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Propiedades homotdpicas de los complejos de p-subgrupos

Resumen. En esta tesis se investigan las propiedades homotépicas de los posets de p-
subgrupos de un grupo finito. Particularmente estudiamos los siguientes problemas: la conjetu-
ra de Quillen que relaciona la contractibilidad de estos posets con la existencia de p-subgrupos
normales no triviales, la conjetura de Webb sobre los complejos (y posets) de 6rbitas, y el grupo
fundamental de estos posets. Los métodos desarrollados en este trabajo combinan herramien-
tas de la teoria de grupos finitos, la clasificacién de grupos simples y sistemas de fusién, con
herramientas topolégicas y combinatorias.

A principios de los 70, D. Quillen relacioné la cohomologia equivariante médulo p de los
G-espacios con los p-subgrupos elementales abelianos de G. El poset S,(G) de p-subgrupos
no triviales de G fue introducido luego por K. Brown para estudiar la caracteristica de Euler
de grupos (no necesariamente finitos), que codifica la presencia de torsion. Unos afios mas
tarde, Quillen introdujo el poset A,(G) de p-subgrupos elementales abelianos no triviales de
un grupo finito G y estudi6 las propiedades homotdpicas de su complejo de orden asociado
IC(A,(G)) en relacion con las propiedades algebraicas p-locales de G. Asf, Quillen probé que
K(A,(G)) y K(S,(G)) son homotSpicamente equivalentes y que si G posee un p-subgrupo
normal no trivial entonces estos complejos son contréctiles. La vuelta a esto tltimo es la bien
conocida conjetura de Quillen, que actualmente permanece abierta. El resultado mas avanzado
en esta direccion se debe a M. Aschbacher y S.D. Smith, quienes establecieron la conjetura si
p > 5y los grupos no poseen ciertas componentes unitarias.

En esta tesis adoptamos el punto de vista de R.E. Stong de tratar a los posets A,(G) y
S,(G) como espacios topoldgicos finitos. Con esta topologia intrinseca, estos posets no son
homotdépicamente equivalentes y la conjetura de Quillen se puede reformular diciendo que si
S,(G) es homotdpicamente trivial como espacio finito entonces es contrictil. En general, hay
espacios finitos homotopicamente triviales pero no contractiles (el teorema de Whitehead no es
vélido en espacios finitos). Respondimos a una pregunta de Stong mostrando que A, (G) puede
ser homotdpicamente trivial pero no contrictil y describimos la contractibilidad del espacio
finito A, (G) en términos puramente algebraicos.

En este contexto estudiamos la conjetura de P. Webb que afirma que, en término de es-
pacios finitos, los posets A,(G)' /G y S,(G)'/G son homotdpicamente triviales. La conjetura
original de Webb fue probada primero por P. Symonds. En general S,(G)'/G puede no ser
contréctil como espacio finito, pero A,(G)’/G resulté ser contréctil en todos los ejemplos que
calculamos, y conjeturamos que esto debe valer siempre (Ilamamos a esto la version fuerte de
la conjetura de Webb). En la tesis mostramos la validez de la version fuerte de la conjetura en
diversos casos, utilizando para esto herramientas de sistemas de fusién.

El grupo fundamental de los posets de p-subgrupos fue estudiado por varios matemati-
cos en las dltimas tres décadas. Hasta el momento los trabajos mds relevantes son los de M.
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Aschbacher, quien prob6 condiciones algebraicas necesarias y suficientes para que A,(G) sea
simplemente conexo, mdédulo una conjetura sobre la cual hay considerable evidencia, y los
trabajos de Ksontini quien investigd el grupo fundamental de estos posets cuando el grupo G
es un grupo simétrico. En todos los casos estudiados los grupos resultaban siempre libres. En
esta tesis probamos que el grupo fundamental de estos complejos es libre en casi todos los
casos. En particular vimos que es libre para ciertas extensiones de grupos simples y para to-
dos los grupos resolubles. En general, asumiendo la conjetura de Aschbacher, mostramos que
71 (Ap(G)) = m(Ap(Sg)) * F, donde F es un grupo libre, Si es un cociente particular de G y
71 (Ap(Sg)) es libre salvo quizds si S es casi simple. Ademds, vimos que 71 (A3(Ajp)) no es
libre (acd A g es el grupo alterno en 10 letras), mostrando que la obstruccién a que los comple-
jos de p-subgrupos sean homotdpicos a bouquet de esferas puede aparecer también en el ;.
Este es el primer ejemplo en la literatura de un poset de p-subgrupos con grupo fundamental
no libre.

Por dltimo, nos centramos en el estudio de la conjetura de Quillen. Demostramos que ésta
es cierta si K(S,(G)) admite un subcomplejo invariante de dimensién 2 y homotépicamente
equivalente a él, probando asi nuevos casos de la conjetura que no eran sabidos hasta el mo-
mento. También mostramos que la conjetura se puede estudiar bajo la suposiciéon 0,/ (G) = 1
(el subgrupo normal de G més grande de orden coprimo con p), extendiendo varios de los re-
sultados conocidos de Aschbacher y Smith a todo primo p. Esto nos permite concluir que la
conjetura es cierta si K(A,(G)) tiene dimensién 3.

Palabras clave: p-subgrupos, espacios finitos, clasificaciéon de grupos simples, sistemas de
fusién, conjetura de Quillen.
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Homotopy properties of the p-subgroup complexes

Abstract. In this thesis we investigate the homotopy properties of the p-subgroup posets
of a finite group. Particularly, we study the following problems: Quillen’s conjecture, which
relates the contractibility of these posets with the existence of non-trivial normal p-subgroups,
Webb’s conjecture, on the orbit complexes (and posets), and the fundamental group of these
posets. The methods developed in this work combine tools of the theory of finite groups, the
classification of finite simple groups and fusion systems, with topological and combinatorial
techniques.

At the beginning of the seventies, D. Quillen related the equivariant cohomology modulo
p of G-spaces with the elementary abelian p-subgroups of G. The poset S,(G) of non-trivial
p-subgroups of G was introduced by K. Brown to study the Euler characteristic of groups (not
necessary finite), which encodes the presence of torsion. Some years later, Quillen introduced
the poset A, (G) of non-trivial elementary abelian p-subgroups of a finite group G and studied
the homotopy properties of its order complex K(A,(G)) in relation with the p-local algebraic
properties of G. Quillen proved that K(A,(G)) and K(S,(G)) are homotopy equivalent and
that if G has a non-trivial normal p-subgroup then these complexes are contractible. The re-
ciprocal to this last statement is the well-known Quillen’s conjecture, which remains open.
The most advanced result on this direction is due to M. Aschbacher and S.D. Smith, which
established the conjecture if p > 5 and the groups do not have certain unitary components.

In this dissertation we adopt the viewpoint of R.E. Stong of handling the posets .A,(G) and
S,(G) as finite topological spaces. With this intrinsic topology, these posets are not homotopy
equivalent and Quillen’s conjecture can be reformulated by saying that if S,,(G) is a homotopi-
cally trivial finite space then it is contractible. In general, there are homotopically trivial finite
spaces which are not contractible (Whitehead’s theorem is no longer true in this context). We
answer a question raised by Stong by showing that A,(G) may be homotopically trivial but
non-contractible, and describe the contractibility of the finite space A, (G) in purely algebraic
terms.

In this context we study Webb’s conjecture which states that, in terms of finite spaces, the
posets A, (G)'/G and S,(G)' /G are homotopically trivial. The original Webb’s conjecture was
proved first by P. Symonds. In general S,(G)’/G may be non-contractible as a finite space,
but A,(G)'/G turned out to be contractible in all the examples that we computed, and we
conjecture that this should always hold (we call this the strong version of Webb’s conjecture).
We prove some cases of the strong version of the conjecture by using tools of fusion systems.

The fundamental group of the posets of p-subgroups was studied by several mathematicians
in the last decades. So far, the most relevant works are those of M. Aschbacher, who proved
necessary and sufficient algebraic conditions for A,(G) to be simply connected, modulo a
conjecture for which there is considerable evidence, and the works of Ksontini who investigated



the fundamental group of these posets when G is the symmetric group. In all the cases studied,
the groups turned out to be free. In this thesis we show that the fundamental group of these
complexes is free in almost all cases. In particular we prove that it is free for certain extensions
of simple groups and for any solvable group. In general, assuming Aschbacher’s conjecture,
we show that 71 (A, (G)) = m1(Ap(Sg)) * F, where F is a free group, S is a particular quotient
of G and m(A,(Sg)) is free except perhaps if Sg is almost simple. Moreover, we prove that
m (A3(Ayg)) is non-free (here, A}y is the alternating group in 10 letters), showing that the
obstruction for the p-subgroup complexes to be homotopy equivalent to a bouquet of spheres
can also rely on the 7;. This is the first example in the literature of a p-subgroup poset with
non-free fundamental group.

Finally, we focus on the study of Quillen’s conjecture. We prove that the conjecture holds if
K(S,(G)) admits an invariant 2-dimensional homotopy equivalent subcomplex, showing new
cases of the conjecture. We also prove that the conjecture can be studied under the supposition
O, (G) = 1 (the largest normal subgroup of G of order prime to p), extending some known re-
sults of Aschbacher and Smith to every prime p. This allows us to conclude that the conjecture
holds if IC(.A,(G)) has dimension 3.

Key words: p-subgroups, finite spaces, classification of finite simple groups, fusion systems,
Quillen’s conjecture.
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Introduccion

El objetivo principal de esta tesis es estudiar las propiedades homotépicas de los posets de
p-subgrupos tanto desde el punto de vista de espacios finitos como desde el punto de vista
clasico por medio de la topologia de sus complejos de 6rdenes. Dado un grupo finito G y un
primo p que divide a su orden, consideramos el poset S,(G) de p-subgrupos no triviales de G
y el subposet A, (G) de p-subgrupos elementales abelianos no triviales de G.

El estudio de estos posets comenzé en la década del 70 con los articulos fundacionales
de D. Quillen [Qui71], quien relaciond ciertas propiedades de la cohomologia equivariante
moédulo p de los G-espacios con los p-subgrupos elementales abelianos de G. El grupo G
actta en estos posets via conjugacion en los p-subgrupos, y por lo tanto obtenemos G-espacios
cuyas propiedades homotdpicas estdn estrechamente ligadas con G. Por ejemplo, en [Web87]
se relaciona la cohomologia p-ddica de G con la de los grupos de isotropia de los simplices del
complejo de orden K(S,(G)), y el teorema de amplitud de Brown establece que la cohomologia
equivariante médulo p de |IC(S,(G))| es isomorfa a la cohomologia equivariante médulo p de
G (ver [Bro94, Smill]). Recordar que si X es un poset finito, su complejo de orden /C(X)
consiste de las cadenas no vacias de elementos de X. Si ¥ es un G-espacio entonces EG XgY
es su construccién de Borel, y la cohomologia equivariante de Y es la cohomologia de su
construccién de Borel. Cuando K(S,(G)) es conexo, se tiene una fibracién |KC(S,(G))| —
EG x¢|K(S,(G))| — BG que induce una sucesién exacta corta en los grupos fundamentales,
mostrando que 7 (EG x ¢ |K(S,(G))|) es en general un grupo infinito (ver Teorema 3.4.2).

