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@ We assume the parametrization f known but the implicit
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The problem we want to solve

Problem

@ Letf be a rational parametrization of a hypersurface
& = (F=0)C A F eK[T|, T, T3]

AZ _J:_) A3

)
@ f; € K[sy, s2] with ged(fo, .. ..f3) =1 and F(f(s)) = 0 (whenever
defined).
@ We assume the parametrization f known but the implicit
equation F not known!
@ That, is, we want to switch from parametric to implicit
representations of rational surfaces.
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The problem we want to solve
Some basic notations/facts

@ A dashed arrow --» means that the map might not be defined
everywhere.
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Some basic notations/facts

@ Fis defined up to multiplicative constant
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The problem we want to solve
Some basic notations/facts

@ We will always assume that the dimension of ¥ = (F = 0) is 2
(equivalently, for almost all p = f(s) in the image of f, the number of
preimages by f is finite).
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The problem we want to solve
Some basic notations/facts

@ We will always assume that the dimension of ¥ = (F = 0) is 2
(equivalently, for almost all p = f(s) in the image of f, the number of
preimages by f is finite).

@ This number is called the degree of f and noted deg(f).
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The problem we want to solve
Some basic notations/facts

@ We can instead consider the map f : A2 --» P3 with image inside
3-dimensional projective space given by

s (fols) : fi(s) = fo(s) : f5(s)).
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The problem we want to solve
Some basic notations/facts

@ We can instead consider the map f : A2 --» P3 with image inside
3-dimensional projective space given by

s (fols) : fi(s) = fo(s) : f5(s)).

@ f and f carry essentially the same information.
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The problem we want to solve
Some basic notations/facts

@ We can instead consider the map f : A2 --» P3 with image inside
3-dimensional projective space given by

s (fols) : fi(s) = fo(s) : f5(s)).

@ Or we can consider the rational parametrization from another algebraic
variety (other than A?) which contains the domain of f as a dense subset.
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A nalvo finear afgebra answer
Predicting the monomials that could occur in F

@ The convex hull of the exponents of the monomials ocurring in a non
zero polynomial 4 is called the Newton polytope N(4) of .
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@ When £ is a polynomial in sy, s, of degree (at most) d, its Newton
polytope N(F) is (contained in) the triangle with vertices
(0,0),(d,0), (0,d). Its Euclidean area is d?/2 and its lattice area is
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zero polynomial 4 is called the Newton polytope N(4) of .

@ When £ is a polynomial in sy, s, of degree (at most) d, its Newton
polytope N(F) is (contained in) the triangle with vertices
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2d%)2 = d°.

Theorem (Classic)

For generic polynomials fy, . . . ,f; of degree d, the degree of F is d*> and its
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A naive linear algebra answer
Predicting the monomials that could occur in F

@ The convex hull of the exponents of the monomials ocurring in a non
zero polynomial 4 is called the Newton polytope N(4) of .

@ When £ is a polynomial in sy, s, of degree (at most) d, its Newton
polytope N(F) is (contained in) the triangle with vertices
(0,0),(d,0), (0,d). Its Euclidean area is d?/2 and its lattice area is
2d%)2 = d°.

Theorem (Classic)

For generic polynomials fy, . . . ,f; of degree d, the degree of F is d*> and its
Newton polytope is the triangle with vertices
(07 07 O)’ (dz? O’ 0)7 (O’ d27 O)’ (07 07 dz)'

Theorem ( [Sturmfels- Jie-Yai Yu’'94])

For generic polynomials fy, . . ., f3 with fixed Newton polytope P, the degree of
F is the lattice area a of P and its Newton polytope is the triangle with vertices
(0,0,0), (a,0,0), (0,a,0), (0,0,a).
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Analve iincer eigebiz answer
First naive algorithm

@ Assume the Newton polytope N(F) of F is known (as in the
previous theorems) and number my, ..., my € N3 the integer
(lattice) points in N(F).
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(lattice) points in N(F).
@ Consider indeterminates ¢ = (cy,...,cy) and write F = Zf’zl ;™.

@ Substitute T = f(s) and equate to 0 the coefficient of each power
of s1, s, that occurs.

