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Abstract

In this paper we obtain a priori and a posteriori error estimates for stabilized low-
order mixed finite element methods for the Stokes eigenvalue problem. We prove
the convergence of the method and a priori error estimates for the eigenfunctions
and the eigenvalues. We define an error estimator of the residual type which
can be computed locally from the approximate eigenpair and we prove that, up
to higher order terms, the estimator is equivalent to the energy norm of the
error. We also present some numerical tests which show the performance of the
adaptive scheme.
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1. Introduction

Adaptive procedures based on a posteriori error estimators have gained
an enormous importance in the numerical approximation of partial differen-
tial equations. Several approaches, most of them focused on source problems,
have been considered to construct estimators based on the residual equations
(see [1, 31] and their references). Moreover, for the standard Laplace eigen-
value problem a simple and clear analysis has been obtained in [12, 25], and
there are some similar results for other eigenvalue problems (see, for example,
[3, 19, 20, 21] and the references therein). However, there are few results con-
cerning a posteriori error estimates for the Stokes eigenvalue problem. In [26]
the authors present an a posteriori error analysis for the Stokes eigenvalue prob-
lem assuming that the schemes used in its finite element discretization are stable
(as, for example, the mini elements).
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Despite the fact that the lower-order mixed finite elements for the Stokes
equations violate the inf-sup condition, it is well known that low-order velocity-
pressure pairs have a relevant interest due to its simple and attractive compu-
tational aspects (see [30] and the references therein). There are many stabilized
finite element methods to counteract the lack of stability (see, for example,
[2, 6, 7, 17, 18, 22, 23]). In particular, Bochev, Dohrmann and Gunzburger
proposed in [7] a new family of stabilized methods, for the source Stokes prob-
lem, and proved that this simple and useful approach is unconditionally stable.
Based on this work, in [32] the authors introduce an a posteriori error indicator,
for the source Stokes problem, and it yields global upper and lower bounds on
the error of stabilized finite element methods.

In this work we prove the convergence of stabilized low-order mixed finite
elements for the Stokes eigenvalue problem and we obtain optimal a priori error
estimates for the eigenfunctions and the eigenvalues by using the spectral theory
given in [5]. We define an a posteriori error estimator of the residual type
which can be computed locally from the approximate eigenpair. We show its
global reliability and local efficiency by proving that the estimator is equivalent
to the energy norm of the error up to higher order terms. We also present
some numerical tests which allow us to show the good performance of the error
indicator and the adaptive algorithm.

The rest of the paper is organized as follows. In Section 2 we introduce
the Stokes eigenvalue problem. In Section 3 we present the stabilized low-order
mixed finite element method and obtain L? a priori error estimates. In Section 4
we prove the convergence for the eigenfunctions and the eigenvalues. In Section 5
we introduce the a posteriori error estimator and prove its equivalence with the
energy norm of the error. In Section 6 we report some numerical examples which
allow us to assess the performance of the adaptive scheme.

2. Statement of the problem

Let © C R? be an open, bounded and polygonal domain with boundary
I':= 99Q. For u > 0 we consider the Stokes eigenvalue problem: Find (u,p, ),
with u = (u1,u2) # 0 and A € R, such that

—pAu+Vp=Au in Q,
V-u=0 in, (1)

u=0 onl,

which models the slow motion of an incompressible viscous fluid occupying €2,
where u is the fluid velocity and p is the pressure.

We will denote by boldface the spaces consisting of vector value functions.
Let V := Hj(Q) and S := L§(Q) = {q € L*(Q) : [,¢ = 0}. The norms and
seminorms in H™ (D), with m an integer, are denoted by || - [|;m,p and | - |m.p
respectively and (-,-)p denotes the inner product in L?(D) or L?(D) for any
subdomain D C ). The domain subscript is dropped for the case D = .