Desde un punto de vista algebraico, la estructura como G-poset de S,(G) guarda la in-
formacién p-local de G, es decir, la estructura de los normalizadores de los p-subgrupos no
triviales de G. Esto estd fuertemente relacionado con la fusion del grupo. El estudio gene-
ral de los sistemas de fusién y los grupos p-locales comenzé como generalizacién de esta
idea para abstraerse de la estructura global del grupo y tratar de entender sus propiedades
p-locales de una manera mas sistematica: como son los morfismos de conjugacién entre p-
subgrupos de un p-subgrupo de Sylow fijo. Desde un punto de vista topoldgico, la estructura
p-local del grupo codifica la misma informacién que la p-completacion BGIAJ de su espacio
clasificante BG. Més relaciones aparecen en la teoria de representacién de grupos finitos. Ver
[AKOL11, Grol6, Qui78, Smil 1, Web87].
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INTRODUCCION

En [Bro75], K. Brown trabajé con la parte racional de la caracteristica de Euler de un grupo
(no necesariamente finito), la cual guarda relacion con la torsién del grupo. Introdujo el poset
S,(G) de p-subgrupos no triviales y mostré que, cuando G es finito, ¥(S,(G)) es 1 médulo
|G|, (1a potencia més grande de p que divide al orden de G). Esto es comtinmente denominado
Homological Sylow Theorem.

Unos afios més tarde, D. Quillen estudié mas en profundidad las propiedades homotdpicas
de estos posets por medio de sus complejos de 6rdenes [Qui78]. El introdujo el poset A, (G)
y mostré que la inclusién IC(A,(G)) C K(S,(G)) es una equivalencia homotdpica. También
relaciond algunas propiedades homotdpicas de estos complejos con propiedades algebraicas
de G. Por ejemplo, la desconexién de KC(S,(G)) se traduce algebraicamente en la existencia
de un subgrupo de G fuertemente p-embebido. En [Qui78] se muestra que si G posee un p-
subgrupo normal no trivial entonces K(S,(G)) es contrictil. La vuelta a esta proposicién es
la bien-conocida conjetura de Quillen [Qui78, Conjecture 2.9]. Quillen establecid la conjetura
para grupos resolubles, grupos de p-rango 2 (es decir, A, (G) tiene altura 1) y grupos finitos
de tipo Lie en caracteristica p (porque en este caso /C(S,(G)) es homotdpico al Tits building
del grupo). Actualmente la conjetura permanece abierta pero han habido importantes avances.
El resultado mas general se encuentra en el famoso articulo de M. Aschbacher y S.D. Smith
[AS93]. Ellos utilizan fuertemente la clasificacién de los grupos finitos simples para probar la
conjetura si p > 5y los grupos no poseen ciertas componentes unitarias. Ver también [AK90,
HI&S, PSV19, Rob88, Smill].

En la década de los 80, R.E. Stong consideré los posets de p-subgrupos como espacios
topoldgicos finitos por primera vez. Si X es un poset finito entonces posee una topologia in-
trinseca cuyos abiertos son los downsets (o sea los conjuntos U C X talesquesixceUey <x
entonces y € U). Esta construccién da lugar a un isomorfismo entre la categoria de posets fi-
nitos con funciones que preservan el orden y la categoria de espacios finitos 7y con funciones
continuas. Cuando X es un poset finito, también tenemos la topologia de su complejo de orden
KC(X). La relacién entre estas dos topologias estd dada por el teorema de McCord que afirma
que existe un equivalencia débil natural uy : |[}C(X)| — X, es decir, una funcién continua que
induce isomorfismos en todos los grupos de homotopia y de homologia (ver [McC66]). Con
la topologia intrinseca de espacios finitos, un poset finito X homotdpicamente trivial (todos
sus grupos de homotopia, y en particular de homologia, son triviales) podria no ser contractil
y, mds en general, hay equivalencias débiles entre espacios finitos que no son equivalencias
homotépicas. Es decir, el teorema de Whitehead no es valido en el contexto de espacios topo-
l6gicos finitos. Ver [Ale37, Barlla, Sto66] para mds detalles. En [Sto84] Stong consider6 los
posets A,(G) y S,(G) como espacios topoldgicos finitos y prob6 que, como espacios finitos,
no tienen el mismo tipo homotépico (aunque la inclusion A, (G) — S,(G) es una equivalencia
débil por el teorema de McCord y el resultado de Quillen). Més atn, mostré que S,(G) es
contrictil como espacio finito si y solo si G posee un p-subgrupo normal no trivial. De esta
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INTRODUCCION

manera, la conjetura de Quillen se puede reformular diciendo que si S,,(G) es un espacio finito
homotépicamente trivial entonces es contractil (como espacio finito). Como A,(G) y S,(G) no
tienen el mismo tipo homotdpico como espacios finitos en general, Stong pregunt6 si la misma
reformulacion de la conjetura de Quillen puede ser establecida en términos de A, (G).
Nuestro estudio sobre los posets de p-subgrupos comenzé motivado por esta pregunta de
Stong y los resultados obtenidos por J. Barmak relacionando los distintos tipos homotdpicos
de espacios finitos [Barlla, Chapter 8]. En mi Tesis de Licenciatura [Pit16], respondi por la
negativa a la pregunta de Stong exhibiendo un grupo G tal que para p = 2, el espacio finito
A,(G) es homotdpicamente trivial pero no contréctil (ver Ejemplo 1.3.17). De esta manera, la
conjetura de Quillen en términos de espacios finitos no significa lo mismo para A,(G) y S,(G).
Miés atin, como para S,(G) hay una descripcién puramente algebraica de lo que significa ser
contractil como espacio finito, hicimos lo mismo para el poset .A,(G) usando la nocién de ho-
motopia en pasos. Basicamente una homotopia entre funciones continuas de espacios finitos
puede describirse combinatoriamente y uno puede definir una longitud n > 0 de la homotopia.
De esta manera, decimos que un poset finito es contrdctil en n pasos si existe una homotopia de
longitud 7 entre la funcién identidad del poset y una funcién constante. Para el caso del poset
A,(G), esta longitud define un invariante algebraico que se traduce en la existencia de cierto
p-subgrupo elemental abeliano de G. Esto permite describir la contractibilidad de A,(G) en
términos algebraicos (aunque para determinar estos subgrupos se necesita conocer parte de la
combinatoria del poset A,(G)). Estos resultados pueden encontrarse en el articulo escrito en
colaboracién con E.G. Minian [MP18]. En el Capitulo 1 exhibimos algunos de estos resultados.
También estudiamos estas preguntas en relacion con otros posets de p-subgrupos que surgen
en la literatura. Considere el poset B,(G) = {P € S,(G) : P = O,(Ng(P))} de p-subgrupos
radicales no triviales de G, introducido por Bouc y cominmente llamado poset de Bouc. Aqui,
O,(H) denota al p-subgrupo normal mds grande de H, y Ng(P) es el normalizador de P en G.
Es sabido que K(B,(G)) — K(S,(G)) es una equivalencia homotdpica (ver [Bou84, TWOI]).
En términos de espacios finitos, probamos que B,(G) puede tener distinto tipo homotépico a
S,(G) y a Ay(G) (aunque tienen el mismo tipo homotépico débil por el teorema de McCord).
Se puede ver que si O,(G) # 1 entonces O,(G) es un minimo de 3,,(G) y por lo tanto, B,(G)
es contractil como espacio finito si y solo si G posee un p-subgrupo normal no trivial. Asi, la
conjetura de Quillen (en términos de espacios finitos) se reformula de la misma manera pa-
ra B,(G) que para S,(G). En términos de homotopia simple equivariante de espacios finitos,
mostramos que S,(G) B,(G), S,(G) A,(G) y B,(G) /¥ A,(G). También considera-
mos el complejo de Robinson R ,(G) C K(S,(G)), introducido por R. Kn’orr y G. Robinson
[KR89], cuyos simplices son las cadenas de p-subgrupos (P < ... < B,) de manera que P; es
normal en P, para todo i. La inclusion R ,(G) — K(S,(G)) es una equivalencia homot6pica
(ver [TWO1]). A diferencia de los otros complejos de p-subgrupos, en general R ,(G) no pro-
viene de un poset y por lo tanto consideramos su poset de caras de R,(G) para estudiar sus
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INTRODUCCION

propiedades homotdpicas como espacio finito. Si K es un complejo simplicial finito, su poset
de caras X'(K) es el poset finito cuyos elementos son los simplices no vacios de K ordena-
dos por inlcusién. Si X es un poset finito, entonces X (K (X)) = X’ es la primera subdivision
de X. Notar que la primera subdivision baricéntrica de K es K’ = K(X(K)). En vista de es-
tas observaciones, es mas natural considerar las relaciones homotopicas entre el espacio finito
X(R,(G)) y los posets S,(G)', A,(G)" y B,(G)'. En general, X(R,(G))' no es homotépica-
mente equivalente a ninguno de los otros posets y puede ser homotépicamente trivial pero no
contréctil (ver Ejemplo 1.3.17), pero X (R,(G)) 4 S,(G).

En el Capitulo 2 estudiamos la conjetura de P. Webb en términos de espacios finitos.
En [Web87] se conjeturé que el espacio de 6rbitas [IC(S,(G))|/G es contréctil. La conjetu-
ra de Webb fue probada primero por P. Symonds [Sym98] utilizando herramientas bésicas
de topologia algebraica. Més tarde surgieron otras demostraciones y generalizaciones de es-
te problema utilizando teorfa de fusién de grupos y teoria de Morse de Bestvina-Brady (ver
[Bux99, Grol6, Lib08, Lin09]). En general, la conjetura se prueba usando el complejo de Ro-
binson. En [Pit16] probamos que, en términos de espacios finitos, la conjetura de Webb afirma
que los posets de érbitas S,(G)' /G, A,(G)'/G, B,(G)' /Gy X(R,(G))/G son homotdpica-
mente triviales. La accién de G en estos posets es la inducida por conjugacién en las cadenas
de p-subgrupos. De esto nace naturalmente la pregunta de si en verdad son contractiles como
espacios finitos. En el articulo [Pit19] mostramos que S,(G)'/G y B,(G)'/G pueden no ser
contréctiles. Sin embargo, no sabemos si A,(G)'/G es siempre contrictil o no. Hasta ahora
las evidencias sugieren que siempre es contractil y en [Pit19] conjeturamos que esta version
mads fuerte de la conjetura de Webb debe valer. En [Pit19] se muestran varios casos para los
que A,(G)'/G es un espacio finito contractil utilizando herramientas basicas de fusién de gru-
pos finitos como el teorema de fusidon de Alperin. En este capitulo recordamos los resultados
de este articulo y probamos mds casos de esta conjetura mds fuerte. Los métodos que usa-
mos dependen fuertemente de que estamos lidiando con cadenas de p-subgrupos abelianos y
por lo tanto no pueden ser aplicados de la misma manera a los posets S,(G)'/G y B,(G)'/G.
En el siguiente teorema resumimos todos los casos en que probamos que A,(G)’'/G es con-
tractil como espacio finito. Notamos por Sylp(G) al conjunto de p-subgrupos de Sylow de
G, |G| al orden de G, Q;(G) = (x € G:x? = 1) y Z(G) al centro de G. El p-rango de G es
m,(G) =méax{r:A € A,(G),|A| =p"}.

Theorem 2.5.12. Sea G un grupo finito, S € Syl,,(G) y Q = Q4 (Z(S)). En los siguientes casos
A,(G)' /G es un espacio finito contrdctil.

1. Q(S) es abeliano,
2. A,(G) es contrdctil,

3. |G| = p%q, con q primo,



INTRODUCCION

4. Los p-subgrupos de Sylow de G se intersecan trivialmente,

5. La fusion de los p-subgrupos elementales abelianos de S estd controlada por Ng(O)

para algin 1 # 0 < Q1(Z(21(S))),
6. my(G)—m,(Q) <1,
7. mp(G) —m,(Q) =2y my(G) > logp(]G\p) -1,
8 1G], < p*,

9. G =My, Mz, My, J1, Jo, HS, o p es impar y G es un grupo de Mathieu, un grupo de
Janko, He, O’N, o Ru, 0 p =5y G = Coy,

10. A, (G) es disconexo.

La dificultad para probar que A, (G)’/G es contrictil si G es p-resoluble recae en el hecho
de que A,(G) puede ser homotopicamente trivial pero no contréctil como espacio finito. Es
decir, O,(G) # 1 no garantiza que A, (G) sea contréctil. Esto no sucede con S,(G)'/G.