@ This sets a system of linear equations in ¢, with solution space of
dimension 1. Any nonzero solution ¢ will give a choice of
implicit equation F.
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@ This sets a system of linear equations in ¢, with solution space of
dimension 1. Any nonzero solution ¢ will give a choice of
implicit equation F.

This solves the problem, but ... which is the size of this linear system?
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A nalvo finear afgebra answer
First naive algorithm

@ Assume the Newton polytope N(F) of F is known (as in the

previous theorems) and number m,, ..., my € N° the integer
(lattice) points in N(F).
@ Consider indeterminates ¢ = (cy,...,cy) and write F = Zf’zl ;™.

@ Substitute T = f(s) and equate to 0 the coefficient of each power
of s1, s, that occurs.

@ This sets a system of linear equations in ¢, with solution space of
dimension 1. Any nonzero solution ¢ will give a choice of
implicit equation F.

This solves the problem, but ... which is the size of this linear system?

For instance, in case f; are generic polynomials of degree d in (sy, s2),
the number of unknowns is (“ ;) (~ d°/6) and the number of

: i (PH2\ (o 46
equations is (“,°) (= d°/2).
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General strategies for the implicitization problem
Implicitize T — f(s) = 0 means eliminating the
s-variables

General strategies to eliminate variables
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General strategies for the implicitization problem
Implicitize T — f(s) = 0 means eliminating the
s-variables

General strategies to eliminate variables
@ Reduce the problem to a linear algebra problem
@ Hide the variables one wants to eliminate in the (monomial) basis.
@ Use determinants.
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Definition
Given polynomials fy, . .., f3 € Kls1, s2], @ syzygy on fo,...,f3is a
4-tuple of polynomials (f, . . ., h3) such that 37, ifi = 0.
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4-tuple of polynomials (f, . . ., h3) such that 37, ifi = 0.

A minimal incomplete history
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@ The use of syzygies for the implicitization of (conic) surfaces goes back
to Steiner in 1832.

@ Meyer in 1887 described syzygies of 3 polynomials and made a general
conjecture proved by Hilbert in 1890.

@ In 1995, Sederberg and Chen reintroduced the use of syzygies, by a
method termed as Moving curves and surfaces.

@ Cox realized they were using syzygies. Several papers with other
coauthors (Busé, Chen, D’Andrea, Goldman, Sederberg, Zhang).
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What is a syzygy?
Definition
Given polynomials fy, . .., f3 € Kls1, s2], @ syzygy on fo,...,f3is a
4-tuple of polynomials (f, . . ., h3) such that 37, ifi = 0.

A minimal incomplete history

@ The use of syzygies for the implicitization of (conic) surfaces goes back
to Steiner in 1832.

@ Meyer in 1887 described syzygies of 3 polynomials and made a general
conjecture proved by Hilbert in 1890.

@ In 1995, Sederberg and Chen reintroduced the use of syzygies, by a
method termed as Moving curves and surfaces.

@ Cox realized they were using syzygies. Several papers with other
coauthors (Busé, Chen, D’Andrea, Goldman, Sederberg, Zhang).

@ Jouanolou and Busé in 2002 abstracted, generalized on a sound basis
the method of Sederberg-Chen via approximation complexes, a tool in
homological commutative algebra that had been developed by Herzog,
Simis and Vasconcelos.
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What s a syzygy?
Further work on the subject

@ Busé, Chardin and Jouanolou (several papers) in the
homogeneous case.
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What s a syzygy?
Further work on the subject

@ Busé, Chardin and Jouanolou (several papers) in the
homogeneous case.

@ Generalization to square polytopes Busé and Dohm '08 (squares),
and to any polytope by Botbol, D. and Dohm ’09, and Botbol ('09
and ’10)

@ Image in a product of projective spaces by Botbol.

@ Khetan and D"Andrea’06 generalized moving quadrics to the toric

case. Goldman et al., Busé and D’Andrea study singularities of
parametric curves.

