generates a multiresolution analysis of L?(R") of multiplicity 1. By extension of the one-
dimensional terminology, this MRA is called the Haar MRA associated with A and D. Note
that the fact that {Xg(z — k) }rer forms an orthonormal basis for YV is a restatement of the
assumption that the lattice translates of the tile () have overlaps of measure zero. Further,
X¢ is refinable because () is self-similar and because the lattice translates of () have overlaps
of measure zero.

We will characterize those ¢ which generate multiresolution analyses in the following
theorem. To motivate this result, note that property P2 is achieved trivially when V; is
defined by (4.2). Moreover, property P5 is simply a statement that lattice translates of
@ are orthonormal. It can be seen ([CHM99]) that the fact that ¢ has orthonormal lattice
translates implies that property P3 is also automatically satisfied. Thus, the main problem in
determining whether ¢ generates a multiresolution analysis is the question of when properties
P1 and P4 are satisfied. One necessary requirement for P1 is clear. If ¢ does generate a
multiresolution analysis, then P1 implies that ¢; € Vo C V; for i = 1,...,r. Since P2 and
P5 together imply that {m!'/? ©i(Ar—k)}gezn j—1,., forms an orthonormal basis for V), each
function ¢; must therefore equal some (possibly infinite) linear combination of the functions
¢;(Ax — k). Consequently, the vector function ¢ must satisfy a refinement equation of the
form

p(r) = ) cpp(Az k) (4.3)

for some choice of r X r matrices c;. Since we only consider the case where the functions ¢;
have compact support and since ¢ has orthonormal lattice translates, this implies that only
finitely many of the matrices ¢; in (4.3) can be nonzero. Hence, in this case the refinement
equation in (4.3) has the same form as the refinement equation (3.1).

Theorem 4.3. Assume that ¢ = (¢1,...,¢,)1 € L*(R",C") is compactly supported and has
orthonormal lattice translates, i.e.,

(oila = b, pyta = 0) = [eile - BB Ddo = by
Let V; C L*(R") for j € Z be defined by (4.1) and (4.2). Then the following statements

hold.

(a) Properties P2, P3, and P5 are satisfied.
(b) Property P1 is satisfied if and only if ¢ satisfies a refinement equation of the form

ox) = Y crp(Az — k) (4.4)

keA
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for some r X r matrices ¢, and some finite set A C 7.

(c) If
/gpz(:r) dx

then Property P/ is satisfied. If ¢ is refinable, i.e., if (4.4) holds, then Property Pj is
satisfied if and only if (4.5) holds.

T

> a0 = Y

i=1

2

= Q= 1, (4.5)

Note that the assumption that ¢, is square-integrable and compactly supported implies
that ¢; € L'(R"), so ¢;(0) = [ ¢;(z) dz is well-defined.

Theorem 4.3 generalizes a result of Cohen [Coh90], which applied specifically to the case
of multiplicity 1 and dilation A = 2I. Cohen’s estimates used a decomposition of R into
dyadic cubes, making essential use of the fact that the uniform dilation A = 21 maps dyadic
cubes into dyadic cubes. However, this need not be true for an arbitrary dilation matrix
A, so this particular decomposition is no longer feasible. Instead, the proof in [CHM99]
uses a decomposition based on the tile () and the associated Haar multiresolution analysis
discussed in Example 4.2. One of the key observations lies in counting the number of lattice
translates of () which lie in the interior of a dilated tile A7), j > 1. The fact that Q is
self-similar combined with the fact that translates of () tile R™ with overlaps with measure
zero implies that A7(Q) is a union of exactly m’ translates of (), with each such translate lying
entirely inside A7Q) (but not necessarily in the interior of A’Q). It can be shown that the
ratio of the number of those translates () + k that intersect the boundary of A7Q) to the total
number lying inside A47Q) converges to zero.

We conclude by showing in Figure 2 a pair of wavelets associated to a MRA obtained by
numerically solving the “accuracy 2” conditions given in [CHM98] to obtain the coefficients
¢ for a scaling vector ¢:R? — R? with orthonormal lattice translates that is refinable
with respect to a quincunx dilation matrix (these numerical estimates were obtained by
A. Ruedin). Using the results outlined in this paper, one can prove that these coefficients
yield a continuous scaling vector which generates a MRA whose “mother wavelets” are those
pictured in Figure 2.
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FIGURE 2. Wavelets 1, ¥y