Problem (1) can be written, after normalization for u, in a variational form
as follows:
Find (u,p, A) € (V,S,R), with |Juljo = 1, such that

Q(U.JLV, C]) = )‘(u7 V) V(V, q) € (V, S) (2)

where

Q(u,p,v,q) =p Vu:Vv—/pV-v—/qV-u
Q Q Q
with (-,-) the inner product in L?().
Now, it is clear that the symmetric bilinear form @ is continuous, i.e., for
every (u,q), (v,s) € (V,5)

Qu,q,v,5) < C([[ullr + [lgllo)([[v]l + lIsllo)

moreover it is known ([14, 16]) that Q(u, g, v, s) satisfies the following inf-sup
condition with a positive constant 5:
Q(u,q,v,s)

sup  —————= > B(||ul|l1 + ||gllo) V(u,q) € (V,S 3
(v E(V.S) ||VH1+||3||O (H ||1 || H ) ( ) ( ) ( )

and so the bilinear form @ is stable.
Now, from the spectral theory (see [5]) we know that the eigenvalue problem
(2) has a positive eigenvalue sequence A; which we assume to be increasingly
ordered:
0<A <A< - <A< lim Aj = 400,
Jj—+oo

and the associated eigenfunctions

(u17p1)7 (u25p2)7 e a(uk7pk)7 e

with (u;,u;) = d;;. For simplicity, we only consider simple eigenvalues in this
paper.

3. Stabilized Mixed Finite Element Approximations

Let 75, be a family of triangulations of Q such that any two triangles in
Trn share at most a vertex or an edge. Let h stand for the mesh-size; namely
h = maxre;, hr, with At being the diameter of the triangle 7. We assume that
the family of triangulations {7} satisfies a minimum angle condition, i.e., that
there exists a constant 7 > 0 such that hr/rp < 7, where rr is the diameter of
the largest circle contained in T'.

Let

P(Q)={ueC)| ulr eP(T)VT e Ty}

We consider the pair

V=P, NnHL(Q) and S" = P N LE(Q) (4)



As it is well known (see, for example, [8]) this finite element pair does not
satisfy the discrete inf-sup condition. In this paper we consider the stabilized
mixed methods for (V" S") (which is the lowest equal order C° pair) intro-
duced by Bochev, Dohrmann and Gunzburger [7] for the Stokes source prob-
lem. Therefore, the discretization of our eigenvalue problem (2) is given by:
Find (up, pn, An) € (VR S" R), with ||up|lo = 1, such that

Q(Wn, Py Vi, qn) = An(n, vi)  Y(vh,qn) € (V",S") (5)
with
Q(un, P, v, qn) = M/ Vuy, : Vv, — / prV - v
Q Q
- / anV - up — G(pn, qn)
Q
and

Gpn.an) = / (I — 0 (pn) (I — TT)(gn)

Q
where II : L2(Q) — Py(Q) with

Po(Q) = {u e L2(Q)| ulr € Po(T)V T € Tr}.

1
HQ|T:7/Q
7| Jr

The problem (5) is reduced to a generalized eigenvalue problem which attains
a finite number of eigenpairs (A j, (Un ;,Pn,5)), 1 < j < N, with positive eigen-
values. We assume the eigenvalues to be increasingly ordered:

is given by

0<Ap1 < < A,

and (upi,up;) =i, 1<4,j<N.

In order to simplify notation from now on we will drop the subindex j in
Ajs An,js Wy Wh g, pj and p .

Our first goal is to prove that the solutions of the discrete eigenvalue prob-
lem (5) converge to those of the spectral problem (2). To do this, we will apply
the classical spectral approximation theory from [5]. To that purpose, we first
present some error estimates for the following Stokes source problem: Given
f € L2(Q), find (u,p) € (V,S) such that

Qu,p,v,q) = (£,v) V(v,q) € (V,9) (6)

We recall that, since the inf-sup condition holds, the problem (6) has unique so-
lution. Moreover, it is well known that the solution (u, p) belongs to (H™" ()N
V,H"(Q)NS), where 7 = 1 if Q is convex and r < T (with w being the largest



inner angle of Q) otherwise (see for example [15]). In the case Q be a convex
polygon we also have the following a priori estimates [13, 24, 29]

[ull2 + [[Vpllo < ClIf]lo (7)

The stabilized mixed finite element for the Stokes Problem (6) is given by:
Find (up,pn) € (V",S") such that

Q. pr, Vi an) = (£,vi) Y(vh,qn) € (V" S") (8)

The following theorems of [7], give the a priori error estimates in the energy
norm and convergence results.