@ Further use of resultants and of course, of Grobner basis
methods. Also, Schreyer’s algorithm allows to compute syzygies
via GB computations.
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Curves
Motivation: Matrix representations for curves

@ A planar rational curve % over a field K is given as the image of a
map

p L, p2

s = (fols) s fils) : fa(s),

fi € K[s] homogeneous polynomials of degree d in s,

ng(fO7fl 7f2) =L
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Curves
Motivation: Matrix representations for curves

@ A planar rational curve % over a field K is given as the image of a
map

p L, p?

s = (fols) s fils) : fa(s),

fi € K[s] homogeneous polynomials of degree d in s,
ged(fo, fi,f2) = 1.
@ A (linear) syzygy can be represented as a linear form
L = hoTy+ hi Ty + hyT> in the new variables T = (Ty, Ty, T») with
h; € K[s] such that

> hifi=0.

i=0,1,2
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Curves
Motivation: Matrix representations for curves

@ Syz(¢) = { all linear syzygies}. For v € N, the graded part Syz(¢),,
(deg(h;) < v) is a K-vector space with dimension N(v) < cc.
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Motivation: Matrix representations for curves

@ Syz(¢) = { all linear syzygies}. For v € N, the graded part Syz(¢),,
(deg(h;) < v) is a K-vector space with dimension N(v) < cc.

@ Attention: here comes the main elimination step:
Write for each syzygy (hi,...,h%),i=1,...,N(v), in a basis:

T)= > KL= > Z ciushsy I T;

j=0,1,2 j=0,1,2 k=0

_ —k
E E jkT sls2 .

k=0 j=0,1,2
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Curves
Motivation: Matrix representations for curves

@ Syz(¢) = { all linear syzygies}. For v € N, the graded part Syz(¢),,
(deg(h;) < v) is a K-vector space with dimension N(v) < cc.

@ Attention: here comes the main elimination step:
Write for each syzygy (hi,...,h%),i=1,...,N(v), in a basis:

L=L(sT)= Y KL= Z ciesisy )T

j=0,1,2 j=0,1,2 k=0

_ —k
E E jkT sls2 .
k=0 j=0,1,2

@ Let M, be the N(v) x (v + 1) matrix of coefficients of the L;’s with respect
to a K-basis of K[s],:

Alicia Dickenstein (UBA) Implicitization and syzygies | KTH, May 2, 2011 10/28



Curves
Motivation: Matrix representations for curves

@ Ifv=d— 1, then M, is a square matrix, such that
det(M,) = Fi2\) where F is an implicit equation of ¢.
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@ If v > d, then M, is a non-square matrix with more columns than
rows, such that the gcd of its minors of maximal size equals Fdee(),

Alicia Dickenstein (UBA) Implicitization and syzygies | KTH, May 2, 2011 11/28



Curves
Motivation: Matrix representations for curves

@ Ifv=d— 1, then M, is a square matrix, such that
det(M,) = Fi2\) where F is an implicit equation of ¢.

@ If v > d, then M, is a non-square matrix with more columns than
rows, such that the gcd of its minors of maximal size equals Fdee(),

Alicia Dickenstein (UBA) Implicitization and syzygies | KTH, May 2, 2011 11/28



Curves
Motivation: Matrix representations for curves

@ Ifv=d— 1, then M, is a square matrix, such that
det(M,) = Fi2\) where F is an implicit equation of ¢.

@ If v > d, then M, is a non-square matrix with more columns than
rows, such that the gcd of its minors of maximal size equals Fdee(),

@ Forv >d—1,apoint P € P? lies on ¢ iff the rank of M, (P) drops.
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What is it good for?

@ Easier to compute than the implicit equation.
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@ Easier to compute than the implicit equation.

@ Solving geometric problems with linear algebra. Example: Does a
given point P lie on ¥’? Simple rank computation ...
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Curves
What is it good for?

@ Easier to compute than the implicit equation.

@ Solving geometric problems with linear algebra. Example: Does a
given point P lie on ¥’? Simple rank computation ...

@ Better suited for numerical methods.
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Surfaces
Matrix representations of surfaces: Recalling

@ A rational surface . is given as the closed image of a map

A2 Lop

s = (ox) < fils) :fals) : f3(s))

where the f; are polynomials such that ged(fy, .. .,f3) = 1.
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@ A matrix representation M of . is a matrix with entries in
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Surfaces
Matrix representations of surfaces: Recalling

@ A rational surface . is given as the closed image of a map

A2 Lop

s = (folx) :fils) : fa(s) : f5(s))

where the f; are polynomials such that ged(fy, .. .,f3) = 1.