En el siguiente teorema resumimos los casos en los que hemos probado que el espacio
finito S,(G)'/G es contréctil. Recordar que O,/ (G) es el subgrupo normal de G mds grande de
orden coprimo con p.

Theorem 2.5.11. Sea G un grupo finito y S € Syl ,(G). En los siguientes casos S,(G)'/G es
un espacio finito contrdctil:

1. 0,(G/0,(G)) # 1; en particular esto vale para grupos p-constrained (y por lo tanto
para p-resolubles) o si O,(G) # 1,

2. Q(S) es abeliano,

3. |G| = p%q, con q primo,

4. Los p-subgrupos de Sylow de G se intersecan trivialmente,

5. Existe 1 #£ O < Z(S) tal que Ng(O) controla la G-fusion en S.

El teorema anterior nos permite deducir que el grupo mds chico para el cual S,(G)'/G no
es contractil es el grupo simple PSL,(7) para p = 2, y, més en general, si S,(G)’/G no es
contréctil entonces G/0,/(G) es una extension de un producto directo de grupos simples por
automorfismos externos del producto (ver Observacién 2.5.9 y Proposicién 2.5.10).

También probamos que el poset de 6rbitas A,(G)/G (sin subdividir) es siempre contractil
como espacio finito.

Theorem 2.4.1. El espacio finito A,(G)/G es contrdctil.
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INTRODUCCION

Para B,(G)/G y S,(G)/G esto es inmediato porque tienen un maximo: la clase de con-
jugacién de un p-subgrupo de Sylow. Sin embargo, A,(G)/G no tiene un maximo en general
pues A, (G) podria tener elementos maximales que no sean todos conjugados entre si e incluso
de distintos 6rdenes.

En el Capitulo 3 nos ocupamos de estudiar aspectos generales sobre el tipo homot6pi-
co de los complejos de p-subgrupos, enfocdndonos principalmente en su grupo fundamental.
Por mucho tiempo se pensé que (A, (G)) tenia siempre el tipo homotdpico de un bouquet
de esferas (de dimensiones posiblemente distintas). De hecho, Quillen probé6 esto para cier-
tos grupos resolubles y grupos de tipo Lie [Qui78]. Mas tarde, J. Pulkus y V. Welker dieron
una descomposicion wedge de KC(.A,(G)) de donde se deduce que si G es resoluble entonces
K(A,(G)) es un bouquet de esferas si los intervalos superiores K(A,(G/0,(G))>a) lo son
(A€ A,(G/Oy(G))). Ver [PW00]. Sin embargo, J. Shareshian mostré que en general los com-
plejos de p-subgrupos no tienen el tipo homotdpico de un bouquet de esferas pues hay torsién
en el segundo grupo de homologia de A3(Aj3), donde A3 es el grupo alterno en 13 letras
[Sha04]. No obstante, nada estaba dicho sobre el grupo fundamental, el cual deberia ser libre si
fueran homotdpicos a bouquet de esferas. M. Aschbacher fue uno de los primeros mateméticos
en investigar el grupo fundamental en bisqueda de condiciones puramente algebraicas nece-
sarias y suficientes para que A,(G) sea simplemente conexo [Asc93]. Asi, Aschbacher probé
que, médulo una conjetura sobre la cual hay considerable evidencia [Asc93, p. 2], sim,(G) >3
entonces A,(G) es simplemente conexo si y solo si los links A,(G)~4 son conexos para todo
|A| = p, salvo quizds si G/O,/(G) es un grupo casi simple u otros dos grupos excepcionales
que surgen de los grupos simples. Recordemos que G es denominado casi simple si existe un
grupo simple no abeliano L tal que L < G < Aut(L). Tanto las excepciones como el uso de la
conjetura corresponde a la parte del si del teorema. Siguiendo esta linea, K. Das establecio la
simple conexi6n de A, (G) para algunos grupos G de tipo Lie [Das95, Das98, Das00]. Luego
R. Ksontini trabajé con los grupos simétricos S, describiendo los pares (p,n) para los que
A, (Sy) es simplemente conexo y mostrando que 7 (A,(S,)) es libre salvo quizds si n = 3p
0 3p+1 (p impar) [Kso03, Kso04]. Poco mds tarde, J. Shareshian probé que m;(A,(S,)) es
libre si n = 3p [Sha04]. Hasta ese momento no se sabia qué sucedia con el caso n = 3p + 1.
Referimos a [Smil 1, Section 9.3] para un resumen sobre las diferentes geometrias simplemente
conexas para grupos simples, muy relacionadas con los complejos de p-subgrupos.

En esta tesis probamos que 71 (.A,(G)) es un grupo libre en casi todos los casos. De hecho
probamos que es libre para varias familias de grupos casi simples y para todos los grupos reso-
lubles. Sin embargo, encontramos que 7;(.A3(A1g)) no es libre y que Ajq (el grupo alterno en
10 letras) es el grupo més chico que da lugar a un poset de p-subgrupos con grupo fundamental
no libre. Més atn, la homologia de .A3(A o) es libre abeliana. De esta manera, la obstruccién
a que K(A,(G)) sea un bouquet de esferas también puede recaer en el grupo fundamental y
podria no ser detectada con la homologia. Usualmente, el estudio de los problemas asociados
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a los complejos de p-subgrupos es por medio de su homologia, y nuestro ejemplo muestra
que en general esto no va a ser suficiente para determinar su tipo homotdpico. Observar que
A3(Aj9) = A3(S10) es uno de los casos excluidos en los cdlculos de Ksontini y Shareshian.
Estos resultados pueden encontrarse en nuestro articulo [MP19].

Sin embargo, nuestro ejemplo es bastante excepcional y hemos probado que en general
el grupo fundamental si es libre, y que las posibles excepciones surgen esencialmente de los
grupos simples (como en el caso de A ). Para probar esto tuvimos que asumir la conjetura de
Aschbacher [Asc93, p.2], sobre la cual, como mencionamos antes, hay considerable evidencia.

Theorem 3.4.2. Sea G un grupo finito y p un primo que divide a |G|. Asuma la conjetura
de Aschbacher. Entonces existe un isomorfismo m(Ay(G)) = m(Ap(Sg)) * F, donde F es un
grupo libre y Sg = 1(G) /0, (Q1(G)). Ademds, w1 (A,(Sg)) es un grupo libre (y por lo tanto
71 (A, (G)) es libre) excepto posiblemente si S es casi simple.

Para la parte del Ademds no necesitamos asumir la conjetura. Para grupos p-resolubles
0,(S¢) # 1, o sea que S,,(S) es contrictil y asi obtenemos grupo fundamental libre, médulo
la conjetura de Aschbacher. Para grupos resolubles o para p = 2 la conjetura no es necesaria.

Corollary 3.0.1. Asuma la conjetura de Aschbacher. Si O,(Sg) # 1 entonces w1 (A,(G)) es
libre. En particular, esto vale para grupos p-resolubles y, mds en general, para grupos p-

constrained.
Corollary 3.0.3. Si G es resoluble entonces (A, (G)) es libre.

Mas atn, probamos que 7;(A,(G)) es libre para algunas familias de grupos casi simples
G.

Theorem 3.0.4. Supongamos que L < G < Aut(L), donde L es un grupo simple no abeliano.
Entonces w1 (A, (G)) es un grupo libre en los siguientes casos:

1. my(G) <2,

2. Ap(L) es disconexo,

3. A,(L) es simplemente conexo,

4. L es simple de tipo Lie en caracteristica py p1 (G : L) cuando L tiene rango Lie 2,
5. p=2y Ltiene 2-subgrupos de Sylow abelianos,

6. p=2yL=A, (el grupo alterno en n letras),

7. L es un grupo de Mathieu, J| o J3,

8 p>3yL=J; McL, O'N.
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Por ejemplo, S.D. Smith comenta en [Smill, p.290] que para muchos grupos simples L
con m,(L) > 3 es de esperarse que A, (L) sea simplemente conexo.

Las técnicas utilizadas para probar estos resultados involucran herramientas bésicas de to-
pologia algebraica combinadas con reducciones de espacios finitos y la clasificacién de los
grupos finitos simples. También usamos los resultados de Aschbacher [Asc93].

En el Capitulo 4 estudiamos en profundidad la conjetura de Quillen. Recordemos que la
conjetura afirma que si IC(A,(G)) es contréctil entonces G posee un p-subgrupo normal no
trivial, o sea O,(G) # 1. En general se trabaja con una siguiente versién mds fuerte de la
conjetura.

Strong Quillen’s conjecture. Si 0,(G) = 1 entonces H.(A,(G),Q) # 0.

En las primeras secciones del Capitulo 4 recordamos los resultados conocidos sobre la
conjetura (fuerte) junto con breves ideas de sus demostraciones, incluyendo el resultado de M.
Aschbacher y S.D. Smith [AS93, Main Theorem)].

Luego, utilizando las ideas de B. Oliver y Y. Segev [OS02], probamos el siguiente teorema
sobre la conjetura de Quillen.

Theorem 4.3.1 (con L. Sadofschi Costa y A. Viruel). Si K es un subcomplejo de dimension 2,
Z-aciclico y G-invariante de K(S,(G)) entonces O,(G) # 1.

Del cual deducimos inmediatamente:

Corollary 4.3.2. Sea G un grupo finito. Supongamos que K(S,(G)) admite un subcomplejo 2-
dimensional y G-invariante homotdpicamente equivalente a él mismo. Si O,(G) = 1 entonces

H,(S,(G),Z) #0.

Observar que el teorema no estd enunciado para la versién fuerte de la conjetura.

Por ejemplo, el corolario anterior puede ser aplicado si m,(G) < 3 o B,(G) tiene altura 2.

Otro subposet que podemos considerar para aplicar el teorema anterior es el poset i(.A,(G))
de intersecciones no triviales de p-subgrupos elementales abelianos maximales. Este subposet
es G-invariante y homotopicamente equivalente a A,(G) (como espacio finito), por lo que
K(i(Ap(G)))) € K(Sy(G)) es una equivalencia homotdpica. Ver también [Smill] para una
lista mas extensa de complejos de p-subgrupos homotépicamente equivalentes a (S, (G)).

En aplicacién de nuestro teorema, damos algunos ejemplos de grupos G los cuales no en-
tran en las hipdtesis de los teoremas de [AS93] pero que atin asi verifican la conjetura por el
Corolario 4.3.2. Mostramos que es posible construirse un subcomplejo de (S, (G)) homoto-
picamente equivalente, G-invariante y de dimensién 2. Estos resultados aparecen en el articulo
escrito en colaboracion con I. Sadofschi Costa 'y A. Viruel [PSV19].

Culminamos este capitulo mostrando que es posible estudiar la conjetura fuerte de Quillen
bajo la suposicion OP/(G) = 1. En [AS93, Proposition 1.6], se muestra que esta suposicion es
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posible provisto de que p > 5. Utilizando técnicas de espacios finitos y el caso p-resoluble de la
conjetura de Quillen, probamos que esta reduccidn es posible para todo primo p. Precisamente,
probamos el siguiente teorema.

Theorem 4.5.1. Sea G un grupo finito tal que 0,(G) =1, H.(A,(G),Q) = 0 y sus subgru-
pos propios satisfacen la conjetura fuerte de Quillen. Entonces O,/ (G) = 1. En particular, un

contraejemplo minimal G a la conjetura fuerte de Quillen satisface Oy (G) = 1.

Este teorema no solo es interesante por la reduccién que nos permite hacer, sino también
por el método de su demostracién. El uso de la clasificacion de los grupos finitos simples en
la demostracién de este teorema es considerablemente menor que en la del resultado més débil
[AS93, Proposition 1.6]. De hecho solo la usamos para invocar el caso p-resoluble de la con-
jetura, dentro del cual el uso de la clasificacion es solo para la estructura de los automorfismos
externos de los grupos simples.