Theorem 3.1. Let (V",S") be the pair (4). Then, there exists a positive
constant C' whose value is independent of h such that

) u ) 7v )
sup  QUPLY) S g o) Yanp) € (VE,SY) (9)
o sy Tvalls + Tanllo

Theorem 3.2. Let (V",S") be the pair (4), let (u,p) be the solution of the
Stokes Problem (6), and let (un,pp) be the solution of the stabilized problem
(8). Then,

la—upli+llp—pullo < C{ inf [lu—vlly+ inf [p—qllo+[|(L —ID)pllo} (10)
VvEV}, qeEQh

Corollary 3.1. Assume that (u,p) € (H}(Q)NHT(Q), LQ(Q)QHT(Q)) solves
the Stokes Problem (6), where v =1 if Q is conver and r < T otherwise, and
that (up,pr) is the solution of the stabilized mized problem (8) Then,

o — sy + [lp = prllo < CA"([[ullir + lIpll-)

Proof. The result is a consequence of Theorem 3.2, the estimates (4.1) and (5.1)
of [7] and standard error estimates for interpolation (see for example [10]). O

Next, we obtain L? error estimates for the velocity which are fundamental
for our spectral analysis.

Theorem 3.3. Assume that Q is convez. Let (u,p) € (H{(Q)NH2(Q), L3(Q)N
HY(2)) be the solution of the Stokes Problem (6) and (un,pn) the solution of
the stabilized mized problem (8). Then,

lu = wapllo < CR2(Jullz + [Ipll)

Proof. From (6) and (8) we know that for any (vi,qn) € (V",S") the errors
e =u— uy and € = p — py, satisfy the following error equation:

M/VGZVVh—/GV'Vh_/th'e:_G(ph7Qh) (11)
Q Q Q



Next, we consider the following auxiliary problem: Find (®,«) € (V,.S5)

such that
—uA®+Va=e inQ,

V- ®=0 in(, (12)
=0 onl:=00,
and by using (12) and integration by parts we obtain

/e2:/e~(—uA<I>+Va)
Q Q
:—u/e-A<I>+/e-Va
Q Q

Ve:V® — | V-ex
Q Q

A well known approximation result (see, for example, [14, page 217]) is that
for every u € H%(f2), there exists a function I1u € P;(£2) such that

lu = Ivullo + hllu — Lully < Ch?|ull2 (13)

On the other hand, the space Py(Q) = {u € L?*(Q)| ulr € Po(T) VT € Tp}
has the following approximation property ([14, page 102]): for every ¢ € H'(Q),
there exists Ipg € Py(£2) such that

lg — Togllo < Ch[Vallo (14)

We denote for & = (gf)l,d)g), Ilq) = (Il¢1,11¢2). Then,

/e _,u/Ve V(P —11@)+u/QVe:V11<I>
/V e(a — Iha) — /V~e[0a
Q

hence, by using the error equation (11), the fact that V-® = 0, Holder inequality,
(13) and (14) we get

/e—u/VeV —-IL® /V e(a — Iha)
Q

+ / eV -1, ® — G(pp, I
Q

Ve:V(®-1,®)— [ V-e(a— o)
Q Q

+/ V- (@ - 1,®) — G(pn, lho)
Q

< Ch|[Vello|[®[|2 + ChI[V - elloflal[s + Chlleflo]|®]]2
+ (T = Mpalloll(I =) Loallo
< Ch([|®]lz + [Vedlo)(llells + [lello) + I(1 = Mpalloll(X = ) Ioallo



From the a priori estimates (7) we can assume that
[@]l2 + [I[Vello < Clleflo (15)

and therefore, from Corollary 3.1 ,we get
/992 < CR?|lello(l[ullz + [lpllx) + (1 = I)pallo[I(Z — 1) Ioao-

As was shown in [7], for every p € H(f2), the operator II satisfies:

(I = )pllo < CRIIVpllo

[TIpllo < Cllpllo-
Then,
(I =M)prllo < [I(7 = ) (p — pr)llo + [[(1 = )pllo
< C(llp = prllo + hllplly) < Ch(([ull2 + [|pll1),
and

I(I =M Ioerlo < [[(1 = Mello + [[(I = ) (a = loa)llo < C(hllaflr + [l = Toar]lo)
< Chl[Valo < Chlleflo.