@ A matrix representation M of . is a matrix with entries in
K[Ty, T1, T», T3], generically of full rank, such that the rank of M(P)
drops iff the point P € P3 lies on ..

@ The greatest common divisor of all minors of M of maximal size
equals Fée(), But having the matrix M is sufficiently good for
many purposes and cheaper to get!
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The problem we want to solve

Problem
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The problem we want to solve

Problem
@ Problem: Given f, find M.
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Surfaces
The problem we want to solve

Problem
@ Problem: Given f, find M.
@ Tool: Use syzygies and the “monomial structure”off, ..., fs.
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Surfaces
Matrix representations of surfaces

@ In general, the matrix M,, of linear syzygies is not a square matrix
representation for . (i.e. for no degree v).
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Surfaces
Matrix representations of surfaces

@ In general, the matrix M, of linear syzygies is not a square matrix
representation for . (i.e. for no degree v).

@ Some special classes of surfaces (e.g. ruled surfaces, canal
surfaces): square matrix representations exist.
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Surfaces
Matrix representations of surfaces

@ In general, the matrix M,, of linear syzygies is not a square matrix
representation for . (i.e. for no degree v).

@ Some special classes of surfaces (e.g. ruled surfaces, canal
surfaces): square matrix representations exist.
@ Two main approaches:

» Use quadratic relations (i.e. linear syzygyes among the products ff;
of two of the f;) to construct square matrices. Sederberg, Cox,
D’Andrea, Wang and others: methods to build matrix
representations by means of linear and quadratic syzygies.

» Only use linear syzygies and accept non-square matrices Buse,
Botbol, Chardin, D., Dohm.
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Surtaces
Why linear syzygies

Advantages
@ Require only minimal assumptions on the parametrization
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Advantages
@ Require only minimal assumptions on the parametrization

@ Only linear syzygies have to be computed (efficient linear algebra
methods)
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Surtaces
Why linear syzygies

Advantages
@ Require only minimal assumptions on the parametrization
@ Only linear syzygies have to be computed (efficient linear algebra
methods)

@ The theoretical justification is quite involved, but as | will next
show, the algorithm is easy to understand, even in the sparse
case.
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Surtaces
Why linear syzygies

Advantages
@ Require only minimal assumptions on the parametrization
@ Only linear syzygies have to be computed (efficient linear algebra
methods)

@ The theoretical justification is quite involved, but as | will next
show, the algorithm is easy to understand, even in the sparse
case.

Disadvantage
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Surtaces
Why linear syzygies

Advantages
@ Require only minimal assumptions on the parametrization
@ Only linear syzygies have to be computed (efficient linear algebra
methods)

@ The theoretical justification is quite involved, but as | will next
show, the algorithm is easy to understand, even in the sparse
case.

Disadvantage
@ We get in general non-square matrix representations.

Alicia Dickenstein (UBA) Implicitization and syzygies | KTH, May 2, 2011 16/28



Surfaces
Linear syzygies, quadratic syzygies, ..., implicit
equation

A common shape

@ Linear syzygies of degree v: H(s,T) = Z?:o hi(s)T; such that
Z?:o hi(s)fi(s) = 0. Thus, deg(H) in s variables is v, deg(H) in T
variables is 1.
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Surfaces
Linear syzygies, quadratic syzygies, ..., implicit
equation

A common shape

@ Linear syzygies of degree v: H(s,T) = Z?:o hi(s)T; such that
Z?:o hi(s)fi(s) = 0. Thus, deg(H) in s variables is v, deg(H) in T
variables is 1.

@ Quadratic syzygies of degree v/: H(s, T) = Z?gj:o hi j(s)T;T; such
that Y°7_ i j(s)fifi(s) = 0. Thus, deg(H) in s variables is v/, deg(H)
in 7 variables is 2.

4
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Surfaces
Linear syzygies, quadratic syzygies, ..., implicit
equation

A common shape
@ Linear syzygies of degree v: H(s,T) = 21'3:0 hi(s)T; such that
Z?:o hi(s)fi(s) = 0. Thus, deg(H) in s variables is v, deg(H) in T
variables is 1.
@ Quadratic syzygies of degree v/: H(s, T) = Z?g:o hi j(s)T;T; such
that 7oy J(5)fifi(s) = 0. Thus, deg(H) in s variables is 1/, deg(H)
in 7 variables is 2.