La demostracién de nuestro teorema también provee una técnica para encontrar ciclos no
triviales en la homologfa de A, (G), generalizando la idea original de [AS93, Lemma 0.27].

Aplicando los Teoremas 3.4.2 y 4.5.1, y Corolario 4.3.2, obtenemos los siguientes corola-
rios.

Corollary 4.5.13. Si las subgrupos propios de G satisfacen la conjetura fuerte de Quillen pero
0,(G) =1y H,(A,(G),Q) = 0 entonces K(S,(G)) no tiene subcomplejos de dimension 2,
G-invariantes y homotépicamente equivalentes. En particular m,(G) > 4.

Notar que este resultado es una ligera mejora a coeficientes racionales del Corolario 4.3.2.
Corollary 4.5.14. La conjetura fuerte de Quillen vale para grupos de p-rango a lo sumo 3.

Como aplicacion final de nuestros métodos y resultados, deducimos la conjetura fuerte para
grupos de p-rango 4.

Theorem 4.6.8. La conjetura fuerte de Quillen vale para grupos de p-rango a lo sumo 4.

Estos resultados serdn parte de un nuevo articulo més general sobre la conjetura de Quillen,
que actualmente estd en preparacion.

Muchos de los ejemplos que presentamos en esta tesis fueron calculados en GAP [GAP18]
con un paquete de posets desarrollado en colaboracién con X. Ferndndez e 1. Sadofschi Costa
[FPSC19].
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Introduction

The main objective of this thesis is to study the homotopy properties of the posets of p-
subgroups both from the point of view of finite topological spaces and from the classical
viewpoint by means of the topology of their order complexes. Given a finite group G and a
prime p dividing its order, we consider the poset S,,(G) of nontrivial p-subgroups of G and the
poset A, (G) of nontrivial elementary abelian p-subgroups of G.

The study of these posets began at the seventies with the foundational articles of D. Quillen
[Qui71], who related certain properties of the modulo p equivariant cohomology of G-spaces
with the elementary abelian p-subgroups of G. The group G acts on these posets via con-
jugation of the p-subgroups, and therefore we obtain G-spaces whose homotopy properties
are closely related with G. For example, in [Web87] the p-adic cohomology of G is related
with that of the isotropy groups of the simplices of the order complex IC(S,(G)), and Brown’s
ampleness theorem states that the modulo p equivariant cohomology of |IC(S,(G))| is iso-
morphic to the modulo p cohomology of G (see [Bro94, Smil1]). Recall that if X is a finite
poset, its order complex /C(X) consists of the nonempty chains of elements of X. If Y is a
G-space then EG XY is its Borel construction, and the equivariant cohomology of Y is the
cohomology of the Borel construction. When K(S,(G)) is connected, we have a fibration
IIK(S,(G))| = EG % |K(S,(G))| — BG which induces a short exact sequence between the
fundamental groups, showing that 7; (EG x |K(S,(G))|) is in general an infinite group (see
Theorem 3.4.2).

From an algebraic point of view, the structure of S,(G) as a G-poset keeps the p-local
information of G, that is, the structure of the normalizers of the nontrivial p-subgroups of G.
This is strongly related with the fusion of the group. The general study of the fusion systems
and the p-local groups began as a generalization of this idea to get abstracted from the global
structure of the group and try to understand the p-local properties in a more systematic way:
how the conjugation morphisms between p-subgroups of a fixed Sylow p-subgroup are. From
a topological point of view, the p-local structure of the group encodes the same information
as the p-completion BG[A, of its classifying space BG. More relations appears in representation
theory of finite groups. See [AKO11, Grol6, Qui78, Smill, Web&87].

In [Bro75], K. Brown worked with the rational part of the Euler characteristic of a group
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(not necessarily finite), which keeps relation with the torsion of the group. He introduced the
poset S, (G) of nontrivial p-subgroups and showed that, when G is finite, ¥ (S,(G)) is 1 modulo
|G|, (the greatest power of p dividing the order of G). This is usually called the Homological
Sylow Theorem.

A few years later, D. Quillen studied in more depth the homotopy properties of these posets
by means of their order complexes [Qui78]. He introduced the poset A,(G) and showed that
the inclusion K(A,(G)) C K(S,(G)) is a homotopy equivalence. He also related some homo-
topy properties of these complexes with algebraic properties of G. For example, the discon-
nectedness of K(S,(G)) translates algebraically into the existence of a strongly p-embedded
subgroup in G [Qui78, Proposition 5.2]. In [Qui78] it is shown that if G has a nontrivial normal
p-subgroup then /C(S,(G)) is contractible. The converse of this proposition is the well-known
Quillen’s conjecture [Qui78, Conjecture 2.9]. Quillen established the conjecture for solvable
groups, groups of p-rank 2 (i.e. .A,(G) has height 1) and finite groups of Lie type in character-
istic p (because in this case K(S,(G)) has the homotopy type of the Tits building of G). The
conjecture remains open so far but there have been important advances. The most general result
can be found in the famous article of M. Aschbacher and S.D. Smith [AS93]. They strongly use
the Classification of Finite Simple Groups to establish the conjecture if p > 5 and the groups
do not have certain unitary components. See also [AK90, HI88, PSV19, Rob88, Smil1].

In the eighties, R.E. Stong considered the posets of p-subgroups as finite topological spaces
for the first time. If X is a finite poset, then it has an intrinsic topology whose open sets
are the downsets (i.e. the subsets U C X such that if x € U and y < x then y € U). This
construction gives rise to an isomorphism between the category of finite posets with order
preserving maps and the category of finite 7p-spaces with continuous maps. When X is a
finite poset, we also have the topology of its order complex /C(X). The relation between these
two topologies is given by McCord’s Theorem which states that there exists a natural weak
equivalence iy : [KC(X)| — X, i.e. a continuous map inducing isomorphisms in all homotopy
groups (and homology groups) (see [McC66]). With the intrinsic topology of finite spaces,
a homotopically trivial finite poset X (all its homotopy groups, and in particular homology
groups, are trivial) could be non-contractible and, more generally, there are weak equivalences
between finite spaces which are not homotopy equivalences. That is, Whitehead’s theorem is
no longer true in the context of finite spaces. See [Ale37, Barlla, Sto66] for more details.
In [Sto84] Stong considered the posets A,(G) and S, (G) as finite spaces and proved that, as
finite spaces, they do not have the same homotopy type (but the inclusion A, (G) — S,(G) is
a weak equivalence by McCord’s theorem and Quillen’s results). Moreover, Stong showed that
S,(G) is a contractible finite space if and only if G has a nontrivial normal p-subgroup. Hence,
Quillen’s conjecture can be restated by saying that if S,(G) is a homotopically trivial finite
space then it is contractible (as finite space). Since A,(G) and S,(G) do not have the same
homotopy type in general, Stong asked whether the same reformulation of Quillen’s conjecture
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can be stated in terms of A, (G).

We began the study of the posets of p-subgroups motivated by Stong’s question and the
results obtained by J. Barmak relating the different homotopy types of finite spaces [Barlla,
Chapter 8]. In my Undergraduate Thesis [Pit16], I answered Stong’s question by the negative
by exhibiting a finite group G such that for p = 2, the finite space A,(G) is homotopically
trivial but non-contractible (see Example 1.3.17). Therefore, Quillen’s conjecture in terms of
finite spaces does not mean the same for A,(G) and S,,(G). Further, since the contractibility
of §,(G) is described in purely algebraic terms, we did the same for the poset A, (G) by using
the notion of homotopy in steps. Basically, a homotopy between continuous functions of finite
spaces can be described in combinatorial terms and one can define the length n > 0 of the
homotopy. In this way, we say that a finite poset is contractible in n steps if there exists a
homotopy of length n between the identity map of the poset and a constant map. For the poset
A,(G), this length defines an algebraic invariant that translates into the existence of certain
elementary abelian p-subgroup of G. This allows to describe the contractibility of A,(G) in
algebraic terms (but some of the combinatorial of the poset A,(G) is needed to determine
these subgroups). These results can be found in the paper written in collaboration with E.G.
Minian [MP18]. In Chapter 1 we exhibit some of these results. We also study these questions
in relation with other posets of p-subgroups that appear in the literature. Consider the poset
B,(G) ={P € S,(G) : P=0,(Ng(P))} of nontrivial radical p-subgroups of G, introduced by
Bouc and commonly called Bouc poset. Here, O,(H) denotes the largest normal p-subgroup
of H, and Ng(P) is the normalizer of P in G. It is known that IC(B,(G)) — K(S,(G)) is a
homotopy equivalence (see [Bou84, TW91]). In terms of finite spaces, we proved that B, (G)
may not be homotopy equivalent to S,(G) and A,(G) (although they have the same weak
homotopy type by McCord’s theorem). It can be shown that if 0,(G) # 1 then O,(G) is
a minimum of B,(G) and hence, B,(G) is a contractible finite space if and only if G has
a nontrivial normal p-subgroup. Therefore, Quillen’s conjecture (in terms of finite spaces)
reformulates in the same way for 53, (G) as for S,,(G). In terms of equivariant simple homotopy
of finite space, we show that S,(G) Y B,(G), S,(G) ¥ A,(G) and B,(G) ¥ A,(G). We
also consider Robinson complex R ,(G) C K(S,(G)), introduced by R. Knérr and G. Robinson
[KR89], whose simplices are the chains of p-subgroups (P < ... < P,) such that P, is normal
in P, for all i. The inclusion R,(G) — K(S,(G)) is a homotopy equivalence (see [TWO1]).
Unlike the other p-subgroup complexes, the complex R ,(G) does not come from a poset, and
therefore we consider its face poset to study its homotopy properties as finite space. If K
is a finite simplicial complex, its face poset X'(K) is the finite poset whose elements are the
nonempty simplices of K ordered by inclusion. If X is a finite poset, then X' (K(X)) = X' is
the first subdivision of X. Note that the first barycentric subdivision of K is K’ = (X (K)). In
light of these observations, it is more natural to consider the homotopy relations between the
finite space X'(R,(G)) and the posets S,(G)', A,(G)" and B,(G)'. In general, X(R,(G)) is
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not homotopy equivalent to any of the previous posets and it can be homotopically trivial and
non-contractible (see Example 1.3.17), but X (R ,(G)) /¥ S,(G).

In Chapter 2 we study P. Webb’s conjecture in terms of finite spaces. In [Web87] it was
conjectured that the orbit space |IC(S,(G))|/G is contractible. Webb’s conjecture was proved
first by P. Symonds [Sym98] by using basic tools of algebraic topology. Later, other proofs
and generalizations of this problem arose by using fusion theory of groups and Bestvina-Brady
approach to Morse theory (see [Bux99, Grol6, Lib08, Lin09]). In general, the conjecture is
proved by using Robinson complex. In [Pit16] we proved that, in terms of finite spaces, Webb’s
conjecture asserts that the orbit posets S,(G)' /G, A,(G)' /G, B,(G)'/G and X(R,(G))/G are
homotopically trivial. The action of G on these posets is the induced by conjugation on the
chains of p-subgroups. From this observation it is natural to ask if they are in fact contractible
as finite spaces. In [Pit19] we showed that S,,(G)’/G and B,(G)’/G may be non-contractible.
However, we do not know if A,(G)'/G is always contractible or not. So far, the evidences
suggest that it is always contractible and in [Pit19] we conjecture that this stronger version of
Webb’s conjecture should hold. In [Pit19] several cases for which A,(G)’/G is a contractible
finite space are shown, by using basic tools of fusion in finite groups such as Alperin’s fusion
theorem. In this chapter we recall the results of this article and prove more cases of this stronger
conjecture. The methods that we use deeply depend on the fact that we are dealing with chains
of abelian p-subgroups and therefore, they cannot be carry out in the same way for the posets
S,(G)'/G and B,(G)'/G. In the following theorem we summarize all the cases that we have
shown that A,(G)'/G is a contractible finite space. Denote by Syl,(G) the set of Sylow p-
subgroups of G, |G| the order of G, Q;(G) = (x € G : x? = 1) and Z(G) the center of G. The
p-rank of G is m,(G) = max{r:A € A,(G),|A| =p"}.