So,
/Q &2 < Cn2llello([[ul2 + [I7]) (16)

and the result follows. O

Remark 3.1. We can use the same arguments given in the last proof, in the
case in which (2 is not convex. Let w the largest inner angle of Q and r < Z < 1.
And now, let (®,a) € (H'™(Q) NV, H"(Q) N S) be the solution of the Stokes
Problem (12), if we assume, in addition, that there exists a positive constant C'
such that the following a priori estimates holds:

[@[l14r + [lallr < Clleflo (17)

then
lu—unllo < CR*"([aflir + lIp2l) (18)

4. Spectral approximation

In this section, by using the classical spectral approximation theory given
in [5] (see also [9, 27]), we obtain the convergence of the eigenfunctions and
eigenvalues with optimal order. Let W = (V, S) with ||(u, p)|lw = [[ull1 +||pllo-
As we mentioned in the previous section, if f € L2() there exists an unique
(u,p) € W such that

Qu,p,v,q) = (f,v)  V(v,q) €W, (19)



Then, for any F = (f,0) € W we can define the operator T': W — W as
TF = (u,p)
and, for any f € L%(Q) we can also define R : L?(Q) — L?(Q2) as
Rf =u

where (u,p) denote de corresponding solution of (19).
On the other hand, we also know that there exists an unique (uy,pp) €
(V" Sh) C W such that

Q(up, pr, Vi, qn) = (£,v4) Y(vh,qn) € (V",5"). (20)
Then, for any F = (f,0) € W we can define the operator T}, : W — W as
ThwF = (an, pn)

and, for any f € L?(Q) we can also define Ry, : L?(Q2) — L?(Q) as
Rhf = Up

where (uy,pr) denotes the corresponding solution of (20).

Let A # 0, we observe that f is an eigenfunction of R of eigenvalue A if
and only if (f,p,1/X) is a solution of (2) for some p € S, and F = (f,p) is an
eigenfunction of T' of eigenvalue A if and only if (f, p, 1/)) is a solution of (2). In
the same way, let A, # 0, then f}, is an eigenfunction of Ry, of eigenvalue A if
and only if (f4,pn, 1/As) is a solution of (5) for some p;, € S”, and F = (f5,, p1)
is an eigenfunction of T}, of eigenvalue A, if and ouly if (£, pr, 1/A) is a solution
of (5).

In order to use the spectral approximation theory, stated in [5], we are going
to prove that the operators T', R, Tj,, Rj are bounded and compact; T}, converge
to T and Ry, converge to R as h goes to zero.

In what follows, we assume {2 is convex.

We observe that R and T are bounded operators; in fact, by (7) and using
Poincaré inequality we have

[[ullo < ClIfllo
(0, p)[lw = [lulls + llpllo < Cllfllo < ClF|w

It is also clear that Rj and T}, are bounded operators, i.e., using Corollary
3.1, Theorem 3.3 and the fact that R and T are bounded, we have that

[anllo < llan —ullo + [[ullo < Clfllo
[anlls + llprllo < ffan =l +[lpa = pllo + llully + [[pllo < Cllfllo < C|[F[|w.

From the error estimates for the Stokes source problem given by Corollary
3.1 and Theorem 3.3, and (7), we obtain that, for all f € L2(2) and F € W,

IR — Rufllo = |[u — unllo < Ch?||f[lo
ITF = ThFllw = [[u—unl[s + [lp = prllo < Chllfllo < Chl[F[lw



then R, — R and T, — T in norm when h goes to 0.

We observe that T and R are compact operators since, for any Hilbert space
X, the space of compact operators in X is close in B(X'), where B(X) = {L :
X — X, L linear and continuous}.

Now, we are in condition to present the following Theorem.

Theorem 4.1. Assume that Q is conver. Given an eigenpair (u,p, \) € (V,S,R)
solution of (2), with ||u|lo = 1. Then, there exists a discrete eigenpair (U, pp, Ap) €
(V" Sh R) solution of (5), with ||uy|o = 1, such that
A=Al < CR®
lu—uplly +[Ip = prllo < Ch
lu—uplo < Ch®

Proof. Let (u,p,A) , |lullo = 1, A # 0 be the solution of (2), by Remark 7.3
and 7.4 from [5] we have, for small h, that there exists (up, pn, An), [[unllo = 1,
A £ 0 such that

A= An| < C||R - Ry|| < Ch?
lu—unlls +[lp —prllo < C|T = Th|| < Ch
lu—upllo < C||R — Ry|| < Ch?

