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ABSTRACT. It is known that the resultant hypersurface associated to a vector
bundle may be defined by the determinant of a Cayley-Koszul complex. It is
also known that this determinant vanishes to order one along the resultant. In
this note we give a new proof of this fact.

1. Let X be a smooth connected projective algebraic variety of dimension n > 1
over an algebraically closed field k. We fix a vector bundle E of rank » on X and
denote P = PHY(X, F) the projective space of global sections of . We define the
resultant of £

RgpCP
as the subset of global sections of £ that have a zero z € X.

2. As examples of this construction we mention

a) The classical resultant of a system of homogeneous polynomial equations.
Here X = P” is a projective space and F is a direct sum of line bundles.

b) The dual variety of a projective variety X C P". Here E = Pt*Ox (1) is the
bundle of principal parts of order one of sections of Ox(1). This example includes
Discriminant varieties (dual of Veronese varieties) and Hyperdeterminants (dual of
Segre varieties). See [1], [2] for details on these and other examples.

3. Since Rg is the image of the projection
m:Ry={(s,z)ePxX /s(x)=0} =P

it follows that Rg C P is closed. We now assume that r = n+ 1 and the projection
m : Ry — Rpg is birational (the general section of E with a zero has only one zero);
it then follows by a simple dimension count that Ry C P is a hypersurface.

4. We claim that the degree of Rp is equal to [y c¢n(E). To see this, let
L = {asg + bsy} be a general pencil in P, so that deg(Rg) = card(Rgp N L).
Our assumption on F implies that the number of (a : b) € P! such that asg + bs;
has a zero # € X coincides with the number of # € X such that so(z), s1(x) € E(#)
are linearly dependent, which is well known to be fX en(F).
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5. For each s € H°(X, F) denote by K(FE,s) the Koszul complex, obtained from
multiplication by s in the exterior algebra of £
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Since a Koszul complex is exact iff it is exact in degree zero, the resultant Rg is
equal to the set of sections s such that K(F,s) is not exact. For variable s, the
complex above may be viewed as a complex K (F) on P x X; in fact, as the Koszul
complex K(E(1),c) where E(1) = 71Op(1) @ n3F and ¢ € H°(P x X, E(1)) is
defined by o (s, #) = s(z). Tt follows that

Rp = support DivRr, K (F)
According to [3], Prop. 9 (b), for a line bundle I,
DivRry. K (E) = DivRry, (K (E) ® L)

We take L = m*Ox(m) where Ox(1) is some very ample line bundle on X.
Choosing m large so that H (X, (A E)(m)) = 0 (i > 0,5 > 0) we obtain that
R, K(E) ® L is represented by the complex

0= H(Ox(m)) © 0p B HY(E(m)) @ 0p(1) 33 ... 23 HO(NE)(m)) @ Op(r) = 0

that will be denoted K, = K, (E) (see Cayley-Koszul complex, [2]). Tt follows
that the divisors Div(K,,) and Rg have the same support, and then there exists
an integer d = d(X, £, m) such that

Div(K,) = d R

Our purpose in this note is to prove
Proposition: With the notation introduced above, d = 1 for m >> 0.

Remark: This fact is proved in [2] via derived categories. Here we provide an
alternative proof through Chern class calculations.

Proof: Denote D,, = Div(K,,). By [2], Appendix A, Corollary 15,

r

deg(Dm) =Y (=1)" i dimH (A E)(m))

i=0
which equals, for m >> 0, Y>/_;(=1)" i x((A’E)(m)). By 4. above, we need to
prove

r

SO(=1) i A(ATB)(m)) = /X n(E)

i=0
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By the Hirzebruch-Riemann-Roch theorem, we are reduced to checking the equality
involving Chern classes

r

(1) /X (321 i eh(WE) ) Td(Tx) = [ olE)

i=0 X
Denote by z1,...,z, the Chern roots of E and y = ¢;Ox(1). Then we have
S (=1ich((AE)m) £ = D (=)' D exp(aj, + ..+ ay +my) l
7=0 7=0 J1<... <4
= exp(my) H(l —texp(z;))
i=1

Taking derivative with respect to ¢ and setting ¢ = 1 we obtain

> (=1)" i ch((A'E)(m)) = —exp(my) Y exp(a) [J(1 - exp(a;))

=0 i=1 J#
The last expression equals » ;_, Hj# z; = cp(E), plus terms of degree > n. Mul-
tiplying by Td(Tx) € 1 +1¢ k[[t]] and taking component of degree n we obtain (1),
as wanted.
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