Theorem 2.5.12. Let G be a finite group, S € Syl ,(G) and Q = Q\(Z(S)). In the following
cases A,(G)'/G is a contractible finite space.

1. Q(S) is abelian,

2. A,(G) is contractible,

3. |G| = p%*q, with q prime,

4. The Sylow p-subgroups of G intersect trivially,

5. The fusion of elementary abelian p-subgroups of S is controlled by Ng(O) for some
170 <Q(Z(Q1(5))),

6. my(G) —mp,(Q) <1,

7. mp(G) —my(Q) =2 and m,(G) > r,(G) — 1,
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8. ry(G) <4,

9. G =My, My, My, Ji, Jo, HS, or p is odd and G is any Mathieu group, Janko group,
He, O’N, or Ru, or p =5 and G = Coy,

10. A,(G) is disconnected.

The difficulty for showing that A,(G)’/G is contractible if G is a p-solvable group relies
on the fact that .4, (G) may be a homotopically trivial but non-contractible finite space. That is,
0,(G) # 1 does not guarantee that A,(G) is contractible. This does not happen with S, (G)’/G.

In the following theorem we summarize the cases for which we have proved that the finite
space S,(G)'/G is contractible. Recall that O,/ (G) is the largest normal subgroup of G of order
prime to p.

Theorem 2.5.11. Let G be a finite group and S € Syl,(G). In the following cases S,(G)' /G is

a contractible finite space:

1. 0,(G/0,(G)) # 1; in particular it holds for p-constrained groups (and therefore for
p-solvable groups) or if 0,(G) # 1,

2. Q(S) is abelian,

3. |G| = p%*q, with q prime,

4. The Sylow p-subgroups of G intersect trivially,

5. There exists 1 # O < Z(S) such that Ng(O) controls G-fusion in S.

From the above theorem we deduce that the smallest group for which S,(G)’/G is non-
contractible is the simple group PSL,(7) with p = 2, and, more general, if S,(G)’/G is non-
contractible then G/O,(G) is an extension of a direct product of simple groups by outer auto-
morphisms of the product (see Remark 2.5.9 and Proposition 2.5.10).

We also prove that the orbit poset A,(G)/G (without subdividing) is always contractible
as finite space.

Theorem 2.4.1. The finite space A,(G)/G is contractible.

For B,(G)/G and S,(G)/G this is immediate since they have a maximum: the conjugation
class of a Sylow p-subgroup. However, A,(G)/G may have no maximum in general since
A,(G) may have non-conjugate maximal elements and even of different orders.

In Chapter 3 we deal with general aspects of the homotopy type of the p-subgroup com-
plexes, focusing primarily on their fundamental group. For a long time it was believed that
KC(A,(G)) always had the homotopy type of a bouquet of spheres (of possibly different di-
mensions). In fact, Quillen proved this for some classes of solvable groups and groups of Lie
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type [Qui78]. Later, J. Pulkus and V. Welker gave a wedge decomposition of K(A,(G)) from
which it is deduced that if G is solvable then /C(.A,(G)) is a bouquet of spheres if the upper
intervals K(A,(G/0y(G))>a) are (A € A,(G/0,(G))). See [PW00]. However, J. Shareshian
showed that in general the p-subgroup complexes do not have the homotopy type of a bouquet
of spheres since there is torsion in the second homology group of A3(A3), where A3 is the
alternating group on 13 letters [ShaO4]. Nevertheless, nothing was said about the fundamental
group, which should be free if they were homotopic to a bouquet of spheres. M. Aschbacher
was one of the first mathematicians who studied the fundamental group in the search of nec-
essary and sufficient purely algebraic conditions for .4, (G) to be simply connected [Asc93].
Thus, Aschbacher proved that, modulo a conjecture for which there is a considerable evi-
dence [Asc93, p. 2], if m,(G) > 3 then A,(G) is simply connected if and only if the links
A,(G)>4 are connected for all |A| = p, except perhaps if G/O,y(G) is an almost simple group
or another two exceptional groups arising from simple groups. Recall that G is termed al-
most simple if there exists a non-abelian simple group L such that L < G < Aut(L). Both the
exceptions and the use of the conjecture corresponds to the “if” part of the theorem. Follow-
ing this line, K. Das established simple connectivity of A, (G) for some groups G of Lie type
[Das95, Das98, Das00]. Later, R. Ksontini worked with the symmetric groups S,,, describing
the pairs (p,n) for which A, (S,) is simply connected and showing that m;(A,(S,)) is a free
group in the remaining cases except perhaps if n =3p orn =3p+1 (p odd) [Kso03, Kso04].
Shortly after, J. Shareshian proved that m; (A, (S,)) is a free group if n = 3p [Sha04]. Until
that moment it was not known the case n = 3p + 1. We refer to [Smill, Section 9.3] for a
summary on different simply connected geometries for simple groups, closely related with the
p-subgroup complexes.

In this thesis we prove that 7 (.A,(G)) is a free group in almost all cases. In fact, we
show that it is a free group for various families of almost simple groups and for every solvable
group. However, we found that 7; (A3(A0)) is not free and that A (the alternating group in
10 letters) is the smallest group giving rise a p-subgroup complex with non-free fundamental
group. Moreover, the homology of A3(Ajg) is free abelian. In this way, the obstruction for
IC(A,(G)) to be a bouquet of spheres can also rely on its fundamental group and may not be
detected with the homology. Usually, the study of the problems associated to the p-subgroup
complexes is by means of their homology, and our example shows that in general it will not
be sufficient to determine their homotopy type. Note that A3(Aj9) = A3(Si0) is one of the
case excluded in the calculations of Ksontini and Shareshian. These results can be found in our
article [MP19].

Nevertheless, our example is rather exceptional and we have proved that in general the
fundamental group is free, and that the possible exceptions arise essentially from simple groups
(like in the case of Ajp). In order to prove this, we had to assume Aschbacher’s conjecture
[Asc93, p.2], for which, as we mentioned before, there is considerable evidence.
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Theorem 3.4.2. Let G be a finite group and p a prime number dividing |G|. Assume that
Aschbacher’s conjecture holds. Then there is an isomorphism m (A, (G)) = w1 (A,(Sg)) * F,
where F is a free group and Sg = Q1(G) /0y (Q1(G)). Moreover, 11 (A,(Sc)) is a free group
(and therefore 71 (A, (G)) is free) except possible if Sg is almost simple.

For the “Moreover” part we do not need to assume the conjecture. For p-solvable groups
0,(Sg) # 1, s0 S,(S) is contractible and hence we obtain free fundamental group, modulo
Aschbacher’s conjecture. For solvable groups or p = 2 the conjecture is not needed.

Corollary 3.0.1. Assume that Aschbacher’s conjecture holds. If O,(Sg) # 1, then m (A, (G))
is free. In particular, this holds for p-solvable groups and, more generally, for p-constrained

groups.
Corollary 3.0.3. If G is solvable then m (A, (G)) is a free group.
Moreover, we proved that 71 (A,(G)) is free for some families of almost simple groups G.

Theorem 3.0.4. Suppose that L < G < Aut(L), with L a simple group. Then m(A,(G)) is a
free group in the following cases:

1. my(G) <2,

2. A,(L) is disconnected,

3. A,(L) is simply connected,

4. L is simple of Lie type in characteristic p and p1 (G : L) when L has Lie rank 2,
5. p=2and L has abelian Sylow 2-subgroups,

6. p=2and L= A, (the alternating group),

7. L is a Mathieu group, Ji or Jy,

8. p>3and L =J;, McL, O’N.

For example, S.D. Smith mentions in [Smill, p.290] that in general .A,(L) is expected to
be simply connected for simple groups L with m,(L) > 3.

The techniques used to prove these results involves basic tools of algebraic topology com-
bined with reductions of finite spaces and the Classification of the Finite Simple Groups. We
have also used Aschbacher’s results [Asc93].

In Chapter 4 we focus on the study of Quillen’s conjecture. Recall that the conjecture says
that if C(A,(G)) is contractible then G has a nontrivial normal p-subgroup, that is O,(G) # 1.
In general a stronger version of the conjecture is considered.
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Strong Quillen’s conjecture. If 0,(G) = 1 then H.(A,(G),Q) # 0.

In the first sections of Chapter 4 we recall the known results on the (strong) conjecture
together with brief ideas of their proofs, including the result of M. Aschbacher and S.D. Smith
[AS93, Main Theorem)].

Then, by using the ideas of B. Oliver and Y. Segev [OS02], we prove the following theorem
on Quillen’s conjecture.

Theorem 4.3.1 (with I. Sadofschi Costa and A. Viruel). If K is a Z-acyclic and 2-dimensional
G-invariant subcomplex of KK(S,(G)), then O,(G) # 1.

From which we immediately deduce:

Corollary 4.3.2. Let G be a finite group. Suppose that K(S,(G)) admits a 2-dimensional and
G-invariant subcomplex homotopy equivalent to itself. If 0,(G) = 1 then H.(S,(G),Z) # 0.

Note that the theorem is not stated for the strong version of the conjecture.

For example, the above corollary can be applied if m,(G) < 3 or B,(G) has height 2.

Another useful subposet we can consider to apply the above theorem is the poset i(.A,(G))
of nontrivial intersections of maximal elementary abelian p-subgroups. This subposet is G-
invariant and homotopy equivalent to A, (G) (as finite space), so C(i(A,(G))) € K(S,(G)) is
a homotopy equivalence. See also [Smil1] for a longer list of p-subgroup complexes homotopy
equivalent to KC(S,(G)).

In application of our theorem we give some examples of groups G which do not satisfy the
hypotheses of the theorems of [AS93] but they do satisfy the conjecture by Corollary 4.3.2.
We show that it is possible to construct a homotopy equivalent 2-dimensional and G-invariant
subcomplex of (S, (G)). These results appear in the article written in collaboration with I.
Sadofschi Costa and A. Viruel [PSV19].

We culminate this chapter by showing that it is possible to study the strong conjecture under
the assumption O,/(G) = 1, and apply this reduction to yield new cases of the conjecture. In
[AS93, Proposition 1.6] it is shown that this assumption is valid provided that p > 5. By using
techniques of finite spaces and the p-solvable case of Quillen’s conjecture, we prove that this
reduction is possible for every prime p. Concretely, we prove the following theorem.

Theorem 4.5.1. Let G be a finite group such that 0,(G) =1, H.(A,(G),Q) = 0 and its proper
subgroups satisfy the strong Quillen’s conjecture. Then O, (G) = 1. In particular, a minimal

counterexample G to the strong Quillen’s conjecture has Oy (G) = 1.

This theorem is interesting not only by the reduction which allows us to do, but also by
the method of its proof. The use of the Classification of the Finite Simple Groups in the proof
of this theorem is considerable minor than in the weaker result [AS93, Proposition 1.6]. In
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fact, we only use it to invoke the p-solvable case of the conjecture, in which the use of the
Classification is just for the structure of the outer automorphisms group of simple groups.
The proof of our theorem also provides a technique to find nontrivial cycles in the homology
of A,(G), generalizing the original idea of [AS93, Lemma 0.27] (see Lemma 4.5.10).
Applying Theorems 3.4.2 and 4.5.1, and Corollary 4.3.2, we obtain the following corollar-
ies.

Corollary 4.5.13. If the proper subgroups of G satisfy the strong Quillen’s conjecture but
0,(G) =1 and H.(A,(G),Q) = 0, then K(S,(G)) has no 2-dimensional G-invariant homo-
topy equivalent subcomplex. In particular, m,(G) > 4.