O

Remark 4.1. We can use the same arguments given in the last proof, in the
case in which (2 is not convex. Let w the largest inner angle of Q and r < T < 1.
If we assume, in addition, that the solution (u,p) of (19) satisfies the following
a priori estimate

[alli+r + llpll- < Cliflo

for any f € L2(12) then, the estimate (18) holds and we obtained

A= An| < OR*"
lu—uplli + llp — prllo < CR"
Hu — lth() S Ch%‘

The next lemma gives an expression for the difference between the eigenvalue
A and its approximation A\, and it gives, in particular, a relationship between
the eigenvalues error and the error for eigenfunctions in norm.

Lemma 4.1. Given (u,p,A) € (V,S,R) solution of (2), with |ullo = 1 and
(un, pn, An) € (VP S" R) solution of (5), with |[uyllo =1. Let e = u —uy, and
€ =p—pn. Then,

A — A= Qe e,e,e) — Mu— uh||(2) — G(pn,pn)



Proof. From (2) and (5) we have
Q(u,p,u,p) = Al[ullg
Q(up, pr, un, pr) = Anlus 3
Then

A+ >\h = AH“H% + )\hHuhH% = Q(u7p7 u7p) + Q(uh7ph7 uhuph)
= Q(uapa ll,p) + Q(uhapha uh»Ph) - G(ph7ph)'

If we observe that

Qle,e,e,e) = Q(u,p,u,p) + Q(un, pr, un, pr) — 2Q(u, p, up, pp)
and using (2) we get

A+ A = Qe e e) +2Q(u,p,un, pr) — G(ph, pr)

=Q(e, e e,e) + 2)\/ u-u, — G(pn,on)
Q

= Qe e, e,¢) = A(lu— w5 — [ull§ = [[unlld) — G(pn, pn)
=Q(e,e,e,e) — Aju— uhH(Q) + 2\ — G(pn,pn)
and the result holds. O

5. A posteriori error analysis

In this section we introduce an error indicator and show its equivalence, up
to higher order terms, with the error norm. First, we introduce some notations
that we will use in the definition and the analysis of the error estimator. For
any T € T, we denote by E(T) and N (T) the set of its edges and vertices
respectively, and let

Ep = U (), NP = U N(T).

TeTh TeTh

Given an £ € " we denote by N(¢) the set of its vertices. For T' € T, and
¢ € E" we define

wr = U Tl, Wy = U T/.

N(T)NN (T")#D N(ONN(T")#£0

Remark 5.1. The minimal angle condition implies that the ratio hr/|¢|, for
any T € T, and £ € £(T), the ratio hy/hy, for any T,T" € T, with N(T) N
N(T") # 0 are bounded from below and from above by constants which only
depend on 7.

10



Let (u,p, \) and (up, pr, A\n) be as in Theorem 4.1, we define e = u—uy, and
€ =p—pp. From (2) and (5) we know that for any (v, q) € (V,S) the errors e
and e satisfy

Q(ea 67vh7qh) = (Au - )\huhavh) - G(pha Qh) V(vh7qh) € (Vh? Sh) (21)

On the other hand, if (v,q) € (V,S), using the definition of @, integration by
parts and that Auy, = 0 holds in any T € Tj, we obtain

Q(e,G,V,Q) = )\(U,V) - Q(uh,ph,V7Q)
:/\(u,v)—,u/Vuh:Vv+/Vouhq+/V~vph
Q
8uh
/)\u V+Z /Auh vV — [ aT%'v

TeTh

+/V-uhq—/Vph-V+/ phn-V}
oT
Guh
Au-v+ / . +/V~uq
/ Z{ aor on T "

TETh

—/Vph-v+/ phn-v}
T oT

since py, is continuous
E / ppn-v =0
aT

TeTh
then

Q(e,e,v,q)Z/()\u—/\huh -V + Z {/ /\huh_v])h)'v
TETh T (22)

8uh
+ [ V-upqg— / SV
/T " a or On }

We denote by & the set of all interior edges. For each £ € £} we choose a
unit normal vector n, and denote the two triangles sharing this edge 73, and
Tout, With ny pointing outwards T;,. For u;, € V" we set

0
T] = Tl = )

Then, for any (v,q) € (V,S) the error equation can be written as:

Qe,e,v,q) = /()\uf Apup) v+ Z / (Apup, — Vpp) - v

T€eTh

o £ [

ees (T)NEL

11



Now, the local error indicator is defined as follows
2 2 2 2 Ly Ouy, 2
ny = hz||Anup — VPh”o,T +[V- U-h||0,T + ZM Z Al on ||0,e (24)
LeE(T)NEL ¢

and the global error indicator is given by

n= ( > n%) (25)