@ Implicit equation (of degree D): H(s, T) = >_),<p haT® such that
Yo haf®(s) = 0. Thus, deg(H) in s variables is 0, deg(H) in T
variables is D.

4
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Surfaces
Linear syzygies, quadratic syzygies, ..., implicit
equation

A common shape

@ Linear syzygies of degree v: H(s,T) = 21'3:0 hi(s)T; such that
Z?:o hi(s)fi(s) = 0. Thus, deg(H) in s variables is v, deg(H) in T
variables is 1.

@ Quadratic syzygies of degree v/: H(s, T) = Z?g:o hi j(s)T;T; such
that 377 hij(s)fifi(s) = 0. Thus, deg(H) in s variables is v/, deg(H)
in 7 variables is 2.

@ Implicit equation (of degree D): H(s, T) = >_),<p haT® such that
Yo haf®(s) = 0. Thus, deg(H) in s variables is 0, deg(H) in T
variables is D.

@ So to go from linear syzygies to the implicit equation we play the
game of lowering the degree in the s variables to 0 (which
increases the degree in the T varibles up to (at most) D)!
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The general mothod
The method distilled in simplest terms

Basic general algorithm [BDD] sparse, [BCJ] classic

V.
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The general mothod
The method distilled in simplest terms

Basic general algorithm [BDD] sparse, [BCJ] classic

@ INPUT: (fy(s),fi(s),/2(s),f3(s)) with Newton polytopes contained in
P (a lattice polygon in the first quadrant), satisfying suitable
hypotheses.
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The general mothod
The method distilled in simplest terms

Basic general algorithm [BDD] sparse, [BCJ] classic

@ INPUT: (fy(s),fi(s),/2(s),f3(s)) with Newton polytopes contained in
P (a lattice polygon in the first quadrant), satisfying suitable
hypotheses.

@ STEP 1: Consider syzygies (ho, . . ., h3) with
N(h) C2P = {p1 + pa,pi € P}. Let B, ... .h{)).j=1,...,N, be
a K-basis of such syzygies.

v
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The general mothod
The method distilled in simplest terms

Basic general algorithm [BDD] sparse, [BCJ] classic

@ INPUT: (fy(s),fi(s),/2(s),f3(s)) with Newton polytopes contained in
P (a lattice polygon in the first quadrant), satisfying suitable

hypotheses.
@ STEP 1: Consider syzygies (ho, . . ., h3) with _
N(hi) C 2P = {p1 + pa,p; € P}. Let <hg>,,...,hg>>,,- =1,...,N, be

a K-basis of such syzygies.
@ STEP 2: Represent the syzygies as linear forms
L= h(’)T +---4 h(’) T3. Write h(’) Zﬁezmzvh(’%s and switch:

Lj = th‘l) T,‘ = Z <Zh£%T,> S’B
i B i

v
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The general mothod
The method distilled in simplest terms

Basic general algorithm [BDD] sparse, [BCJ] classic

@ INPUT: (fy(s),fi(s),/2(s),f3(s)) with Newton polytopes contained in
P (a lattice polygon in the first quadrant), satisfying suitable

hypotheses.
@ STEP 1: Consider syzygies (ho, . . ., h3) with _
N(hi) C 2P = {p| + pa,p; € P}. Let <hg>,,...,hgf>>,,- —1,....N, be

a K-basis of such syzygies.
o STEP 2: Represent the syzygies as linear forms
Lj=h{To+ -+ h{'Ts. Write h) = 3", ., ,.h)s° and switch:

Lj = thj) T,‘ = Z <Zhg[)3Tl> S’B
i B i

@ OUTPUT: The matrix M of linear forms ¢; g := Zl lﬁ
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The general method
Size of the matrices in the algorithm

@ Assume for example that P is the triangle of size d. Then, in fact, as we
will see, it is enough to consider syzygies of degree 2d — 2. Therefore, to
find them, we have a system on 4 (%) variables with (%) equations. That
is, both sizes, as well as the vector space dimension of the space of
syzygies in this degree, are quadratic in d.
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The general method
Size of the matrices in the algorithm

@ Assume for example that P is the triangle of size d. Then, in fact, as we
will see, it is enough to consider syzygies of degree 2d — 2. Therefore, to
find them, we have a system on 4 (%) variables with (%) equations. That
is, both sizes, as well as the vector space dimension of the space of
syzygies in this degree, are quadratic in d.