Note that this result is a slight improvement of Corollary 4.3.2 to rational coefficients.
Corollary 4.5.14. The strong Quillen’s conjecture holds for groups of p-rank at most 3.

Finally, as application of our methods and results, we deduce the strong conjecture for
groups of p-rank 4.

Theorem 4.6.8. The strong Quillen’s conjecture holds for groups of p-rank at most 4.

We also eliminate the possibility of components of p-rank 1, which allows us to extend the
main result of [AS93] to p = 5.

Theorem 4.6.3. Let L < G be a component such that L/Z(L) has p-rank 1. If the strong
Quillen’s conjecture holds for proper subgroups of G then it holds for G.

Corollary 4.6.5. The conclusions of the Main Theorem of [AS93] hold for p = 5.

These results will be part of a new and more general article on Quillen’s conjecture, which
is now in preparation.

Most of the examples we present in this dissertation were computed with GAP [GAP18]
with a package of posets developed in collaboration with X. Fernandez and I. Sadofschi Costa
[FPSC19]. In Appendix A.2 can be found some of the codes we have used to compute the
examples presented here.
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Chapter 1

Finite spaces and the p-subgroup
posets

In this chapter, we study the posets of p-subgroups from the point of view of finite topolog-
ical spaces. Recall that D. Quillen studied the homotopy properties of the order complexes
K(Ap(G)) and K(S,(G)). He showed that the inclusion A,(G) < S,(G) induces a homotopy
equivalence at the level of their order complexes, and that /C(S,(G)) is contractible when G
has a nontrivial normal p-subgroup. The converse to this last statement is Quillen’s conjecture,
which remains open so far, and it is studied in Chapter 4. The standard way to investigate
these posets is by means of the topology of their associated order complexes K(S,(G)) and
K(Ay(G)).

Throughout this dissertation we regard finite posets as finite 7y-spaces using an intrinsic
topology, in which open sets are the downsets. The intrinsic topology and the topology of their
order complexes are related by McCord’s Theorem 1.2.2: for a finite poset X there exists a
weak homotopy equivalence |KC(X)| — X. However, weak equivalences between finite spaces
are not homotopy equivalences in general, and Whitehead’s theorem is no longer true in this
context. There are finite spaces which are homotopically trivial but non-contractible (see for
instance [Barlla, Example 4.2.1]). Recall that a topological spaces is called homotopically
trivial if all of its homotopy groups are trivial.

R.E. Stong, who had worked with finite spaces in [Sto66], studied the posets .A,(G) and
S,(G) with this intrinsic topology in [Sto84]. Stong proved that the inclusion A,(G) — S,(G)
is not a homotopy equivalence of finite spaces in general (but it is a weak homotopy equiva-
lence by McCord’s theorem). Moreover, he showed that S,(G) is a contractible finite space
if and only if G has a nontrivial normal p-subgroup and that Quillen’s conjecture can be re-
stated in terms of finite spaces by saying that if S,(G) is homotopically trivial, then S,(G) is
contractible. Stong also proved that the contractibility of .A,(G) as a finite space implies that
of §,(G) and left open the question of whether the converse holds. This amounts to asking
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whether Quillen’s conjecture can be rephrased by saying that if A, (G) is homotopically trivial,
then it is a contractible finite space.

We answered Stong’s question by the negative in [Pit16] (see also [MP18]). In Example
1.3.17 we exhibit a finite group G such that A, (G) is homotopically trivial but non-contractible
for some prime p, and that S,(G) is contractible. Our example shows that the contractibility
of A,(G), as finite space, is not the same as that of S,(G). Since Stong described the con-
tractibility of S,(G) in algebraic terms, we describe the contractibility of .4, (G) in algebraic-
combinatorial terms in Theorem 1.3.32 by using the notion of contractibility in steps.

The chapter is organized as follows. In the first two sections we recall some basic defini-
tions, notations and results on finite groups and finite topological spaces. We also introduce
the Bouc poset B,,(G) (consisting of the nontrivial radical p-subgroups of G) and the Robinson
complex R, (G) (see Definition 1.1.10). In Section 1.3 we compare the equivariant homotopy
type of the different posets of p-subgroups regarded as finite topological spaces. Recall that G
acts on its posets of p-subgroups via conjugation. In Subsection 1.3.1 we give some particular
conditions under which the p-subgroup posets of a finite group have the same homotopy type.
In Subsection 1.3.3 we describe the contractibility of S,(G), B,(G) and A,(G) in algebraic
terms. The results of this chapter are extensions of the results of [Pit16] and the article written
in collaboration with E.G. Minian [MP18] to the posets B,(G) and X' (R,(G)) (the face poset
of the Robinson complex).

Throughout this dissertation we will talk about the homotopy properties of a finite poset
regarded always as a finite topological space. For example, if X and Y are finite posets, we
write X ~ Y if X and Y are homotopy equivalent as finite spaces.

1.1 Finite groups

In this section, we recall some basic facts, definitions and results on finite groups that will be
useful in the following chapters. We also exhibit the different posets of p-subgroups arising
from a finite group at the end of the section. The main references for the classical results on
finite group theory are the books of M. Aschbacher [Asc00] and .M. Isaacs [Isa08].

For a group G, we write H < G if H is a subgroup of G, H < G if H is a proper subgroup
of G, and 1 # H if H is nontrivial. Denote by N < G a normal subgroup N of G, and N<G
if N is also proper. A subgroup N of G is said to be characteristic in G if ¢(N) = N for any
automorphism ¢ of G. We write NcharG in this case. If K,H < G, then Cx(H) = {g€ K :
gh=nhgforallh € H} and Nx(H) = {g € K : H® = H} are the centralizer and normalizer,
respectively, of H in K. Here, HS = g~'Hg. Write [H, K] for the subgroup of G generated by
the commutators elements [h,k] = hkh~'k~! for h € H and k € K.

For a prime number p, O,(G) is the largest normal p-subgroup of G. This group is also
called the p-core of G. By Sylow’s theorem, it is equal to the intersection of all Sylow p-
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subgroups of G. Denote by Sylp(G) the set of Sylow p-subgroups of G. By a p’-group we
mean a group of order prime to p. Let O,/(G) be the largest normal p’-subgroup of G. This
group is commonly called the p/-core of G. Analogously, O”(G) (resp. O (G)) is the smallest
normal subgroup of G such that the quotient G/O”(G) (resp. G/ O”l(G)) is a p-group (resp.
p'-group).

Denote by Z(G), [G,G] = G, ®(G) and F(G) the center, the derived, the Frattini and the
Fitting subgroup of G, respectively. Recall that ®(G) equals the intersection of all maximals
subgroups of G, or equivalently, the set of nongenerators of G. The Fitting subgroup F(G) is
the largest normal nilpotent subgroup of G. Equivalently, F(G) is the product of the subgroups
0,(G), for p | |G|. Note that all these subgroups are characteristic in G.

For a fixed prime number p, denote by Q(G) the subgroup of G generated by the elements
of order p. The p-rank of G is the non-negative integer m,(G) = max{r : A < G elementary
abelian p-subgroup, |A| = p"}. Let r,(G) be log, (|Gl,).

Let S be a p-group. If 1 #N < S, then NNZ(S) # 1. If H < S is a proper subgroup, then
H < Ng(H). The Frattini subgroup ®(S) equals the smallest normal subgroup of S such that
S/®(S) is elementary abelian. In particular, S is elementary abelian if and only if ®(S) = 1.

Denote by Aut(G) the automorphisms group of a finite group G. There is a map G —
Aut(G) defined by g — c,-1, where cg(h) = h® = g 'hg is the conjugation morphism. The
kernel of this map is the center of G, and the image is G/Z(G) = Inn(G) < Aut(G), the inner
automorphisms group of G. The outer automorphisms group of G is Out(G) = Aut(G)/Inn(G).

Given a short exact sequence | - N — G — H — 1 of finite groups, we say that G is an
extension of N by H. When the extension splits, we write G =N x H or G =N : H. When
the extension does not split, we write G = N - H. The direct product of N by H is denoted by
N X H.

We recall now some classical theorems of finite group theory.

A p-subgroup Q of G is termed radical if Q = O,(Ng(Q)). We have the following property
on radical p-subgroups.

Proposition 1.1.1. Let G be a finite group and p a prime number dividing the order of G. Let
Q < G be a radical p-subgroup and let P < G be a p-subgroup such that Ng(Q) < Ng(P).
Then P < Q. In particular, by taking P = O,(G) we get that 0,(G) < Q.

Proof. We argue by contradiction. Suppose P £ Q. Since Q < Ng(P), PQ is a p-subgroup and
Q < PQ. Therefore, Q < Npg(Q). On the other hand, if x € Ng(Q) then Npp(Q)* = (PQON

NG(Q))* = (PQ)*NNG(Q)* = PONNG(Q) = Npo(Q). That is, Npp(Q) < 0,(Ns(Q)) = Q. a
contradiction. OJ

A finite group G is solvable if it has a composition series whose factors are simple abelian
groups. We recall some classical results that ensure the solvability of a group.
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Theorem 1.1.2 (Burnside). If |G| = p®qP with p and q primes, then G is a solvable group.

The following theorem is one of the first big steps in the classification of the finite simple
groups (CFSG for short).

Theorem 1.1.3 (Feit-Thompson). Finite groups of odd order are solvable. In particular, any
non-abelian simple group has even order.

Theorem 1.1.4 (Schur-Zassenhaus). Let 1 - N — G — H — 1 be an extension of finite groups
with ged(|N|,|H|) = 1. Then the extension splits, i.e. G = N : H is a semidirect product.

Moreover; the group H is a complement of N in G, and it is unique up to conjugacy.

Definition 1.1.5. A group G is called p-nilpotent if G = O,y(G)S for S a Sylow p-subgroup of
G. Equivalently, G is an extension of a p’-group by a p-group (and it splits).

The p-nilpotent groups are closely related with the control of fusion of the Sylow p-
subgroups. We will use this notion in our treatment of Webb’s conjecture in Chapter 2.
Finally, we state the well-known Hall-Higman Lemma 1.2.3.

Theorem 1.1.6 (Hall-Higman). Let G be a m-separable group such that Oy (G) = 1. Then
C6(0z(G)) < 0z(G).

Recall that a 7-separable group, for 7 a set of prime numbers, is a finite group G such that
it has a composition series whose factors are 7-groups or 7’-groups. Here, a -group is a finite
group such that any prime dividing its order is in the set 7. A 7’-group is a finite group whose
order is not divisible by any prime of the set 7.

The above theorem will be used for p-solvable groups. Recall that a p-solvable group is
just a m-separable group for m = {p}. Every solvable group is p-solvable. We will use the
following property which is weaker than being p-solvable. Let O, ,(G) denotes the unique
normal subgroup of G containing O,/(G) such that O,y ,(G)/0,(G) = 0,(G/0,(G)). Itis a
characteristic subgroup of G.

Definition 1.1.7. A group G is p-constrained if
Co(SN OpCp(G)) < Op’,p(G)a
where § € Syl,(G). If 0,/(G) = 1, it says that C5(0,(G)) < O,(G).

By the Hall-Higman theorem 1.1.6, every p-solvable group is p-constrained.

Throughout the classification of the finite simple groups, there is a characteristic subgroup
of the finite groups which plays a key role: the generalized Fitting subgroup. If G is a finite
group, the Fitting subgroup F(G) is the largest normal nilpotent subgroup of G. When G is
a solvable group, this subgroup is self-centralizing, that is, C¢(F(G)) < F(G). However, this

6
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property does not hold for general groups and it leads to the definition of the generalized Fitting
subgroup F*(G). This characteristic subgroup is self-centralizing and it is equal to F(G) when
G is solvable. We refer to [Asc00, Section 31] for more details.