T€7_’L

=

We denote by I, : H}(2) — P1(2) N H(Q) the Clément interpolation
operator (see [11]) that satisfies, for T' € T;, and ¢ € &P,
[u = Ipullo,r < Chrllulliw,

(26)
u— Iyufloe < CHM2|ully -

Then, given (v, q) € (V,S) using the error equation (21) we have that
Qe e, Iyv,0) = / (Au— Mpuy) - Ipv

Q

and by using the error equation (23) we get
Q(e7 €V, q) = Q(ea €, IhV, O) + Q(ea €,V — IhV, q)

= / (Au — Mpuy) - Iyv + / (A — Apuy) - (v = Iv)
Q Q

+ Z {/T(/\hUh—Vph)-(v—[hv)

TeTh

e 5[] )

LeE(T)NEL

:/Q(Au—,\huh)-v+ > {/T(/\huh—Vph)-(V—IhV)

TET

st 5[] oo

LeE(T)NEL

12



Hence, using Holder inequality and (26)

Q(e,€,v,q) < [[Au— Apupflo,0vlo.e
+C 3 {prldnun = IonlloIVVliows

TeTh
1 1/2 aUh
19 willollalor + 5 30 12T ol Fvllow, |
£edTNEL ¢
S C{H)\u — )\huh”()’g
+ > {rrlwun = Ionllog + 1V - willor
TeTh

1 ouy,
tug X 10| G fark fvie + o)

Le€(T)NEL ¢

Then, we obtain V(v,q) € (V,5)

e7 €’V7
M < C{|)\u — Apuy, IO,Q + Z {H)\huh — Vpn |O,ThT
o+ oo P
1 ouy,
IV willor g D0 1Y loe )
2 on |,
LeE(T)NEL
and therefore, by using the inf-sup condition (3), we conclude that
lells + lello < C{Au ~Mnloa+ Y {hrlww, - Voo
TeTh
1 1/2 811h }
Il g 3 1[5 o
LeE(T)NEL

and so the following estimate holds:

Theorem 5.1. Let (u,p,\) and (up,pn, An) be as in Theorem 4.1. Let e =
u—up, e =p—pp and n as in (25). There exists a positive constant C' such
that

lells + [lello < € (n + [Aa — Apunllo,0)

We observe that, in view of Theorem 4.1 and Remark 4.1, the term ||Au —
Anuplo.o is a higher order term and so, the previous Theorem proves the relia-
bility of the error estimator.

Remark 5.2. From Lemma 4.1

An = Al < Qe e e,€)| + [Allu— upl[§ + Gpr, pn)

13



using the fact that @ is continuous
An = Al < C(llelly + llello)® + IM][la — unll§ + G(pn, pr)
and using Theorem 5.1 then

An = Al < Cln+ Au = Nyuplo,0)? + [N |u = wp|§ + G(pn, p)
< C* + Glpn,pn) + | Au = Mpunfg o + I\[[[u = wp[13)

observe that [|Au — Ayup||§ o + [Al][u — uy[§ is a high order term.

In order to guarantee that the error indicator is efficient to guide an adaptive
refinement scheme, our next goal is to prove that 7 is bounded by the H' norm
of the error on a neighborhood of T, up to higher order terms.

For T' € Ty, let by be the standard cubic bubble given by

o[ AN, T,
o 0, in Q\ T,

where AI') A\l and Al denote the barycentric coordinates of T'.

For ¢ € &, we denote by 77 and 75 the two triangles sharing ¢ and we
enumerate the vertices of T7 and 75 so that the vertices of ¢ are numbered first.
Then we consider the piecewise quadratic edge bubble function b, defined by

by - ML T, =12
¢ = .
07 in Q \ T1 @] TQ.
From the inequalities (3.3) and (3.4) of [12] one can see that there exists a
constant C', which only depends on the regularity of the element 7', such that
for every m € P (T)

1/2
brmllor < |I7llor < b3 *x]

0,T
(27)

1
lbrmlir < C—|lmllo,r
T

The following lemma provides an upper estimate for the first term in the
definition of nr (cf. (24)).