@ The matrix M has then a number of rows quadratic in 4. The number of
its columns equals (%), again quadratic in d.
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The general method
Size of the matrices in the algorithm

@ Assume for example that P is the triangle of size d. Then, in fact, as we
will see, it is enough to consider syzygies of degree 2d — 2. Therefore, to
find them, we have a system on 4 (%) variables with (%) equations. That
is, both sizes, as well as the vector space dimension of the space of
syzygies in this degree, are quadratic in d.

@ The matrix M has then a number of rows quadratic in d. The number of
its columns equals (%), again quadratic in d.

The syzygy method is then a great improvement on the naive
linear algebra method! (naive approach is of the order of d°). J
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The general method
Size of the matrices in the algorithm

@ Assume for example that P is the triangle of size d. Then, in fact, as we
will see, it is enough to consider syzygies of degree 2d — 2. Therefore, to
find them, we have a system on 4 (%) variables with (%) equations. That
is, both sizes, as well as the vector space dimension of the space of
syzygies in this degree, are quadratic in d.

@ The matrix M has then a number of rows quadratic in d. The number of

its columns equals (%), again quadratic in d.

The syzygy method is then a great improvement on the naive
linear algebra method! (naive approach is of the order of d°).

Remark

As we will see, in the case of curves, the Sylvester resultant matrix to find the
implicit equation via a resultant computation, uses a matrix of size 2d for a
parametrization with polynomials of degree d, while the syzygy method uses
2 matrices of size d, as the Bézout resultant.

v
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The general method
Plan for the rest of the class + afternoon class

What follows
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The general method
Plan for the rest of the class + afternoon class

What follows
@ Theoretical tools
@ Hypotheses
@ Improvements
@ Examples
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The general method
Plan for the rest of the class + afternoon class

What follows
@ Theoretical tools
@ Hypotheses
@ Improvements
@ Examples
@ M2 Implementation.
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The general method
Plan for the rest of the class + afternoon class

What follows
@ Theoretical tools
@ Hypotheses
@ Improvements
@ Examples
@ M2 Implementation.
@ Some open questions.

Alicia Dickenstein (UBA) Implicitization and syzygies | KTH, May 2, 2011 20/28



The implicit equation and the Rees algebra
Recalling the problem

Let
¢ Pl —— =P,

be a rational map defined by 1 := (fo, ....f,),fi € R :=k[X1,...,X,]
homogeneous of degree d > 1, such that the closure of its image is a
hypersurface H.

Goal: Compute the equation H of H.

We let :
o :=(fo,...,fn) C RDbe the ideal generated by the f;’s,

e X := Proj(R/I) C P"~! be the subscheme defined by 1, i.e. the base
points of ¢.
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Theoretical tools The implicit equation and the Rees algebra

If 'y € P"~! x P"is the graph of ¢ : (P*~! — X)—P" and I the Zariski
closure of T'y, one has :

H =P —X) =r(To) = (I

where 7 : P"~! x P"—P" is the second projection, and bar denotes
the Zariski closure (or equivalently the closure for the usual topology in
the case k = C).
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Theoretical tools The implicit equation and the Rees algebra

On the algebraic side, one has

I'= PI‘Oj (R])
with

R =RPIDIP®-- =ROIDIPPD---

R, is the Rees algebra associated to 1.
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Theoretical tools The implicit equation and the Rees algebra

On the algebraic side, one has
I'= PI‘Oj(R])
with
R =R®IGP® - =ROIGIPFP D -

R, is the Rees algebra associated to 1.
The embedding I' ¢ P*~! x P" corresponds to the natural graded map :

S:=R[Ty,...,T,] > Ry
T, — firelt=(R)

Recall that R := k[X, ..., X,].
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Theoretical tools The implicit equation and the Rees algebra

H = ()

As R; is the bigraded domain defining T, the projection = (T") is defined
by

(H) = ker(s) Nk[Ty, ..., T,

S:=R[Ty,...,T,] > R
T, — ﬁtGItI(R])l.
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Theoretical tools The implicit equation and the Rees algebra

H = ()

As R; is the bigraded domain defining T, the projection = (T") is defined
by

(H) = ker(s) Nk[Ty, ..., T,

S:=R[Ty,...,T,] > R
T, — ﬁtEItI(R])l.