From now on, by a simple group we will mean a non-abelian simple group. A finite group
K is called quasisimple if it is a perfect group and K /Z(K) is simple. Equivalently, it is a perfect
central extension of a simple group. A subgroup L < G is subnormal if there exist subgroups
Lo, Ly, ....,L,<Gsuchthat Ly =L, L, =G and L; < L; for all i. A component of G is a
subnormal quasisimple subgroup. Denote by C(G) the set of components of G. The layer of G
is the subgroup generated by the components of G, and we denote it by E(G). It is well-known
that £(G) is in fact the central product of the components of G. This means that if L, K € C(G)
are different components, then [L, K] = 1. Note that Z(E(G)) is the product of the centres of the
components of G. In particular it is a normal nilpotent subgroup of G and Z(E(G)) < F(G).
The generalized Fitting subgroup of G is the product F*(G) = F(G)E(G). It can be shown
that [F(G),E(G)] =1 and Z(E(G)) = F(G)NE(G) < Z(F(G)). The subgroups F(G), E(G)
and F*(G) are characteristic in G. Moreover, F*(G) is self-centralizing, i.e. Cg(F*(G)) =
Z(F*(G)). Note that Z(F*(G)) = Z(F(G)) > Z(E(G)). In consequence, it yields an exact
sequence

| — Inn(F*(G)) = F*(G)/Z(F(G)) — G/Z(F(G)) — Out(F*(G)).

Therefore, one can study the structure of G via the representation G/Z(F(G)) — Aut(F*(G)).

Remark 1.1.8. Assume that F(G) = 1. Then, Z(E(G)) < Z(F(G)) = 1 and every component
of G is in fact a simple group. In this way, we have that F*(G) = E(G) is a direct product of
simple groups and by the self-centralizer condition, C(E(G)) = Co(F*(G)) = Z(F*(G)) =
Z(F(G)) = 1. Thus, we have a representation of G as a subgroup of Aut(E(G)). Moreover,
suppose that we write E(G) =[]/, L!", where the L;s are non-isomorphic simple groups. From
[GLS96, Section B] it can be shown that

n

n
Aut(E(G)) = Aut (HL?’) =[] (Aut(L:)?Sy,)
i=1 i=1
where the wreath product Aut(L;)?S,, is taken with respect to the natural permutation of S,,, on
the set of n; elements. Here S,, denotes the symmetric group on n letters.

Since the automorphisms of simple groups are well-understood by the classification of the
finite simple groups, a group with F(G) = 1 can be studied via the representation as subgroup
of Aut(E(G)).

This condition holds for example if 0,(G) = 1 = 0,/(G) since F(G) < 0,(G)0(G).
Definition 1.1.9. A finite group G is termed almost simple if it is an extension of a simple

group by outer automorphisms. Equivalently, F*(G) is a simple group and hence, F*(G) <
G < Aut(F*(G)).
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The almost simple groups are important in the classification of finite simple groups since
they are, roughly, the first groups one can construct from a simple group. Recall that every
finite group has a subnormal series whose factors are simple groups. In the case of almost
simple groups, it turns out that this series has a unique simple group in the bottom (i.e. F*(G))
and the rest of the groups are cyclic. This follows by Schreier Conjecture (actually proved as a
consequence of the Classification), since the outer automorphisms group of a simple group is
solvable.

In the subsequent chapters, we will use the classification of finite simple groups to construct
examples. In Chapters 3 and 4, we will use it to study the fundamental group of the p-subgroup
complexes and Quillen’s Conjecture.

Recall that the Classification states that every finite simple group is either an Alternating
Group A, with n > 5, a finite simple group of Lie type or one of the 26 sporadic groups. We
refer to the Appendix A.1 for more information on finite simple groups. We include there the
description of the different families of simple groups, their orders, their outer automorphisms
group structure and some theorems of the Classification that will be useful.

We end up this section by introducing the different posets and complexes of p-subgroups
which will be used in this thesis.

Definition 1.1.10. Let G be a finite group and p a prime number dividing its order. Consider
the following posets of subgroups of G ordered by inclusion.

S,(G) = {P < G : Pis anontrivial p-subgroup}

A,(G) ={E € 5,(G) : E is elementary abelian}
B,(G) = {P € 5,(G): P=0,(N6(P))}
X,(G) ={P€S,(G): PISifS€Syl,(G) and P < S}

We also have the following finite simplicial complexes. Denote by K,(G) the commuting
complex of G at p, with simplices the sets {E|,...,E,} of subgroups of order p of G such that
[E;,E;] = 1forall i, (i.e. they generate an elementary abelian p-subgroup).

Denote by R,(G) the Robinson subcomplex of 1C(S,(G)), whose simplices consist of the
chains (Py < ... < P,) with P, < P, for all i.

The posets S,(G), A,(G) and B,(G) were first considered by K. Brown in [Bro75], D.
Quillen in [Qui78] and S. Bouc [Bou84], respectively. That is why their order complexes are
commonly called Brown complex, Quillen complex and Bouc complex, respectively. These
posets are also called Brown poset, Quillen poset and Bouc poset, respectively.

The commuting complex K,(G) was used by M. Aschbacher for the study of the funda-
mental group of the posets of p-subgroups (see [Asc93]).
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The Robinson complex R ,(G) was first considered by G.R. Robinson in his reformulation
of Alperin’s conjecture [KR89] and it was used in the proof of Webb’s conjecture (see Chapter
2).

The poset X,(G) does not seem to have been considered before. We used this poset in
[Pit19] to study Webb’s conjecture in Chapter 2.

1.2 Finite topological spaces

The theory of finite topological spaces began with the works of P.S. Alexandroff [Ale37], and
later continued by M. McCord [McC66] and R.E. Stong [Sto66]. More recently, J. Barmak and
E.G. Minian deepened in the study of finite spaces [Barl1a, Barl1b, BM08b, BM08a, BM12b].
For any finite simplicial complex, its face poset is a finite space with the same homotopy groups
and homology groups, and conversely, any finite space has an associated simplicial complex.
We can eliminate certain kind of points in a finite spaces (called beat points and weak points)
preserving its (weak) homotopy type. The key point here is that the elimination of a single
beat or weak point in a finite space translates in many simplicial collapses in its associated
simplicial complex, which do not change the homotopy type. This allows us to manipulate
these objects algorithmically and combinatorially and to find weak equivalent finite spaces
with a less number of points.

In this section, we recall the basic facts that we will need concerning finite topological
spaces. We refer the reader to the book of J. Barmak for further details [Barl1a].

From now on, by a finite topological space we will mean a finite Tp-space. See [Barlla,
Proposition 1.3.1] to see that there is no loss of generality.

Given a finite poset X, there is an intrinsic topology which makes it a finite topological
space. For each element x € X consider the set Uy = {y € X : y < x}. Then, the collection
{U; : x € X} is a basis for a topology in X. Note that the open sets are the downsets of the poset
and that the resulting topological space is Tp.

Conversely, if X is a finite Ty-space, then for each x € X we can consider the minimal open
set U, containing x. Since X is finite, U, is the intersection of all open sets containing x. Now
put x <y if U, C U,. With this order, X becomes a finite poset. It is easy to check that these
constructions are inverses to each other. Moreover, a function f : X — Y between finite posets
is a continuous map if and only if it is an order preserving map.

Proposition 1.2.1. Let X and Y be two finite spaces. A function f : X — Y is a continuous map
if and only if it is an order preserving map.

Therefore, the categories of finite posets and finite Tp-spaces are isomorphic.
In general, given a finite poset X we can consider its associated order complex K(X). It
is the simplicial complex whose vertices are the elements of X and whose simplices are the
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nonempty chains of elements of X. Any order preserving map f : X — Y between finite posets
induces a simplicial map IC(f) : (X) — KC(Y) defined in a vertex x € X as K(f)(x) = f(x).
In this way, there are two natural topologies arising from a finite poset X. Namely, the intrinsic
topology of X as a finite topological space, and the topology of its order complex (X). The
relation between these two spaces is given by McCord’s theorem [McC66, Theorem 1]. For
a simplicial complex K, denote by |K| its geometric realization. If K = IC(X) for a finite
poset X, we will also write |X| to denote |[/C(X)|. If ¢ : K — L is a simplicial map, denote by
|@| : |K| — |L| the induced continuous map in the geometric realizations.

Theorem 1.2.2 (McCord). Let X be a finite space. There is a natural continuous map [y :
IK(X)| — X defined by
,
x (Ztm) =min{x;: i =0,...,r}
i=0

which is a weak equivalence. This map is called McCord’s map.

Recall that a weak homotopy equivalence (or weak equivalence for short) between two
topological spaces is a continuous map which induces isomorphisms in all homotopy groups.

The naturality of McCord’s map in Theorem 1.2.2 implies that, for a continuous map
K(f)|oux = py o f. In particular,
equivalence if and only if f is a weak equivalence.

f : X — Y between finite spaces,

K(f)| is a homotopy

Remark 1.2.3. In fact, McCord’s map is not a homotopy equivalence in general. Weak equiv-
alences between finite spaces may not be homotopy equivalences, and homotopically trivial
finite topological spaces may not be contractible (see [Barlla, Example 4.2.1] or Example
1.3.17). That is, Whitehead’s theorem is no longer true in the context of finite topological
spaces. The failure of this important theorem is one of the keys for which we study finite
posets with this topology: at the level of their intrinsic topology, there could be homotopy
differences which may not be perceived with the topology of their order complexes.

For a finite simplicial complex K, denote by X' (K) its face poset, whose elements are the
simplices of K ordered by inclusion. A simplicial map ¢ : K — L between finite simplicial
complexes induces a continuous map X (¢) : X(K) — X' (L) between their face posets. It can
be shown that there is an analogous McCord’s map pg : |K| — X(K) (see [Barl 1a, Theorem
1.4.12]).

If X is a finite poset, denote by X’ the poset of nonempty chains of X ordered by inclusion.
Note that X’ = X' (K(X)). We say that X’ is the (first) subdivision of X. Write X ") for the n-th
iterated subdivision of X, i.e. X(") = (X~ If K is a simplicial complex, then K’ denotes the
simplicial complex whose vertices are the simplices of K and whose simplices are the chains
of simplices of K ordered by inclusion. Therefore, K’ = (X' (K)). We say that K’ is the (first)
barycentric subdivision of K. Recall that |K| and |K’| are homeomorphic.

10
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For a finite poset X, its opposite poset X °P has the same elements of X but with the opposite
order. Note that (X°P)" = X’ and K(X) = K(X°P). Moreover, f : X — Y is an order preserving
map (i.e. a continuous map) if and only if f°P : X°P — Y°P is. By McCord’s theorem X and X°P
have the same homotopy groups and homology groups. However, it may not exist any weak
equivalence between them.

From now on, we will make no distinction between the category of finite posets and the
category of finite spaces. We will treat finite posets as finite topological spaces by means of
their intrinsic topology, and vice versa.

The homotopy type of finite spaces

In the following we recall the basic facts that we need to compute the homotopy type of finite
spaces. The homotopy theory of finite spaces can be studied in combinatorial terms by means
of their intrinsic order. This idea is due to Stong [Sto66].

The proposition below relates the connectedness of a finite space with the connectedness
of its intrinsic poset structure, i.e. the connectedness of its associated Hasse diagram.

Proposition 1.2.4. If X is a finite space, then X is locally arc-connected. Moreover, there is
a path between two elements x,y € X if and only if there exist xg,...,x, € X such that xy = x,
xp=yandforall 0 <i<n, x; <Xj110rXx; > Xi11.

The homotopies between continuous maps of finite topological spaces can be described by
means of the combinatorial of their intrinsic order. In certain way, it is a generalization of the

previous proposition.

Definition 1.2.5. Let X and Y be finite spaces. Consider the set Y of all continuous maps
from X to Y. For f,g € YX, define f < gif f(x) < g(x) for all x € X.

Proposition 1.2.6. If X and Y are finite spaces then YX is a finite space (with the order given

as in the above definition).

