Algebraic Geometry:
Computations and Applications

Alicia Dickenstein and Bernd Sturmfels, Spring 2011
Homework # 10, due Monday, May 16

. Let k be an algebraically closed field and f € k[xy, ..., z,]. Prove that
f does not have any zero in (k*)" if and only if f is a monomial.

. Check the following assertions about the Wilkinson polynomial Wy, =

H?gl(a: +1i) = Z?io ¢;z’ in a computer algebra system:

o Woo(x) + 1072 has only 12 real roots. Check that the complex
non real roots do not “seem” to have small imaginary part.

e Compute D(a,b) the discriminant of the family of polynomials
W(a,b,z) :== Wog(z) + az'® + bz'® and check that (a,b) = (0,0)
is a singular point.

. Consider the following dehomogenization d3 of the discriminant Az of
a generic univariate polynomial of degree 3:

A; = 27 x%xi — 18 x1xox374 + 4x1x§ + 4x§:r4 — x%x%,

53 = A3(17 1ay17y2)'

Check that the vectors (1,—2,1,0),(2,—3,0,1) give a basis of the inte-
ger kernel of A and consider the associated linear forms: ¢;(z,y) := u+
20,0y := —2u — 3v, l3 := u,ly == v. The Horn-Kapranov parametriza-
tion of 43 = 0 is then given by

(yl,’y2) = (5163/537@54/@)

Check the validity of the recipe to find the Newton polytope of d3 given
at the end of the class.



Check that, up to a monomial, Az(x) equals d3(zi73/23, ¥3x4/23) and
explain why this happens.

. Consider the parametrization of a rational curve C given by y; =
fi(u,v),yo = fa(u,v), where fi, fo are rational functions of degree 0
(that is, f; = p;/q; with p;, ¢; polynomials with complex coefficients of
the same degree, ¢; # 0). Compute the Newton polygon of the implicit
equation of C in the following cases:

e f1, f2 are generic (which implies that py, ps, ¢1, g2 don’t have pair-
wise any complex common root)

e fi(u,1), fo(u, 1) are generic polynomials of respective degrees dy, ds.

e fi(u,1), fo(u,1) are generic Laurent polynomials.

. Let A ={ay.,...,a,} be a finite subset of Z¢ and let X4 be the cor-
responding projective toric variety, that is, the closure of the points
of the form @a(t) = (t* : -+ %), t = (t1,...,tq),t; # 0 for any 1,
in (n — 1)-dimensional projective space. Let y be a point in the dual
projective space, that is, a hyperplane

Hy={zeP"!/ Zyixi = 0}.
i=1

Asumme that = € X4 lies in the image of the parametrization, that is
# = @a(t) for some ¢ in the d-torus. Let f,(t) be the polynomial with
support A and coefficients y

fy(t) = Z yitai-
=1

Prove that H, intersects X4 at Z containing the tangent space of X4 at
the point 7 if and only if £ is a singular point of the hypersurface of the
torus (f, = 0), that is, if and only if f, and all its partial derivatives
vanish at .