But ker(s) is not easy to get, so instead ...
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Theoretical tools
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Theoretical tools The Rees algebra and the sy ic algel

If P := ker(s), P, (the degree 1 part of ) is the module of syzygies of
the fi’s :

aoTo + - +a, T, € P1 < aofo + -+ anfy = 0.

By definition, S; := Symg(7) is the symmetric algebra associated to 1.

Alicia Dickenstein (UBA) Implicitization and syzygies | KTH, May 2, 2011 25/28



Theoretical tools The Rees algebra and the sy ic algel

If B := ker(s), P (the degree 1 part of ) is the module of syzygies of
the fi’s :

aoTo + -+ an Ty €°P1 <= aofo + -+ anfu =0.

By definition, S; := Symg(7) is the symmetric algebra associated to 1.
Let V := Proj(S;) the associated variety. We have natural onto maps

S—S/(B1) and S =S/ (P)—S/PB >Ry
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Theoretical tools The Rees algebra and the sy ic algel

If B := ker(s), P (the degree 1 part of ) is the module of syzygies of
the fi’s :

aoTo+ -+ a, T, €P1 < agfo + -+ anfu =0.

By definition, S; := Symg(7) is the symmetric algebra associated to 1.
Let V := Proj(S;) the associated variety. We have natural onto maps

S—S/(B1) and S =S/ (P)—S/PB >Ry

which correspond to the embeddings

rcvcpe ' xp.
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Theoretical tools The Rees algebra and the sy ic algel

If B := ker(s), P (the degree 1 part of ) is the module of syzygies of
the fi’s :

aoTo+ -+ a, T, €P1 < agfo + -+ anfu =0.

By definition, S; := Symg(7) is the symmetric algebra associated to 1.
Let V := Proj(S;) the associated variety. We have natural onto maps

S—S/(PB1) and S~ S/{P1)—S/P ~Ry
which correspond to the embeddings
rcvep=!xp.

R; and §;, S;—R;, do not depend on generators of 1.
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Theoretical tools The Rees algebra and the sy ic algel

Recall that X is a local complete intersection if each local ideal at any
zero of X can be generated by n — 1 polynomials.
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Theoretical tools The Rees algebra and the sy ic algel

Recall that X is a local complete intersection if each local ideal at any
zero of X can be generated by n — 1 polynomials.

Theorem
IfdimX = 0, I' = V if and only if X is locally a complete intersection. J

So, when X is locally a complete intersection (Ici), we can use (linear)
syzygies to compute H.
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Theoretical tools The Rees algebra and the sy ic algel

Recall that X is a local complete intersection if each local ideal at any
zero of X can be generated by n — 1 polynomials.

Theorem
IfdimX = 0, I' = V if and only if X is locally a complete intersection. J

So, when X is locally a complete intersection (Ici), we can use (linear)
syzygies to compute H.
A more algebraic way to state the theorem is the following:

Theorem

If X is a Ici, the prime ideal Q3 is the saturation of the ideal generated by
its elements of degree 1 in the T;’s (the syzygies).
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Theoretical tools The Rees algebra and the sy ic algel

Recall that X is a local complete intersection if each local ideal at any
zero of X can be generated by n — 1 polynomials.

Theorem
IfdimX = 0, I' = V if and only if X is locally a complete intersection. J

So, when X is locally a complete intersection (Ici), we can use (linear)
syzygies to compute H.
A more algebraic way to state the theorem is the following:

Theorem

If X is a Ici, the prime ideal Q3 is the saturation of the ideal generated by
its elements of degree 1 in the T;’s (the syzygies).