Lemma 5.1. Let (u,p, \) and (uy, pp, A\n) be as in Theorem 4.1. Lete = u—uy,
and € = p — pp. Then, there exists a positive constant C' such that

hr||Anvan — Vppllor < C{||e| 1,7+ |l€llo,r + hrl|Au — )\huh||o,T}

Proof. We define
VvV = h%bT()\huh — aup — Vph)

14



Then, using the inverse estimates (27) and the error equation (22) we get
Bl wan = Vonlr < C [ ww, = V) -vr
T

= c{Qle,,vr.0) —/

()\11 — /\huh) . VT}
T

< C{(||e||1,T +llellop)Ivr iz + [|Aa - /\huh||0,T||VT||0,T}

SC{He

l1.7 + [lello.r)hrl[Anun — Vpallor

2w = Awun oW Ann = Vpnllo.r }

and so

hr|[Apan — Vppllor < C{||e| 1,7+ ||€ello,r + hr||Au — )\huh”O,T}

O

Next, we prove an upper estimate for the second term in the definition of
nr-
Lemma 5.2. Let (u,p,\) and (uy, pp, A\n) be as in Theorem 4.1. Lete = u—uy,
and € = p — pp. Then, there exists a positive constant C' such that

IV - up|

o7 < C([le]

1.7+ llello,r)

Proof. We define
qr = br(V -up)

then using the inverse estimate (27) and the error equation in (23) we obtain

IV wilfr <C [ (7 war
T

= CQ(e76»quT)
< C(llellyr + llello,o)llgzllo,r
< C(llellyr + llellon)lIV - un

0,7
from which we conclude the proof. O

Finally, we estimate the last term of np.

Lemma 5.3. Let (u,p,\) and (up, pp, An) be as in Theorem 4.1. Lete = u—uy
and € = p — pp. Then, there exists a positive constant C' such that, if £ € 53,
then

8uh
621 | | o < el + Dellow + K130 = Ao, }

14
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Proof. Let

Jg = |:au}l:| and Vy = ngg
on |,

As in (29) and (30) of [4], we have that

1/2
[vel2, < Clelby? Tello.e

1. 10 (28)
vel?,,, < cmnb/ Tello,e
by Lemma (2.4) of [28]
1 Jello,e < Cllby* Tello.e (29)

Now, integrating by parts, using that Au”* = 0 in any 7' € T}, the continuity of
@, the inverse estimates (28) and (29), and Lemma (5.1), we can infer that

ou
A B e ) L A
¢ 877, ¢ we

= Q(e,e, vy, 0) — / (Au — A\puy) - vy

we

- / (Anup, — Vpy) - vy
ws

< C(lleflw, + lle
+ [Anan = Vonllow 1vello.w

< C{ (et o+ lello.wn) 1172

0ue M2}y Telo.

0.we) [[Vell1wp + A0 = Ananlo.w, [Vello.w,

+ H)\u — )\huh

Then, from this estimates and (29) we obtain

Lwe T ”6

8uh
e 21 | G| oa < (ke o+ 1113 = Ao, }
4

O

Now we may conclude the efficiency of the error indicator up to higher order
terms .

Theorem 5.2. Let (u,p,\) and (up,pn, An) be as in Theorem 4.1. Let e =
u—uy, e=p—pp and nr as in (24). Then, there exists a positive constant C
such that for all T € Ty,

1 < C{lellvr + llellowr + hrlAu = Mo, |

Proof. Tt is an immediate consequence of Lemmas 5.1, 5.2 and 5.3 . O
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6. Numerical examples

In this section we present some numerical tests which allow us to assess the
performance of the adaptive refinement strategy based on the error indicator
defined in (24). Since the exact solution is unknown, we present some indices
us in [26].

We consider the problem (1) in three different domains: the Square domain
Q= (0,1) x (0,1), the L-shaped domain = (—1,1) x (=1,1)\ [-1,0] x [-1,0]
and a Koch domain Q (see Figure ?7). In adaptive refinement we use, in all
the examples, the maximum strategy to mark the triangles to be refined, i.e.,
all the triangles T' with np > 6ny are marked to be refined, where

nv = maz{nk | K € Tp}

and 0 € (0,1) is a parameter. We take, in all tests, § = 0.7.

In all the numerical examples we only present the approximation of the first
eigenvalue, in the case of the square domain just for simplicity and in the other
cases because it is well known that when the domain is not convex the first
eigenfunction is always singular.

We denote by N the number of degrees of freedom.