Proposition 1.2.7. Let f,g: X — Y be two continuous maps between finite spaces X and Y.
Then f and g are homotopic in the classical sense, and we write f ~ g, if and only if f,g € Y
are arc-connected. That is, f ~ g if and only if there exist continuous maps fo,...,fn: X =Y
such that fo = f, fu =g and forall 0 <i<n, f; < fiy1 or fi > fir1.

Let f: X — Y be a map between finite spaces. Then, f induces a simplicial map IC(f) :
K(X) — K(Y). If f~ g then K(f) and K(g) are contiguous maps in the sense of simplicial
complexes (see [Barl la, Chapter 2, section 1]). In particular |[/C(f)| and |K(g)| are homotopic
in the classical sense. However, if |IC(f)| and |K(g)| are homotopic, f and g may not be
homotopic (see Remark 1.2.3).

11
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Now we describe a method of R.E. Stong [Sto66] to compute the homotopy type of a finite
poset. Roughly, the homotopy type of the finite spaces is determined by the minimal finite
spaces (in the sense we define below), which are unique up to homeomorphism.

Let X be a finite space. Then Max(X) denotes the set of maximal elements of X. Similarly
we denote by Min(X) the set of minimal elements. If x € X, we denote by Max(x) the set of
maximal elements over x and by Min(x) the set of minimal elements below x. Let F, = {y €
X:y>xp E={yeX:y>x}, U ={yeX:y<x}and U, = {y € X : y < x}. We write FX
to emphasize that F is taken in the poset X. We also denote X<, = U¥X, X, = UX, X5, = FX
and X, = FXX. If y € X, write x < y if x < y and there is no element z € X such that x < z < y.
If x < y then we say that x is covered by y and that y covers x.

Definition 1.2.8. Let X be a finite space and let x € X. We say that x is an up beat point if F;
has a minimum, and that x is a down beat point if U, has a maximum. We say that x is a beat
point if it is either up or down beat point.

Remark 1.2.9. Note that x € X is an up beat point if and only if there exists a unique y € X such
that x < y. Analogously, x is a down beat point of and only if there exists a unique y € X such
that y < x.

If X is a finite space and x € X is a beat point, then X —x C X is a strong deformation
retract. For example, if x is an up beat point covered by y € X, then we may define the retraction
r:X —=X-—xbyr(x)=y.

Suppose we start with a finite space and remove beat points one by one. At a certain point,
we will reach a space without beat points. A finite space without beat points is called a minimal
finite space. It turns out that, no matter in what order we remove the beat points of a finite space,
the minimal finite spaces we can reach are all homeomorphic. Therefore, for each finite space
X there is a strong deformation retract Xy C X which is a minimal finite space. We call Xy
the core of X and it is unique up to homeomorphism. Moreover, the possible cores of finite
spaces classify the homotopy type of finite spaces. That is, two finite spaces X and Y have the
same homotopy type if and only if their cores are homeomorphic. We state this Classification
Theorem below.

Theorem 1.2.10 ([Sto66, Section 4]). A homotopy equivalence between minimal finite spaces
is a homeomorphism. In particular, the core of a finite space is unique up to homeomorphism

and two finite spaces are homotopy equivalent if and only if they have homeomorphic cores.
As corollary, the core of a contractible finite space is the singleton.
Corollary 1.2.11. A finite space X is contractible if and only if its core is a point.

By removing beat points in a finite space X we reach subspaces which are strong defor-
mation retracts of X. It turns out that this kind of subspaces can always be obtained in this
way.

12
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Proposition 1.2.12. Let X be a finite space and let Y C X be a subspace. Then Y C X is a
strong deformation retract of X if and only if Y is obtained from X by removing beat points.

We write X \w Y when Y C X is a strong deformation retract.
The following theorem proved by Barmak and Minian in [BM12b] relates the contractibil-
ity of X with that of X’.

Theorem 1.2.13 (Barmak-Minian). A finite space X is contractible if and only if its subdivision,
X' is contractible.

Proof. See [BM12b, Corollary 4.18]. O

This theorem allows to characterize the contractibility of a finite space in terms of its iter-
ated subdivisions.

The proof roughly shows that, when the core of X is nontrivial, the core X’ is larger than
the core of X. Therefore, we deduce that X and X’ are homotopy equivalent only when their
connected components are contractible.

Theorem 1.2.14. Let X be a finite space. If X is homotopy equivalent to some subdivision X™
then X, and hence all its subdivisions, have the homotopy type of a discrete space.

Simple homotopy type for finite spaces

The failure of Whitehead’s theorem on finite spaces is encoded in the fact that removing or
adding beat points in a finite space is a rather restrictive condition.

In some cases, we want to find a relation between two finite spaces X and Y that guarantees
that IC(X) and K(Y) have the same homotopy type, but less restrictive than the beat points
condition. In this way, Barmak and Minian [BMO8b] translated the notion of simple homotopy
type of simplicial complexes to the context of finite spaces. In simplicial complexes, the simple
homotopy type is stronger than the usual homotopy type, but for finite spaces it turns out to be
weaker.

Definition 1.2.15. Let X be a finite space. We say that x is an up weak point if F, is contractible,
and a down weak point if U is contractible. We say that x is a weak point if it is either up or
down.

Remark 1.2.16. If x € X is a weak point, the inclusion X —x C X is a weak equivalence (see
[Barl1la, Proposition 4.2.4]).

Let X be a finite space. If Y C X, we say that there is an elementary collapse from X to
Y, and write X \ Y, if ¥ = X — x for some weak point x € X. We also say that Y elementary
expands to X and write Y ¢”'X. Write X \ Y (or Y /'X) when Y is obtained from X by

13
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removing weak points. In this case we say that X collapses to Y and that Y expands to X. We
say that X is collapsible if it collapses to a point.

If Z is other finite space, we say that X is simple homotopy equivalent to Z, or that X and Z
have the same simple homotopy type, if there is a sequence of finite spaces Xy, X1, ..., X, such
that Xo = X, X,, = Z and for each i, either X; collapses or it expands to X;.;. We denote it by
X/ Z.

This defines a notion of simple homotopy theory of finite spaces. It can be shown that ho-
motopy equivalent finite spaces are simple homotopy equivalent (see [Barl 1a, Lemma 4.2.8]).
The converse does not hold. Moreover, there are collapsible finite spaces which are not con-
tractible (see [Barlla, Example 4.3.3]).

Two finite spaces which are simple homotopy equivalent have the same homotopy and
homology groups. Moreover, this notion of simple homotopy type corresponds to the same
notion at the level of simplicial complexes.

Theorem 1.2.17 (see [Barlla, Theorem 4.2.11]). 1. Let X and Y be finite spaces. Then, X
andY are simply homotopy equivalent if and only if K(X) and KC(Y') are simply homotopy
equivalent. Moreover, if X Y then K(X) ™ K(Y).

2. Let K and L be finite simplicial complexes. Then, K and L are simply homotopy equiva-
lent if and only if X (K) and X (L) are simply homotopy equivalent. Moreover, if K ™ L
then X (K) X (L).

Note that a finite space X is simple homotopy equivalent to a point if and only if X — {x}
is a weak equivalence, if and only if X is homotopically trivial (i.e. it has trivial homotopy
groups). However, this notion is strictly weaker than being collapsible. That is, if X is col-
lapsible then it is simple homotopy equivalent to a point but the converse does not hold. For
example, take K to be a any triangulation of the Dunce hat. It is known that K is contractible
and hence it has the same simple homotopy type of a point. In particular, X = X'(K) is sim-
ple homotopy equivalent to a point. On the other hand, no triangulation of the Dunce hat is
collapsible, so X'(K) cannot be collapsible.

The join of finite posets

If X and Y are finite spaces, then we define its join X * Y to be the finite poset whose underlying
set is the disjoint union of X and Y with the following order. It keeps the same order in X and in
Y,and putx <yforanyx € X andy € Y. If K and L are finite simplicial complexes, their join
K+ L is the simplicial complex with vertices the disjoint union of the vertices of K and L. The
simplices of K x L are the simplices of K, the simplices of L and the unions 6 U T with o € K
and 7 € L. Therefore, (X xY) = K(X) «C(Y) and |K % L| is homeomorphic to the classical

L.

topological join |K| *

14
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The contractibility of the join of posets is described in the following proposition.

Proposition 1.2.18 (see [Barlla, Proposition 2.7.3]). Let X and Y be two finite spaces. Then
X xY is contractible if and only if X or Y is contractible.

Note that there are finite simplicial complexes K and L such that K x L is contractible but
K and L are not contractible (see comment below [Barl 1a, Proposition 6.2.12]). Therefore, by
taking X = X'(K) and Y = X (L) we may find finite spaces which are not homotopically trivial
but their join is.

We have an analogous result to the above proposition for simple homotopy type.

Proposition 1.2.19 (see [Barl l1a, Proposition 4.3.4]). Let X and Y be two finite spaces. Then
X xY is collapsible if and only if X or Y is collapsible.

Equivariant homotopy type

We state here the main definitions and results on equivariant homotopy theory of finite spaces.
We follow the ideas of [Bre72], [Sto84] and, more recently, [Bar11a, Chapter 8].

We consider actions at the right. For a G-set X, write x® for the action of g € Gon x € X.
If H< G is a subgroup and Y C X, denote by Y/ = {y":y €Y, h € H} and by Fixy(Y) =
{y€Y:y"'=yforall h € H} the fixed points set. The group G, is the stabilizer (or isotropy
group) in G of the element x € X. The orbit of x € X by the action of G is denoted by O,. By a
G-space we mean a topological space with an action of a group G by homeomorphisms.

A map f:X — Y between G-spaces is said to be a G-equivariant map or a G-map if
it preserves the action of G. That is, f(x®) = f(x)8 for all x € X and g € G. A homotopy
X x[0,1] — Y between G-spaces X and Y is said to be G-equivariant if it is an equivariant
map when we see [0, 1] with the trivial action of G. Two G-maps are said to be G-homotopy
equivalent if there is a G-equivariant homotopy between them. We write f ~g g if f and g
are G-homotopy equivalent maps. The G-map f : X — Y is said to be a G-equivalence or a
G-equivariant homotopy equivalence if there is a G-map g : ¥ — X such that f o g ~¢ Idy and
gof ~gldx. Two G-spaces X and Y are G-homotopy equivalent or they have the same G-
equivariant homotopy type if there are G-equivariant maps f : X — Y and g : ¥ — X such that
fog~gldy and go f ~ Idx. We write X ~¢ Y in this case. A subspace ¥ C X of the G-space
X is said to be invariant if Y¢ =Y. We say that Y C X is an equivariant strong deformation
retract if Y is an invariant subspace of X and there is an equivariant retraction r : X — Y such
that ior ~ Idy relative to Y, where i : Y < X is the inclusion.

By a G-poset we mean a poset with an action of a group G by poset isomorphisms. If we
have a finite G-poset, then its intrinsic topology inherits the G-structure and it becomes a finite
G-spaces in the topological sense. Conversely, if we start with a finite G-space then it becomes
a G-poset with its intrinsic order structure. Moreover, G-maps of finite spaces corresponds to
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order preserving maps of finite G-posets which preserves the action. Therefore, the categories
of finite G-posets and finite G-spaces are isomorphic. In the context of finite spaces, it can
be shown that two equivariant maps f,g : X — Y between finite G-spaces are G-homotopy
equivalent if and only if there is a sequence of G-maps fy, f1,...,f, € YX such that f = f,
fa=gand f; < fiy1 or f; > fir foreach i.

If X is an arbitrary G-space, then we can ask whether its homotopy type and equivariant
homotopy type coincide. For arbitrary spaces this is false. For instance, there are contractible
G-complexes which do not have a fixed point by the action of G. This implies that they are not
G-contractible.

This situation does not arise in the context of finite spaces. We have seen that if X is a finite
space, then we can remove beat points of