R; = S/ is a domain, but S; = S/(;) has torsion.
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The Roes algobra andthe symmetric alget
Saturation with respect to the maximal ideal

An ideal I in a polynomial ring R := k[Xy, ..., X,| is saturated (or, more
precisely m-saturated) if 7 : m = I, where m := (X, ..., X,).
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Theoretical tools The Rees algebra and the sy

ic alg

Saturation with respect to the maximal ideal

An ideal I in a polynomial ring R := k[Xy, ..., X,| is saturated (or, more
precisely m-saturated) if 7 : m = I, where m := (X, ..., X,).

So, Iis saturated if : X; f €I, Vi = f € I.
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The Roes algobra andthe symmetric alget
Saturation with respect to the maximal ideal

An ideal I in a polynomial ring R := k[Xy, ..., X,| is saturated (or, more
precisely m-saturated) if 7 : m = I, where m := (X, ..., X,).

So, Iis saturated if : X; f €I, Vi = f € I.

The ideal I°" := [ J,(I : /) is saturated, it is the smallest saturated ideal
containing I and is called the saturation of I.
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The Roes algobra andthe symmetric alget
Saturation with respect to the maximal ideal

An ideal I in a polynomial ring R := k[Xy, ..., X,| is saturated (or, more
precisely m-saturated) if 7 : m = I, where m := (Xp, ..., X,).

So, Iis saturated if: X; f €1, Vi = f €.

The ideal I°" := [ J,(I : /) is saturated, it is the smallest saturated ideal
containing I and is called the saturation of I.

For any R-module M, its module of 0-th local cohomology is
HY(M) = {m € M/m"m = 0, for some N}.
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The Roes algobra andthe symmetric alget
Saturation with respect to the maximal ideal

An ideal I in a polynomial ring R := k[Xy, ..., X,| is saturated (or, more
precisely m-saturated) if 7 : m = I, where m := (Xp, ..., X,).

So, Iis saturated if: X; f €1, Vi = f €.

The ideal I°" := [ J,(I : /) is saturated, it is the smallest saturated ideal
containing I and is called the saturation of I.

For any R-module M, its module of 0-th local cohomology is
HY(M) = {m € M/m"m = 0, for some N}.

r'“ =1+ HY(R/I), R/F" = (R/I)/H(R/I).

Alicia Dickenstein (UBA) Implicitization and syzygies | KTH, May 2, 2011 27/28



The Roes algobra andthe symmetric alget
Saturation with respect to the maximal ideal

An ideal I in a polynomial ring R := k[Xy, ..., X,| is saturated (or, more
precisely m-saturated) if 7 : m = I, where m := (Xp, ..., X,).

So, Iis saturated if: X; f €1, Vi = f €.

The ideal I°" := [ J,(I : /) is saturated, it is the smallest saturated ideal
containing I and is called the saturation of I.

For any R-module M, its module of 0-th local cohomology is
HY(M) = {m € M/m"m = 0, for some N}.

r'“ =1+ HY(R/I), R/F" = (R/I)/H(R/I).

Two ideals I, J define the same projective scheme if and only if
Isat — Jsat.
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Resolution of the symmetric algebra
An overview of our second class

Proposition ([Busé- Jouanolou ’02])

Assume thatT' =V and let 1) be such that H%,(S;),, = 0 for all ;1 > 1.

Then,
anng (g, ... 7,] (8;7) = g’B N k[TOa o0 Tn] = <H>

So, we can use graded pieces of a resolution of S; to compute H.
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anngz, . 1,1(S/) = B NK[To,...,T,] = (H).

So, we can use graded pieces of a resolution of S; to compute H.

Sy has a known canonical resolution via the approximation complexes
introduced and studied by Herzog, Simis and Vasconcelos.

In particular, the Z-complex, constructed by means of two Koszul
complexes, gives a representation matrix for # which generalizes what
we saw for rational curves, once one gets a bound for the exponent
in the Proposition.

Alicia Dickenstein (UBA) Implicitization and syzygies | KTH, May 2, 2011 28/28



	Introduction
	The problem we want to solve
	A naive linear algebra answer
	General strategies for the implicitization problem

	Using syzygies
	What is a syzygy?
	Curves
	Surfaces
	The general method

	Theoretical tools
	The implicit equation and the Rees algebra
	The Rees algebra and the symmetric algebra
	Resolution of the symmetric algebra