6.1. Test 1: square domain

In this case we take ;= 1, and we consider the reference value \ = 52.3447
as in [23]. The initial mesh is shown in Figure 1 and Figure 2 shows different
meshes obtained with the adaptive algorithm.

1

08

08

07

06

05

04

03

02

01

0

0 01 02 03 04 05 06 07 08 09 1

Figure 1: Initial mesh in the square domain

In order to show the stability and efficiency of the method for the considered
problem, we also present in Figure 3 the velocity streamlines and the pressure
level lines, obtained with the most refined mesh. We can observe that the
density of the refinement agrees with the solution behavior.

Tables 1 and 2 shows the result for the first eigenvalue using adaptive and
uniform refinement respectively. We observe similar accuracy with adaptive
refinement and uniform refinement.

Figures 4 and 5 shows plots of log(n) and log|\ — A1 versus log(N'/2),
where a linear dependence can be clearly seen for sufficiently large values of V.
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Figure 2: Meshes after 6, 11 and 16 refinements for 4 = 1 in the square domain

6.2. Test 2: L-shaped domain

In this second test we consider an L-shaped domain and so, as it is well
known, we are now dealing with a singular solution. The initial mesh is shown
in Figure 6.

Fist, we take u = 1 and the corresponding reference value A = 32.2 which
has been obtained by extrapolation.

The behavior of the adaptive algorithm can be appreciated from Figure 7
where we observe the more dominant refinement closer to the singularity.

Tables 3 and 4 shows the result for the first eigenvalue using adaptive and
uniform refinement respectively. We observe that the same error estimator 7
and relative error [A— Ay 1|/ adaptive refinement require fewer number of nodes
that uniform refinement.

Figure 8 shows the error indicator for the smallest eigenvalue for adaptive
and uniform mesh refinements for ; = 1 in the L-shaped domain.

Figures 9 and 10 shows plots of log(n) and log|\ — Ap 1| versus log(N'/?),
we also observe a linear dependence.

Now, in order to show the behavior of our adaptive algorithm for small values
of i, we consider the problem (1) with g = 0.1 and the corresponding reference
value A = 3.2 which has been obtained by extrapolation. Figure 11 shows
different meshes obtained with the adaptive algorithm where we observe again
the typical adaptive behavior, more density refinement closer to the singularity.

Tables 5 and 6 presents the indices of the numerical solutions for adaptive
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Figure 4: Error curve for n in the square domain for p = 1 with adaptive refinement

and uniform refinement. In this case also to obtain the same error indicator
n and relative error |A — Ay 1|/ the adaptive refinement require fewer meshes
than uniform refinement.

Figures 12 and 13 show plots of log(n) and log|\ — \p.1| versus log(N'/?)
where a linear dependence can be clearly seen for sufficiently large values of V.
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Figure 11: Meshes after 6, 8 and 10 refinements for ¢ = 0.1 in the L-shaped domain
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number of nodes 7 Ab1 A= Ana1l/A
21 0.8306 | 10.4243 2.2576
37 1.2518 | 6.8408 1.1377
54 1.4436 | 4.8451 0.5140
61 1.0599 | 4.5338 0.4168
75 0.8229 | 4.1831 0.3072
95 0.6493 | 3.7900 0.1844
143 0.4012 | 3.5707 0.1158
167 0.3549 | 3.4864 0.0895
204 0.2813 | 3.4440 0.0762
236 0.2518 | 3.4166 0.0676
293 0.1852 | 3.3731 0.0540
360 0.1533 | 3.3372 0.0428
441 0.1197 | 3.3135 0.0354
540 0.1047 | 3.2950 0.0297
629 0.0781 | 3.2833 0.0260
735 0.0690 | 3.2703 0.0219
970 0.0487 | 3.2566 0.0176

Table 5: Indices for the first eigenvalue for p = 0.1 in the L-shaped domain with adaptive
refinement

number of nodes 7 Ab1 A= Ana1l/A
21 0.8306 | 10.4243 2.2576
65 1.2969 | 4.5833 0.4323
225 0.4715 | 3.5809 0.1190
833 0.1490 | 3.3265 0.0395

Table 6: Indices for the first eigenvalue for © = 0.1 in the L-shaped domain with uniform
refinement

27



Figure 12: Error curve for 7 in the L domain for p = 0.1 with adaptive refinement
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Figure 13: Error curve for A ; in the L domain for u = 0.1 with adaptive refinement
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